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Research on the Algorithm of Adjacent Vertex
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Abstract—For an undirected connected graph G(V,E), if
there exists a unique mapping f:V(G) U E(G) - {1,2,---,|V| +
|E[}, such that for any edge uv € E(G) and d(uw) = d(v), it
holds that S(u) = S(v), where S(w) = f(w) + Yuzer6) f(U2),
and d(u) represents the degree of vertex u, then f is termed as
an Adjacent Vertex Reducible Total Labeling (AVRTL) of G.
Building upon existing research on total labeling algorithms, a
heuristic search algorithm is devised by combining principles
from genetic algorithm and particle swarm optimization. By
studying the labeling patterns within finite-point graphs and
extending them to describe the labeling patterns of
infinite-point analogous graphs, it is discovered that some
composite graphs of AVRTL are derived from several special
subgraphs that are also AVRTL through a graph operation.
Several theorems summarizing the labeling characteristics of
these composite graphs are formulated and proven, along with
defining the graph operation. Finally, a conjecture is proposed:
if subgraphs G, and G, are AVRTL graphs, then their
composite graph G, T4p G- is also an AVRTL graph, where Ty,
denotes the graph operation.

Index Terms—Adjacent Vertex Reducible Total Labeling,
AVRTL graph, heuristic search algorithm, joint-graph, graph
operation

. INTRODUCTION

RAPH theory, as a significant branch of mathematics,

owes its significant position in various fields such as
computer science, social network analysis, transportation
planning, communication network design™, bioinformatics,
logistics, and transportation planning to its concise
representation and rich applications. The origin of graph
theory can be traced back to the 18th century with Euler
laying its foundation by solving the Seven Bridges of
K&nigsberg problem. Since then, graph theory has gradually
evolved into an independent and prolific research tool,
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finding extensive applications in practical problems such as
coding theory, X-ray crystallography, radar, astronomy,
circuit design, secret sharing schemes, and cryptography.
Graph labeling, as an important research focus in graph
theory, saw the inception of the Graceful Tree Conjecture in
Rosa's paper in 1967, proposing that all trees are graceful. In
1970, Anton et al®.introduced the concept of edge-magic and
conjectured that every tree has an edge-magic total labeling.
Further, in 1998, Enomoto et al. extended this by proposing
that all tree graphs have super edge-magic total labeling
advanced the proposition that all trees have super edge magic
total labeling [3]. Subsequently, in 1999 [4], MacDougall et
al. introduced the concepts of vertex-magic labeling and
super vertex-magic labeling. In 2020, literature presented
vertex magic total labeling and related patterns for general
graphs. Other labeling schemes are referenced in [5-10],
while summarizes the current status of labeling research.
This paper addresses the point-edge partitioning strategy
problem in logistics and supply chain management, social
network  analysis, energy network  optimization,
transportation planning, and power distribution networks.
This algorithm synthesizes the principles of genetic
algorithms and particle swarm optimization. By integrating
principles from genetic algorithm and particle swarm
optimization, a heuristic search algorithm is designed.
Through analysis of experimental results, it is observed that
some composite graphs of AVRTL are derived from several
special subgraphs that are also AVRTL through a graph
operation.  Several theorems summarizing the labeling
characteristics of these composite graphs are formulated and
proven, along with defining the graph operation. Finally, a
conjecture is proposed: If subgraphs G, and G, are AVRTL
graphs, then their composite graph G, T, G, is also an
AVRTL graph, where T,; denotes the graph operation.

Il. PRELIMINARY KNOWLEDGE

Definition 1: LetG(V,E) be an undirected connected
graph , if there exists a unique mapping f:V(G) U E(G) -
{1,2,--+,|V| + |E|}, such that uv € E(G) and d(u) = d(v),
resulting in S(u) = S(v), where S(u) = Yy zer) f (Uz) +
f(w), d(u) represents the degree of vertex u, then f is
designated as an AVRTL of G. G is called an AVRTL graph
if it satisfies this condition, otherwise it is termed an
N-AVRTL graph.

Definition 2: Let graph G, T,, G, be a composite graph,
where G; and G, can be one of the following: a path graph
(B,), acycle graph (C,,), a star graph (S,,), a fan graph (E,), or
a wheel graph (). Here, a represents the central node for
star, fan, and wheel graphs, a 1-degree node for the path
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graph, and any node for the cycle graph. brepresents a
non-central node for star and wheel graphs, a 2-degree node
for the fan graph, and a 2-degree node for the path graph.
Graph G, T, G, is obtained by connecting node a from G,
to node b from G,.
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Fig. 1. Example of AVRTL graph.
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Fig. 2. Example of joint graph G, T, G,.

I1l. AVRTL ALGORITHM

A. Basic Principles of AVRTL Algorithm

The concept of the AVRTL algorithm integrates genetic
algorithm and particle swarm algorithm. Initially, an initial
labeling matrix is obtained based on the adjacency matrix of
graph G. A candidate solution population is initialized, and a
heuristic search algorithm is employed for exploration.
During the search process, if a matrix satisfying the
convergence criteria is found, it is considered as the final
matrix and outputted. If, after convergence, the solution for
graph G still does not satisfy the convergence criteria
function, it indicates that graph G is not an AVRTL graph,
and the algorithm terminates.

(1) Preprocessing function: The graph set is outputted to a
file in the form of an initialized adjacency matrix. This
function also calculates information such as the number of
vertices and edges of graph G, the degree of each vertex,
degree sequences, and sets of adjacent vertices with the same
degree.

(2) Optimal Solution Search Function: According to the
principles of particle swarm algorithm, each candidate
solution updates its velocity and position based on individual
best positions and global best positions. Subsequently,
combined with operations such as information update,
selection, crossover, and mutation, the function searches for
the optimal solution.

(3) Convergence Judgment Function: Criterionl;
Determine whether the adjacent vertex reducible total
labeling constraint is satisfied during the search process. If a
solution satisfying the constraint is found, it is stored in the
matrix StorageMatrix. Criterion2: |V| + |E| — 1.

(4) Output Function: If there are graph sets satisfying the
constraints of the adjacent vertex reducible total labeling, the
final results are outputted in the form of a labeling matrix. If,
after convergence judgment, the solution for graph G still
does not satisfy the convergence judgment function, then
graph G is outputted as a non-AVRTL graph.

B. Pseudocode of the AVRTL Algorithm

Input The adjacency matrix of the graph G(p, q)
Output Matrix satisfying AVRTL graph or NAVRTL

1 Read the adjacency matrix of the graph to get the initial
convergence matrix ASO

2 Calculate the number of points, the number of edges,
the degree sequence DegreeL.ist, the set of adjacent
points with the same degree SameL.ist and other
information of the graph G.

3 get G-AdjustMatrix, StorageMatrix «— ASO

4 isContinue = true, isSuccess = false

5 while (isContinue)

6 Permutation (p, q)

7 G-AdjustMatrix.UXOSearch # Optimal solution
search initialization

8 G-AdjustMatrix. particle # Update the individual
best position and fitness of each candidate solution

9 G-AdjustMatrix. Individual # Perform operations
such as information update, crossover, mutation, etc.

10 if(G-AdjustMatrix.ASjudgment) # Convergence
judgment

11 StorageMatrix«— G-AdjustMatrix

12 isSuccess = true

13 break
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14 endif

15 endwhile

16 if(!G-AdjustMatrix.equalWith(AS0)&&isSuccess)
17 Output G is not a AVRTL Graph

18 endif

19 else

20 Output G is a AVRTL Graph

21 Output StorageMatrix

22 endelse

23 end

C. Results of the Adjacent Vertex Reducible Total

Labeling Algorithm

Table 1 presents the number of AVRTL graphs among the
total number of graphs with different numbers of edges
ranging from 3 to 6 vertices. It can be observed from Table 1
that all graphs with 3 to 6 vertices are AVRTL graphs.

Fig 3 illustrates the number and proportion of AVRTL
graphs among the total number of graphs with different
numbers of edges ranging from 7 to 11 vertices.

Fig 4 provides examples of AVRTL labeling for some
graphs.

TABLE|
STATISTICALS OF AVRTL FOR GRAPHS WITH 3 TO 6 VERTICES
Total AVRTL Total — AVRTL
number picture number picture
®q9 of ® 9 of
pictures/ number/ pictures/ number/
. piece . piece
piece piece
(3.2 1 1 (5,10) 1 1
(3,3) 1 1 (6,5) 5 5
4.3) 2 2 (6,6) 13 13
(4,4) 2 2 6,7) 19 19
(4,5) 1 1 (6,8) 22 22
(4.6) 1 1 6,2) 20 20
(5.4) 3 3 (6,9) 14 14
(5,5) 5 5 (6,10) 9 9
(5,6) 5 5 (6,11) 5 5
(5,7) 4 4 (6,12) 2 2
(5,8) 2 2 (6,13) 1 1
(5,9) 1 1 (6,14) 1 1
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Fig. 3. Variation of the percentage of AVRTL and N-AVRTL graphs among

the total number of graphs with a finite number of vertices.
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Fig. 4. Examples of AVRTL.

IV. THEOREMS AND PROOFS

For special subgraphs, paths, cycles, stars, fans, and
wheels are all AVRTL graphs, and the conclusion is
obviously true.

Theorem 1: For a joint graph W, T, Sy, Whenn > 3,
m > 2,andm #n+ 1, itis an AVRTL graph.

Proof: Let the vertex set of the joint graph W, T, Si., be
denoted as V(W Tap Sm) = {Vo, V1, -+, Uy Ugy Ug, ***, U } 5
and the edge set as E(W, Tqp i) = {vovi|1l < i <n}u
vl <i<n-1}u{v,v} U {ugu|l <i <m}.

Whenn>3,m>2, and m#n+1, the AVRTL of
Wy, Tap S iS:
fw)=3n+1-i1<i<n
fovip) =i,1<i<n
f(vnvl) =n
fwev)) =n+1
fogv) =2n+2—-i,2<i<n
flug) =3n+1
fu)=3n+2m+2-i,1<i<m
fluou) =3n+1+iL,1<i<m

In this case, the vertex labeling set of Wj, T,p Sy, IS:

FO) ={fwlo <i<ntu{f(y)|o<j<m}
={2n+12n+2,---,3n+ 1}
u{Bn+m+23n+m+3,---,3n+2m+ 1}

The edge labeling set is:
fE)={vy)I1<i<n-13U{f(vev)ll <i<n}

U f(v,v) U {f(uouj)|1 <j< m}
={1,2,--2n}u{3n+23n+3,-,3n+m+ 1}

According to the definition of AVRTL, f(V) U f(E) -

[1,3n+2m + 1], and the joint graph W, T, S, has a
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1-degree vertices u,,us, -+, U, , 3-degree vertices vy, v,
-+, Up, N+ 1-degree vertices v,/u,, and an m-degree vertex
ug. It is only necessary to ensure that the labeling of the
adjacent 3-degree vertices of the joint graph W, T, S, are
equal.

For the 3-degree vertices vy, v,, -+, v, adjacent to the joint
graph W, 1., Sn, the sum of the labeling of each vertex is:
Sum(v;|[1<i<mn)

=f(v) + fwe)[1<i<n
ve€E (v;)
=f(w) + fwiiv) + fwwi ) fwev)d|2 < i <n—1]|
f@) + fnv1) + fF(01v2) + f(0ov)If () + f(vn-1vn)
+f('l7n‘171) + f(VOVn)
=5n+2
Thus, it is proven thatwhenn >3, m > 2, andm #n +

1, W, Tap S isan AVRTL graph.
The labeling results for some joint graphs W}, T, Sy, are
shown in Fig 5.
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Fig. 5. Labeling Results for Wg T4, So

Theorem 2: For a joint graph B, T, W,,,, whenn > 3,
m > 3,and m # 4, it is an AVRTL graph.

Proof: Let the vertex set of the joint graph B, T,, W;,, be
denoted as V(P, Tap W) = {v1, V2, ++, U, Uy Ug, > U )
and the edge set as E(B, Tgp W) = {viviq|1<i<n-—
Bufuull <i<sm}pufyul<i<m-13u
{umul}-

Case 1: Whenn = 3, m > 3, m # 4, and n = 0(mod2),
the AVRTL of B, T, W, is:
fw)=2n—-i2<i<n

n i
§+§,i50(m0d2)and2si<n

i—l%J,iEl(modZ)andlSi<n

f(up) =2n+3m—-1
flu)=2n+3m—-1—-i,1<i<m
fluujp) =2n—-2+i,1<i<m
fupu) =2n+m—2
fluouy) =2n+m-—1
flugu) =2(n+m)—i,2<i<m
In this case, the vertex labeling set of B, T,, W, is:
fN ={fw)ll <i<ntu{f(y)|o<j<m}
={n,n+1,-,2n— 2}
u{2n+2m-—1.2n+2m,---,2n+ 3m — 1}
The edge labeling set is:

fwvip) =

f(E)={fwy,)dll<i<n-1}u {f(uouj)|1 <j< m}
U {f (wuyan)|1 <j < m =130 f Q)
={1,2,--,n—1}u{2n—-1.2n,---,2n+2m — 2}

According to the definition of AVRTL, f(V) U f(E) -

[1,2n+3m — 1], and the joint graph B, T,, W, has a

1-degree vertex v, , 2-degree vertices vy, Vs, t,Vpq ,

3-degree vertices u,, us, -+, uy,, 4-degree vertices v, /uq,

and an m-degree vertex u,. It is only necessary to ensure that
the labeling of the adjacent 2-degree vertices and 3-degree
vertices of the joint graph B, T,, W, are equal.

For the 2-degree vertices v,, v, -, v,_1 adjacent to the
joint graph B, T,, W, the sum of their vertex labels is:

Sum(2<i<n-1)

= f(v) + fwe)2<i<n-1
ve€E (v;)
=fw) + fwisv) + fywia )2 <i<n-—1

_3 ln—lJ 1
= 3n 2

For the 3-degree vertices u,,us, -+, u,, adjacent to the
joint graph B, T,, W,,, the sum of their vertex labels is:
Sum(y|2 <j <m)

=f(w) + Z fwe)|2<j<m
ve€E(uj)

=f(w) + fwiaw) + fFlyuer) + fFuow)l2<j<m
”f(um) + f(um—lum) + f(umul) + f(uoum)
=8n+5m—6

Thus, it is proven that whenn > 3, m > 3, m # 4, and
n = 0(mod2), B, T4, W, isan AVRTL graph.

Case 2: Whenn = 3, m > 3, m # 4, and n = 1(mod2),
the AVRTL of B, Ty W, is:
fv)=2n—-i,2<i<n

b
2 '2'
i—l%],iz 1(mod2)and1<i<n

flup) =2n+3m-—1
fu)=2n+3m—-1—-i,1<i<m
fuuip) =2n—-24+i,1<i<m
fupu) =2n+m—2
fluou) =2n+m—1
fluou) =2(n+m) —i,2<i<m
In this case, the vertex labeling set of B, T, W, is:
f={fw)l1<i<n}u {f(uj)|0 <j< m}
={n,n+1,-,2n—-2}
u{2n+2m-1.2n+2m,---,2n+3m— 1}
The edge labeling set is:
fE)={fwy,)dll<i<n-1}u {f(uouj)|1 <j< m}
U{f(wujs1)|1 <j <m—1}U f(upnuy)
={1,2,--,n—1}u{2n—1.2n,---,2n+2m — 2}
According to the AVRTL definition, f(V) U f(E) -
[1,2n+3m — 1], and the joint graph B, T,, W, has a
1-degree vertex v, , 2-degree vertices v,,vs,t,Vp_q ,
3-degree vertices u,, ug, -, u,y,, 4-degree vertices v,/u,,
and an m-degree vertex u,. It is only necessary to ensure that
the labeling of the adjacent 2-degree and 3-degree vertices of
the joint graph B, T,, W, are equal.
For the 2-degree vertices v,, v, -, v,_; adjacent to the

0O(mod2)and2 <i<n
fivig) =
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joint graph B, T,, Wi, the sum of their vertex labels is:
Sum(2<i<n-1)

= f(v) + fwe)|2<i<n-1
ve€E (v;)
=fw) + fwiw) + fow))2<i<n-1
n—
=2n+—5—

For the 3-degree vertices u,,us, -+, u,, adjacent to the
joint graph B, T,, Wi, the sum of their vertex labels is:
Sum(uj|2 <j<m)

=f(uj) + Z fwe)l2<j<m
ve€E(uj)

= f(w) + f(wimawy) + f(wjan) + f(uew)12 < j <m
[1f (i) + f Uim—1um) + f(wmg) + f (Uottm)
=8n+5m—=6

Thus, it is proven that whenn =3, m > 3, m # 4, and

= 1(mod2), P, T4, W, isan AVRTL graph.

In summary, for the joint graph B, T, W, whenn > 3,
m > 3,and m # 4, it is an AVRTL graph.

Partial graph labeling results for B, T,, W, are shown in
Fig 6.

37 29 38

23 5 \— 6 —0—11—/ )
18

4
22 8\0 3—e—90—=
21 20 19
Fig. 6. Labeling Results for P53 T, Ws.
Theorem 3: For a joint graph F, T4 Sp, When n > 3,

m > 2,andm #n+ 1, itisan AVRTL graph.

Proof: Let the vertex set of the joint graph E, T, S,,, be
denoted as V(E, Tap Sm) = {Vo, V1, -+, Up, Ug, Ug, = Ui }
and the edge set as E(E, Tap Sm) = {vovi|1 <i<nju
vl <i<n-1}u{uywy|l <i<m}

Whenn >3, m>2, and m#n+1, the ARVRL of
Fn Tab Sm S
fw)=3n—-i1<i<n
fwvi) =i1<i<n
fogv)=2n—i,1<i<n
f(ug) =3n
fu)=3n+2m+1-i1<i<m
flugu) =3n+i,1<i<m

In this case, the vertex labeling set of F,, T, Sy, IS

fFO) ={fw)lo <i<nyu{f(w)o<j<m}
={2n,2n+1,---,3n}
uBn+m+13n+m+2,--

The edge labeling set is:
fE)={fwru)Il<i<n-1U{f(rv)ll <i<n}

U {f (uow;)[1 < j < m}
={1,2,--,2n—1}u{3n+13n+2,---,3n + m}

According to the definition of AVRTL , f(V) U f(E) -
[1,3n + 2m], and the joint graph W, T, S, has a 1-degree
vertices u,, us, -+, Uy, 2-degree vertices v,/v,, 3-degree
vertices v,, v3,++, V1, N + 1-degree vertices v, /u,, and an
m-degree vertex u,. It is only necessary to ensure that the
labeling of the adjacent 3-degree vertices of the joint graph
E, Tap Sy are equal.

For the 3-degree vertices v,, v3, -, V1 adjacent to the
joint graph E, T, Sn., the sum of the labeling of each vertex
is:

Sum(v;|2<i<n-—1)
=f(v) + fwe)]2<i<n-1
ve€E (v;)
=f) + fiv) + fowi ) f(wev)2 <i<n-—1
=5n-1

Thus, it is proven that whenn >3, m > 2, andm # n +
1, E, Tap S 1S an AVRTL graph.

The labeling results for some joint graphs E, T, S,, are
shown in Fig 7.

,3n + 2m}
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33
/
k Zéi/ 32
14
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2726 25
13 1228 ‘

Fig. 7. Labeling Results for Fg T, So

Theorem 4: For a joint graph C,, T, Wi, whenn > 3,
m > 3,and m # 5, it is an AVRTL graph.

Proof: Let the vertex set of the joint graph C,, T,, W, be
denoted as V(C,, Tap W) = {v1, V2, Uny Ugy Up, Ui S »
and the edge set as E(C, Tap W) = {v,v1} U {upud U
fviviql<i<n-—-1}ufugyll <i<m}u
fuuq 1 <i<m-—1}.

Case 1: Whenn >3, m> 3, m=#5andn = 0(mod2),
the AVRTL of C,, Tqp W, is:
fw)=2n+1-i,2<i<n
f(ov) =n

n i
E+E,i50(mod2)and2§i<n

;
i—lEJ,izl(modZ) and1<i<n
f(up) =2n+3m
fu))=2n+3m—i,1<i<m

fuyup) =2n—14+i,1<i<m

flupu) =2n+m-—1

fivip) =
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fluouy) =2n+m
flugu) =2(n+m)+1—-i2<i<m
In this case, the vertex labeling set of C,, T, W, is:
fO ={fw)ll <i<ntu{f(y)|o<j<m}
={n+1,n+2-,2n-1}
u{2n+2m,2n+2m+1,--,2n+ 3m}
The edge labeling set is:
fE) ={fwv DIl <i<n—-1}U f(v,vy) U f(upu,)
U {f (wujea)[1 < j < m =1} {f(uew)|1 <j < m}
={1,2,-,n}u{2n,2n+1,--- 2n+2m— 1}
According to the AVRTL definition, f(V) U f(E) -
[1,2n + 3m], and the joint graph C, T., W, has 2-degree
vertices v,,vs, -+, v, , 3-degree vertices u,, us, -, Uy, ,
5-degree vertices v;/u,, and an m-degree vertex u,. It is
only necessary to ensure that the labeling of the adjacent
2-degree and 3-degree vertices of the joint graph C,, T., Wi,
are equal.
For the 2-degree vertices v,, vs, -+, v, adjacent to the joint
graph C, T, Wy, the sum of the labeling of each vertex is:
Sum(v;|2 <i<n)

=f(v) + fwe)|2<i<n

ve€E (v;)
=fw)+ fw_ )+ flow))2<i<n-—1
“f(vn) + f(vn—lvn) + f(vnvl)

-an- [

For the 3-degree vertices u,,us, -+, u,, adjacent to the
joint graph C,, T, W, the sum of the labeling of each vertex
is:

Sum(uj|2 <j<m)

=f(uj) + Z fwe)l2<j<m
ue€E(uj)

= f(uj) + f(uj_luj) +f(u]-uj+1) + f(uouj)|2 <j<m
f (i) + f Uim—1um) + f(umug) + f (uottm)
=8n+5m-—2

Thus, it is proven that whenn >3, m >3, m # 5, and
n = 0(mod2), C, T, Wy, isan AVRTL graph.

Case 2: Whenn >3, m >3, m# 5, andn = 1(mod?2),
the AVRTL of C,, T, W, is:
fw)=2n+1-i2<i<n

f ) =n - [3]

[E]+i i=0(mod2)and2<i<n
212 B

fwip) = i
i— lEJ'i =1(mod2)and1<i<n
f(up) =2n+3m
flu)=2n+3m—-i1<i<m
fuui) =2n—1+4+i,1<i<m
fupu) =2n+m—1
fluouy) = 2n+m
fluow) =2(n+m)+1—-i,2<i<m
In this case, the vertex labeling set of C,, T, W, is:
fO) ={fw)ll <i<n}u{f(y)]o<j<m}
={n+1,n+2-,2n-1}
u{2n+2m,2n+2m+1,--,2n+ 3m}
The edge labeling set is:

fE)={fwruDIl <i<n—-1}U f(rv) U f(upuy)
U {f(u]-u]-+1)|1 <j<m-— 1} U {f(uouj)|1 <j< m}
={1,2,--,ntu{2n,2n+1,---,2n+2m — 1}
According to the AVRTL definition, f(V) U f(E) -
[1,2n + 3m], and the joint graph C, T., W, has 2-degree
vertices vy, vs, -+, 1, , 3-degree vertices u,, us, -, Uy, ,
5-degree vertices v, /u,, and an m-degree vertex u,. It is
only necessary to ensure that the labeling of the adjacent
2-degree and 3-degree vertices of the joint graph C,, To, Wi,
are equal.
For the 2-degree vertices v,, v, -+, v, adjacent to the joint
graph C,, T4, W, the sum of the labeling of each vertex is:
Sum(;|2 £i<n)

=f(v) + fwe)|2<i<n
ve€E (v;)
=f) +fwiw) + fowi)2<i<n-1
[1f (W) + f (Wn-qv) + f(v00)
n
=2n+1+ [E]

For the 3-degree vertices u,,us, -+, u,, adjacent to the
joint graph C,, T, W;,, the sum of the labeling of each vertex
is:

Sum(uj|2 <j< m)

=f(u]-) + Z fwe)l2<j<m
ue€E(uj)

= f(u]-) + f(uj_luj) + f(u]-ujH) + f(uouj)|2 <j<m
”f(um) + f(um—lum) + f(umul) + f(uoum)
=8n+5m-—2

Thus, it is proven that whenn >3, m >3, m # 5, and
n = 1(mod2), C, Tap Wy is an AVRTL graph.

In summary, for the joint graph C,, T, W;,, whenn > 3,
m > 3,andm # 5, it is an AVRTL graph.

Partial graph labeling results for C, T,;, W, are shown in
Fig 8.

15
16

14 —*—3
4/'/8 N
13(
9

7

5 6
20
21§<39 317\28
47T/\38 32/\2T741
22
37 33\)
42
461\/23 36 34 26

Fig. 8. Labeling Results for Cyo To, Wig

Volume 54, Issue 7, July 2024, Pages 1435-1444



TAENG International Journal of Applied Mathematics

Theorem 5: For a joint graph S,, T, S, Whenn > 3,
m > 3,and m # n + 1, itisan AVRTL graph.

According to the definition of the total label reducible from
adjacent vertices, Theorem 5 is evidently valid.

Theorem 6: For a joint graph E, T,, W,,,, whenn > 3,
m > 3,and m # n + 3, itis an AVRTL graph.

Proof: Let the vertex set of the joint graph F, T,, W, be
denoted as V(F, Tqp Wi) = {Vg, V1, ) U, Ug, Ug, ***» Upn )
and the edge set as E(F, Top W) = {vevill <i<n}u
fviviq 1 <i<n—1}U{uoyll <i <m}u{u,utu
fuui 1 <i<m-—13

When n >3, m >3, and m #n+ 3, the AVRTL of
E, Tap Wy is:
fw)=3n—-i1<i<n
fowi) =i,1<i<n
fwgv) =2n—-i,1<i<n
f(up) =3n+3m
flu)=3n+3m—-i1<i<m
fluujp) =3n—1+4+iL1<i<m
flupu)) =3n+m—1
fluouy) =3n+m
flupu)) =3n+2m+1—i,2<i<m

In this case, the vertex labeling set of F, T,, W, is:
fO) ={fw)lo <i<n}u{f(y)|o<j<m}

={2n,2n+1,---,3n— 1}
u{3n+2m3n+2m+1,--,3n+ 3m}

The edge labeling set is:
fE)={fwew)ll<i<n}u{flvvu)Il<i<n-1}

U {f(ujuj+1)|1 <j<m- 1} U {f(uou]-)|1 <j< m}
U f (upuy)
={1,2,-2n—1}u{3n,3n+1,---,3n+2m — 1}

According to the AVRTL definition, f(V) U f(E) -
[1,3n + 3m], and the joint graph F, T, W, has 2-degree
vertices v, v, , 3-degree vertices v,, vs, ++, Vp_q, Uz, Ug, **
Uy, n + 3-degree vertices vy/u,, and an m -degree vertex
ug. It is only necessary to ensure that the labeling of the
adjacent 3-degree vertices of the joint graph F, T,, W, are
equal.

For the 3-degree vertices v,, v, -+, v, adjacent to the
joint graph E, T,, W;,, the sum of the labeling of each vertex
is:

Sum(v|2<i<n-—-1)
=f(v) + fwe)l2<i<n-1
ve€E (v;)
=fw)+fwiw)+ flowd)2<i<n-1
=5n—-1

For the 3-degree vertices u,, us, -, u,, adjacent to the
joint graph F,, T,, W,,, the sum of the labeling of each vertex
is:

Sum(w|2 <j <m)

= f(w) +
ue€E(u;)
= f(w) + fwoaw) + fFwue) + fluew)l2<jsm—1
“f(um) + f(um—lum) + f(umul) + f(uoum)
=12n+5m—2
Thus, it is proven that whenn >3, m > 3, andm #n +

3, E, Tap W, isan AVRTL graph.
Partial graph labeling results for F, T,;, W, are shown in

fwe)l2<j<m

Fig 9.

42
5\5/\31\1/32/\'go
51

Fig. 9. Labeling Results for Fy T, Wio.

Theorem 7: For a joint graph B, T, W, whenn > 3,
m > 3,and m # 4, itis an AVRTL graph.

According to the definition of the total label reducible from
adjacent vertices, Theorem 7 is evidently valid.

Theorem 8: For a joint graph S,, T, Wy, Whenn > 2,
m > 3,and m # n + 3, itis an AVRTL graph.

Proof: Let the vertex set of the joint graph E, T, S,,,, be
denoted as V (S, Tap W) = {Vo, V1, ", Uny Ug U, U S »
and the edge set as E(S, Tap W) = {vovi|l < i <n}u
{uowi|1 < i <m}u{wuq|l <i<m—1Huuugd

When n>2, m >3, and m # n+ 3, the AVRTL of
Sn Tap Wi is:
fo)=2n+1-i1<i<n
fogv) =i,1<i<n
flup) =2n+3m+1
fu)=2n+3m+1—-i,1<i<m
fuuip) =2n+i,1<i<m
fupu) =2n+m
flupuy) =2n+m+1
fluou) =2n+m+1)—i,2<i<m

In this case, the vertex labeling set of S,, T, W, is:
fFO) ={fwlo <i<n}u{f(y)|0o<j<m}

={n+1,n+2,,2n}
u{2n+2m+12n+2m+2,--,2n+3m+ 1}

The edge labeling set is:

fFE) ={f(vov)Il <i<n}u{f(uew)|l <j<m}
U{f(wuer)|1 <j<m—1}U f(upnuy)
={1,2,--,n}u{2n+12n+2,--- 2n+2m}

According to the AVRTL definition, f(V) U f(E) -
[1,2n4+3m + 1], and the joint graph S, T,, W, has a
1-degree vertices vy, vy, -, v,, 3-degree verticesu,,us, -,
un,, 1+ 3-degree vertices v, /u,, and an m-degree vertex u,.
It is only necessary to ensure that the labeling of the adjacent

Volume 54, Issue 7, July 2024, Pages 1435-1444



TAENG International Journal of Applied Mathematics

3-degree vertices of the joint graph S,, T4, W, are equal.

For the 3-degree vertices u,,us, -, u,, adjacent to the
joint graph S,, T,, W,,,, the sum of the labeling of each vertex
is:

Sum(u|2 <j <m)

=f(uj)+ fue)l2<j<m

ue€E(u;)
= f(w) + f(wrwy) + fF(wuper) + Fluow)I2<j<m
”f(um) + f(um—lum) + f(umum+1) + f(uoum)

=8n+5m+2
Thus, it is proven that whenn > 2, m > 3, andm #n +

3,8, Tap Wi, is an AVRTL graph.

Theorem 9: For a joint graph W, T,, W;,, whenn > 3,
and m > 3, itis an AVRTL graph.

Proof: Let the vertex set of the joint graph W, T,, W, be
denoted as V(W, Tqp Win) = {Vg, V1, ) Uy Ug, Ug, ***, Upn ) »
and the edge set as E(W,, Top W) = {vovill < i <n}u
fvpovu{vv i <is<n—-Uufuwll<i<m}u
{wnud U {uu g1 <i <m-—1}

When n > 3, and m > 3, the AVRTL of W, T, W, is:
fw)=3n+1-i1<i<n
fvi) =i1<i<n
f(vnvl) =n
fwev)) =n+1
fogv)=2n+2-i1<i<n
flup) =3n+3m+1
fu)=3n+3m+1—-i,1<i<m
fuui,) =3n+i,1<i<m
fugpu) =3n+m
fluouy) =3n+m+1
flugw)) =3n+2m+2-i,2<i<m

In this case, the vertex labeling set of W}, T, W, is:
fFO) ={fwlo <i<ntu{f(y)|o<j<m}

={2n+12n+2,---,3n}
u{B3n+2m+13n+2m+2,--

The edge labeling set is:
fE)={fwew)ll <i<n}u{flvv)Il<i<n-1}

U f(wv) U {f(uw)|1 < j < m}
V] {f(ujuj+1)|1 <j<m-1}Ufunu,)
={1,2,-2n}u{3n+1,3n+2,---,3n + 2m}

According to the AVRTL definition, (V) U f(E) -
[1,3n+3m+ 1], and the joint graph W, T.p, Wy, has
3-degree vertices vy, vy, +++, Uy, Uy, Uz, *++, Uy, N+ 3-degree
vertices wvy/u,, and an m -degree vertex wug,. It is only
necessary to ensure that the labeling of the adjacent 3-degree
vertices of the joint graph W}, T,, W, are equal.

For the 3-degree vertices vy, v,, ++, v, adjacent to the joint
graph W, 1., W,,, the sum of the labeling of each vertex is:
Sum(v|1<i<n)
=1 <i<n)
=fw) + fwiiv) + fowi) + flvgr)2<i<n-—1
[If (1) + f(ave) + f(01v2) + f(Wovy)

”f(vn) + f(vn—lvn) + f(vnvl) + f(UoVn)
=5n+2
For the 3-degree vertices u,,us, -+, u,, adjacent to the

joint graphW,, 1, W,,, the sum of the labeling of each vertex
is:

3n+3m+ 1}

Sum(uj|2 <j<m)

= f(w) +
ue€E(uj)
= f(u]) + f(Uj_1Uj) + f(ujuj+1) + f(uou]-)|2 S] <m-1
”f(um) + f(um—lum) + f(umul) + f(uoum)
=12n+5m+2
Thus, it is proven that when n >3,

Wy, Tap Wy is an AVRTL graph.
Partial graph labeling results for W, 1, W, are shown in
Fig 10.

fwe)l2<j<m

and m >3,

17 18

65 23&51 K i 39 34 55
24’{\50 6 40/\33
644—49 41—$56
25 32
48 42

o
63 47 43 ;;57
46 45 44 2
62 27 30
61128\61629}59

Fig. 10. Labeling Results for W, T,;, Wie.

Theorem 10: For a joint graph C,, T, En, Whenn = 3,
m > 4, itis an AVRTL graph.

Proof: Let the vertex set of the joint graph C,, T, Fn, be
denoted as V(C, Tap Fn) = {V1, Vs, 0, U, Ug, Ug, =, U }
and the edge set as E(C, Tap En) = {uow;|l1 <i<m}u
vyt <i<sn—-1}u{yu1<i<m-1}u
{vnvi}.

Case 1: When n>3, m >4 and n = 0(mod2), the
AVRTL of C, T,y Ey iS:
fw)=2n+1-i2<i<n
f(vnvl) =n

n i
E+§,i50(mod2)and2§i<n

L—EJ,iEl(modZ) and1<i<n

flug) =2n+3m-—1
flu)=2n+3m—-1-i,1<i<m
fuuip) =2n—14+i,1<i<m
fluow)) =2n+2m—1—i
In this case, the vertex labeling set of C,, T,y F, iS:
fO =it <i<n}u{f(y)o<j<m}
={n+2,n+3,-,2n—1}
u{2n+2m-1.2n+2m,--
The edge labeling set is:

fivip) =

2n+ 3m— 1}

Volume 54, Issue 7, July 2024, Pages 1435-1444



TAENG International Journal of Applied Mathematics

fE)={fwv,)dl1<i<n-1}u {f(uouj)ll <j< m}
U{f(wus1)|1 <j<m—1}Uf{vw}
={1,2,-,n}u{2n,2n+1,---,2n+ 2m — 2}

According to the AVRTL definition, f(V) U f(E) -
[1,2n+3m —1], and the joint graph C, T,, E., has
2-degree vertices v,, vg, -, U, Uy, 3-Oegree vertices u,,
Us, -+, Unm_1, D-degree vertices v,/u,, and an m-degree
vertex u,. It is only necessary to ensure that the labeling of
the adjacent 2-degree and 3-degree vertices of the joint graph
Cn Tap Fn are equal.

For the 2-degree vertices vy, v, -+, 1y, Uy, adjacent to the
joint graph C,, T, F, the sum of the labeling of each vertex
is:

Sum(v;|2 <i<n)

= f(v) + fwe)|2<i<n

ve€E (v;)
=fW)+fwiv) + fwwi)|2<i<n-1
”f(vn) + f(vn—lvn) + f(vnvl)

-]

For the 3-degree vertices u,, us, -, u,,—, adjacent to the
joint graph C,, T, En, the sum of the labeling of each vertex
is:

Sum(uj|2 <j<m-1)

= f(u) + Z fwe)l2<j<m-1
ueEE(uj)

= f(w) + f(worw) + f(wgjer) + f (uowy)
+f(u0uj)|2 <jsm-1
=8n+5m-—>5

Thus, it is proven that whenn >3, m >4, and n =
0(mod2), C,, T, E, isan AVRTL graph.

Case 2: When n >3, m >4, and n = 1(mod2), the
AVRTL of C,, T4 By IS:
fo)=2n+1-i2<i<n
f(ov) =n

n i
§+§,i50(m0d2)and2si<n

i—l%J,iEl(modZ)andlSi<n

flup) =2n+3m—-1
flu)=2n+3m-1—-i,1<i<m
fluui) =2n—1+4+i,1<i<m
flupu;) =2n+2m—1-—1i
In this case, the vertex labeling set of C,, T, F, is:
fN={fwl1 <i<ntu{f(y)|o<j<m}
={fn+2,n+3,-,2n—1}
u{2n+2m-1.2n+2m,---,2n+ 3m — 1}
The edge labeling set is:
fFE) = {f DIl <i<n—13U {f(uey)|1 <j <m}
V] {f(ujuj+1)|1 <j<m-1}u{vv}
={1,2,--,n}u{2n,2n+1,--- 2n+2m— 2}
According to the AVRTL definition, f(V) U f(E) -
[1,2n+3m —1], and the joint graph C, T,, E, has
2-degree vertices vy, vg, -, U, Uy, 3-Oegree vertices u,,
Us, -+, Uy_1, d-degree vertices v;/u,, and an m-degree
vertex u,. It is only necessary to ensure that the labeling of
the adjacent 2-degree and 3-degree vertices of the joint graph

fivi) =

Cn Tap En are equal.

For the 2-degree vertices v,, vs, -, v, U, adjacent to the
joint graph C,, T, Wi, the sum of the labeling of each vertex
is:

Sum(;|2 £i<n)

=f(v) + fwe)l2<i<n
ve€E(v;)

=fw)+fwiw) + fvvid2<i<n-1

f (W) + f (Wn-qvn) + f(vnv1)

=3n—[n_2J+[E]+n_1
2 2 2

For the 3-degree vertices u,, us, -+, u,_4 adjacent to the

joint graph C,, T, E,, the sum of the labeling of each vertex
is:
Sum(y|2 <j <m-—1)

=f(w)+ Z fwe)l2<j<m-—-1
ue€E(u;j)

= f(w) + f(w-1) + f W) + f(uow)
+f(wow)2<j<m-—1
=8n+5m->5

Thus, it is proven that when n>3,m >4, and n =
1(mod2), C,, T4y Ey isan AVRTL graph.

In summary, for the joint graph C,, T, E,, whenn > 3,
and m > 4, itis an AVRTL graph.

Partial graph labeling results for C, T, Fy are shown in
Fig 11.

36
37 22T237§5
21{ 24
18 29
~g—19 3 30 28 34
27 TN
1. 20 25

Fig. 11. Labeling Results for C,o Ty, F,

Conjecture 1: If the subgraphs G, and G, are AVRTL
graphs, then the joint graph G; T, G, is also an AVRTL
graph.

V. CONCLUSION

For point-edge partitioning strategy problems such as
logistics and supply chain management, social network
analysis, energy network optimization, traffic planning, and
power distribution networks, a heuristic search algorithm was
designed by combining the algorithmic ideas of genetic
algorithms and particle swarm optimization algorithms. For
point-edge partitioning strategy problems such as logistics
and supply chain management, social network analysis,
energy network optimization, traffic planning, and power
distribution networks, a heuristic search algorithm was
designed by combining the algorithmic ideas of genetic
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algorithms and particle swarm optimization algorithms.
Lastly, a conjecture is presented: If subgraphs G, and G, are
AVRTL graphs, then the joint graph G; T, G, is also an
AVRTL graph, where T, is a graph operator.
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