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Abstract—The investigation into the domination problem
and the associated subset problem of graphs is a focal point
in graph theory research, sparking widespread interest and
extensive exploration. This paper mainly studies the Italian
domination of the strong product of two cycles. By constructing
recursive Italian dominating functions, a well-defined bound
for the Italian domination number in C,, ® C), is obtained.
Furthermore, through mathematical derivation and proof, the
precise Italian domination number of Cs ® (', is determined.

Index Terms—Roman domination, Italian domination, Cycle,
Strong product.

I. INTRODUCTION

ONSIDERING that graph G = (V| E) is a simple

undirected graph with vertex set V(G) and edge set
E(G). For a given vertex v in G, the open neighborhood
N(v) comprises all vertices adjacent to v in G. The closed
neighborhood of v is N[v] = v U N(v). The degree of v
is deg(v) = |N(v)|. The minimum and maximum values
of vertex degrees in G are denoted as the minimum and
maximum degrees of G, represented by 0(G) and A(G),
respectively. We denote by P,, the path graph of order m,
and by C,, the cycle graph of order n.

The cartesian product of G; and G5 is denoted as G - Go,
whose the vertex set is V(G1) x V(Gz). In Gy - G, any
two vertices (u,v) and (u',v’) are adjacent if v = «’ and
v’ € E(Gy) or v = v and wu' € E(Gp). The strong
product of G; and G5 is denoted as G; ® G2, whose the
vertex set is V(G1) x V(G2). In G ® G3, any two vertices
(u,v) and (u',v") are adjacent if w = u’ and vv’ € E(G2) or
v=2v"and uu' € E(G1) or uu’ € E(G1) and vv' € E(G2).

Considering a subset D of vertices in V. If each vertex
outside of D is connected to at least one vertex within D,
then D forms a dominating set for G. The smallest number
of vertices in such a dominating set is referred to as the
domination number of G, denoted by ~(G). Considering
practical needs, various other formulations of domination can
be explored and extended. A Roman dominating function of
G is a function f: V(G) — {0, 1,2} defined on the vertex
set of G. This function f has the property that if every vertex
v with a property of f(v) = 0 is connected to at least one
vertex u satisfying f(u) = 2, such a function is termed a
Roman dominating function or RDF. The weight of f is
w(f) =X ,ev (e f(v), and the minimum weight of an RDF
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on G is called the Roman domination number of GG, denoted
by Yr(G).

The origin of Roman domination can be traced back to
defense issues in the ancient Roman army. Subsequently,
numerous scholars have delved into its study, and extensive
research on the Roman domination number can be found in
the literature [1]—[5]. In 2016, Chellali et al. [6] introduced
the concept of the Roman {2}-domination number. Specifi-
cally, it is defined as a function f: V(G) — {0, 1,2} on the
vertex set of G, satisfying that for each vertex f(v) = 0
in G, 3 ,cn@) f(w) = 2. Such a function is called an
Italian dominating function or IDF. The weight of f is
w(f) =3 ev(c) f(v), and the minimum weight of among
all IDFs on G is called the Italian domination number of G,
denoted by 7;(G). Until 2017, Henning et al. [7] referred to
it as the Italian domination number.

Italian domination, being an increasingly active subject
of research in graph theory, has attracted the attention of
many scholars, particularly within large graph classes like
cartesian product graphs and lexicographic product graphs
[8,9]. Gao Hong et al. [10] provide bounds for the Italian
domination number in C,, - P,,. Gao Hong et al. [11]
also determine the exact Italian domination number of the
generalized petersen graph P(n,3). Li Zepeng et al. [12]
establish the lower bound of v;(C,, - Cs), and find the exact
values of ~;(C,, - C3) and ~;(C,, - Cy). Martinez et al.
[13] study the Italian domination number of lexicographic
product graphs and their relationship with the traditional
domination number. Both literature [14] and literature [15]
study the Italian domination number of some product graphs
for directed cycles. Volkmann [16] delves into the Italian
domination number of directed graphs, providing specific
values for Italian domination numbers within various di-
rected graph classes. In addition, scholars have investigated
various other domination numbers, including double Italian
domination [17], double Roman domination [18], global
Italian domination [19], perfect Italian domination [20,21],
independent Italian domination [22], out-independent Italian
domination [23], total Italian domination [24] and so on.

This paper primarily establishes the exact Italian domina-
tion number of C's ® C,,, along with determining the bounds
for 'YI(Cn & Cm)'

II. MAIN RESULTS

Let G = C,, ® C,, be the strong product of two cycles
of order n and m. The vertex set of G is defined as:
V={v;;]0 <i<n-10<j < m-—1}. An edge
exists between vertices v, , and vy, precisely if one of
the following conditions applies: |b — a|] = 1,n — 1 and
ly—xz|=1,m—1lorb=qaand l[y—z|=1,m—1lory==x
and |b—a| = 1,n — 1. An Italian dominating function for a
vertex v; ;j is denoted as f(v; ;) in G.
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Fig. 1.

The graphical structure of C\, @ Cip,

Lemma 2.1. ( [6]) For any graph G, A(G) represents the
maximum degree of G and V(G) represents the vertex set
of G, then:

() 2 A2|(‘C/¥§(i)2

The following result directly follows from Lemma 2.1.
Corollary 2.2. For G = C,, ® C},, where n > 3 and m > 3,
we have v,(G) > [22].

Now we give the upper bound of ~;(C, ® C,,) by
constructing Italian dominating functions for C,, ® Cp,.

Theorem 2.3. Let G be the strong product of the cycles C),
and C,,, where n > 3 and m > 3. If n = 0(mod 3), then:

2mn m = 0(mod 3),
v1(G) < ¢ Zratn - = 1(mod 3),
2mnd2n - m = 2(mod 3).

Proof: When n = 0(mod 3), for arbitrary ¢ and j(0 < ¢ <
n—1,0<j75<m—1), we define the dominating function
f as follows:

i =0,1(mod 3)
1 Nj =1(mod 3) Nm = 0, 2(mod 3)
f(vij) " Ui =1(mod 3)

Nj=0,1(mod 3) Nm = 1(mod 3),

0, otherwise.

In Figure 2, we enumerate the IDFs of C5 ® C3, C3 @ Cy
and C3 ® C5, where R, denotes repeating the top three
rows as n increases, and R,, denotes repeating the top
three columns as m increases. Observing all vertices in the
figure below, and ensuring that ZueN(vm) f(u) > 2 for all
vertices with f(v; ;) = 0. We conclude that, according to the
definition of Italian domination, the function f is an Italian
dominating function.

L Rm—! - Rm—! - Rm—!

I Lo L. e, Lo
—[|01o| —[|ooo|o—[io10|01
R/ 010 R'110'1 R" 010001

| [ | [ | |
Jjoooj Jjooojoljooojoo

Fig. 2. Some dominating functions of C's ® Cp,

The weight of f is:

2x g X%
— 2mn m = 0(mod 3),
Ixxm=dixn
w(f) = 3 3 °
(f) —_ ngJrn, m = 1(m0d 3),
n m—2 n
2 X 3 X 3 + 2 x 3
_ W m = 2(mod 3)
then,
%Tn’ mEO(mOd 3)7
1(G) < 3222 =1(mod 3),
Zmntn -y = 2(mod 3)

Theorem 2.4. Let G be the strong product of the cycles C),
and C,,, where n > 3 and m > 3. If n = 1(mod 3), then:

2mntm m = 0(mod 3),
y1(G) < { Zmatdnimi2 ) = {(mod 3),
Zmntdntmil -y = 2(mod 3).

Proof: When n = 1(mod 3), for arbitrary ¢ and j(0 <

i <n—-—10< 357 < m—1), we define the dominating
function f as follows:
1 =0,1(mod 3)

Nj =1(mod 3) Nm = 0, 2(mod 3)
Ui =0, 1(mod 3)

Nj=1(mod 3) Nm = 1(mod3)
Ui =0, 1(mod 3)

Nj=m—1Nm=1(mod 3),
0, otherwise.

In Figure 3, we enumerate the IDFs of Cy ® C3, Cy ® C4
and Cy ® Cs, where R,, denotes repeating the top three
rows as n increases, and R,, denotes repeating the top
three columns as m increases. Observing all vertices in the
figure below, and ensuring that 3, n(,, ) f(u) = 2 for all
vertices with f(v; ;) = 0. We conclude that, according to the
definition of Italian domination, the function f is an Italian
dominating function.

The weight of f is:

—1
2x S x B x B
_ M#7 m = 0(mod 3),
n=l .y m=1 m—1 ol
)= s L
= Zmntintmi? m = 1(mod 3),
2xngh x me2 g x me2 g ngl g
= 2mnd2ndmil m = 2(mod 3).
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Fig. 3. Some dominating functions of Cy ® Cp,

then,
an%, m = O(mOd 3),
71(G) < { 2mntdnamt2 -y = | (mod 3),
Zmnt2nimtl -y = 2(mod 3)

Theorem 2.5. Let GG be the strong product of the cycles C,,
and C,,, n > 3 and m > 3. If n = 2(mod 3), then:

mntIm m = 0(mod 3),
71(G) < § 2metng2mtl -y = 1(mod 3),
2mn+2’ré+2m+2’ m = Q(mod 3)

Proof: When n = 2(mod 3), for arbitrary i and j(0 <
i <n—10 < j < m—1), we define the dominating
function f as follows:

i =0,1(mod 3)
1 Nj = 1(mod 3) Nm = 0,2(mod 3)
fvij)=<  Ui=1(mod 3)

Nj=0,1(mod 3)N'm = 1(mod 3),
0, otherwise.

In Figure 4, we enumerate the IDFs of C5 ® C5, C5 ® Cy
and C5 ® C5, where R, denotes repeating the top three
rows as n increases, and R,, denotes repeating the top
three columns as m increases. Observing all vertices in the
figure below, and ensuring that 3 N S (u) > 2 for all
vertices with f(v; ;) = 0. We conclude that, according to the
definition of Italian domination, the function f is an Italian
dominating function.
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Fig. 4. Some dominating functions of C5 ® C,

The weight of f is:

2x B2 Iy x
_ W, m = 0(mod 3),
B P e =
_ W’ m = 1(mod 3),
2x N2y M2y g5 M2 g gy 22 g g
— 2mnt2nd2mi? m = 2(mod 3).
then,
W’ m = 0(mod 3),
V(G < W}w, m = 1(mod 3),
2mnt2ni2mt? = 9(mod 3)

Through the proofs of the above theorems, we can es-
tablish the bounds for the Italian domination number of
C, ® C,,, as presented in Theorem 2.6.

Theorem 2.6. For n,m > 3, we have:
2n > m,

2mn+4n+m+2
mn )
[22] < 41(Ch ® Cy) < 2n < m.

Above we provided bounds for th% Italian domination
number of the strong product for any two cycles. Next,
we will concretize the graphs, derive the upper bound of
~v1(Cs ® C,y,), and prove the lower bound of v;(Cs ® Cp,).

Firstly, by applying Theorems 2.3, 2.4 and 2.5, we deduce
the upper bound of v;(C3 ® C,,) as Corollary 2.7.
Corollary 2.7. Let G = C3 ® C,,, m > 3, then:

2mn+2%+2m+2
)

m m = 0(mod 3),
m = 1(mod 3),

71(G) < § 2L
m = 2(mod 3).

2m+2
3 )
In the next process, we will prove the lower bound of
~v1(C3 ® Cyy,). For the graph G = C3® C,,, the vertex set is
denoted as V' = {v; ;|0 <i < 2,0 < j <m—1}. We define
VI = {v; ;|0 <i <2} for0 < j < m-—1.Let f be an Italian
dominating function of G, and f; = f(V?) = > f(vi ;).
v jEVI
Theorem 2.8. In G = C3QC,,, if f is an Ttalian dominating
function of G, the following conclusions can be drawn:
(1) If f; =000<j <m—1), then f;_1 + fj41 > 2.
(2) For m = 0(mod 3), the following conclusions hold
true: if fo = 0, then f; > 0; if fo = 1, then f; > 0.
Moreover fo+ f1+ f2 > 2, and f—1+ frn—2+ fin—3 > 2.
(3) For m = 1(mod 3), the following conclusions hold
true: if fy = 0, then f; > 1; if fo = 1, then f; > 0.
When fo+ f1 > 1, fino1 + frn2 > 2.
(4) For m = 2(mod 3), the following conclusions hold
true: if fy = 0, then f; > 1; if fo = 1, then f; > 0.
When fo+ f1+ f2 > 2, fin—1+ fm—2 > 2.
(5) fi-1+fi+fix1222<j<m-—3).
Proof: (1) If fj = 0(0 <j<m-— 1), then f(UQJ) =
f(v15) = f(va;) = 0, then

2 2
fic1+ fiq1= Zf(vi,j—l)"‘Zf(Ui,jH)
i=0 i=0

= (f(voj—1) + f(v2,-1) + f(vo,+1)

+ f(va 1)) + (f(v1-1) + f(vi41))
>1+1
> 2.
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or

2 2
fici4 fen =D fvi-0)+ ) fvim1)
=0 =0

= (f(vo,j—1) + f(v2,5-1) + f(vo,j+1)

+ f(v2,5+1)) + (f(v1,-1) + f(v1,41))
>0+2
> 2.

In summary, there is f;_1 + fj41 > 2.

(2) If fo =0, according to this theorem (1), it follows that:
fme1+ f1 > 2. If fi > 0, then f,,_; > 2. Assuming
f1 = 0, by this theorem (1), we have: fy + fo > 2, implying
that f2 > 2;

If fo = 1, then at least one of f(vg,) and f(v1,) is equal
to 0. Now, if f,,—1 > 1, then f; > 0. Suppose that f; = 0,
according to this theorem (1), we have fy+ fo > 2, implying
that f2 > 1;

In summary, we can conclude that fo+ f1 + fo > 2. Based
on the same principle, we can infer that f,,_1 + fi,—2 +
fm73 > 2.

(3) If fo = 0, according to this theorem (1), we have: f,,_1+
fi>2.1If f1 > 1, then f,,_1 > 1, implying that at least one
of f(vom—1) and f(v1,m—1) is equal to 0, we can deduce
that fm—2 Z 1;

If fo = 1, then at least one of f(vg ) and f(vy o) is equal
to 0. Now, if f,,_; > 1, it implies that f; > 0, and at
least one of f(vg m—1) and f(v1,m—1) is equal to 0, we can
deduce that f,,_o > 1;

In summary, when fo+ f; > 1, there is fi,—1+ fin—2 > 2.

(4) If fo = 0, according to this theorem (1), we have: f,,_1+
fi > 2. If f; > 1, then it implies that f,,_; > 1. Let’s
consider the case when f; = 1. In this scenario, there exist
vertices in V! with a function value of 0. As a result, we
can conclude that fo > 1. Now, let’s suppose that f,,_1 = 1.
In this situation, there are vertices in V"™~ ! with a function
value of 0. Hence, f,,_2 > 1;

If fo = 1, it implies that at least one of f(vg,) and f(v1,0)
is equal to 0. Now, if f,,_1 > 1, we can deduce that f; >
0. Let’s consider the case when f; = 0. According to this
theorem (1), we have fy + fo > 2, which means fo > 1.
Now, let’s assume that f,,,_; = 1. In this scenario, there exist
vertices in V"™~ ! with a function value of 0, thus f,,_o > 1;

In summary, when fo + f1 + fo > 2, there is f,—1 +
fm72 > 2.

(5) If f; =0, it is known from this theorem (1) that f;_; +
fix1 22,50 fj_1+ fj + fj+1 = 2; If f; = 1, suppose that
f(v1,;) = 1. In this case, at least one of f(vo ;) and f(vs ;) is
equal to 0. Thus, we can deduce that f(vq j_1)+f(v1,j+1) >
1. In summary, fj_1 + f; + fi+1 > 2.
Theorem 2.9. Let G be the strong product of the cycles Cs
and Cy,, where m > 3, then v;(G) > [22].

Proof: The following are categorical discussions of the
cases when m = 3 and m > 4.

Case 1. m > 4;

From Theorem 2.8, for m = 0(mod 3), fo + f1 + fo >
2, fm—1+ fon—2 + fm—3 > 2; for m = 1(mod 3), when
fo+fi>1, fimo1+ fin—2 = 2; for m = 2(mod 3), when

fot+rfi+tfo>2, fcr 4+ fn—2 > 2. fj_1 + fi + fj1 =
22<j<m_3).
When m = 0(mod 3), we have

m—1 m—>5
w(f) =D fi=Uo+ it )+ Y (fi1+ f5+ i)
7=0 j=4
+ (fm—S + fm—2 + fm—l)
2(m — 6) _2m
When m = 1(mod 3), we have
m—1 m—4
w(f) =Y fi=o+ 1)+ Y. (fior+fi+ fivr)
§=0 j=3
+ (fm—Q + fm—l)
2m—4) . 2m+1
>1+ 3 +2= T
When m = 2(mod 3), we have
m—1 m—4
w(f)=Y_fi=Uo+fit+f)+ Y (fic+fi+fiv)
j=0 j=4
+ (fm72 + fmfl)
2(m —5) _2m+2
> 2+ 3 +2= B
Case 2. m = 3;

According to Theorem 2.8, we have w(f) = fo+f1+f2 >
2. Therefore v;(Cs ® C3) > 2 = [ 2],

In summary, v;(G) > [2%].

Corollary 2.7 establishes 77(Cs ® Cp,) < [22], and
Theorem 2.9 proves v;(C3 ® Cy,) > [222]. Therefore, the
definite value of v;(C5 ® C,,) that can be deduced is as
follows:

Theorem 2.10. Let G = C3 ® Cyp,, m > 3, then v;(G) =

2m
2]
III. SIMULATION EXPERIMENT

The cartesian product graph of cycles, known for its
widespread applications in mathematics and computer sci-
ence, constitutes a network structure composed of smaller
graphs. Information regarding the Italian domination number
of this network is provided in reference [12]. Specifical-
ly, for n > 5, v;(C, - C5) > 2n; for n > 4, when
m = 2,6,7(mod 8), y(C, - C4) = [22] + 1; otherwise,
vi(Cp - Cy) = [37”] for n > 3, when m = 0(mod 3),
~v1(Cy, - C3) = n; otherwise, v7(C,, - C3) =n+ 1.

Based on existing conclusions, the strong product of cycles
is regarded as an extension of its cartesian product, has
stronger connectivity and smaller diameter. This implies that,
compared to the cartesian product of cycles, the strong
product of cycles manifests a more efficient topological struc-
ture. To compare the Italian domination numbers of the two
graphs, we conduct simulation experiments to investigate the
Italian domination numbers of cartesian and strong product
graphs of cycles for various orders. The specific comparative
results are illustrated in Figures 5 and 6, revealing the relative
magnitudes of their Italian domination numbers. This further
emphasizes the superiority of the strong product of cycles
over its cartesian product in terms of topological structure.
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Fig. 5. The variation of Italian domination numbers for Cy, -C3 (a), Cp,-Cy
(b) and C,, - C5 (c) with respect to the order of factor graphs

Figure 5(a) corresponds to the scale of orders 3 < n < 30
and m = 3, Figure 5(b) to the scale of orders 4 < n < 30
and m = 4, Figure 5(c) to the scale of orders 5 < n < 30
and m = 5, and Figure 6 to the scale of orders 3 < n < 30
and 3 < m < 30. Through comparison, it is observed that
when the order is fixed, the upper bounds of the Italian
domination number of C, ® C,, is consistently smaller
than the lower bound or determined value of the Italian
domination number of its cartesian product. As the order
increases, the difference between the two also gradually
enlarges. This indicates that, under the conditions of ensuring
network stability and information propagation, the strong
product network of cycles requires fewer controlled nodes.
With the expansion of the network scale, this advantage

Fig. 6. The variation of Italian domination number for Cy, ® C), with
respect to the order of factor graphs

becomes more pronounced.

IV. CONCLUSION

This paper primarily delves into the Italian domination
number of the strong product of two cycles. It establishes a
precise bound for the Italian domination number of C, ® Cy,
by devising recursive Italian dominating functions. Further-
more, it rigorously determines the exact value of the Italian
domination number of C5 ® C,, through a mathematical

derivation, yielding v;(C3 ® C,,) = (%ﬂ
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