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Abstract—Great changes have taken place in the speed and
mode of information dissemination in the digital age. In this
paper, combined Word of mouth (WOM) and Internet word
of mouth (IWOM), we further propose a stochastic SI;I2AD
transmission model. WOM and IWOM are two channel to
influence the consumers’ decisions. We investigate the existence
and uniqueness of the solution to the stochastic differential
equations model. Then the basic reproduction numbers are
obtained, and the dynamical behaviors of the individuals are
investigated. In particular, we obtain the sufficient conditions
of two types of information dissemination exist alone and
together, respectively. Theoretical results show that greater
environmental uncertainty poses a risk to the dissemination
of product information, resulting in the disappearance of the
disseminating population, and that lower noise intensity favours
the continued presence of the product in the market. Moreover,
only when &, the rate at which people from WOM to IWOM,
remains low, the two modes of information diffusion could co-
exist.

Index Terms—Information dissemination, Internet word of
mouth, White noise, Dynamic analysis.

I. INTRODUCTION

HE dual development pattern, that is, the domestic
T great cycle as the main body, and the domestic and
international double cycle, has been proposed in China in
2020. This is to drive the troika of economic development:
consumption, investment and exports. Further, the utility
brought by products directly affects the behavior of potential
consumers from the perspective of the consumer theory of
microeconomic, . Timely dissemination of product informa-
tion, and then matching people’s needs is an important way
to expand the consumer market. At the same time, the advent
of the digital economy era has provided greater opportunities
for this.

Word of mouth is a traditional way of product information
dissemination, that is, through consumers’ own experience
to further share with people around them. Internet word of
mouth is a information dissemination manner in the new
era, such as e-commerce online delivery. In particular, the
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international import and export of digital products is more
about sharing product information and looking for potential
consumers through online information platforms. Product
information dissemination will have a significant impact on
consumers’ attitudes and final decisions.

In 1969 the first mathematical model of new products
was proposed by Bass [1]. After that, mathematical models
play an important role in the study about the production
dissemination of WOM, and this topic attracts the attention of
more and more scholars, [2]—-[4]. Fibich considered the Bass
model and STR model, then combined both to describe the
diffusion of the new products [5], [6]. Rodrigues and Fonseca
think that the message is viral through person-to-person
transmission and proposed the STR model with the standard
incidence rate [7]. Jiang et al considered a S7.551 R epidemic
model to investigate the behaviors of consumers based on
the stability theory about Ordinary Differential Equations
[8]. In addition, some new useful models were derived and
proposed, such as SEIR, which are analysed by using
the Hamiltonian function [9]. [10] proposed a new STALS
epidemiological model to describe the characteristics of the
information dissemination for the products.

As the rapid development of the digital technology, many
shopping platforms and communication platforms have been
used more frequently, such as JD.com and Twitter. The
emergence of IWOM communication has, to a certain extent,
got rid of the shackles of traditional WOM communica-
tion and broadened the communication mode of product
market [11], [12]. In 2023, Qiao and Hu [13] consid-
er the SIAD (Susceptible-Infectedl-Infected2-Agreeable-
Disagreeable) model with IWOM. Moreover, there are many
uncertain factors to influence the dynamical behaviors of
the system in the real world, such as climate environment,
personal emotion, and so on [14]-[17]. And the stochastic
system has been widely concerned and studied [18]-[20].
Based on the above work and stochastic differential equa-
tions, we further propose and investigate the viral product
diffusion model with the white noise, which is defined as
follows:

dS(t) =[A — aSH) I (t) — BS(t) I (t) — pS(t)]dt

+015(t)dB (t),

dIy(t) =[aS)I1(t) + L (E) I2(t) — (p+ 61 + d2) 11 (t)]dt
+ o9l (t)dBa(t),

dIy(t) =[BS(t)Ia(t) — EL (1) [2(t) — (u + €1 + €2) [2(t)]dt
+ o3l5(t)dBs(t),

dA(t) =[0111(t) + e1I2(t) — pA(t)]dt + 04 A(t)dBa(t),
dD(t) [52[2@) + 62]2(t) - ,U,D(t)]dt + 0'5D(t)dB5(t),
ey
where S is the susceptible class of individuals tending to
purchase the products, I; is the infected 1 class of individuals
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that have purchased the product and spread the relevant
information through IWOM, I, is the infected 2 classe
that have purchased the product and spread the information
through WOM, A is the agreeable class of individuals that is
agreeable with the shopping, D is the disagreeable class of
individuals that is disagreeable with the shopping, B;(t),i =
1,2,3,4,5 are the independent standard Brownian motions,
and o4(t),7 = 1,2,3,4,5 are the intensity of the white
nioses. A is the number of immigrants in the social consumer
system. « and /3 are the transmission rate of S contacting
I; and I, respectively. p is the removal rate of the classes.
01 and €; are the propotion of WOM information spreading
individuals and IWOM information spreading individuals
to be agreeable with the shopping production information,
respectively. do and €5 are the propotion of WOM informa-
tion spreading individuals and IWOM information spreading
individuals to be disagreeable with the shopping production
information, respectively.

In this paper, we focus on the dynamic behaviors of
Infected 1 who spread the information of products by WOM
and Infected 2 who spread by IWOM. And we improve the
model of [13] from the following:

e As more and more consumers are exposed to digital
platforms, we use bilinear incidence rate &£I7(t)I2(t) to
present the nonlinear phenomenon, which is more suitable
and realistic.

e The complex environmental noises are presented by
the Brownian motion and studied by stochastic differntial
equations.

It is organized as following. Section 2 is devoted to
the existence and uniqueness of the solution to stochastic
model (1). Dynamic behaviors are discussed and the basic
reproduction number is obtained in Section 3, where the
extinction, persistence in mean of I; or I, and persistence in
mean of co-infections are analysed and investigated. Finally,
the conclusion is presented in Section 4.

In this paper, we define R} = {(ai,..a,) € R”
a; > 0,a; > 0,i = 2,3,...,n}, and denote 3 V 35 =
max{s, sz} and 33 A 35 = min{s¢, 51 }. For the function
F (t) is integrable on [0, +00), we define

1 t
,/0 I (w)du = ( (t)), for t > 0.

II. EXISTENCE AND UNIQUENESS OF THE GLOBALLY
POSITIVE SOLUTION TO STOCHASTIC MODEL

In this section, we discuss the existence and uniqueness of
the positive solution to model (1) by constructing the suitable
Lyapunov function.

Lemma 1. [17] Let N(¢) = S(¢) + I1(t) + Lo (t) + A(t) +
D(t), then we can obtain the positively invariant set

L ={(S(t), (1), I2(t),A(t),D(t)) € R, :
A 2
St + I (t) + I(t) + A(t) + D(t) < u} .

Theorem 1. For any initial value
(5(0), 1, (0), I5(0), A(0), D(0)) € R?, there is a unique
positive solution (S(t), I1(t), I2(t), A(t), D(t)) of model
(1) for t > 0, which will remain in Ri with probability one.

Proof. Firstly, we can see that there is a unique local
solution on [0, 7], because coefficients of model are locally

Lipschitz continuous on R,. Then we only need to proof
T. = 400 for the global existence of the solution. In general,
the proofs for this part are similar, the difference is only in
constructing the appropriate Lyapunov equation.

Define a function T : RS — R, by

T(S,Il,IQ,A,D) =5S-1- IHS—I—Il —1- lnh
+Lh—-1-InlLhb+A—-1-InA+D—-1—-InD.

Since (u — 1 —1Inwu) > 0 for all « > 0, then the function
Y(S, 11, Iz, A, D) is nonnegative.

By Ito’s lemma, we could obtain

A
dTg(A—uN+5,u+51+52+e1+eg+N(avﬁ)

5
1 ) 1
+§ E Ui) dt + <1 — S> UlsdBl(t)
1 1
+ (1 - 1) ool dBs(t) + (1 - I) 0312dBs(t)
2

1

+ (1 - D o1 AdBy(t) + (1 - é) o5 DdBs(t)

=Kdt + <]. - ;) UlsdBl(t)

—+ <]_ - [1> Ugflng(t) + (1 — Il) U3I2dB3(t)

1 2
1 1
—+ <1 — A) O'4AdB4(t) + <1 — D) UstB5(t)'

The remaining proof can be referred to Reference [17].

III. DYNAMIC ANALYSIS

In this section, we discuss the sufficient conditions for the
extinction and persistence in mean of I;(¢) and I5(¢) in the
stochastic model (1). Define the basic reproduction numbers
of Infect 1 and Infect 2 as following

A A
R; = . Rj = :

plpteat+etzod) " p(ptoitotyo3)

For the sake of simplify, let W(t¢) denote w +
L1)-Hh(0) | L#H)-1(0)
t t ‘

A. Extinction

Theorem 2. For the unique positive solution
(S(t), I1(t), I2(t), A(t), D(t)) of model (1) for ¢ > 0,

(a). if RY < 1, the infected I5(t) will be extinct, and
limy— 100 (12(t)) = 05

(b). if Ry < 1, the infected I;(¢) will be extinct, and
1imt*>+oo <Il (t)> =0.

Proof. Integrating both sides of the first three equations
form O to ¢ and dividing ¢
L(t) — 1(0) | I2(t) — 12(0)
t t t

1t Lt
:A—;/ ,uS(v)dv—Z/ (1 =+ 61+ 62) 11 (v)dv
0 0

t

_ %/0 (1 + e +62)Ig(v)d’u+%/0 01S(v)dBy (v)

+%/o O'QII(U)dBQ(U)‘F%/O o3l>(v)dBs3(v).
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Letting By the strong law of the large numbers for the continuous
t t local martingale and the bounded of the individuals, we can
M) =0y [ S@)dBi(v) + o / L(v)dBa(v) have
0 0
¢ In75(0 In I5(t M(t
+ 03/ I7(v)dBs(v), lim nf2(0) lim Inbo(t) + lim BM()
0 t—+oo t t—+oo t t—+oo  ut ©)
t
then we have — lim ﬂw + lim 1/ o3dBs3(v) =0 a.s..
1 t 1 t t—+o00 7 t—+oo t 0
U(t) =A — f/ wS(v)dv — f/ (4 01 + 62)I1 (v)dv
t /o tJo " Therefore
1 Mt
_2/0 (b4 e +€2)IQ(U)dU+7t tE?OOUQ(t»
=A — pu(S(t)) — (u+ 61 + 02) (11 (¢)) < p
M(t T Bluterte)
(et +e)nm) + 1. A 1
t Su{ﬁ—(u+€1+€2+03)}
In further, Bun+e+e) | p 2
A
(St)=—-— m(h(t)} This implies I(t) will be extinct eventually when R} < 1.
I [ 5
3 By Ito’s f 1
prate, o, M@ _ W) (3) By Itd’s formula,
BB SRCYY i A A
pt p dIn Iy (t)
By It6’s formula, 1
= 1 9SIA0) +ER W0
dlnIy(t) = Ii(t) [BS(t)I2(t) — €11 (t) I2(t)
2 —(p 461 + 82)I1(t) + oo I1 (t)dBa(t)] dt — 702dt
7(‘LL+€1 +€2)12(t> +03[Q(t)d33(t)] dt — *Ugdt 1
=aS(t) +EL(t) — [+ 61+ 6o+ —05 | + 02dBa(t).
1 5 2
= BS(t) — £ (t) — ,u—|-€1—|-€2—|-§03 (7)
+ o3dBs(t). Integrating equation (7) and dividing by ¢, we have
“)
Integrating equation (4) and dividing by ¢, we have In Il( ) In ]1 )
IHIQ( ) 111]2(0)
=— / S d’U +§ / _[2
_ _ 1
=B~ / v)dv — &+ / I (v)dv (u+5l +52+202>+t/ o2dBs(v)
0
1
(,u +e +ex+ 203> + %/ o3dBs(v) <a(S(t)) + &(L(1))
0

1 1 [t
1 1/t — +5+5+2>+/ dBs(v).
§6<5(t)>_(“+61+62+2"§>+t/ 030 B3(v). (” phetgen) by ) 7dB)
0

Submitting equation (3) into the above equation, Submitting the equation (3) into the above equation,
lnff(t) _ lnI;(O) mh(t)  In0)
t t
< %— ﬁ(u+il+62)<11(t)> :%_w<h(t)>
M W 5) H M
_MUQQDJFM_/@»& Calpteate) E aM(t) W)
I pt J — L)+ ——— —a—=
. L I 10 "
_ e - 1 1
(M +e+ex+ 203) + . /0 o3dB3(v) + &(I(t)) — <M + 01 + 63 + 20—%) + 2/ 02dBs(v).
0
Letting ¢t — +o0,
Blu+e+e) - Be similar with the equation (6), we kown
———== lim (I2(t))
TL torbee | N Inli(t) InIi(0)
t— 00 t— 00 n t— 400 7! a ( 5 ap + 61 + oo
M =— - u+51+52+02> - ——=2 (L (1))
Bl htd) (I.(t)) + lim BM() I 2 n
w t——+oo t—+oo 'U,t a(u +e+ 62)
1 Y - ﬁ—ﬁ (I2(t))-
<M+61+62+205) —&-t_g_noog/o o3dB3(v) ®)
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If (e + €1 + €2) > pé,

lim (I,(t)) <

t——+oo
L al 1 2)}
—_ | — = |9 + 0 + —
0!(51+N+52){N <1+M 2%
12 *
< Ry —1),
T a(d1p+ +62) ((51 + p+ 9o + %O’%)( 0 )

that implies /3 (¢) will extinct eventually when R < 1. H

Remark 1. From the formula of R and R}, we can
find that the environmental factor will make effects on the
dynamical behaviors of the system, and the individuals who
spread the information will disappear if the intensity of the
environmental noise is large enough.

B. Persistence in mean of I1(t) or I(t)

In this subsection, the sufficient conditions for the persis-
tence of I1(t) or Io(t) of the stochastic STy I3 AD model (1)
are investigated.
Theorem 3. For the unique positive solution
(S(t), I1(t), I2(t), A(t), D(t)) of model (1) for t > O,
we can obtain the following.
(A1). (a). R§ <1 and a(p + €1 + €2) < pé;
(b). R >1and R§ < 1.
If conditions (a) is satisfied, then I5(¢) will persist in mean
with

liminf(I2(t)) >

t——+oo

1
— €] (1 + 61+ 6> + 03

PUETEYS )(RS 1),

If conditions (b) is satisfied, then I5(t) will persist in mean
with
lim inf(I5(t)) >

t—+oo

m
Blu+er+e)(pn+e + e+ 502)

(R: 1)

(A2). (c). R > 1 and a(p + €1 + €2) < pé;
). Ry >1and RY < 1.
If one of the conditions (c) and (d) is satisfied, then I; (%)
will persist in mean with

i nf (1 (0) >

M *
Ry—1
a(M+51+52)(u+51+52+%0%>( o—1)

Proof. Case (a). From equation (6), let ¢t — 400 and we
can have

a(p+01+3d2) lim (I (t)) =

/,L t——+oo
al
7‘(#4‘51‘1‘52 &)
1 o\ alpte+e)—p

If a(p+ €1 + €2) < pé,

Jim ((t) =

a(ﬂ+€1i€2)—ﬂf [?_(NJF(SHHSQJF;U%)}

_ ('LH_Q:L_GQ (u+§1+52)tli+moo<fl(t)>
(/~L+€1+€2 — pé [lj\ <M+61+62+;U2)]

(RS - 1)a

2 T
[a(p+ e +€2) — }( + 01 + 62 + 503)

which implies that I5(¢) will persist in mean, when R < 1.
Case (b). We have

dlnIy(t) = 8S(t) — £ (t) — <M+€1+62+103>
+ 03dBs(t)

(10)

by (4), which describes Ité’s formula of the function In I5(t).
Since R{ < 1, the I;(t) will extinct. From Theorem 3 we

can have
lim I;(t) =0 a.s..

t——+o0

So for all 1 and t large, 0 < I1(t) < e;. Substituting
equation (3) into equation(10),

nlp(t) Inh(0) _ BA B0y +p+0s) +“£s
t T H '
S Ba e ) SO

1 I
_ (/,L+61+€2+20'§> —|—¥/ o3dBs(v).
0

_ 50
B, (1)

Then let ¢ — 400, by the strong law of the large numbers
for the continuous local martingale and using equation (6),

Blutete), inf(Iy(t))

/_j, t——+oo (12)
A 1
> B8 _ <M+61 bt ag) _Bluteate)
% 2 %
For £, small enough,
.. >
liminf(T(t)) =
. (R:—1),

B(u+ €1+ e€) (n+ e+ e+ 502)

That implies that [;(¢) will persist in mean, when R% > 1
and R < 1.
Case (c). Based on equation (9), we can also have

i) >

1
- (51 +M+52+2U§)]

H *
Ry — 1),
a(51+u+5g)(51+u+52+%gg)( o—1)

Y [a
a0y +p+6d2) [ p

Y

which implies that I (¢) will persist in mean, when R > 1.
Case (d). From equation (7), we have that

1
dln]l(t) :OéS(t) + f[g(t) - (,u + 81 + 02 + 20’%) (13)
+O’2ng(t).
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Since R¥ < 1, I5(t) will extinct. From Theorem 3 we can
have
lim (I5(t)) =0 a.s..

t—+oo

So for all 5 and ¢ large, 0 < I5(t) < 2. Under the condition
of a(pu+e1+e€2) > p&, substituting equation (3) into equation
(10),

lnll(t) . 111[1(0)

t t
Z% _ wgl(t»
7 1
Calptate) g oM@ ¥
7 it 7

1 1
— <M+61+52+203) +Z/ O'Qng(’U).
0

Be Similar with equation (12), and let e5 small enough,

lminf(I;(t)) >

t——+o0

i
OZ(M+(51 +(52) (M+51 + 89 + %U%)

(,R’Ek) - 1)7

Under the condition of a(pu+3d1 +d2) > p&, I2(t) will persist
in mean, when R} <1land Rg>1. W

Remark 2. From the above theorem, we can see that the
value of transport rate £ can have an important impact on
the dynamics of the information dissemination. This implies
that if the transport rate £ from I to I; is small enough,
the infected 2 can be persist to spread the information of the
production, although the infected 1 are extinct.

Remark 3. By the theoretical proof of Theorem 1, Theo-
rem 2 and Theorem 3, we can obtain that Rj and R} are the
basic reproduction numbers of the infected 1 and infected 2,
respectively. That also implies, the smaller the intensity of the
environmental noise, the better the spread of the information.

C. Persistence in mean of co-infections

Theorem 4. For the unique positive solution
(S(t), I1(t), I2(t), A(t), D(t)) of model (1) for t > 0,
if a(p+e€1+€2) > p&, RE > 1 and RE > 1, we can obtain
that 7, (t) and I5(¢) will be persist together with

lim inf((1(¢)) + (T2(1))] = (+01+ (‘Si:rvzzj)) (R — 1)
(ntetetyo3) (R 1)
(A1 VA) :

Proof. Let U(t) = InI1(t) 4+ 1n I2(¢). Using It6’s formula,
the equations (10) and (13),

AU = BS() €L (1) ~ (u+ &1+ e2) — 50
b aS(E) + €D() — (14 61+ 63) — o2

2
+ O'Qng(t) + Ugng(t).

Then by taking integral of the above equation from 0 to ¢

and dividing to ¢,
U - U0
U0 _
BIS() — (1) — (1 +e2) — 503

FalS) + E(I() — (1 + 61+ 52) — 202

2
1 [t 1 [t
+027/ ng(’U)—FO'g*/ dB3(v)
tJo tJo

Then by putting the value of (3) in (14) we obtained

(14)

w - % +E(I(t) = (p+ 61 4 62) — %"5
CERER) gyl
+ % —(u+e€e +e€)— %Ug - ng(t»

_ WUQW —E(L(1) + (o + B) (T (1))
M{(t) —|—021/0 dB2(’U)+U3%/O dBs(v).

ut t

By the strong law of the large numbers for the continuous
local martingale and (6),

+(a+pB)

wz <u+6l+62+;o§) (R —1)
2

— (A1 V Ao)[(I1(2)) + (12(2))],

1
+(u+el+ez+a§>(7€:—1)

where
AL _a(p+61 +62) " Bp + 61 + d2) te,
f I
Ay _o(ptet+e) n B(p+ €1+ e2) ¢
It [
Under the condition a(p + €1 + €2) > ué, we can obtain
Aoy > 0.
Let t — +o0,
timnf (11 (0)) + (12 (1) 2
(n+ 61+ 62+ 303) (R — 1)
(A1 \Y AQ)
+(p+ea+e+303) (Re—1)
(A1 \ AQ)
|

Remark 4. Under some conditions, obviously, both of
WOM and IWOM can coexist, which is conductive to the
dissemination of product information, but also the most
beneficial to consumers.

IV. CONCLUSION

In this paper, we propose and investigated a stochastic
model considering Internet word of mouth IWOM). The
existence and uniqueness of the positive solution to model
(1) is obtained by constructing suitable Lyapunov function.
Then we establish the sufficient conditions for extinction and
persistence in mean of the infected 1 and the infected 2,
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respectively. Stochastic dynamic analysis shows that if the
intensity of environmental noise o2 and o3 are large, it will
reduce the number of the infected who spread the product
information. This implies that external factors such as market
policies and product information changes will bring risks
to its marketing. In addition, we also found that when the
transport rate & is small, it can ensure the coexistence of
the two types of information transmission groups, which can
affect the consumption decisions of more people.

In future research, we will consider whether there is a time
lag in the propagation of product information. If so, what
impact will it have on the dynamic behaviors of information
dissemination?
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