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Inequalities Concerning the Rate of Growth of
Polynomials Involving the Polar Derivative

Khangembam Babina Devi,

Abstract—In this paper, we establish inequalities concerning
the growth of polynomials involving the polar derivative of the
polynomials.

Index Terms—polynomial, polar derivative, zero, maximum
modulus.

I. INTRODUCTION

Let p(z Z a,z” be a polynomial of degree n in the

complex plane and p'(z) its derivative.
A famous result due to Bernstein ([3], [30], [19]) states
that if p(z) is a polynomial of degree n, then
gllfglp( z)| <n|m|a>§|p( z)|. (1
If we restrict ourselves to the class of polynomials having
no zeros in |z| < 1, then inequality (1) can be improved by

max [p'(2)] < 5 lmlaXIP( 2)]. )

Inequality (2) was conjectured by Erdos and later verified by
Lax [15]. As a generalization of (2), Malik [16] proved that
if p(z) does not vanish in |z| < k, k > 1, then

’ n
m < ——m . 3
\z\i}i ' (2)] < 1+k |z|i)§ [p(2)] ®)

Further, Bidkham and Dewan [4] generalized inequality (3)

by proving that if p(z) is a polynomial of degree n having
no zeros in |z| < k, k > 1, then

n(r+ k)1

L max |p(z)|, for 1<r <k.

max p'(2)] < max
“)

|z|=r
By considering a more general class of polynomials

z) =ag+ Z a,z’,

v=p
|z| < k, k > 1, Aziz and Zargar [2] generalized (4) and
obtained for 0 < r < R <k,

1 < p < n, not vanishing in

nRFr™ 1(k“ + R“)
(ku + R#)u

max [p(2)|.  (5)

|z|=r

max |p'(z)| <

|z|=R
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Further, Aziz and Shah [1] improved inequality (5) under the
same hypothesis that for 0 < r < R < k,

nR*L(kH + RF)

o P(=)l (kt + Ru)u
L maxlp(a)] - min ()1} ©

For a polynomial p(z) of degree n, we now define the
polar derivative of p(z) with respect to a real or complex
number « as

’

Dap(z) = np(2) + (@ = 2)p (2)-

This polynomial D,p(z) is of degree at most n — 1 and it
generalizes the ordinary derivative p (z) in the sense that
D, /

a—00 [e%

uniformly with respect to z for |z| < R, R > 0.

Over the last four decades, a large number of results
concerning the polar derivative of polynomials was obtained
by many different authors. More information on classical
results and polar derivatives can be found in the books
of Milovanovi¢ et al. [19], Rahman and Schmeisser [27]
and Marden [17]. For a better insight, one can refer the
literature (for example, [5], [7], [8], [9], [10], [12], [14], [18],
[20], [21], [23], [24], [25], [28], [29], [32]) regarding the
latest research and development in this direction. Recently,
Somsuwan and Nakprasit [31] proved the following polar
derivative extension of inequality (6) for the case k > 1.

a0+ZaV

polynomial of degree n havmg no zeros in |z| < k, k > 1,
then for every a € C with |a| > Rand 0 <r < R <k,

Theorem 1. If p(z) = 1< pu<nisa

n

Dop(z)| <
mae [Dop(2)| < 7=

e (2 o — {0 — G50+ 1)

|z|=r
o k# + R\
Ey= (= .
0 (R + S0 R

RN () R 4
0=\g iy lal o
() Rfao |y B + 1

m] (D

where

and m = HllIl |p( )]
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II. LEMMAS Lemma 5. If p(z) = (2 — 20)°¢(z) where |z0| < k and
n

We shall need the following auxiliary results to prove the b(z) = ao+ Z avz’, 1 < p < n—s is a polynomial
theorem and verify the claims. —

of degree m — s having no zeros in |z| < k, k > 0, then

Lemma 2. [f p(z Z a, 2" is a polynomial of degree n  for 0 < r < R < k and for every complex number \ with

Al <1,
such that p(z) # 0 in |z| <k, k>0, then for |z| <k,
>m, 8 R
Ip(=) = ® max _pE) | <exp <(n—s)/ Azdl)
where m = min |p(z2)|. lz1=r | (2 — 20) r
e p(z) a
This lemma is due to Gardner et al. [11, see Lemma 2.6]. X max [CENE +ql—exp|(n— 3)/ Aydl
Lemma 3. If p(z) = aoJrZa,, V.1 < pu<mnisa ~ Am (15)
(k =+ |z0l)®
polynomial of degree n havmg no zeros in |z| < k, k > 1, where
then for |z| =1,
(L)Vliu‘/luflku+1 n
max‘ /(Z)| < n maX| (2;)| ©) A = n—s/ [lag|—Am/| ’
e P = T By e PV [ntt+ (n‘is)iuao‘\(lfxlm/\ (krH1lrn 4 k210) 4 krtt
(16)
where , .
()Ll gt 4 g m = min [p(2)| and m’" = min [(2)]
By = kptt ) inlleol % (10) )
(2) ‘Iaﬁll ketl 41 Proof: Since p(z) = (z — 29)°¢(z) where
<M)|au|k“<1 an o(2) =a0+Za,, V.1 < pu < mn—s, has no zeros in
n) laol ~ 2| < k. k>0thenfor0<z<k¢() ¢(1z) has no
The above lemma is due to Qazi [26]. zero in |z| < l , l > 1. Hence using Lemma 4, we have
[¥(2)] < —
Lemma 4. If p(z) = a0+ZaV Ll<p<nisa gl'i}i o= 1+(’f)u+1{( 7)) Tt (5w 1+1}
1 LT
polynomial of degree n havmg no zeros in |z| < k, k > 1, (555 Tag Py (1) 141
then for every complex number \ with |\| <1 and |z| =1, « {mlax (2)] — )\m’} ,
’ n
< - A 12
max ! () < 1 (o - v 0D e
where m' = Inllir}“ [V (2)] = ‘H‘lir}c lo(l2)| = ‘H‘lir}c |9(2)]
z|=7 z|=% 2=
1 M[g#*l 1 1
By = ot | WM ULy > o min p(2)].
() kL 4 1 (k + [20])® Iz1=k
Which gives
H |, |k*
— )| ————— <1 (14) Imax |¢’ <n-—sx
() 5 Hiee)
. N a, pt1
and m = min p(2)] R gl S + 1
X X 1+ £ la krtt M la| E2r kntl
Proof: We consider the polynomial n—s |Jao|—Am/| 1 n—s |Jag|—Am/] I# [HFT
_a0+ZaVV1<u<n andm—rr|11_n|p( 2)|. x{max|¢( )|—)\m/},
Multlplymg both sides of p(z) by e~ ""9%_ we have which is equivalent to
, , i max <n-—sx
R(Z) _ efzargaop(z) _ |ao| + e—targao (Z ayzz/> 2=l |¢( )‘ >
v= 4 lau -
A € C such that |\ K : (55 g o R 4 1
For A € C such that [A| <1, on |z| = 1 4 (nis)Haol\a—u)‘\m’\ (ki t1m 4 k26]) + fptl
|Am| = [A|m < m < |R(2)|.
X {max |6(2)| — )\m’} : (17)
Therefore, by Rouche’s Theorem, R(z) — Am has no zero |z|=t

in |z| < k, k > 1. On applying Lemma 3, we complete the Now, for 0 <r < R <k, and 0 < 0 < 27, we have
proof.

. B(R™) — 3(rei®)]| < / 161,
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which implies

R
IMRWNSW&WH+/ &1,
from which it follows that

R
e 6(:)] < max|o(2)| + [ max|¢(lal. 19

|z|=R

Denote ‘Hlléix |o(2)| by M (¢, 7).

Using (17) to (18), we get
M(¢,R) < M(¢p,r)+n—s X

lay|

/R (55) xR 1
P U (G e Sy (R 4 2D) o ot

It is concluded from (23) that the function

9(R) = {f(R) — xm'} exp {—(n — 5)x
|au — L L
/ (ﬁ)‘uao\fiquu LR
Rpt+1 +( © ) lau] /‘(ku—&-lR;L +k2uR) + kptl

n—s/ |lag]—Am
dR}

is a non-increasing function of R in (0, k].
Hence for 0 < r < R <k,

g(r) > g(R).

Since f(R) > M(¢, R) and f(r) = M (¢, r), it follows from

(24)

dl (24) that

n—s/ |lag]—Am/| R
XM(¢al)dl_ M(¢7r) > M((b,R)exp{—(n—s) X /
R (225) T R 4 0 '
/ ) o at i L
o Pl 4 (nﬁs)m(k/“”rll” + kzp‘l) + kptl : ‘0 | dl
] 19y VP () g (R k2D o Rt
R
If we denote R.H.S. of (19) by f(R), then + |1 —exp {—(n —5) X /
f(R)=n~sx eyl —1pp+1
() ™ RE-1pet 4 R (n,s) Hao\JAmql” kP 4B
+1 ”“—5 HaT(\l—‘Am’l +1 2 +1 et + (ﬁ) IIao‘I(ﬂm’\ (kR + k200 + it
R+ (55 a2y (RHTLRE 4 K2 R) o kH iy am/.
XM(¢7 R)_
a, _ or
(75) b B 1R + R
Re+1 4 () I ||(T/\|m'| (kPRI 4 k20 R) + kpt1 max % > max L)S x
N /] 0 20) |z|=r (Z — Zo) |z|=R (Z — Zo)
xAm'] . R
expq —(n — s) X /
Also by (19), we have ”
M(¢,R) < f(R). Q1) e T A i
Using (21) to (20), we conclude that 4+ (75) Haol\a*“)‘\m’\ (rHLIs 4 k21D) + kot
R
f'(R) = (n—s)x + 1—exp{—(n—s)></
(25 btk R 1ot 4 R g
a oy aul  gu—1pp41
R (G ) ol (R RE 4 R21R) + et (G5 Taoloamg K 40 dl
< {f(R) = Am'} <0, 22) U4 (G ) ity (W00 + K20) o Jod
m
Multiplying both sides of (22) by XAW'
exp{—(n—s) This completes the proof. ]
2 laul pu—1r1.p+1 o
x/ (”*3)||a0|*>\m’|R BT AR Lemma 6. If p(z) is a polynomial of degree n, then on
RiAT + (nlis) |\a0|\a—u>‘\m’| (ku+1Ru + ]gQMR) + kptl |Z‘ =1, we have
dR},
' /()] I (2)] < mamax ()], (5)
we get

d /
A R) ') x
exp{—(n — s)x

lag|

el Ru gt Ry

/ (m)“ao\—km’l
R4 (G5 it (koH R k20 R) + et
dR}] < 0.

where q(z) = 2"p(2).

The above lemma was obtained by Govil and Rahman
[13].

n
Lemma 7. If p(z) = ao+Zal,z”, 1< pu<nisa
v=p

(23) polynomial of degree n having no zeros in |z| < k, k > 1,
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then for every o € C and A € C with |a| > 1 and |\ < 1,

n
maX D, <
|z|= |Dap(2)] < 1+BA

{(|a| + B p(2) ~ (ol = Dm | 26)

where m = lnlnn |p(2)| and By is as defined in (13).

Proof: If q(z) =
|z| =1, that

z”]@), then it is easy to verify for

1d'(2)] = [np(2) — 2p'(2)].
Also, for every o € C with |a] > 1, we have
Dup(z) = np(2) + (a — 2)p'(2).

Then, by using Lemma 6 and equality (27), for |z| = 1 and
|a| > 1, we obtain

|Dap(2)] <

27

Inp(2) — 2p'(2)] + |’ (2)]
ld'(2)] + |l [P’ (2)]
ld' (2)| + " (2)| = 1P’ (2)| + |l lp’ (2)]

< nmaxip(z 2+ (lal =P (2)]. (28

Now, for |z| =1 and || > 1, inequality (28) in conjunction
with (12) of Lemma 4 gives

[Dap(z)] < nmax|p(z)] + (Jof = 1) x

(s (g )}

and this ends the proof of Lemma 7. ]

III. MAIN RESULT

In this paper, we establish a generalization of Theorem 1
which yields a result due to Chanam and Dewan [6, Theorem
2] as a particular case.

Theorem 8. pr(z) = (2 — 20)°¢(z) where |20| < k and

z —ao+ZaV

degree n—s havmg no zeros in |z| < k, k > 0, then for every

1 < pu<n-—s, is a polynomial of

i3]

I Duld (aamld sl |
lz2|I=R | (2 — 20)® (z — zp)5t! (z—20)%| —
7?_:; [fﬁi}f (zp_(zz)o)s E —{E —(si+ 1)}
N )

where

B = ('“R' ; sl> exp ((n ) /R Azdl) ,

(k)’“‘“ (i) aal i B 1
S = - (

R ﬁs)R(\\ao\—Am’\)k#+l+1

J2] lau] p—1g.p+1 1%
<nfs)||ao|7/\m’|l k +1

ll'H'l + (nlis) ‘|a0“623!m" (k”+1lﬂ + kQHZ) + ku+1 7

m = min [p(=)] and m' = min [6(2))

Proof: Let p(z) = (2 — 20)°¢(z) where

P(z) = ao+ Z a,z”, 1 < p < n—s,is a polynomial of

V=
degree n — s having no zeros in |z| < k, k > 0.

Now, let

m = |H|ur}€|¢( z)|

. 1
= min _— zZ
|Zl_k{|z_20|s|p< >|}

> min [p(2)|
> ——— min |p(z
(k+ |z0])® I2I=k

1
- m,
(k + |200)®

where m = min |p(z)].
|z|=k

Since ¢(z) # 0 in |z| < k, k > 0, the polynomial
P(z) = ¢(Rz) where 0 < R < k, has no zeros in
|z| < R, R > 1. Now applying Lemma 7 to the polynomial
1(z) and noting that |o| > R, we get

n—s ||
max D5 0(:)| < 1 {(R +sl) ma [0(2)

—(g'— )Alrrll_lnw( )I}
lagl

p—1
(ﬁ)ﬂ+1 (3% s)uao\ Am’\Rk +1
R R D

n- g)R(Hao\ Am/1)

We apply the relations

(30)

where s; =

max |Da

max Y(2)| = ‘g‘lgélDaaé(Z)\

Dad(z) = (n-
- (-

8)P(2) + (= 2)¢'(2)
p(Z)

3

- (zfzo) {(n—

(o= 2)sp(2)

(z — z)5t!
Dop(z) (= z)sp(z)
(z—20)° (2 —20)°H!

sp(2)
(2 — 20)%’

p(2)
(z — 20)°

max |¢(z)| = max

|z|=1 lz|=R

min ()| = min [6(2)] > Ip(2)|

A=k |=|=

1
=—m
(k +[200)®

1 .
(k+ [20])° 2=k
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into (30) and obtain Corollary 15. If p(z) = 2°¢(z) where ¢(z) =
n
A Dap(z). B (a — Z)SP(Z) B sp(2) | < ao + Z ayz’, 1 < pu < n—s, is a polynomial of degree
lz2I=R |(z — 20)* (2 —20)T1 (2 —20)® v=p

n—s I p(2) n — s having no zeros in |z| < k, k > 0, then for every real
— + s ) max | ———— number A with 0 < A < 1land 0 <r < R <k,
1+ s R lz1=R | (z — 20)* )
— lof -1 Lm . 31) max ;0(;3) - S]zgi) =
R (k + ‘Z()DS 1= < <
) n—s p(z) m
Using Lemma 5 to (31), we conclude the proof of Theorem —— [<{max —A—
8 R(l + Sl) lz|=r| 2° ks
' R
" xexp | (n — s)/ Adl ]|, (33)
Remark 9. Setting s = 0, Theorem 8 reduces to a "
generalization of Theorem 1. where
Remark 10. If zo = 0 in Theorem 8, we have E\ATE (n’ig)laollaf“)\‘l]%k”’l +1
si=|= - i
Corollary 11. If p(z) = 2°¢(z) where : (R) (L )%kuﬂ +1
n n—s ap| =A%
o(z) = ap + Z ayz’, 1 < pu < n—s, is a polynomial of (=) laul _pu—1jut1 4 e
de s havir . A= nos’lool Agh
gree n—s having no zeros in |z| < k, k > 0, then for every [l 4 () lan] _ (krt10m + k268) 4+ kntl
aand A€ Cwith |a] > R, [N <land 0<r <R<kE, n—s/laol =A%

Dozp(z) . (a - Z)Sp(Z) _ Sp(Z) n—=s and m = ‘IZI‘H:I}C |p(2)|

<
2 Zerl 2

T 1+ Remark 16. Putting s = 0 and taking limit as X\ — 1,
p(2) B B m Corollary 15 yields a result due to Chanam and Dewan [6,
e R DY P < i

max
|z|=R

X [max

|z|=r
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