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Abstract—This work presents an iterative method for 
solving time-asymmetric partial differential equation systems 
analytically. In this procedure, two symmetric systems in the 
spatial variable are constructed, and the associated correction 
functionals are then generated. Applicability of this iterative 
method is demonstrated in solving the governing equations for 
both incompressible fluid flow and incompressible micropolar 
fluid flow. 
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I. INTRODUCTION 
 HE variational iteration method (VIM) has been widely 
applied to solve various types of differential  equations 

[19–28]. Its novelty lies in providing faster successive 
approximations of solutions—both exact and numerical-than 
Adomian’s decomposition method [1, 2, 43]. Furthermore, 
unlike perturbation techniques, it does not rely on small 
parameters [20]. While VIM has been applied to resolve 
symmetric systems of partial differential equations (PDEs) 
involving time [3,44], its application to time-asymmetric 
systems remains unexplored.  We define a system of PDEs 
as time-asymmetric if, for any unknown 𝜇௞  (𝑘 = 1, ⋯ , 𝑚) 

and 𝜌, the equations in𝔠lude 
డఓೖ

డఛ
 but exclude 

డఘ

డఛ
.  

In this paper, we address time-asymmetric systems 
containing both the Laplacian operator Δ𝜇௞(𝑘 = 1, ⋯ , 𝑚) 
and the gradient  operator  ∇𝜌. We construct two spatially 
symmetric systems regarding the spatial variable  𝜉 =
(𝜉ଵ, ⋯ , 𝜉𝒹), 𝒹 ≥ 2. The first system is derived by rescaling 
the coefficients of Δ𝜇௞ (𝑘 = 1, ⋯ , 𝑚), while the second 
system is formulated by applying the gradient operator ∇ 
and the outward unit normal 𝓷 to ∂℧ to the equations 
containing ∇𝜌. Finally, we employ the generalized 
variational iteration method (GVIM) to solve both systems 
simultaneously for 𝜇௞  (𝑘 = 1, ⋯ , 𝑚), and 𝜌. 
 

II. GENERALIZED VARIATIONAL ITERATION 

METHOD (GVIM) 
Let 𝝁 = (𝜇ଵ, ⋯ , 𝜇௠): ℧஋ → ℛ௠ and 𝜌: ℧୘ → ℛ, where 

℧୘ = ℧ × [0, Τ], ℧ ⊂ ℛ𝒹(𝒹 ≥ 2). Consider these partial 
differential  equations: 

൝
𝔏ఛ𝜇ଵ + ℜଵ(Δ𝜇ଵ, 𝜇ଶ, ⋯ , 𝜇௠, ∇𝜌) + 𝒩ଵ(𝜇ଵ, ⋯ , 𝜇௠) = 𝜚ଵ,          

⋮                                                                                        
𝔏ఛ𝜇௠ + ℜ௠(𝜇ଵ, ⋯ , 𝜇௠ିଵ, Δ𝜇௠, ∇𝜌) + 𝒩௠(𝜇ଵ, ⋯ , 𝜇௠) = 𝜚௠,

 (1) 

satisfying the divergence-free condition ∇ ⋅ 𝜇 = 0 together 
with the initial condition 𝜇(𝜉, 0) = 𝜇଴(𝜉). 
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Here, 𝔏ఛ is a partial differential  operator of a first-order, the 
partial differential  operators ℜ௞ and 𝒩௞  (𝑘 = 1, ⋯ , 𝑚) are 
linear and nonlinear, respectively, and 𝜚௞  (𝑘 = 1, ⋯ , 𝑚) are 
source terms.  
Since the Laplacian terms Δ𝜇௞ (𝑘 = 1, ⋯ , 𝑚) are linear, we 
rewrite system (1) as: 

ቐ

Δ𝜇ଵ +ℜଵ( 𝜇ଵ, ⋯ , 𝜇௠ , ∇𝜌) +𝒩ଵ(𝜇ଵ, … , 𝜇௠) = 𝔥ଵ,

⋮     
Δ𝜇௠ +ℜ௠(𝜇ଵ, ⋯ , 𝜇௠, ∇𝜌) +𝒩௠(𝜇ଵ, … , 𝜇௠) = 𝔥௠.

(2) 

applying the divergence operator  (∇ ⋅) to both sides of (2), 
we obtain a Nuemman problem for pressure: 

     ቊ
Δ𝜌 + ∇ ⋅ ℜ(𝜇ଵ, ⋯ , 𝜇௠) + ∇ ⋅ 𝒩(𝜇ଵ, … , 𝜇௠) = ∇ ⋅ 𝜚,
డఘ

డ𝓃
= (𝔏ఛ𝜇 + ℜ(𝝁, 𝜌) + 𝒩(𝝁) − 𝜚) ⋅ 𝓷,

  (3) 

where 𝓷 denotes the outward unit normal to ∂℧.Then, the 
correction functionals for the systems (2) and (3.1) are:  

𝜇ଵ,𝓃ାଵ(𝜉, 𝜏)

= 𝜇ଵ,𝓃(𝜉, 𝜏)
+ ඳ  ℷଵ(Ξ) ൮

Δ𝜇ଵ

+ℜଵ(𝜇̃ଵ, … , 𝜇̃௠, ∇𝜌̃)

+𝒩ଵ(𝜇̃ଵ, … , 𝜇̃௠)
−𝔥ଵ

൲ (Ξ)𝒹Ξ

℧

 ,    

⋮                                                                                   

𝜇௠,𝓃ାଵ(𝜉, 𝜏)

= 𝜇௠,𝓃(𝜉, 𝜏)
+ ඳ  ℷ௠(Ξ) ൮

Δ𝜇௠

+ℜ௠(𝜇̃ଵ, … , 𝜇̃௠, ∇𝜌̃)

+𝒩௠(𝜇̃ଵ, … , 𝜇̃௠)
−𝔥௠

൲ (Ξ)𝒹Ξ

℧

,

𝜌𝓃ାଵ(𝜉, 𝜏)

= 𝜌𝓃(𝜉, 𝜏)
+ ඳ  𝜇(Ξ) ൮

Δ𝜌

+∇ℜ(𝜇̃ଵ, … , 𝜇̃௠)

+∇𝒩(𝜇̃ଵ, … , 𝜇̃௠)
−∇𝜚

൲ (Ξ)𝒹Ξ

℧

 .         

(4) 

                       
III. GVIM FOR INCOMPRESSIBLE FLUID FLOW 

SYSTEMS 
The system of incompressible fluid flow is governed by 

the Navier-Stokes equations [10, 11, 18, 29, 36, 39, 40, 42]: 
Given an external body force 𝝔 ∈ 𝔏ଶ൫0, Τ, 𝕳ିଵ(℧)൯, 

boundary data 𝝑 ∈ ℌଵ ቆ0, Τ, 𝕳
భ

మ(𝜕℧)ቇ, initial data 𝝁଴, and 

time Τ > 0, find:  
 Velocity field: 𝝁: ℧୘ → ℛ𝒹  (𝒹 = 2,3) belonging 

to  𝔏ஶቀ0, Τ, ℌ𝟏(℧)ቁ ∩ 𝔏ଶ൫0, Τ, 𝓥𝝑(℧)൯, where 

𝓥𝝑(℧) = {𝝁 ∈ ℌ𝟐(℧): 𝝁|ப℧ = 𝝑, ∇ ⋅ 𝝁 = 0 in ℧}, 
 Pressure field: 𝜌: ℧஋ → ℛ belonging to 𝔏ଶ൫0, Τ, ℌଵ(℧)൯,  
such that: 

            

⎩
⎪
⎨

⎪
⎧

𝜕𝝁

𝜕𝜏
+ (𝝁. ∇)𝝁 − 𝔳Δ𝝁 = −∇𝜌 + 𝝔 in ℧ఁ,

∇ ⋅ 𝝁 = 0 in ℧ఁ,
𝝁 = 𝝑 on 𝜕℧ఁ,
𝝁(𝜉, 0) = 𝝁𝟎(𝜉) in ℧ఁ,

          (5) 

where  𝔳(> 0) is the kinematic viscosity coefficient.   
 
 

T 
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Theorem 1. The correction functionals for the system (5) 
are defined as follows: 
For 𝒹 = 2: 
𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න
𝛾ଶ,ℷഋభ

(Ξଵ, Ξଶ)−𝛾ଶ,ℷభ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋభ

൭Δ𝜇ଵ,𝓃

కభ

଴

కమ

଴

−
1

𝑣
൬

𝜕𝜇ଵ,𝓃

𝜕𝜏
+ (𝝁𝓃 ⋅ ∇)𝜇ଵ,𝓃

+
𝜕𝜌𝓃

𝜕Ξଵ

−𝜚ଵ൰൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,          (6) 

𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න
𝛾ଶ,ℷഋమ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋమ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋమ

൭Δ𝜇ଶ,𝓃

కభ

଴

కమ

଴

−
1

𝑣
൬

𝜕𝜇ଶ,𝓃

𝜕𝜏
+ (𝝁𝓃 ⋅ ∇)𝜇ଶ,𝓃 +

𝜕𝜌𝓃

𝜕Ξଶ

− 𝜚ଶ൰൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,                       (7) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න
𝛾ଶ,ℷഐ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഐ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഐ

൭Δ𝜌𝓃

కభ

଴

కమ

଴

+
𝜕

𝜕𝑥ଵ

ቀ(𝝁𝓃 ⋅ ∇)𝜇ଵ,𝓃 − 𝜚ଵቁ

+
𝜕

𝜕𝑥ଶ

ቀ(𝝁𝓃 ⋅ ∇)𝜇ଶ,𝓃

− 𝜚ଶቁ൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ .                  (8) 

For 𝒹 = 3: 
𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷഋభ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋభ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഋభ

൭Δ𝜇ଵ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

𝔳
൬

∂𝜇ଵ,𝓃

∂𝜏
+ (𝝁𝓃 . ∇)𝜇ଵ,𝓃 +

∂𝜌𝓃

∂Ξଵ

− 𝜚ଵ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                                      (9) 

𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷഋమ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋమ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഋమ

൭Δ𝜇ଶ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

𝔳
൬

∂𝜇ଶ,𝓃

∂𝜏
+ (𝝁𝓃. ∇)𝜇ଶ,𝓃 +

∂𝜌𝓃

∂Ξଶ

− 𝜚ଶ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                                    (10) 

𝜇ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷഋయ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋయ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഋయ

൭Δ𝜇ଷ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

𝔳
൬

∂𝜇ଷ,𝓃

∂𝜏
+ (𝝁𝓃. ∇)𝜇ଷ,𝓃 +

∂𝜌𝓃

∂Ξଷ

− 𝜚ଷ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                                   (11) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)
= 𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷഐ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഐ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഐ

൭Δ𝜌𝓃

కభ

଴

కమ

଴

కయ

଴

+
∂

∂𝑥ଵ

ቀ(𝝁𝓃 ⋅ ∇)𝜇ଵ,𝓃 − 𝜚ଵቁ +
∂

∂𝑥ଶ

ቀ(𝝁𝓃. ∇)𝜇ଶ,𝓃 − 𝜚ଶቁ

+
∂

∂𝑥ଷ

ቀ(𝝁𝓃 ⋅ ∇)𝜇ଷ,𝓃

− 𝜚ଷቁ൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ .                                 (12) 

Proof. We rewrite the system (5) as: 

      

⎩
⎪
⎨

⎪
⎧Δ𝝁 =

1

𝔳
൬

∂𝝁

∂𝜏
+ (𝝁. ∇)𝝁 + ∇𝜌 − 𝝔൰ in ℧஋,

∇. 𝝁 = 0 in ℧஋,
𝝁 = 𝝑 on ∂℧஋,
𝝁(𝖝, 0) = 𝝁଴(𝖝) in ℧.

        (13) 

Sin𝔠e 𝝁 and 𝜌 are not time-symmetric (with 𝜌 the enforcing 
incompressibility via ∇ ⋅ 𝝁 = 0 [18], we apply the 
divergence operator  (∇ ⋅) to (5.1) to derive the Neumann 
problem for 𝜌:   

      ቐ
Δ𝜌 = −∇ ⋅ ൫(𝝁 ⋅ ∇)𝝁 − 𝝔൯                          in ℧,

∂𝜌

∂𝓃
= ൬𝔳Δ𝝁 −

∂𝝁

∂𝜏
− (𝝁 ⋅ ∇)𝝁 + 𝝔൰ ⋅ 𝓷 on 𝜕℧,

        (14) 

where 𝓷 is the outward unit normal to 𝜕℧. 
For 𝒹 = 2, expanding (13.1) and (14.1) yields: 

                 Δ𝜇ଵ =
ଵ

𝔳
ቀ

பఓభ

பఛ
+ (𝝁. ∇)𝜇ଵ +

பఘ

பకభ
− 𝜚ଵቁ,               (15) 

                 Δ𝜇ଶ =
ଵ

𝔳
ቀ

பఓమ

பఛ
+ (𝝁. ∇)𝜇ଶ +

பఘ

பకమ
− 𝜚ଶቁ,               (16) 

   Δ𝜌 = −
∂

∂𝑥ଵ

൫(𝝁. ∇)𝜇ଵ − 𝜚ଵ൯ −
∂

∂𝑥ଶ

൫(𝝁. ∇)𝜇ଶ − 𝜚ଶ൯.   (17) 

For 𝒹 = 3, analogous steps give: 

                Δ𝜇ଵ =
1

𝔳
൬

∂𝜇ଵ

∂𝜏
+ (𝝁. ∇)𝜇ଵ +

∂𝜌

∂𝜉ଵ

− 𝜚ଵ൰,              (18) 

                Δ𝜇ଶ =
1

𝔳
൬

∂𝜇ଶ

∂𝜏
+ (𝝁. ∇)𝜇ଶ +

∂𝜌

∂𝜉ଶ

− 𝜚ଶ൰,             (19) 

                Δ𝜇ଷ =
1

𝔳
൬

∂𝜇ଷ

∂𝜏
+ (𝝁. ∇)𝜇ଷ +

∂𝜌

∂𝜉ଷ

− 𝜚ଷ൰,             (20) 

Δ𝜌 = −
∂

∂𝑥ଵ

൫(𝝁. ∇)𝜇ଵ − 𝜚ଵ൯ −
∂

∂𝑥ଶ

൫(𝝁. ∇)𝜇ଶ − 𝜚ଶ൯

−
∂

∂𝑥ଷ

൫(𝝁. ∇)𝜇ଷ − 𝜚ଷ൯.                          (21) 

The correction functionals for (15)-(17) on ℧ = [0, 𝜉ଵ] ×

[0, 𝜉ଶ] are: 

𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න  ଶℷఓభ
(Ξଵ, Ξଶ) ൭Δ𝜇ଵ,𝓃

కభ

଴

కమ

଴

−
1

𝔳
൬

∂𝜇̃ଵ,𝓃

∂𝜏
+ (𝝁̃𝓃 ⋅ ∇)𝜇̃ଵ,𝓃 +

∂𝜌̃𝓃

∂Ξଵ

− 𝜚ଵ൰൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,                  (22) 
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𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න  ଶℷఓమ
(Ξଵ, Ξଶ) ൭Δ𝜇ଶ,𝓃

కభ

଴

కమ

଴

−
1

𝔳
൬

∂𝜇̃ଶ,𝓃

∂𝜏
+ (𝝁̃𝓃 ⋅ ∇)𝜇̃ଶ,𝓃 +

∂𝜌̃𝓃

∂Ξଶ

− 𝜚ଶ൰൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,                (23) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න  ଶℷఘ(Ξଵ, Ξଶ) ൭Δ𝜌𝓃

కభ

଴

కమ

଴

+
∂

∂𝑥ଵ

ቀ(𝝁̃𝓃 ⋅ ∇)𝜇̃ଵ,𝓃 − 𝜚ଵቁ

+
∂

∂𝑥ଶ

ቀ(𝝁̃𝓃 ⋅ ∇)𝜇̃ଶ,𝓃

− 𝜚ଶቁ൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ .                  (24) 

The correction functionals for (18)-(21) on ℧ = [0, 𝜉ଵ] ×

[0, 𝜉ଶ] × [0, 𝜉ଷ] are: 
𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න  ଷℷఓభ
(Ξଵ, Ξଶ, Ξଷ) ൭Δ𝜇ଵ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

𝔳
൬

∂𝜇̃ଵ,𝓃

∂𝜏
+ (𝝁̃𝓃 ⋅ ∇)𝜇̃ଵ,𝓃 +

∂𝜌̃𝓃

∂Ξଵ

    

− 𝜚ଵ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,   (25) 

𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න  ଷℷఓమ
(Ξଵ, Ξଶ, Ξଷ) ൭Δ𝜇ଶ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

𝔳
൬

∂𝜇̃ଶ,𝓃

∂𝜏
+ (𝝁̃𝓃 ⋅ ∇)𝜇̃ଶ,𝓃 +

∂𝜌̃𝓃

∂Ξଶ

− 𝜚ଶ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,   (26) 

𝜇ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න  ଷℷఓయ
(Ξଵ, Ξଶ, Ξଷ) ൭Δ𝜇ଷ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

𝔳
൬

∂𝜇̃ଷ,𝓃

∂𝜏
+ (𝝁̃𝓃 ⋅ ∇)𝜇̃ଷ,𝓃 +

∂𝜌̃𝓃

∂Ξଷ

− 𝜚ଷ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,   (27) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = 𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න  ଷℷఘ(Ξଵ, Ξଶ, Ξଷ) ൭Δ𝜌𝓃

కభ

଴

కమ

଴

కయ

଴

+
∂

∂𝑥ଵ

ቀ(𝝁̃𝓃 ⋅ ∇)𝜇̃ଵ,𝓃 − 𝜚ଵቁ

+
∂

∂𝑥ଶ

ቀ(𝝁̃𝓃 ⋅ ∇)𝜇̃ଶ,𝓃 − 𝜚ଶቁ

+
∂

∂𝑥ଷ

ቀ(𝝁̃𝓃 ⋅ ∇)𝜇̃ଷ,𝓃

− 𝜚ଷቁ൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ .   (28) 

Here 𝜇̃
𝑖,𝓃

(𝑖 = 1,2), 𝜇̃
𝑗,𝓃

(𝑗 = 1,2,3), and 𝜌̃
𝓃

 are restricted 

variations [16], i.e., 𝛿𝜇̃௜,𝓃 = 0, 𝛿𝜇̃௝,𝓃 = 0, and 𝛿𝜌̃𝓃 = 0. By 

imposing stationarity on the correction functionals (22)–(24) 
and (25)–(28) through Green’s first identity, we derive the 
stationary conditions:  

For (22)-(24): 
𝛿𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏)

= 𝛿𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+  ଶℷఓభ
(Ξଵ, Ξଶ)൫𝛿∇𝜇ଵ,𝓃 ⋅ 𝓷൯(Ξଵ, Ξଶ, 𝜏)ห

(ஆభ,ஆమ)ୀ(కభ,కమ)

− ൫∇ଶℷఓభ
⋅ 𝓷൯(Ξଵ, Ξଶ)𝛿𝜇ଵ,𝓃(Ξଵ, Ξଶ, 𝜏)ห

(ஆభ,ஆమ)ୀ(కభ,కమ)

+ න න Δଶℷఓభ
(Ξଵ, Ξଶ)𝛿𝜇ଵ,𝓃(Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

= 0,       (29) 

𝛿𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏)

= 𝛿𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+  ଶℷఓమ
(Ξଵ, Ξଶ)൫𝛿∇𝜇ଶ,𝓃 ⋅ 𝓷൯(Ξଵ, Ξଶ, 𝜏)ห

(ஆభ,ஆమ)ୀ(కభ,కమ)

− ൫∇ଶℷఓమ
⋅ 𝓷൯(Ξଵ, Ξଶ)𝛿𝜇ଶ,𝓃(Ξଵ, Ξଶ, 𝜏)ห

(ஆభ,ஆమ)ୀ(కభ,కమ)

+ න න Δଶℷఓమ
(Ξଵ, Ξଶ)𝛿𝜇ଶ,𝓃(Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

= 0,       (30) 

𝛿𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏)
= 𝛿𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+  ଶℷఘ(Ξଵ, Ξଶ, 𝜏)(𝛿∇𝜌𝓃 ⋅ 𝓷)(Ξଵ, Ξଶ, 𝜏)ห
(ஆభ,ஆమ)ୀ(కభ,కమ)

− ൫∇ଶℷఘ ⋅ 𝓷൯(Ξଵ, Ξଶ)𝛿𝜌𝓃(Ξଵ, Ξଶ, 𝜏)ห
(ஆభ,ஆమ)ୀ(కభ ,కమ)

+ න න Δଶℷఘ(Ξଵ, Ξଶ)𝛿𝜌𝓃(Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

= 0.           (31) 

For (25)-(28): 
𝛿𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝛿𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+  ଷℷఓభ
(Ξଵ, Ξଶ, Ξଷ)൫𝛿∇𝜇ଵ,𝓃

⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห
(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ ,కయ)

− ൫∇ଷℷఓభ

⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ)𝛿𝜇ଵ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห
(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)

+ න න න
Δଷℷఓభ

(Ξଵ, Ξଶ, Ξଷ)

× 𝛿𝜇ଵ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

𝒹Ξଷ

కయ

଴

= 0,        (32) 
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𝛿𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝛿𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+  ଷℷఓమ
(Ξଵ, Ξଶ, Ξଷ)൫𝛿∇𝜇ଶ,𝓃

⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห
(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ ,కయ)

− ൫∇ଷℷఓమ

⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ)𝛿𝜇ଶ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห
(ஆభ,ஆమ,ஆయ)ୀ(కభ ,కమ,కయ)

+ න න න
Δଷℷఓమ

(Ξଵ, Ξଶ, Ξଷ)

× 𝛿𝜇ଶ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

𝒹Ξଷ

కయ

଴

= 0,        (33) 

𝛿𝜇ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝛿𝜇ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+  ଷℷఓయ
(Ξଵ, Ξଶ, Ξଷ)൫𝛿∇𝜇ଷ,𝓃

⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห
(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ ,కయ)

− ൫∇ଷℷఓయ

⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ)𝛿𝜇ଷ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห
(ஆభ,ஆమ,ஆయ)ୀ(కభ ,కమ,కయ)

+ න න න
Δଷℷఓయ

(Ξଵ, Ξଶ, Ξଷ)

× 𝛿𝜇ଷ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

𝒹Ξଷ

కయ

଴

= 0,        (34) 

𝛿𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)
= 𝛿𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)
+  ଷℷఘ(Ξଵ, Ξଶ, Ξଷ, 𝜏)(𝛿∇𝜌𝓃

⋅ 𝓷)(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห
(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)

− ൫∇ଷℷఘ

⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ)𝛿𝜌𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห
(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)

+ න න න
Δଷℷఘ(Ξଵ, Ξଶ, Ξଷ)

× 𝛿𝜌𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

𝒹Ξଷ

కయ

଴

= 0.           (35) 

The systems of stationary conditions:  
For 𝒹 = 2: For 𝑖 = 1,2, 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

⎩
⎨

⎧
𝛿𝜇௜,𝓃 : Δଶℷఓ೔

(Ξଵ, Ξଶ) = 0,

𝛿∇𝜇௜,𝓃 ⋅ 𝓷 :  ଶℷఓ೔
(Ξଵ, Ξଶ)ห

(ஆభ,ஆమ)ୀ(కభ,కమ)
= 0,

𝛿𝜇௜,𝓃 : ൫∇ଶℷఓ೔
⋅ 𝓷൯(Ξଵ, Ξଶ)ห

(ஆభ,ஆమ)ୀ(కభ,కమ)
= 1,

⎩
⎨

⎧
𝛿𝜌𝓃 : Δଶℷఘ(Ξଵ, Ξଶ) = 0,

𝛿∇𝜌𝓃 ⋅ 𝓷 :  ଶℷఘ(Ξଵ, Ξଶ)ห
(ஆభ,ஆమ)ୀ(కభ,కమ)

= 0,

𝛿𝜌𝓃 : ൫∇ଶℷఘ ⋅ 𝓷൯(Ξଵ, Ξଶ)ห
(ஆభ,ஆమ)ୀ(కభ,కమ)

= 1.

(36) 

For 𝒹 = 3: For  𝑗 = 1,2,3, 

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

⎩
⎪
⎨

⎪
⎧

𝛿𝜇௝,𝓃 : Δଷℷఓೕ
(Ξଵ, Ξଶ, Ξଷ) = 0,

𝛿∇𝜇௝,𝓃 ⋅ 𝓷 :  ଷℷఓೕ
(Ξଵ, Ξଶ, Ξଷ)ቚ (ஆభ,ஆమ,ஆయ)

ୀ(కభ,కమ,కయ)

= 0,

𝛿𝜇௝,𝓃 : ቀ∇ଷℷఓೕ
⋅ 𝓷ቁ (Ξଵ, Ξଶ, Ξଷ)ቚ (ஆభ,ஆమ,ஆయ)

ୀ(కభ,కమ,కయ)

= 1,

⎩
⎪
⎨

⎪
⎧

𝛿𝜌𝓃 : Δଷℷఘ(Ξଵ, Ξଶ, Ξଷ) = 0,

𝛿∇𝜌𝓃 ⋅ 𝓷 :  ଷℷఘ(Ξଵ, Ξଶ, Ξଷ)ห (ஆభ,ஆమ,ஆయ)

ୀ(కభ,కమ ,కయ)

= 0,

𝛿𝜌𝓃 : ൫∇ଷℷఘ ⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ)ห (ஆభ,ஆమ,ஆయ)

ୀ(కభ ,కమ,కయ)

= 1.

(37) 

The solutions to (36) and (37) are non-unique: 
For 𝒹 = 2: For 𝑖 = 1,2, 

         

⎩
⎪
⎨

⎪
⎧ ଶℷఓೕ

(Ξଵ, Ξଶ) =
𝛾ଶ,ℷഋೕ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋೕ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋೕ

,

 ଶℷఘ(Ξଵ, Ξଶ) =
𝛾ଶ,ℷഐ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഐ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഐ

,   

      (38)  

 

For 𝒹 = 3: For  𝑗 = 1,2,3, 

         

⎩
⎪
⎨

⎪
⎧ ଷℷఓೕ

(Ξଵ, Ξଶ, Ξଷ) =
1

𝑎ఊయ,ℷഋೕ

൭
𝛾ଷ,ℷഋೕ

(Ξଵ, Ξଶ, Ξଷ)

−𝛾ଷ,ℷഋೕ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

൱ ,

 ଷℷఘ(Ξଵ, Ξଶ, Ξଷ) =
1

𝑎ఊయ,ℷഐ

ቆ
𝛾ଷ,ℷഐ

(Ξଵ, Ξଶ, Ξଷ)

−𝛾ଷ,ℷഐ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

ቇ .

  (39) 

Here 𝛾ଶ,ℷഋೕ
(𝑗 = 1,2), 𝛾ଶ,ℷഐ

, 𝛾ଷ,ℷഋೕ
(𝑗 = 1,2,3), and 𝛾ଷ,ℷഐ

 are 

harmonic functions in ℧ satisfying the boundary conditions: 

 For 𝒹 = 2: For 𝑖 = 1,2, 

∇𝛾ଶ,ℷഋ೔
⋅ 𝓃ቚ

(ஆభ,ஆమ)ୀ(కభ,కమ)
= 𝑎ఊమ,ℷഐ

≠ 0, 

∇𝛾ଶ,ℷഐ
⋅ 𝓃ቚ

(ஆభ,ஆమ)ୀ(కభ,కమ)
= 𝑎ఊమ,ℷഐ

≠ 0. 

 For 𝒹 = 3: For  𝑗 = 1,2,3, 

∇𝛾ଷ,ℷഋೕ
⋅ 𝓃ቚ

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)
= 𝑎ఊయ,ℷഋೕ

≠ 0, 

∇𝛾ଷ,ℷഐ
⋅ 𝓃ቚ

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)
= 𝑎ఊయ,ℷഐ

≠ 0. 

The proof is completed by substituting (38) and (39) into 
(22)-(24) and (25)-(28), respectively. 
 

System (5) solutions' existence and uniqueness can be 
studied through the following theorems. 
 
Theorem 2. Let the operators  

Μ: 𝔏ஶ൫0, Τ, ℌଵ(℧)൯ ∩ 𝔏ଶ൫0, Τ, 𝓥𝝑(℧)൯

→ 𝔏ஶ൫0, Τ, ℌଵ(℧)൯ ∩ 𝔏ଶ(0, Τ, 𝓥𝝑(℧)) 

and  
Ρ: 𝔏ଶ(0, Τ, ℌଵ(℧)) → 𝔏ଶ(0, Τ, ℌଵ(℧)) 

be defined as follows: 
For 𝒹 = 2: let Μ[𝝁] = (Μ[𝜇ଵ], Μ[𝜇ଶ]), where 
Μଵ[𝜇ଵ](𝜉ଵ, 𝜉ଶ, 𝜏)

= 𝜇ଵ(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න
𝛾ଶ,ℷഋభ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋభ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋభ

൭Δ𝜇ଵ

కభ

଴

కమ

଴

−
1

𝔳
൬

∂𝜇ଵ

∂𝜏
+ (𝝁. ∇)𝜇ଵ +

∂𝜌

∂Ξଵ

− 𝜚ଵ൰൱ 𝒹Ξଵ 𝒹Ξଶ ,                  (40) 

Μଶ[𝜇ଶ](𝜉ଵ, 𝜉ଶ, 𝜏)

= 𝜇ଶ(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න
𝛾ଶ,ℷഋమ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋమ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋమ

൭Δ𝜇ଶ

కభ

଴

కమ

଴

−
1

𝔳
൬

∂𝜇ଶ

∂𝜏
+ (𝝁. ∇)𝜇ଶ +

∂𝜌

∂Ξଶ

− 𝜚ଶ൰൱ 𝒹Ξଵ 𝒹Ξଶ ,                 (41) 

Ρ[𝜌](𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜌(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න
𝛾ଶ,ℷഐ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഐ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഐ

൭Δ𝜌

కభ

଴

కమ

଴

+
∂

∂𝑥ଵ

((𝝁. ∇)𝜇ଵ − 𝜚ଵ)

+
∂

∂𝑥ଶ

((𝝁. ∇)𝜇ଶ − 𝜚ଶ)൱ 𝒹Ξଵ 𝒹Ξଶ .      (42) 
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For 𝒹 = 3: Let Μ[𝝁] = (Μଵ[𝜇ଵ], Μଶ[𝜇ଶ], Μଷ[𝜇ଷ]), where 

Μ1ൣ𝜇
1
൧൫𝜉

1
, 𝜉

2
, 𝜉

3
, 𝜏൯

= 𝜇
1
൫𝜉

1
, 𝜉

2
, 𝜉

3
, 𝜏൯

+ න න න
𝛾

3,ℷ𝜇1

(Ξ1, Ξ2, Ξ3) − 𝛾
3,ℷ𝜇1

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

𝑎𝛾3,ℷ𝜇1

ቆΔ𝜇
1

𝜉1

0

𝜉2

0

𝜉3

0

−
1

𝔳
൬

𝜕𝜇
1

𝜕𝜏
+ (𝝁. ∇)𝜇

1
+

𝜕𝜌

𝜕Ξ1

− 𝜚
1
൰ቇ (Ξ1, Ξ2, Ξ3, 𝜏)𝒹Ξ1 𝒹Ξ2 𝒹Ξ3 ,                                   (43) 

Μ2ൣ𝜇
2
൧൫𝜉

1
, 𝜉

2
, 𝜉

3
, 𝜏൯

= 𝜇
2
൫𝜉

1
, 𝜉

2
, 𝜉

3
, 𝜏൯

+ න න න
𝛾

3,ℷ𝜇2

(Ξ1, Ξ2, Ξ3) − 𝛾
3,ℷ𝜇2

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

𝑎𝛾3,ℷ𝜇2

ቆΔ𝜇
2

𝜉1

0

𝜉2

0

𝜉3

0

−
1

𝔳
൬

𝜕𝜇
2

𝜕𝜏
+ (𝝁. ∇)𝜇

2
+

𝜕𝜌

𝜕Ξ2

− 𝜚
2
൰ቇ (Ξ1, Ξ2, Ξ3, 𝜏)𝒹Ξ1 𝒹Ξ2 𝒹Ξ3 ,                                   (44) 

Μ3ൣ𝜇
3
൧൫𝜉

1
, 𝜉

2
, 𝜉

3
, 𝜏൯

= 𝜇
3
൫𝜉

1
, 𝜉

2
, 𝜉

3
, 𝜏൯

+ න න න
𝛾

3,ℷ𝜇3

(Ξ1, Ξ2, Ξ3) − 𝛾
3,ℷ𝜇3

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

𝑎𝛾3,ℷ𝜇3

൭Δ𝜇
3

𝜉1

0

𝜉2

0

𝜉3

0

−
1

𝔳
൬

𝜕𝜇
3

𝜕𝜏
+ (𝜇. ∇)𝜇

3
+

𝜕𝜌

𝜕Ξ3

− 𝜚
3
൰൱ (Ξ1, Ξ2, Ξ3, 𝜏)𝒹Ξ1 𝒹Ξ2 𝒹Ξ3 ,                                   (45) 

Ρ[𝜌](𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)
= 𝜌(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷ𝜌

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഐ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷ𝜌

൭Δ𝜌

కభ

଴

కమ

଴

కయ

଴

+
∂

∂𝑥ଵ

൫(𝝁. ∇)𝜇ଵ − 𝜚ଵ൯ +
∂

∂𝑥ଶ

൫(𝝁. ∇)𝜇ଶ − 𝜚ଶ൯

+
∂

∂𝑥ଷ

൫(𝝁. ∇)𝜇ଷ − 𝜚ଷ൯൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ .     (46) 

If there exist constants ℭΜ < 1 and ℭΡ < 1 such that: 
   ‖Μ[𝝁] − Μ[𝝁̃]‖

𝔏మቀ଴,஋,ℌమ(℧)ቁ
 ≤ ℭ஄‖𝝁 − 𝝁̃‖

𝔏మቀ଴,஋,ℌమ(℧)ቁ
,    (47) 

  ‖Ρ[𝜌] − Ρ[𝜌̃]‖
𝔏మቀ଴,஋,ℌభ(℧)ቁ

≤ ℭஉ‖𝜌 − 𝜌̃‖
𝔏మቀ଴,஋,ℌభ(℧)ቁ

,   (48) 

for all 𝝁, 𝝁̃ ∈ 𝔏ஶ(0, Τ, ℌଵ(℧)) ∩ 𝔏ଶ(0, Τ, 𝓥𝝑(℧)) and 
𝜌, 𝜌̃ ∈ 𝔏ଶ(0, Τ, ℌଵ(℧)), then system (5) has a unique 
solution. 
Proof. The result follows directly from Banach's Fixed 
Point Theorem. 
 
Theorem 3. Assume the operators Μ: 𝒦஄ → 𝒦஄ and 
Ρ: 𝒦உ → 𝒦உ in Theorem 2 are defined on compact, convex 

subsets 𝒦Μ and 𝒦Ρ of the spaces 𝔏∞(0, Τ, ℌ1(℧)) ∩

𝔏2(0, Τ, 𝓥𝝑(℧)) and 𝔏2(0, Τ, ℌ1(℧)), respectively. If Μ and 

Ρ are continuous, then system (5) admits at least one 
solution. 

Proof. The result follows directly from Schauder’s fixed-
point theorem. 

 
Adopting a comparable methodology, we derive the 

following results for steady-state fluid flow. 
 
Theorem 4. The correction functionals for the stationary 
fluid governed by 

                     ൝

(𝝁. ∇)𝝁 − 𝔳Δ𝝁 = −∇𝜌 + 𝝔  in ℧,
∇ ⋅ 𝝁 = 0  in ℧,
𝝁 = 𝝑  on ∂℧.

            (49)  

are defined as follows:  
For 𝒹 = 2: 

𝜇
1,𝓃+1

൫𝜉
1
, 𝜉

2
൯

= 𝜇
1,𝓃

൫𝜉
1
, 𝜉

2
൯

+ න න
𝛾

2,ℷ𝜇1

(Ξ1, Ξ2) − 𝛾
2,ℷ𝜇1

൫𝜉
1
, 𝜉

2
൯

𝑎𝛾2,ℷ𝜇1

൭Δ𝜇
1,𝓃

𝜉1

0

𝜉2

0

−
1

𝔳
ቆ൫𝝁

𝓃
⋅ ∇൯𝜇

1,𝓃
+

∂𝜌
𝓃

∂Ξ1

− 𝜚
1
ቇ൱ (Ξ1, Ξ2)𝒹Ξ1 𝒹Ξ2 ,    (50) 

𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ)

= 𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ)

+ න න
𝛾ଶ,ℷഋమ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋమ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋమ

ቌΔ𝜇ଶ,𝓃

కభ

଴

కమ

଴

−
1

𝔳
൭(𝝁𝓃 ⋅ ∇)𝜇ଶ,𝓃 +

∂𝜌𝓃

∂Ξଶ

− 𝜚ଶ൱ቍ (Ξଵ, Ξଶ)𝒹Ξଵ 𝒹Ξଶ ,      (51) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ) = 𝜌𝓃(𝜉ଵ, 𝜉ଶ)

+ න න
𝛾ଶ,ℷഐ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഐ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഐ

൭Δ𝜌𝓃

కభ

଴

కమ

଴

+
∂

∂𝑥ଵ

ቀ(𝝁𝓃 ⋅ ∇)𝜇ଵ,𝓃 − 𝜚ଵቁ

+
∂

∂𝑥ଶ

ቀ(𝝁𝓃 ⋅ ∇)𝜇ଶ,𝓃

− 𝜚ଶቁ൱ (Ξଵ, Ξଶ)𝒹Ξଵ 𝒹Ξଶ ,                     (52) 

For 𝒹 = 3: 

𝜇
1,𝓃+1

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

= 𝜇
1,𝓃

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

+ න න න
𝛾

3,ℷ𝜇1

(Ξ1, Ξ2, Ξ3) − 𝛾
3,ℷ𝜇1

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

𝑎𝛾3,ℷ𝜇1

൭Δ𝜇
1,𝓃

𝜉1

0

𝜉2

0

𝜉3

0

−
1

𝔳
ቆ൫𝝁

𝓃
⋅ ∇൯𝜇

1,𝓃
+

∂𝜌
𝓃

∂Ξ1

− 𝜚
1
ቇ൱ (Ξ1, Ξ2, Ξ3)𝒹Ξ1 𝒹Ξ2 𝒹Ξ3 ,                                      (53) 

IAENG International Journal of Applied Mathematics

Volume 55, Issue 10, October 2025, Pages 3180-3206

 
______________________________________________________________________________________ 



𝜇
2,𝓃+1

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

= 𝜇
2,𝓃

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

+ න න න
𝛾

3,ℷ𝜇2

(Ξ1, Ξ2, Ξ3) − 𝛾
3,ℷ𝜇2

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

𝑎𝛾3,ℷ𝜇2

൭Δ𝜇
2,𝓃

𝜉1

0

𝜉2

0

𝜉3

0

−
1

𝔳
ቆ൫𝝁

𝓃
⋅ ∇൯𝜇

2,𝓃
+

∂𝜌
𝓃

∂Ξ2

− 𝜚
2
ቇ൱ (Ξ1, Ξ2, Ξ3)𝒹Ξ1 𝒹Ξ2 𝒹Ξ3 ,                                      (54) 

𝜇
3,𝓃+1

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

= 𝜇
3,𝓃

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

+ න න න
𝛾

3,ℷ𝜇3

(Ξ1, Ξ2, Ξ3) − 𝛾
3,ℷ𝜇3

൫𝜉
1

, 𝜉
2
, 𝜉

3
൯

𝑎𝛾3,ℷ𝜇3

ቌΔ𝜇
3,𝓃

𝜉1

0

𝜉2

0

𝜉3

0

−
1

𝔳
൭൫𝝁

𝓃
. ∇൯𝜇

3,𝓃
+

∂𝜌
𝓃

∂Ξ3

− 𝜚
3
൱ቍ (Ξ1, Ξ2, Ξ3)𝒹Ξ1 𝒹Ξ2 𝒹Ξ3 ,                                     (55) 

𝜌
𝓃+1

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

= 𝜌
𝓃

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

+ න න න
𝛾

3,ℷ𝜌
(Ξ1, Ξ2, Ξ3) − 𝛾

3,ℷ𝜌
൫𝜉

1
, 𝜉

2
, 𝜉

3
൯

𝑎𝛾3,ℷ𝜌

൭Δ𝜌
𝓃

𝜉1

0

𝜉2

0

𝜉3

0

+
∂

∂𝑥1

ቀ൫𝝁
𝓃

⋅ ∇൯𝜇
1,𝓃

− 𝜚
1
ቁ +

∂

∂𝑥2

ቀ൫𝝁
𝓃

⋅ ∇൯𝜇
2,𝓃

− 𝜚
2
ቁ

+
∂

∂𝑥3

ቀ൫𝝁
𝓃

⋅ ∇൯𝜇
3,𝓃

− 𝜚
3
ቁ൱ (Ξ1, Ξ2, Ξ3)𝒹Ξ1 𝒹Ξ2 𝒹Ξ3 .                                   (56) 

 
Theorem 5. Let the operators  
Μ: ℌଵ(℧) ∩ 𝓥𝝑(℧) → ℌଵ(℧) ∩ 𝓥𝝑(℧), Ρ: ℌଵ(℧) → ℌଵ(℧) 

and 
Ρ: ℌଵ(℧) → ℌଵ(℧) 

be defined as follows: 
For 𝒹 = 2: 
Μ[𝝁] = (Μଵ[𝜇ଵ], Μଶ[𝜇ଶ]), 
where 

Μଵ[𝜇ଵ](𝜉ଵ, 𝜉ଶ)
= 𝜇ଵ(𝜉ଵ, 𝜉ଶ)

+ න න
𝛾ଶ,ℷഋభ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋభ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋభ

൬Δ𝜇ଵ −
1

𝑣
൫(𝝁. ∇)𝜇ଵ

కభ

଴

కమ

଴

+
𝜕𝜌

𝜕Ξଵ

− 𝜚ଵ൰ (Ξଵ, Ξଶ)𝒹Ξଵ 𝒹Ξଶ ,                        (57) 

Μଶ[𝜇ଶ](𝜉ଵ, 𝜉ଶ)
= 𝜇ଶ(𝜉ଵ, 𝜉ଶ)

+ න න
𝛾ଶ,ℷഋమ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋమ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋమ

൬Δ𝜇ଶ −
1

𝔳
൫(𝝁. ∇)𝜇ଶ

కభ

଴

కమ

଴

+
∂𝜌

∂Ξଶ

− 𝜚ଶ൰ (Ξଵ, Ξଶ)𝒹Ξଵ 𝒹Ξଶ ,                                             (58) 

Ρ[𝜌](𝜉ଵ, 𝜉ଶ) = 𝜌(𝜉ଵ, 𝜉ଶ)

+ න න
𝛾ଶ,ℷഐ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഐ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഐ

൭Δ𝜌

కభ

଴

కమ

଴

+
𝜕

𝜕𝑥ଵ

൫(𝝁. ∇)𝜇ଵ − 𝜚ଵ൯

+
𝜕

𝜕𝑥ଶ

൫(𝝁. ∇)𝜇ଶ

− 𝜚ଶ൯൱ (Ξଵ, Ξଶ)𝒹Ξଵ 𝒹Ξଶ .                      (59) 

For 𝒹 = 3: 
Μ[𝝁] = (Μଵ[𝜇ଵ], Μଶ[𝜇ଶ], Μଷ[𝜇ଷ]), 

where, 

Μ1ൣ𝜇
1
൧൫𝜉

1
, 𝜉

2
, 𝜉

3
൯

= 𝜇
1
൫𝜉

1
, 𝜉

2
, 𝜉

3
൯

+ න න න
𝛾

3,ℷ𝜇1

(Ξ1, Ξ2, Ξ3) − 𝛾
3,ℷ𝜇1

൫𝜉
1
, 𝜉

2
, 𝜉

3
൯

𝑎𝛾3ℷ𝜇1

ቆΔ𝜇
1

𝜉1

0

𝜉2

0

𝜉3

0

−
1

𝔳
൬

𝜕𝜇
1

𝜕𝜏
+ (𝝁 ⋅ ∇)𝜇

1
+

𝜕𝜌

𝜕Ξ1

− 𝜚
1
൰ቇ (Ξ1, Ξ2, Ξ3)𝒹Ξ1 𝒹Ξ2 𝒹Ξ3 ,                                      (60) 

Μଶ[𝜇ଶ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ)
= 𝜇ଶ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഋమ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋమ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഋమ

൭Δ𝜇ଶ

కభ

଴

కమ

଴

కయ

଴

−
1

𝔳
൬

𝜕𝜇ଶ

𝜕𝜏
+ (𝝁. ∇)𝜇ଶ +

𝜕𝜌

𝜕Ξଶ

− 𝜚ଶ൰൱ (Ξଵ, Ξଶ, Ξଷ)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                                       (61) 

Μଷ[𝜇ଷ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ)
= 𝜇ଷ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഋయ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋయ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഋయ

൭Δ𝜇ଷ

కభ

଴

కమ

଴

కయ

଴

−
1

𝔳
൬

∂𝜇ଷ

∂𝜏
+ (𝝁. ∇)𝜇ଷ +

∂𝜌

∂Ξଷ

− 𝜚ଷ൰൱ (Ξଵ, Ξଶ, Ξଷ)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                                       (62) 

Ρ[𝜌](𝜉ଵ, 𝜉ଶ, 𝜉ଷ)
= 𝜌(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഐ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഐ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഐ

൭Δ𝜌

కభ

଴

కమ

଴

కయ

଴

+
𝜕

𝜕𝑥ଵ

൫(𝝁. ∇)𝜇ଵ − 𝜚ଵ൯ +
𝜕

𝜕𝑥ଶ

൫(𝝁. ∇)𝜇ଶ − 𝜚ଶ൯

+
𝜕

𝜕𝑥ଷ

൫(𝝁. ∇)𝜇ଷ

− 𝜚ଷ൯൱ (Ξଵ, Ξଶ, Ξଷ)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ .                                        (63) 

Suppose there exist ℭ஄ < 1 and ℭஉ < 1 such that: 
        ‖Μ[𝝁] − Μ[𝝁̃]‖ℌమ(℧) ≤ ℭ஄‖𝝁 − 𝝁̃‖ℌమ(℧), ∀𝝁, 𝝁̃

∈ ℌଵ(℧) ∩ 𝓥𝝑(℧),                                  (64) 
‖Ρ[𝜌] − Ρ[𝜌̃]‖ℌభ(℧) ≤ ℭஉ‖𝜌 − 𝜌̃‖ℌభ(℧), ∀𝜌, 𝜌̃ ∈ ℌଵ(℧). (65) 
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Then the system (49) has a unique solution. 
 
Theorem 6. Assume the operators Μ: 𝒦஄ → 𝒦஄ and 
Ρ: 𝒦உ → 𝒦உ in Theorem 5 are defined on compact and 
convex subsets 𝒦஄ and 𝒦உ of ℌଵ(℧) ∩ 𝑉௚(℧) and ℌଵ(℧), 
respectively. If U and P are continuous, then system (49) has 
a solution. 
 

IV. GVIM FOR INCOMPRESSIBLE  MICROPOLAR 
FLUID FLOW SYSTEMS 

The system of incompressible micropolar fluid flow is 
modeled using Navier-Stokes equations and microrotational 
velocity equations as follows [15, 17, 30, 32, 33, 36]: 
Given the external body force and moment (torques) 
𝝔ଵ, 𝝔ଶ ∈ 𝔏ଶ൫0, Τ, ℌିଵ(℧)൯, boundary data 𝝑, 𝝑 ∈

ℌଵ ቆ0, Τ, ℌ
భ

మ(∂℧)ቇ, initial data 𝝁଴, 𝝎଴, and time Τ > 0, find: 

 Velocity field: 𝝁: ℧஋ → ℛ𝒹 in 𝔏ஶ൫0, Τ, ℌଵ(℧)൯ ∩

𝔏ଶ൫0, Τ, 𝓥𝝑(℧)൯, where  
𝓥𝝑(℧) = {𝝁 ∈ ℌଶ(℧): 𝝁|ப℧ = 𝝑, ∇ ⋅ 𝝁 = 0 in ℧}, 

 Microrotation field: 𝝎: ℧஋ → ℛ𝒹 in 𝔏ஶ൫0, Τ, ℌଵ(℧)൯ ∩

𝔏ଶቀ0, Τ, ℌ𝝑
ଶ (℧)ቁ, where 

ℌ𝝑
ଶ (℧) = {𝝎 ∈ ℌଶ(℧): 𝝎|ப℧ = 𝝑}, 

 Pressure field: 𝜌: ℧஋ → ℛ in 𝔏ଶ(0, Τ, ℌଵ(℧)), 
such that, for 𝒹 = 2:  

        

⎩
⎪
⎪
⎨

⎪
⎪
⎧

∂𝝁

∂𝜏
− (𝔳 + 𝔳୰)Δ𝝁

+(𝝁 ⋅ ∇)𝝁 + ∇𝜌
= 2𝔳୰∇ × 𝝎 + 𝝔ଵ in ℧஋,

∂𝝎

∂𝜏
− (𝔠ୟ + 𝔠𝔡)Δ𝝎

+(𝝁 ⋅ ∇)𝝎 + 4𝔳୰𝝎
= 2𝔳୰∇ × 𝝁 + 𝝔ଶ in ℧஋,

∇ ⋅ 𝝁 = 0 in ℧஋,

      (66) 

and for 𝒹 = 3: 

        

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

∂𝝁

∂𝜏
− (𝔳 + 𝔳୰)Δ𝝁

+(𝝁 ⋅ ∇)𝝁 + ∇𝜌
= 2𝔳୰∇ × 𝝎 + 𝝔ଵ in ℧஋,

∂𝝎

∂𝜏
− (𝔠ୟ + 𝔠𝔡)Δ𝝎

−(𝔠଴ + 𝔠𝔡 − 𝔠ୟ)∇(∇ ∙ 𝝎)

+(𝝁 ⋅ ∇)𝝎 + 4𝔳୰𝝎

= 2𝔳୰∇ × 𝝁 + 𝝔ଶ in ℧஋,

∇ ⋅ 𝝁 = 0 in ℧஋,

   (67) 

with the boundary conditions imposed: 

    ൜
𝝁 = 𝝑𝟏, 𝝎 = 𝝑𝟐 on ∂℧஋,
𝝁(𝖝, 0) = 𝝁଴(𝖝), 𝝎(𝖝, 0) = 𝝎଴(𝖝)  in ℧,

 

where: 

 For 𝒹 = 2: 
𝝁(𝜉ଵ, 𝜉ଶ, 𝜏) =
(𝜇ଵ(𝜉ଵ, 𝜉ଶ, 𝜏), 𝜇ଶ(𝜉ଵ, 𝜉ଶ, 𝜏), 0), 𝝎(𝜉ଵ, 𝜉ଶ, 𝜏) =

൫0,0, 𝜔 ଷ(𝜉ଵ, 𝜉ଶ, 𝜏)൯, 𝜌(𝜉ଵ, 𝜉ଶ, 𝜏). 
 For 𝒹 = 3: 

𝝁൫𝜉
1
, 𝜉

2
, 𝜉

3
, 𝜏൯ =

ቀ𝜇ଵ൫𝜉
1
, 𝜉

2
, 𝜉

3
, 𝜏൯, 𝜇ଶ൫𝜉

1
, 𝜉

2
, 𝜉

3
, 𝜏൯, 𝜇ଷ൫𝜉

1
, 𝜉

2
, 𝜉

3
, 𝜏൯ቁ ,

𝝎൫𝜉
1
, 𝜉

2
, 𝜉

3
, 𝜏൯ =

൫𝜔ଵ൫𝜉
1
, 𝜉

2
, 𝜉

3
, 𝜏൯, 𝜔ଶ൫𝜉

1
, 𝜉

2
, 𝜉

3
, 𝜏൯, 𝜔ଷ൫𝜉

1
, 𝜉

2
, 𝜉

3
, 𝜏൯, ൯, 

𝜌(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏). 
Here, the positive constants 𝔳, 𝔳୰, 𝔠଴, 𝔠ୟ, 𝔠𝔡 represent viscosity 

coefficients, where 𝔳 is the Newtonian viscosity and 𝔳r is 

the microrotation viscosity. The constants 𝔠0, 𝔠𝔡 and 𝔠a 
satisfy 𝔠଴ + 𝔠𝔡 > 𝔠ୟ. 

Theorem 7. The correction functionals for the systems (66) 
and (67) are as follows: 
For 𝒹 = 2: 
𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏)

= 𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න
𝛾ଶ,ℷഋభ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋభ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋభ

൭Δ𝜇ଵ,𝓃

కభ

଴

కమ

଴

−
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଵ,𝓃

∂𝜏
+ (𝝁𝓃 ⋅ ∇)𝜇ଵ,𝓃 +

∂𝜌𝓃

∂Ξଵ

− 2𝔳୰

∂𝜔ଷ,𝓃

∂Ξଶ

− 𝜚ଵ,ଵ൰൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,                                                 (68) 

𝜇
2,𝓃+1

൫𝜉
1

, 𝜉
2
, 𝜏൯

= 𝜇
2,𝓃

൫𝜉
1

, 𝜉
2
, 𝜏൯

+ න න
𝛾

2,ℷ𝜇2

(Ξ1, Ξ2) − 𝛾
2,ℷ𝜇2

൫𝜉
1
, 𝜉

2
൯

𝑎𝛾2,ℷ𝜇2

൭Δ𝜇
2,𝓃

𝜉1

0

𝜉2

0

−
1

(𝔳 + 𝔳r)
ቆ

∂𝜇
2,𝓃

∂𝜏
+ ൫𝝁

𝓃
⋅ ∇൯𝜇

2,𝓃
+

∂𝜌
𝓃

∂Ξ2

+ 2𝔳r

∂𝜔3,𝓃

∂Ξ1

− 𝜚
1,2

ቇ൱ (Ξ1, Ξ2, 𝜏)𝒹Ξ1 𝒹Ξ2 ,                                                (69) 

𝜔3,𝓃+1൫𝜉
1
, 𝜉

2
, 𝜏൯

= 𝜔3,𝓃൫𝜉
1
, 𝜉

2
, 𝜏൯

+ න න
𝛾

2,ℷ𝜔3
(Ξ1, Ξ2) − 𝛾

2,ℷ𝜔3
൫𝜉

1
, 𝜉

2
൯

𝑎𝛾2,ℷ𝜔3

൭Δ𝜔3,𝓃

𝜉1

0

𝜉2

0

−
1

(𝔠a + 𝔠𝔡)
ቆ

∂𝜔3,𝓃

∂𝜏
+ ൫𝝁

𝓃
⋅ ∇൯𝜔3,𝓃 + 4𝔳r𝜔3,𝓃

− 2𝔳r ቆ
∂𝜇

2,𝓃

∂Ξ1

−
∂𝜇

1,𝓃

∂Ξ2

ቇ − 𝜚
2,3

ቇ൱ (Ξ1, Ξ2, 𝜏)𝒹Ξ1 𝒹Ξ2 , (70) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න
𝛾ଶ,ℷഐ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഐ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഐ

൭Δ𝜌𝓃

కభ

଴

కమ

଴

+
∂

∂𝑥ଵ

ቀ(𝝁𝓃 ⋅ ∇)𝜇ଵ,𝓃 − 𝜚ଵ,ଵቁ

+
∂

∂𝑥ଶ

ቀ(𝝁𝓃 ⋅ ∇)𝜇ଶ,𝓃

− 𝜚ଵ,ଶቁ൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ .               (71) 

For 𝒹 = 3: 
𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷഋభ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋభ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഋభ

൭Δ𝜇ଵ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଵ,𝓃

∂𝜏
+ (𝝁𝓃 ⋅ ∇)𝜇ଵ,𝓃 +

∂𝜌𝓃

∂Ξଵ

− 2𝔳୰ ൬
∂𝜔ଷ,𝓃

∂Ξଶ

−
∂𝜔ଶ,𝓃

∂Ξଷ

൰

− 𝜚ଵ,ଵ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                                 (72) 
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𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷഋమ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋమ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഋమ

൭Δ𝜇ଶ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଶ,𝓃

∂𝜏
+ (𝝁𝓃 ⋅ ∇)𝜇ଶ,𝓃 +

∂𝜌𝓃

∂Ξଶ

− 2 𝔳r୰ ൬
∂𝜔ଵ,𝓃

∂Ξଷ

−
∂𝜔ଷ,𝓃

∂Ξଵ

൰

− 𝜚ଵ,ଶ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                                  (73) 

𝜇ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න  
𝛾ଷ,ℷഋయ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋయ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഋయ

൭Δ𝜇ଷ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଷ,𝓃

∂𝜏
+ (𝝁𝓃 ⋅ ∇)𝜇ଷ,𝓃 +

∂𝜌𝓃

∂Ξଷ

− 2 𝔳୰ ൬
∂𝜔ଶ,𝓃

∂Ξଵ

−
∂𝜔ଵ,𝓃

∂Ξଶ

൰

− 𝜚ଵ,ଷ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                                       (74) 

𝜔ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜔ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න  
𝛾ଷ,ℷഘభ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഘభ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഘభ

൭Δ𝜔ଵ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔠ୟ + 𝔠𝔡)
൬

∂𝜔ଵ,𝓃

∂𝜏
− (𝔠଴ + 𝔠𝔡 − 𝔠ୟ)

∂

∂Ξଵ

(∇ ⋅ 𝝎𝓃)

+ (𝝁𝓃 ⋅ ∇)𝜔ଵ,𝓃 + 4𝔳୰𝜔ଵ,𝓃 − 2 𝔳୰ ൬
∂𝜇ଷ,𝓃

∂Ξଶ

−
∂𝜇ଶ,𝓃

∂Ξଷ

൰

− 𝜚ଶ,ଵ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                                       (75) 

𝜔ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜔ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න  
𝛾ଷ,ℷഘమ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഘమ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഘమ

൭Δ𝜔ଶ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔠ୟ + 𝔠𝔡)
൬

∂𝜔ଶ,𝓃

∂𝜏
− (𝔠଴ + 𝔠𝔡 − 𝔠ୟ)

∂

∂Ξଶ

(∇ ⋅ 𝝎𝓃)

+ (𝝁𝓃 ⋅ ∇)𝜔ଶ,𝓃 + 4𝔳୰𝜔ଶ,𝓃 − 2 𝔳r୰ ൬
∂𝜇ଵ,𝓃

∂Ξଷ

−
∂𝜇ଷ,𝓃

∂Ξଵ

൰

− 𝜚ଶ,ଶ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                                (76) 

𝜔3,𝓃+1൫𝜉
1
, 𝜉

2
, 𝜉

3
, 𝜏൯

= 𝜔3,𝓃൫𝜉
1
, 𝜉

2
, 𝜉

3
, 𝜏൯

+ න න න  
𝛾

3,ℷ𝜔3
(Ξ1, Ξ2, Ξ3) − 𝛾

3,ℷ𝜔3
൫𝜉

1
, 𝜉

2
, 𝜉

3
൯

𝑎𝛾3ℷ𝜔3

൭Δ𝜔3,𝓃

𝜉1

0

𝜉2

0

𝜉3

0

−
1

(𝔠a + 𝔠𝔡)
ቆ

∂𝜔3,𝓃

∂𝜏
− (𝔠0 + 𝔠𝔡 − 𝔠a)

∂

∂Ξ3

(∇ ⋅ 𝝎𝓃)

+ ൫𝝁
𝓃

⋅ ∇൯𝜔3,𝓃 + 4𝔳r𝜔3,𝓃 − 2𝔳r ቆ
∂𝜇

2,𝓃

∂Ξ1

−
∂𝜇

1,𝓃

∂Ξ2

ቇ

− 𝜚
2,3

ቇ൱ (Ξ1, Ξ2, Ξ3, 𝜏)𝒹Ξ1 𝒹Ξ2 𝒹Ξ3 ,                                (77) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)
= 𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න   
𝛾ଷ,ℷഐ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഐ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഐ

൭Δ𝜌𝓃

కభ

଴

కమ

଴

కయ

଴

+
𝜕

𝜕𝑥ଵ

ቀ(𝝁𝓃 ⋅ ∇)𝜇ଵ,𝓃 − 𝜚ଵ,ଵቁ +
𝜕

𝜕𝑥ଶ

ቀ(𝝁𝓃 ⋅ ∇)𝜇ଶ,𝓃 − 𝜚ଵ,ଶቁ

+
𝜕

𝜕𝑥ଷ

ቀ(𝝁𝓃 ⋅ ∇)𝜇ଷ,𝓃

− 𝜚ଵ,ଷቁ൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ .                                  (78) 

Proof. We rewrite both systems (66) and (67) as:  

⎩
⎪⎪
⎨

⎪⎪
⎧

Δ𝝁 =
1

(𝔳 + 𝔳୰)
൭

∂𝝁

∂𝜏
+ (𝝁 ⋅ ∇)𝝁 + ∇𝜌

−2𝔳୰∇ × 𝝎 − 𝝔ଵ

൱  in ℧஋,

△ 𝝎 =
1

(𝔠ୟ + 𝔠𝔡)
൭

∂𝝎

∂𝜏
+ (𝝁 ⋅ ∇)𝝎 + 4𝔳୰𝝎

−2𝔳୰∇ × 𝝁 − 𝝔ଶ

൱  in ℧஋,

∇ ⋅ 𝝁 = 0  in ℧஋,

(79) 

and 

⎩
⎪
⎪
⎨

⎪
⎪
⎧

Δ𝝁 =
1

(𝔳 + 𝔳୰)
൭

∂𝝁

∂𝜏
+ (𝝁 ⋅ ∇)𝝁 + ∇𝜌

−2𝔳୰∇ × 𝝎 − 𝝔ଵ

൱ in ℧஋,

△ 𝝎 =
1

(𝔠ୟ + 𝔠𝔡)
൮

∂𝝎

∂𝜏
− (𝔠଴ + 𝔠𝔡 − 𝔠ୟ)∇(∇ ⋅ 𝝎)

+(𝝁 ⋅ ∇)𝝎 + 4𝔳୰𝝎
−2𝔳୰∇ × 𝝁 − 𝝔ଶ

൲ in ℧஋,

∇ ⋅ 𝝁 = 0 in ℧஋,

(80) 

respectively. Sin𝔠e 𝝁, 𝝎 and 𝜌 do not appear in a symmetric 
manner with respect to time, we apply the divergence 
operator  (∇ ⋅) to (66.1) (and similarly for (67.1)) to derive 
the Neumann problem for 𝜌:   

  ൞

△ 𝜌 = −∇ ⋅ ((𝝁 ⋅ ∇)𝝁 − 𝝔ଵ) in ℧஋,

பఘ

ப𝓷
= ቆ

(𝔳 + 𝔳୰)Δ𝝑 −
ப𝝑

பఛ
− (𝝑 ⋅ ∇)𝝑

+2𝔳୰∇ × 𝝑 + 𝝔ଵ

ቇ ⋅ 𝓷 on ∂℧஋,
  (81) 

where 𝓷 is the outward unit normalto ∂℧. 
For 𝒹 = 2, expanding (79.1), (79.2), and (81.1) yields: 

Δ𝜇ଵ =
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଵ

∂𝜏
+ (𝝁 ⋅ ∇)𝜇ଵ +

∂𝜌

∂𝜉ଵ

+ 2𝔳୰

∂𝜔ଷ

∂𝜉ଶ

− 𝜚ଵ,ଵ൰,                                                     (82) 

Δ𝜇ଶ =
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଶ

∂𝜏
+ (𝝁 ⋅ ∇)𝜇ଶ +

∂𝜌

∂𝜉ଶ

+ 2𝔳୰

∂𝜔ଷ

∂𝜉ଵ

− 𝜚ଵ,ଶ൰,                                                     (83) 

Δ𝜔ଷ =
1

(𝔠ୟ + 𝔠𝔡)
൬

∂𝜔ଷ

∂𝜏
+ (𝝁 ⋅ ∇))𝜔ଷ + 4𝔳୰𝜔ଷ

− 2𝔳୰ ൬
∂𝜇ଶ

∂𝜉ଵ

−
∂𝜇ଵ

∂𝜉ଶ

൰ − 𝜚ଶ,ଷ൰,                 (84) 

Δ𝜌 = −
∂

∂𝑥ଵ

ቀ(𝝁 ⋅ ∇)𝜇ଵ − 𝜚ଵ,ଵቁ

−
∂

∂𝑥ଶ

ቀ(𝝁 ⋅ ∇)𝜇ଶ − 𝜚ଵ,ଶቁ.                     (85) 

For 𝒹 = 3, expanding (80.1), (80.2), and (81.1) yields: 

Δ𝜇ଵ =
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଵ

∂𝜏
+ (𝝁 ⋅ ∇)𝜇ଵ +

∂𝜌

∂𝜉ଵ

− 2𝔳୰ ൬
∂𝜔ଷ

∂𝜉ଶ

−
∂𝜔ଶ

∂𝜉ଷ

൰

− 𝜚ଵ,ଵ൰,                                                     (86) 
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Δ𝜇ଶ =
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଶ

∂𝜏
+ (𝝁 ⋅ ∇)𝜇ଶ +

∂𝜌

∂𝜉ଶ

− 2𝔳୰ ൬
∂𝜔ଵ

∂𝜉ଷ

−
∂𝜔ଷ

∂𝜉ଵ

൰ − 𝜚ଵ,ଶ൰,                (87) 

Δ𝜇ଷ =
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଷ

∂𝜏
+ (𝝁 ⋅ ∇)𝜇ଷ +

∂𝜌

∂𝜉ଷ

− 2𝔳୰ ൬
∂𝜔ଶ

∂𝜉ଵ

−
∂𝜔ଵ

∂𝜉ଶ

൰ − 𝜚ଵ,ଷ൰,                (88) 

Δ𝜔ଵ =
1

(𝔠ୟ + 𝔠𝔡)
൬

∂𝜔ଵ

∂𝜏
− (𝔠଴ + 𝔠𝔡 − 𝔠ୟ)

∂

∂𝜉ଵ

(∇ ⋅ 𝝎)

+ (𝝁 ⋅ ∇)𝜔ଵ + 4𝔳୰𝜔ଵ − 2𝔳୰ ൬
∂𝜇ଷ

∂𝜉ଶ

−
∂𝜇ଶ

∂𝜉ଷ

൰

− 𝜚ଶ,ଵ൰,                                                     (89) 

Δ𝜔ଶ =
1

(𝔠ୟ + 𝔠𝔡)
൬

∂𝜔ଶ

∂𝜏
− (𝔠଴ + 𝔠𝔡 − 𝔠ୟ)

∂

∂𝜉ଶ

(∇ ⋅ 𝝎)

+ (𝝁 ⋅ ∇)𝜔ଶ + 4𝔳୰𝜔ଶ − 2𝔳୰ ൬
∂𝜇ଵ

∂𝜉ଷ

−
∂𝜇ଷ

∂𝜉ଵ

൰

− 𝜚ଶ,ଶ൰,                                                     (90) 

Δ𝜔ଷ =
1

(𝔠ୟ + 𝔠𝔡)
൬

∂𝜔ଷ

∂𝜏
− (𝔠଴ + 𝔠𝔡 − 𝔠ୟ)

∂

∂𝜉ଷ

(∇ ⋅ 𝝎)

+ (𝝁 ⋅ ∇)𝜔ଷ + 4𝔳୰𝜔ଷ − 2𝔳୰ ൬
∂𝜇ଶ

∂𝜉ଵ

−
∂𝜇ଵ

∂𝜉ଶ

൰

− 𝜚ଶ,ଷ൰,                                                     (91) 

Δ𝜌 = −
∂

∂𝑥ଵ

൫(𝝁 ⋅ ∇)𝜇ଵ − 𝜚ଵ,ଵ൯ −
∂

∂𝑥ଶ

൫(𝝁 ⋅ ∇)𝜇ଶ − 𝜚ଵ,ଶ൯

−
∂

∂𝑥ଷ

൫(𝝁 ⋅ ∇)𝜇ଷ − 𝜚ଵ,ଷ൯.                      (92) 

The correction functionals for (82)-(85) on ℧ = [0, 𝜉ଵ] ×

[0, 𝜉ଶ] are:   
𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න  ଶℷఓభ
(Ξଵ, Ξଶ) ൭Δ𝜇ଵ,𝓃

కభ

଴

కమ

଴

−
1

(𝔳 + 𝔳𝐫)
൬

∂𝜇̃ଵ,𝓃

∂𝜏
+ (𝝁̃𝓃 ⋅ ∇)𝜇̃ଵ,𝓃 +

∂𝜌̃𝓃

∂Ξଵ

− 2𝔳୰

∂𝜔̃ଷ,𝓃

∂Ξଶ

− 𝜚ଵ,ଵ൰൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,               (93) 

𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න  ଶℷఓమ
(Ξଵ, Ξଶ) ൭Δ𝜇ଶ,𝓃

కభ

଴

కమ

଴

−
1

(𝔳 + 𝔳୰)
൬

∂𝜇̃ଶ,𝓃

∂𝜏
+ (𝝁̃𝓃 ⋅ ∇)𝜇̃ଶ,𝓃 +

∂𝜌̃𝓃

∂Ξଶ

+ 2𝔳୰

∂𝜔̃ଷ,𝓃

∂Ξଵ

− 𝜚ଵ,ଶ൰൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,               (94) 

𝜔ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜔ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න  ଶℷఠయ
(Ξଵ, Ξଶ) ൭Δ𝜔ଷ,𝓃

కభ

଴

కమ

଴

−
1

(𝑐ୟ + 𝑐𝔡)
൬

∂𝜔̃ଷ,𝓃

∂𝜏
+ (𝝁̃𝓃 ⋅ ∇)𝜔̃ଷ,𝓃

+ 4𝔳୰𝜔̃ଷ,𝓃 − 2𝔳୰ ൬
∂𝜇̃ଶ,𝓃

∂Ξଵ

−
∂𝜇̃ଵ,𝓃

∂Ξଶ

൰

− 𝜚ଶ,ଷ൰൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,               (95) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න  ଶℷఘ(Ξଵ, Ξଶ) ൭Δ𝜌𝓃

కభ

଴

కమ

଴

+
∂

∂𝑥ଵ

ቀ(𝝁̃𝓃 ⋅ ∇)𝜇̃ଵ,𝓃 − 𝜚ଵ,ଵቁ

+
∂

∂𝑥ଶ

ቀ(𝝁̃𝓃 ⋅ ∇)𝜇̃ଶ,𝓃

− 𝜚ଵ,ଶቁ൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ .               (96) 

The correction functionals for (86)-(92) on ℧ = [0, 𝜉ଵ] ×
[0, 𝜉ଶ] × [0, 𝜉ଷ] are: 
𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න    ଷℷఓభ
(Ξଵ, Ξଶ, Ξଷ) ൭Δ𝜇ଵ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔳 + 𝔳୰)
൬

∂𝜇̃ଵ,𝓃

∂𝜏
+ (𝝁̃𝓃 ⋅ ∇)𝜇̃ଵ,𝓃 +

∂𝜌̃𝓃

∂Ξଵ

− 2𝔳୰ ൬
∂𝜔̃ଷ,𝓃

∂Ξଶ

−
∂𝜔̃ଶ,𝓃

∂Ξଷ

൰

− 𝜚ଵ,ଵ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ , (97) 

𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න    ଷℷఓమ
(Ξଵ, Ξଶ, Ξଷ) ൭Δ𝜇ଶ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔳 + 𝔳୰)
൬

∂𝜇̃ଶ,𝓃

∂𝜏
+ (𝝁̃𝓃 ⋅ ∇)𝜇̃ଶ,𝓃 +

∂𝜌̃𝓃

∂Ξଶ

− 2𝔳୰ ൬
∂𝜔̃ଵ,𝓃

∂Ξଷ

−
∂𝜔̃ଷ,𝓃

∂Ξଵ

൰

− 𝜚ଵ,ଶ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ , (98) 

𝜇ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න    ଷℷఓయ
(Ξଵ, Ξଶ, Ξଷ) ൭Δ𝜇ଷ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔳 + 𝔳୰)
൬

∂𝜇̃ଷ,𝓃

∂𝜏
+ (𝝁̃𝓃 ⋅ ∇)𝜇̃ଷ,𝓃 +

∂𝜌̃𝓃

∂Ξଷ

− 2𝔳୰ ൬
∂𝜔̃ଶ,𝓃

∂Ξଵ

−
∂𝜔̃ଵ,𝓃

∂Ξଶ

൰

− 𝜚ଵ,ଷ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ , (99) 
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𝜔ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜔ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න    ଷℷఠభ
(Ξଵ, Ξଶ, Ξଷ) ൭Δ𝜔ଵ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝑐ୟ + 𝔠𝔡)
൬

∂𝜔̃ଵ,𝓃

∂𝜏
− (𝔠଴ + 𝔠𝔡 − 𝔠ୟ)

∂

∂Ξଵ

(∇ ⋅ 𝝎̃𝓃)

+ (𝝁̃𝓃 ⋅ ∇)𝜔̃ଵ,𝓃 + 4𝔳୰𝜔̃ଵ,𝓃 − 2𝔳୰ ൬
∂𝜇̃ଷ,𝓃

∂Ξଶ

−
∂𝜇̃ଶ,𝓃

∂Ξଷ

൰

− 𝜚ଶ,ଵ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                               (100) 

𝜔ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜔ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න    ଷℷఠమ
(Ξଵ, Ξଶ, Ξଷ) ൭Δ𝜔ଶ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝑐ୟ + 𝔠𝔡)
൬

∂𝜔̃ଶ,𝓃

∂𝜏
− (𝔠଴ + 𝔠𝔡 − 𝔠ୟ)

∂

∂Ξଶ

(∇ ⋅ 𝝎̃𝓃)

+ (𝝁̃𝓃 ⋅ ∇)𝜔̃ଶ,𝓃 + 4𝔳୰𝜔̃ଶ,𝓃 − 2𝔳୰ ൬
∂𝜇̃ଵ,𝓃

∂Ξଷ

−
∂𝜇̃ଷ,𝓃

∂Ξଵ

൰

− 𝜚ଶ,ଶ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                               (101) 

𝜔ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜔ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න    ଷℷఠయ
(Ξଵ, Ξଶ, Ξଷ)  ൭Δ𝜔ଷ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝑐ୟ + 𝔠𝔡)
൬

∂𝜔̃ଷ,𝓃

∂𝜏
− (𝔠଴ + 𝔠𝔡 − 𝔠ୟ)

∂

∂Ξଷ

(∇ ⋅ 𝝎̃𝓃)

+ (𝝁̃𝓃 ⋅ ∇)𝜔̃ଷ,𝓃 + 4𝔳୰𝜔̃ଷ,𝓃 − 2𝔳୰ ൬
∂𝜇̃ଶ,𝓃

∂Ξଵ

−
∂𝜇̃ଵ,𝓃

∂Ξଶ

൰

− 𝜚ଶ,ଷ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                               (102) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න    ଷℷఘ(Ξଵ, Ξଶ, Ξଷ) ൭Δ𝜌𝓃 +
∂

∂𝑥ଵ

ቀ(𝝁̃𝓃. ∇)𝜇̃ଵ,𝓃 − 𝜚ଵ,ଵቁ

కభ

଴

కమ

଴

కయ

଴

+
∂

∂𝑥ଶ

ቀ(𝝁̃𝓃. ∇)𝜇̃ଶ,𝓃 − 𝜚ଵ,ଶቁ

+
∂

∂𝑥ଷ

ቀ(𝝁̃𝓃 ⋅ ∇)𝜇̃ଷ,𝓃

− 𝜚ଵ,ଷቁ൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ .                                (103) 

Here, 𝜇̃௜,𝓃(𝑖 = 1,2), 𝜇̃௝,𝓃, 𝜔̃௝,𝓃(𝑗 = 1,2,3), and 𝜌̃𝓃 are 

restricted variations (see [16]), i.e., 𝛿𝜇̃௜,𝓃 = 0, 𝛿𝜇̃௝,𝓃 =

0, 𝛿𝜔̃௝,𝓃 = 0, and 𝛿𝜌̃𝓃 = 0. By rendering the correction 

functionals (93)-(96) and (97)-(103) stationary and applying 
Green's first identity, we derive the stationary conditions: 
 
 
 
 

For 𝒹 = 2: 
𝛿𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝛿𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+  ଶℷఓభ
(Ξଵ, Ξଶ)൫𝛿∇𝜇ଵ,𝓃

⋅ 𝓷൯(Ξଵ, Ξଶ, 𝜏)ห
(ஆభ,ஆమ)ୀ(కభ,కమ)

− ൫∇ଶℷఓభ

⋅ 𝓷൯(Ξଵ, Ξଶ)𝛿𝜇ଵ,𝓃(Ξଵ, Ξଶ, 𝜏)ห
(ஆభ,ஆమ)ୀ(కభ,కమ)

+ න න
Δଶℷఓభ

(Ξଵ, Ξଶ)

× 𝛿𝜇ଵ,𝓃(Ξଵ, Ξଶ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

 

= 0,                                                          (104) 
𝛿𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝛿𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+  ଶℷఓమ
(Ξଵ, Ξଶ)൫𝛿∇𝜇ଶ,𝓃

⋅ 𝓷൯(Ξଵ, Ξଶ, 𝜏)ห
(ஆభ,ஆమ)ୀ(కభ,కమ)

− ൫∇ଶℷఓమ

⋅ 𝓷൯(Ξଵ, Ξଶ)𝛿𝜇ଶ,𝓃(Ξଵ, Ξଶ, 𝜏)ห
(ஆభ,ஆమ)ୀ(కభ ,కమ)

+ න න
Δଶℷఓమ

(Ξଵ, Ξଶ)

× 𝛿𝜇ଶ,𝓃(Ξଵ, Ξଶ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

 

= 0,                                                          (105) 
𝛿𝜔ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝛿𝜔ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+  ଶℷఠయ
(Ξଵ, Ξଶ)൫𝛿∇𝜔ଷ,𝓃

⋅ 𝓷൯(Ξଵ, Ξଶ, 𝜏)ห
(ஆభ,ஆమ)ୀ(కభ,కమ)

− ൫∇ଶℷఠయ

⋅ 𝓷൯(Ξଵ, Ξଶ)𝛿𝜔ଷ,𝓃(Ξଵ, Ξଶ, 𝜏)ห
(ஆభ,ஆమ)ୀ(కభ,కమ)

+ න න
Δଶℷఠయ

(Ξଵ, Ξଶ)

× 𝛿𝜔ଷ,𝓃(Ξଵ, Ξଶ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

= 0,                                                          (106) 
𝛿𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝛿𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+  ଶℷఘ(Ξଵ, Ξଶ)(𝛿∇𝜌𝓃

⋅ 𝓷)(Ξଵ, Ξଶ, 𝜏)ห
(ஆభ,ஆమ)ୀ(కభ,కమ)

− (∇𝛽ଷ

⋅ 𝓷)(Ξଵ, Ξଶ)𝛿𝜌𝓃(Ξଵ, Ξଶ, 𝜏)|(ஆభ,ஆమ)ୀ(కభ,కమ)

+ න න
Δଶℷఘ(Ξଵ, Ξଶ)

× 𝛿𝜌𝓃(Ξଵ, Ξଶ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

 

= 0.                                                          (107) 
For 𝒹 = 3: 
𝛿𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝛿𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+  ଷℷఓభ
(Ξଵ, Ξଶ, Ξଷ)൫𝛿∇𝜇ଵ,𝓃 ⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ ,కయ)

− ൫∇ଷℷఓభ
⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ)𝛿𝜇ଵ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)

+ න න න
Δଷℷఓభ

(Ξଵ, Ξଶ, Ξଷ)

× 𝛿𝜇ଵ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

𝒹Ξଷ

కయ

଴

   = 0,           (108) 

𝛿𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝛿𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+  ଷℷఓమ
(Ξଵ, Ξଶ, Ξଷ)൫𝛿∇𝜇ଶ,𝓃 ⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)

− ൫∇ଷℷఓమ
⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ)𝛿𝜇ଶ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ ,కయ)

+ න න න
Δଷℷఓమ

(Ξଵ, Ξଶ, Ξଷ)

× 𝛿𝜇ଶ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

𝒹Ξଷ

కయ

଴

= 0,            (109) 
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𝛿𝜇ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝛿𝜇ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+  ଷℷఓయ
(Ξଵ, Ξଶ, Ξଷ)൫𝛿∇𝜇ଷ,𝓃

⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห
(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)

− ൫∇ଷℷఓయ

⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ)𝛿𝜇ଷ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห
(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)

+ න න න
Δଷℷఓయ

(Ξଵ, Ξଶ, Ξଷ)

× 𝛿𝜇ଷ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

𝒹Ξଷ

కయ

଴

= 0,     (110) 

𝛿𝜔ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝛿𝜔ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+  ଷℷఠభ
(Ξଵ, Ξଶ, Ξଷ)൫𝛿∇𝜔ଵ,𝓃 ⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ ,కయ)

− ൫∇ଷℷఠభ
⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ)𝛿𝜔ଵ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)

+ න න න
Δଷℷఠభ

(Ξଵ, Ξଶ, Ξଷ)

× 𝛿𝜔ଵ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

𝒹Ξଷ

కయ

଴

= 0,           (111) 

𝛿𝜔ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝛿𝜔ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+  ଷℷఠమ
(Ξଵ, Ξଶ, Ξଷ)൫𝛿∇𝜔ଶ,𝓃 ⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ ,కయ)

− ൫∇ଷℷఠమ
⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ)𝛿𝜔ଶ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)

+ න න න
Δଷℷఠమ

(Ξଵ, Ξଶ, Ξଷ)

× 𝛿𝜔ଶ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

𝒹Ξଷ

కయ

଴

= 0,           (112) 

𝛿𝜔ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝛿𝜔ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+  ଷℷఠయ
(Ξଵ, Ξଶ, Ξଷ)൫𝛿∇𝜔ଷ,𝓃 ⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ ,కయ)

− ൫∇ଷℷఠయ
⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ)𝛿𝜔ଷ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)

+ න න න
Δଷℷఠయ

(Ξଵ, Ξଶ, Ξଷ)

× 𝛿𝜔ଷ,𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

𝒹Ξଷ

కయ

଴

= 0,          (113) 

𝛿𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝛿𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+  ଷℷఘ(Ξଵ, Ξଶ, Ξଷ)(𝛿∇𝜌𝓃. 𝓷)(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห
(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ ,కయ)

− ൫∇ଷℷఘ. 𝓷൯(Ξଵ, Ξଶ, Ξଷ)𝛿𝜌𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)ห
(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)

+ න න න
Δଷℷఘ(Ξଵ, Ξଶ, Ξଷ)

× 𝛿𝜌𝓃(Ξଵ, Ξଶ, Ξଷ, 𝜏)
𝒹Ξଵ

కభ

଴

𝒹Ξଶ

కమ

଴

𝒹Ξଷ

కయ

଴

= 0.             (114) 

The systems of stationary conditions:  
For 𝒹 = 2: For 𝑖 = 1,2, 

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎧

⎩
⎪
⎨

⎪
⎧

𝛿𝜇௜,𝓃 : Δଶℷఓ೔
(Ξଵ, Ξଶ) = 0,

𝛿∇𝜇௜,𝓃 ⋅ 𝓷ఓ೔,𝓃
:  ଶℷఓ೔

(Ξଵ, Ξଶ)ห (ஆభ,ஆమ)

ୀ(కభ,కమ)

= 0,

𝛿𝜇௜,𝓃 : ൫∇ଶℷఓ೔
⋅ 𝓷൯(Ξଵ, Ξଶ)ห (ஆభ,ஆమ)

ୀ(కభ,కమ)

= 1,

     

⎩
⎪
⎨

⎪
⎧

𝛿𝜔ଷ,𝓃 : Δଶℷఠయ
(Ξଵ, Ξଶ) = 0,

𝛿∇𝜔ଷ,𝓃 ⋅ 𝓷ఠయ,𝓃
:  ଶℷఠయ

(Ξଵ, Ξଶ)ห (ஆభ,ஆమ)

ୀ(కభ,కమ)

= 0,

𝛿𝜔ଷ,𝓃 : ൫∇ଶℷఠయ,𝓃
⋅ 𝓷൯(Ξଵ, Ξଶ)ห (ஆభ,ஆమ)

ୀ(కభ,కమ)

= 1,

⎩
⎪
⎨

⎪
⎧

𝛿𝜌𝓃 : Δଶℷఘ(Ξଵ, Ξଶ) = 0,

𝛿∇𝜌𝓃 ⋅ 𝓷 :  ଶℷఘ(Ξଵ, Ξଶ)ห (ஆభ,ஆమ)

ୀ(కభ,కమ)

= 0,

𝛿𝜌𝓃 : ൫∇ଶℷఘ ⋅ 𝓷൯(Ξଵ, Ξଶ)ห (ஆభ,ஆమ)

ୀ(కభ,కమ)

= 1,

              

  (115) 

For 𝒹 = 3: For 𝑗 = 1,2,3, 

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎧

⎩
⎪
⎨

⎪
⎧

𝛿𝜇௝,𝓃 : Δଷℷఓೕ
(Ξଵ, Ξଶ, Ξଷ) = 0,

𝛿∇𝜇௝,𝓃 ⋅ 𝓷ఓೕ,𝓃
:  ଷℷఓ೔

(Ξଵ, Ξଶ, Ξଷ)ห (ஆభ,ஆమ,ஆయ)

ୀ(కభ,కమ,కయ)

= 0,

𝛿𝜇௝,𝓃 : ቀ∇ଷℷఓೕ
⋅ 𝓷ቁ (Ξଵ, Ξଶ, Ξଷ)ቚ (ஆభ,ஆమ,ஆయ)

ୀ(కభ,కమ,కయ)

= 1,

    

⎩
⎪
⎨

⎪
⎧

𝛿𝜔௝,𝓃 : Δଷℷఠೕ
(Ξଵ, Ξଶ, Ξଷ) = 0,

𝛿∇𝜔௝,𝓃 ⋅ 𝓷ఠೕ,𝓃
:  ଷℷఠೕ

(Ξଵ, Ξଶ, Ξଷ)ቚ (ஆభ,ஆమ,ஆయ)

ୀ(కభ,కమ,కయ)

= 0,

𝛿𝜔௝,𝓃 : ቀ∇ଷℷఠೕ,𝓃
⋅ 𝓷ቁ (Ξଵ, Ξଶ, Ξଷ)ቚ (ஆభ,ஆమ,ஆయ)

ୀ(కభ,కమ,కయ)

= 1,

⎩
⎪
⎨

⎪
⎧

𝛿𝜌𝓃 : Δଷℷఘ(Ξଵ, Ξଶ, Ξଷ) = 0,

𝛿∇𝜌𝓃 ⋅ 𝓷 :  ଷℷఘ(Ξଵ, Ξଶ, Ξଷ)ห (ஆభ,ஆమ,ஆయ)

ୀ(కభ,కమ,కయ)

= 0,

𝛿𝜌𝓃 : ൫∇ଷℷఘ ⋅ 𝓷൯(Ξଵ, Ξଶ, Ξଷ)ห (ஆభ,ஆమ,ஆయ)

ୀ(కభ,కమ,కయ)

= 1.

               

(116) 

The solutions to (115) and (116) are non-unique: 
For 𝒹 = 2: For 𝑖 = 1,2, 

      

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧  ଶℷఓೕ

(Ξଵ, Ξଶ) =
𝛾ଶ,ℷഋ೔

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋ೔
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋ೔

,   

 ଶℷఠయ
(Ξଵ, Ξଶ) =

𝛾ଶ,ℷഘయ
(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഘయ

(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഘయ

,

 ଶℷఘ(Ξଵ, Ξଶ) =
𝛾ଶ,ℷഐ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഐ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమℷഐ

,     

    (117) 

For 𝒹 = 3: For 𝑗 = 1,2,3, 

      

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

 3ℷ𝜇𝑗
(Ξ1, Ξ2) =

𝛾
3,ℷ𝜇𝑗

(Ξ1, Ξ2, Ξ3) − 𝛾
3,ℷ𝜇𝑗

൫𝜉
1

, 𝜉
2

, 𝜉
3
൯

𝑎𝛾3,ℷ𝜇𝑖

,

 3ℷ𝜔𝑗
(Ξ1, Ξ2) =

𝛾
2,ℷ𝜔3

(Ξ1, Ξ2, Ξ3) − 𝛾
2,ℷ𝜔3

൫𝜉
1

, 𝜉
2

, 𝜉
3
൯

𝑎𝛾3,ℷ𝜔3

,

 3ℷ𝜌(Ξ1, Ξ2) =
𝛾

2,ℷ𝜌
(Ξ1, Ξ2, Ξ3) − 𝛾

2,ℷ𝜌
൫𝜉

1
, 𝜉

2
, 𝜉

3
൯

𝑎𝛾3,ℷ𝜌

,     

(118) 

Here 𝛾ଶ,ℷഋ೔
(𝑖 = 1,2), 𝛾ଶ,ℷഘయ

, 𝛾ଶ,ℷഐ
 and 𝛾

3,ℷ𝜇𝑗

, 𝛾
3,ℷ𝜔𝑗

(𝑗 =

1,2,3), 𝛾
3,ℷ𝜌

 are any harmonic functions in ℧ satisfying the 

boundary conditions: 

 For 𝒹 = 2: For 𝑖 = 1,2, 

∇𝛾ଶ,ℷഋ೔
⋅ 𝓷ቚ

(ஆభ,ஆమ)ୀ(కభ,కమ)
= 𝑎ఊమ,ℷഋ೔

≠ 0, 

∇𝛾ଶ,ℷഘయ
⋅ 𝓷ቚ

(ஆభ,ஆమ)ୀ(కభ,కమ)
= 𝑎ఊమ,ℷഘయ

≠ 0, 

∇𝛾ଶ,ℷഐ
⋅ 𝓷ቚ

(ஆభ,ஆమ)ୀ(కభ,కమ)
= 𝑎ఊమ,ℷഐ

≠ 0. 

 
 For 𝒹 = 3: For 𝑗 = 1,2,3, 

∇𝛾ଷ,ℷഋೕ
⋅ 𝓷ቚ

(ஆభ,ஆమ,ஆయ)ୀ(కభ ,కమ,కయ)
= 𝑎ఊయ,ℷഋೕ

≠ 0,  

∇𝛾ଷ,ℷഘೕ
⋅ 𝓷ቚ

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)
= 𝑎ఊయ,ℷഘೕ

≠ 0,    

∇𝛾ଷ,ℷഐ
⋅ 𝓷ቚ

(ஆభ,ஆమ,ஆయ)ୀ(కభ,కమ,కయ)
= 𝑎ఊయ,ℷഐ

≠ 0. 

Substituting (117) and (118) into (93)-(96) and (97)-(103) 
completes the proof.    

 
System (66) and system (67) solutions' existence and 

uniqueness can be studied through the following theorems. 
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Theorem 8. Let the operators  
Μ: 𝔏ஶ൫0, Τ, ℌଵ(℧)൯ ∩ 𝔏ଶ൫0, Τ, 𝓥𝝑(℧)൯

→ 𝔏ஶ൫0, Τ, ℌଵ(℧)൯ ∩ 𝔏ଶ൫0, Τ, 𝓥𝝑(℧)൯, 

Ω: 𝔏ஶ൫0, Τ, ℌଵ(℧)൯ ∩ 𝔏ଶ ቀ0, Τ, ℌ𝝑
ଶ(℧)ቁ

→ 𝔏ஶ൫0, Τ, ℌଵ(℧)൯ ∩ 𝔏ଶ ቀ0, Τ, ℌ𝝑
ଶ (℧)ቁ, 

Ρ: 𝔏ଶ൫0, Τ, ℌଵ(℧)൯ → 𝔏ଶ൫0, Τ, ℌଵ(℧)൯, 

be defined as follows: 
For 𝒹 = 2: 

Μ[𝝁] = (Μଵ[𝜇ଵ], Μଶ[𝜇ଶ], 0), Ω[𝝎] = (0,0, Ωଷ[𝜔ଷ]), 
where 

Μଵ[𝜇ଵ](𝜉ଵ, 𝜉ଶ, 𝜏)

= 𝜇ଵ(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න
𝛾ଶ,ℷഋభ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋభ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋభ

൭Δ𝜇ଵ

కభ

଴

కమ

଴

−
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଵ

∂𝜏
+ (𝝁 ⋅ ∇)𝜇ଵ +

∂𝜌

∂Ξଵ

− 2𝔳୰

∂𝜔ଷ

∂Ξଶ

− 𝜚ଵ,ଵ൰൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,                                          (119) 

Μଶ[𝜇ଶ](𝜉ଵ, 𝜉ଶ, 𝜏)

= 𝜇ଶ(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න
𝛾ଶ,ℷഋమ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋమ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋమ

൭Δ𝜇ଶ

కభ

଴

కమ

଴

−
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଶ

∂𝜏
+ (𝝁 ⋅ ∇)𝜇ଶ +

∂𝜌

∂Ξଶ

+ 2𝔳୰

∂𝜔ଷ

∂Ξଵ

− 𝜚ଵ,ଶ൰൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,                                              (120) 

Ωଷ[𝜔ଷ](𝜉ଵ, 𝜉ଶ, 𝜏)

= 𝜔ଷ(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න
𝛾ଶ,ℷഘయ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഘయ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഘయ

൭Δ𝜔ଷ

కభ

଴

కమ

଴

−
1

(𝔠ୟ + 𝔠𝔡)
൬

∂𝜔ଷ

∂𝜏
+ (𝝁 ⋅ ∇)𝜔ଷ + 4𝔳୰𝜔ଷ − 2𝔳୰ ൬

∂𝜇ଶ

∂Ξଵ

−
∂𝜇ଵ

∂Ξଶ

൰

− 𝜚ଶ,ଷ൰൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,                                              (121) 

 
Ρ[𝜌](𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜌(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න
𝛾ଶ,ℷഐ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഐ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഐ

൭𝛥𝜌

కభ

଴

కమ

଴

+
𝜕

𝜕𝑥ଵ

൫(𝝁. 𝛻)𝜇ଵ − 𝜚ଵ,ଵ൯

+
𝜕

𝜕𝑥ଶ

൫(𝝁. 𝛻)𝜇ଶ

− 𝜚ଵ,ଶ൯൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ .             (122) 

For 𝒹 = 3: 
Μ[𝝁] = (Μଵ[𝜇ଵ], Μଶ[𝜇ଶ], Μଷ[𝜇ଷ]), 
Ω[𝝎] = (Ωଵ[𝜔ଵ], Ωଶ[𝜔ଶ], Ωଷ[𝜔ଷ]), 

 

where 
Μଵ[𝜇ଵ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷഋభ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋభ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయℷഋభ

൭Δ𝜇ଵ

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଵ

∂𝜏
+ (𝝁 ⋅ ∇)𝜇ଵ +

∂𝜌

∂Ξଵ

− 2𝔳୰ ൬
∂𝜔ଷ

∂Ξଶ

−
∂𝜔ଶ,𝓃

∂Ξଷ

൰

− 𝜚ଵ,ଵ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                               (123) 

Μଶ[𝜇ଶ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଶ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷഋమ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋమ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഋమ

൭Δ𝜇ଶ

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଶ

∂𝜏
+ (𝝁 ⋅ ∇)𝜇ଶ +

∂𝜌

∂Ξଶ

− 2𝔳୰ ൬
∂𝜔ଵ

∂Ξଷ

−
∂𝜔ଷ

∂Ξଵ

൰

− 𝜚ଵ,ଶ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                               (124) 

Μଷ[𝜇ଷ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଷ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷഋయ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋయ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഋయ

൭Δ𝜇ଷ

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔳 + 𝔳୰)
൬

∂𝜇ଷ

∂𝜏
+ (𝝁 ⋅ ∇)𝜇ଷ +

∂𝜌𝓃

∂Ξଷ

− 2𝔳୰ ൬
∂𝜔ଶ

∂Ξଵ

−
∂𝜔ଵ

∂Ξଶ

൰

− 𝜚ଵ,ଷ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                               (125) 

Ωଵ[𝜔ଵ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜔ଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷഘభ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഘభ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഘభ

൭Δ𝜔ଵ

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔠ୟ + 𝔠𝔡)
൬

∂𝜔ଵ

∂𝜏
− (𝔠଴ + 𝔠𝔡 − 𝔠ୟ)

∂

∂Ξଵ

(∇ ⋅ 𝝎) + (𝝁 ⋅ ∇)𝜔ଵ

+ 4𝔳୰𝜔ଵ,𝓃 − 2𝔳୰ ൬
∂𝜇ଷ

∂Ξଶ

−
∂𝜇ଶ

∂Ξଷ

൰

− 𝜚ଶ,ଵ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                               (126) 

Ωଶ[𝜔ଶ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜔ଶ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷഘమ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഘమ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయℷഘమ

൭Δ𝜔ଶ

కభ

଴

కమ

଴

కయ

଴

−
1

(𝑐௔ + 𝑐𝒹)
൬

∂𝜔ଶ

∂𝜏
− (𝑐଴ + 𝑐𝒹 − 𝑐௔)

∂

∂Ξଶ

(∇ ⋅ 𝝎)

+ (𝝁 ⋅ ∇)𝜔ଶ + 4𝔳୰𝜔ଶ − 2𝔳୰ ൬
∂𝜇ଵ

∂Ξଷ

−
∂𝜇ଷ

∂Ξଵ

൰

− 𝜚ଶ,ଶ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                          (127)
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Ωଷ[𝜔ଷ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)
= 𝜔ଷ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷഘయ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഘయ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయℷഘయ

൭Δ𝜔ଷ

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔠ୟ + 𝔠𝔡)
൬

∂𝜔ଷ

∂𝜏
− (𝔠଴ + 𝔠𝔡 − 𝔠ୟ)

∂

∂Ξଷ

(∇ ⋅ 𝝎)

+ (𝝁 ⋅ ∇)𝜔ଷ + 4𝔳୰𝜔ଷ − 2𝔳୰ ൬
∂𝜇ଶ

∂Ξଵ

−
∂𝜇ଵ

∂Ξଶ

൰

− 𝜚ଶ,ଷ൰൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                          (128) 

Ρ[𝜌](𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)
= 𝜌(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න
𝛾ଷ,ℷഐ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഐ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഐ

൭Δ𝜌

కభ

଴

కమ

଴

కయ

଴

+
𝜕

𝜕𝑥ଵ

൫(𝝁. ∇)𝜇ଵ − 𝜚ଵ,ଵ൯ +
𝜕

𝜕𝑥ଶ

൫(𝝁. ∇)𝜇ଶ − 𝜚ଵ,ଶ൯

+
𝜕

𝜕𝑥ଷ

൫(𝝁. ∇)𝜇ଷ

− 𝜚ଵ,ଷ൯൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ .                           (129) 

If there exist constants ℭΜ < 1, ℭΩ < 1, and ℭΡ < 1such 
that for all 

𝝁, 𝝁̃ ∈ 𝔏ஶ൫0, Τ, ℌଵ(℧)൯ ∩ 𝔏ଶ൫0, Τ, 𝓥𝝑(℧)൯, 

𝝎, 𝝎̃ ∈ 𝔏ஶ൫0, Τ, ℌଵ(℧)൯ ∩ 𝔏ଶቀ0, Τ, ℌ𝝑
ଶ (℧)ቁ, 

𝜌, 𝜌̃ ∈ 𝔏ଶ(0, Τ, ℌଵ(℧)), 
‖Μ[𝝁] − Μ[𝝁̃]‖

𝔏మቀ଴,஋,ℌమ(℧)ቁ

≤ ℭ஄‖𝝁 − 𝝁̃‖
𝔏మቀ଴,஋,ℌమ(℧)ቁ

,            (130) 

‖Ω[𝝎] − Ω[𝝁̃]‖
𝔏మቀ଴,஋,ℌమ(℧)ቁ

≤ ℭஐ‖𝝎 − 𝝎̃‖
𝔏మቀ଴,஋,ℌమ(℧)ቁ

,          (131) 

‖Ρ[𝜌] − Ρ[𝜌̃]‖
𝔏2൫0,Τ,ℌ1(℧)൯

≤ ℭΡ‖𝜌 − 𝜌̃‖
𝔏2ቀ0,Τ,ℌ1(℧)ቁ

,            (132) 

then systems (66) and (67) admit unique solutions. 
Proof. The proof follows directly from Banach's Fixed 
Point Theorem. 
 
Theorem 9. Assume the operator s 
Μ: 𝒦஄ → 𝒦஄, Ω: 𝒦ஐ → 𝒦ஐ and Ρ: 𝒦உ → 𝒦உ 
from Theorem 8 are defined on compact, convex subsets 

𝒦Μ, 𝒦Ω and 𝒦Ρ of the spaces  

𝒦Μ ⊂ 𝔏∞ቀ0, Τ, ℌ1(℧)ቁ ∩ 𝔏2 ቀ0, Τ, 𝓥𝑔(℧)ቁ, 

𝒦Ω ⊂ 𝔏∞ቀ0, Τ, ℌ1(℧)ቁ ∩ 𝔏2 ቀ0, Τ, ℌ
𝝑
2 (℧)ቁ, 

𝒦Ρ ⊂ 𝔏2ቀ0, Τ, ℌ1(℧)ቁ, 

respectively. If Μ, Ω, and Ρ are continuous, then the 
systems (66) and (67) admit solutions. 
Proof. The proof follows directly from Schauder's Fixed 
Point Theorem. 

 
In similar discussion, we introduce the following 

results for the stationary micropolar fluid flow. 
 
 

Theorem 10. The correction functionals of the stationary  
micropolar fluid flow are defined as follows: 
For 𝒹 = 2: 
The governing equations are: 

     

⎩
⎪
⎨

⎪
⎧

−(𝔳 + 𝔳୰)Δ𝝁

+(𝝁 ⋅ ∇)𝝁 + ∇𝜌
= 2𝔳୰∇ × 𝝎 + 𝝔ଵ, in ℧,

−(𝔠ୟ + 𝔠𝔡)Δ𝝎

+(𝝁 ⋅ ∇)𝝎 + 4𝔳୰𝝎
= 2𝔳୰∇ × 𝝁 + 𝝔ଶ, in ℧,

∇ ⋅ 𝝁 = 0, in ℧,
𝝁 = 𝝑, 𝝎 = 𝝑, on ∂℧,

(133) 

and the correction functionals are:  
𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ)

= 𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ)

+ න න
𝛾ଶ,ℷഋభ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋభ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋభ

ቌΔ𝜇ଵ,𝓃

కభ

଴

కమ

଴

−
1

(𝔳 + 𝔳𝐫)
൭(𝝁𝓃 ⋅ ∇)𝜇ଵ,𝓃 +

∂𝜌𝓃

∂Ξଵ

− 2𝔳୰

∂𝜔ଷ,𝓃

∂Ξଶ

− 𝜚ଵ,ଵ൱ቍ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,                                         (134) 

𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ)

= 𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ)

+ න න
𝛾ଶ,ℷഋమ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋమ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋమ

ቌΔ𝜇ଶ,𝓃

కభ

଴

కమ

଴

−
1

(𝔳 + 𝔳୰)
൭(𝝁𝓃 ⋅ ∇)𝜇ଶ,𝓃 +

∂𝜌𝓃

∂Ξଶ

+ 2𝔳୰

∂𝜔ଷ,𝓃

∂Ξଵ

− 𝜚ଵ,ଶ൱ቍ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,                                         (135) 

𝜔ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ)

= 𝜔ଷ,𝓃(𝜉ଵ, 𝜉ଶ)

+ න න
𝛾ଶ,ℷഘయ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഘయ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഘయ

ቌΔ𝜔ଷ,𝓃

కభ

଴

కమ

଴

−
1

(𝔠ୟ + 𝔠𝔡)
൭(𝝁𝓃 ⋅ ∇)𝜔ଷ,𝓃 + 4𝔳୰𝜔ଷ,𝓃

− 2𝔳୰ ൬
∂𝜇ଶ,𝓃

∂Ξଵ

−
∂𝜇ଵ,𝓃

∂Ξଶ

൰

− 𝜚ଶ,ଷ൱ቍ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ ,                                        (136) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ)

= 𝜌𝓃(𝜉ଵ, 𝜉ଶ)

+ න න
𝛾ଶ,ℷഐ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഐ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഐ

൭Δ𝜌𝓃

కభ

଴

కమ

଴

+
∂

∂𝑥ଵ

ቀ(𝝁𝓷. ∇)𝜇ଵ,𝓃 − 𝜚ଵ,ଵቁ

+
∂

∂𝑥ଶ

ቀ(𝝁𝓷. ∇)𝜇ଶ,𝓃 − 𝜚ଵ,ଶቁ൱ (Ξଵ, Ξଶ, 𝜏)𝒹Ξଵ 𝒹Ξଶ .     (137) 
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For 𝒹 = 3:  
The governing equations are:  

   

⎩
⎪
⎪
⎨

⎪
⎪
⎧

−(𝔳 + 𝔳୰)Δ𝝁

+(𝝁 ⋅ ∇)𝝁 + ∇𝜌
= 2𝔳୰∇ × 𝝎 + 𝝔ଵ, in ℧,

−(𝔠ୟ + 𝔠𝔡)Δ𝝎

−(𝔠଴ + 𝔠𝔡 − 𝔠ୟ)∇(∇ ⋅ 𝝎)

+(𝝁 ⋅ ∇)𝝎 + 4𝔳୰𝝎

=
2𝔳୰∇ × 𝝁

+𝝔ଶ,
in ℧,

∇ ⋅ 𝝁 = 0, in ℧,
𝝁 = 𝝑, 𝝎 = 𝝑, on ∂℧,

  (138) 

and the correction functionals are: 
𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

= 𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഋభ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋభ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഋభ

ቌΔ𝜇ଵ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔳 + 𝔳୰)
൭(𝝁𝓃 ⋅ ∇)𝜇ଵ,𝓃 +

∂𝜌𝓃

∂Ξଵ

− 2𝔳୰ ൬
∂𝜔ଷ,𝓃

∂Ξଶ

−
∂𝜔ଶ,𝓃

∂Ξଷ

൰

− 𝜚ଵ,ଵ൱ቍ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                          (139) 

𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

= 𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഋమ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋమ
(𝑥ଵ, 𝑥ଶ, 𝑥ଷ)

𝑎ఊయ,ℷഋమ

ቌΔ𝜇ଶ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔳 + 𝔳୰)
൭(𝝁𝓃 ⋅ ∇)𝜇ଶ,𝓃 +

∂𝜌𝓃

∂Ξଶ

− 2𝔳୰ ൬
∂𝜔ଵ,𝓃

∂Ξଷ

−
∂𝜔ଷ,𝓃

∂Ξଵ

൰

− 𝜚ଵ,ଶ൱ቍ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                         (140) 

𝜇ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

= 𝜇ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഋయ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋయ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయℷഋయ

ቌΔ𝜇ଷ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔳 + 𝔳୰)
൭(𝝁𝓃 ⋅ ∇)𝜇ଷ,𝓃 +

∂𝜌𝓃

∂Ξଷ

− 2𝔳୰ ൬
∂𝜔ଶ,𝓃

∂Ξଵ

−
∂𝜔ଵ,𝓃

∂Ξଶ

൰

− 𝜚ଵ,ଷ൱ቍ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                          (141) 

𝜔ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

= 𝜔ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഘభ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഘభ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഘభ

ቌΔ𝜔ଵ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔠ୟ + 𝔠𝔡)
൭(𝔠ୟ − 𝔠଴ − 𝔠𝔡)

∂

∂Ξଵ

(∇ ⋅ 𝝎𝓃) + (𝝁𝓃 ⋅ ∇)𝜔ଵ,𝓃

+ 4𝔳୰𝜔ଵ,𝓃 − 2𝔳୰ ൬
∂𝜇ଷ,𝓃

∂Ξଶ

−
∂𝜇ଶ,𝓃

∂Ξଷ

൰

− 𝜚ଶ,ଵ൱ቍ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                          (142) 

𝜔ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

= 𝜔ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഘమ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഘమ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഘమ

ቌΔ𝜔ଶ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔠ୟ + 𝔠𝔡)
൭(𝔠ୟ − 𝔠଴ − 𝔠𝔡)

∂

∂Ξଶ

(∇ ⋅ 𝝎𝓃) + (𝝁𝓃 ⋅ ∇)𝜔ଶ,𝓃

+ 4𝔳୰𝜔ଶ,𝓃 − 2𝔳୰ ൬
∂𝜇ଵ,𝓃

∂Ξଷ

−
∂𝜇ଷ,𝓃

∂Ξଵ

൰

− 𝜚ଶ,ଶ൱ቍ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                         (143) 

𝜔ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

= 𝜔ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഘయ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഘయ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഘయ

ቌΔ𝜔ଷ,𝓃

కభ

଴

కమ

଴

కయ

଴

−
1

(𝑐ୟ + 𝔠𝔡)
൭(𝔠ୟ − 𝔠଴ − 𝔠𝔡)

∂

∂Ξଷ

(∇ ⋅ 𝝎𝓃) + (𝝁𝓃 ⋅ ∇)𝜔ଷ,𝓃

+ 4𝔳୰𝜔ଷ,𝓃 − 2𝔳୰ ൬
∂𝜇ଶ,𝓃

∂Ξଵ

−
∂𝜇ଵ,𝓃

∂Ξଶ

൰

− 𝜚ଶ,ଷ൱ቍ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                         (144) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)
= 𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഐ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഐ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഐ

൭Δ𝜌𝓃

కభ

଴

కమ

଴

కయ

଴

+
∂

∂𝑥ଵ

൫(𝝁𝓷. ∇)𝜇ଵ,𝓃 − 𝜚ଵ,ଵ൯ +
∂

∂𝑥ଶ

൫(𝝁𝓷. ∇)𝜇ଶ,𝓃 − 𝜚ଵ,ଶ൯

+
∂

∂𝑥ଷ

൫(𝝁𝓷. ∇)𝜇ଷ,𝓃

− 𝜚ଵ,ଷ൯൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ .                          (145) 

 
Theorem 11. Let the operators 

Μ: ℌଵ(℧) ∩ 𝓥𝝑(℧) → ℌଵ(℧) ∩ 𝓥𝝑(℧), 

Ω: ℌଵ(℧) ∩ ℌ𝝑
ଶ (℧) → ℌଵ(℧) ∩ ℌ𝝑

ଶ (℧), 
Ρ: ℌଵ(℧) → ℌଵ(℧) 

be defined as follows: 
For 𝒹 = 2:  

Μ[𝝁] = (Μଵ[𝜇ଵ], Μଶ[𝜇ଶ], 0), Ω[𝝎] = (0,0, Ωଷ[𝜔ଷ]), 
with 
Μଵ[𝜇ଵ](𝜉ଵ, 𝜉ଶ)

= 𝜇ଵ(𝜉ଵ, 𝜉ଶ)

+ න න
𝛾ଶ,ℷഋభ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋభ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋభ

ቌΔ𝜇ଵ

కభ

଴

కమ

଴

−
1

(𝔳 + 𝔳୰)
൭(𝝁. ∇)𝜇ଵ +

∂𝜌

∂Ξଵ

− 2𝔳୰

∂𝜔ଷ

∂Ξଶ

− 𝜚ଵ,ଵ൱ቍ (Ξଵ, Ξଶ)𝒹Ξଵ 𝒹Ξଶ ,                                            (146) 
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Μଶ[𝜇ଶ](𝜉ଵ, 𝜉ଶ)

= 𝜇ଶ(𝜉ଵ, 𝜉ଶ)

+ න න
𝛾ଶ,ℷഋమ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഋమ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഋమ

ቌΔ𝜇ଶ

కభ

଴

కమ

଴

−
1

(𝔳 + 𝔳୰)
൭(𝝁. ∇)𝜇ଶ +

∂𝜌

∂Ξଶ

+ 2𝔳୰

∂𝜔ଷ

∂Ξଵ

− 𝜚ଵ,ଶ൱ቍ (Ξଵ, Ξଶ)𝒹Ξଵ 𝒹Ξଶ ,                                            (147) 

Ωଷ[𝜔ଷ](𝜉ଵ, 𝜉ଶ)

= 𝜔ଷ(𝜉ଵ, 𝜉ଶ)

+ න න
𝛾ଶ,ℷഘయ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഘయ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഘయ

൭Δ𝜔ଷ

కభ

଴

కమ

଴

−
1

(𝔠ୟ + 𝔠𝔡)
൬(𝝁. ∇)𝜔ଷ + 4𝔳୰𝜔ଷ − 2𝔳୰ ൬

∂𝜇ଶ

∂Ξଵ

−
∂𝜇̃ଵ

∂Ξଶ

൰

− 𝜚ଶ,ଷ൰൱ (Ξଵ, Ξଶ)𝒹Ξଵ 𝒹Ξଶ ,                                             (148) 

Ρ[𝜌](𝜉ଵ, 𝜉ଶ)

= 𝜌(𝜉ଵ, 𝜉ଶ)

+ න න
𝛾ଶ,ℷഐ

(Ξଵ, Ξଶ) − 𝛾ଶ,ℷഐ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊమ,ℷഐ

൭Δ𝜌

కభ

଴

కమ

଴

+
∂

∂𝑥ଵ

൫(𝝁. ∇)𝜇ଵ − 𝜚ଵ,ଵ൯

+
∂

∂𝑥ଶ

൫(𝝁. ∇)𝜇ଶ − 𝜚ଵ,ଶ൯൱ (Ξଵ, Ξଶ)𝒹Ξଵ 𝒹Ξଶ .            (149) 

For 𝒹 = 3: 
Μ[𝝁] = (Μଵ[𝜇ଵ], Μଶ[𝜇ଶ], Μଷ[𝜇ଷ]),  
 Ω[𝝎] = (Ωଵ[𝜔ଵ], Ωଶ[𝜔ଶ], Ωଷ[𝜔ଷ]), 

with 
Μଵ[𝜇ଵ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

= 𝜇ଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഋభ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋభ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయℷഋభ

ቌΔ𝜇ଵ

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔳 + 𝔳୰)
൭(𝝁 ⋅ ∇)𝜇ଵ +

∂𝜌

∂Ξଵ

− 2𝔳୰ ൬
∂𝜔ଷ

∂Ξଶ

−
∂𝜔ଶ

∂Ξଷ

൰

− 𝜚ଵ,ଵ൱ቍ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                         (150) 

Μଶ[𝜇ଶ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

= 𝜇ଶ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഋమ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋమ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഋమ

ቌΔ𝜇ଶ

కభ

଴

కమ

଴

కయ

଴

−
1

(𝑣 + 𝑣௥)
൭(𝝁 ⋅ ∇)𝜇ଶ +

𝜕𝜌

𝜕Ξଶ

− 2𝔳୰ ൬
𝜕𝜔ଵ

𝜕Ξଷ

−
𝜕𝜔ଷ

𝜕Ξଵ

൰

− 𝜚ଵ,ଶ൱ቍ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                         (151) 

Μଷ[𝜇ଷ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ)
= 𝜇ଷ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഋయ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഋయ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഋయ

ቌΔ𝜇ଷ

కభ

଴

కమ

଴

కయ

଴

−
1

(𝑣 + 𝑣௥)
൭(𝝁 ⋅ ∇)𝜇ଷ +

𝜕𝜌

𝜕Ξଷ

− 2𝔳୰ ൬
𝜕𝜔ଶ

𝜕Ξଵ

−
𝜕𝜔ଵ

𝜕Ξଶ

൰

− 𝜚ଵ,ଷ൱ቍ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                         (152) 

Ωଵ[𝜔ଵ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ)
= 𝜔ଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഘభ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഘభ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഘభ

ቌΔ𝜔ଵ

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔠ୟ + 𝔠𝔡)
൭(𝔠ୟ − 𝔠଴ − 𝔠𝔡)

𝜕

𝜕Ξଵ

(∇ ⋅ 𝝎) + (𝝁 ⋅ ∇)𝜔ଵ

+ 4𝔳୰𝜔ଵ − 2𝔳୰ ൬
𝜕𝜇ଷ

𝜕Ξଶ

−
𝜕𝜇ଶ

𝜕Ξଷ

൰

− 𝜚ଶ,ଵ൱ቍ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                         (153) 

Ωଶ[𝜔ଶ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ)
= 𝜔ଶ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഘమ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഘమ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഘమ

ቌΔ𝜔ଶ

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔠ୟ + 𝔠𝔡)
൭(𝔠ୟ − 𝔠଴ − 𝔠𝔡)

∂

∂Ξଶ

(∇ ⋅ 𝝎) + (𝝁 ⋅ ∇)𝜔ଶ

+ 4𝔳୰𝜔ଶ − 2𝔳୰ ൬
∂𝜇ଵ

∂Ξଷ

−
∂𝜇ଷ

∂Ξଵ

൰

− 𝜚ଶ,ଶ൱ቍ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                          (154) 

Ωଷ[𝜔ଷ](𝜉ଵ, 𝜉ଶ, 𝜉ଷ)
= 𝜔ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഘయ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഘయ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయ,ℷഘయ

ቌΔ𝜔ଷ

కభ

଴

కమ

଴

కయ

଴

−
1

(𝔠ୟ + 𝔠𝔡)
൭(𝔠ୟ − 𝔠଴ − 𝔠𝔡)

∂

∂Ξଷ

(∇ ⋅ 𝝎) + (𝝁 ⋅ ∇)𝜔ଷ

+ 4𝔳୰𝜔ଷ − 2𝔳୰ ൬
∂𝜇ଶ

∂Ξଵ

−
∂𝜇ଵ

∂Ξଶ

൰

− 𝜚ଶ,ଷ൱ቍ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,                         (155) 

Ρ[𝜌](𝜉ଵ, 𝜉ଶ, 𝜉ଷ)
= 𝜌(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ଷ,ℷഐ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ଷ,ℷഐ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊయℷഐ

൭Δ𝜌

కభ

଴

కమ

଴

కయ

଴

+
∂

∂𝑥ଵ

ቀ(𝝁 ⋅ ∇)𝜇ଵ − 𝜚ଵ,ଵቁ +
∂

∂𝑥ଶ

൫(𝝁. ∇)𝜇ଶ − 𝜚ଵ,ଶ൯

+
∂

∂𝑥ଷ

൫(𝝁. ∇)𝜇ଷ

− 𝜚ଵ,ଷ൯൱ (Ξଵ, Ξଶ, Ξଷ, 𝜏)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ .                           (156) 
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If there are constants ℭ஄ < 1, ℭஐ < 1 and ℭஉ < 1 such 
that: 
             ‖Μ[𝝁] − Μ[𝝁̃]‖ℌమ(℧) ≤ ℭ஄‖𝝁 − 𝝁̃‖ℌమ(℧),    (157) 
          ‖Ω[𝝎] − Ω[𝝁̃‖ℌమ(℧) ≤ ℭஐ‖𝝎 − 𝝎̃‖ℌమ(℧),        (158) 
             ‖Ρ[𝜌] − Ρ[𝜌̃]‖ℌభ(℧) ≤ ℭஉ‖𝜌 − 𝜌̃‖ℌభ(℧),         (159) 
for all  𝜇, 𝜇̃ ∈ ℌଵ(℧) ∩ 𝑉௚(℧), 𝜔, 𝜔̃ ∈ ℌଵ(℧) ∩ ℌ௤

ଶ(℧), 
and 𝜌, 𝜌̃ ∈ ℌଵ(℧), then systems (133) and (134) admit  
unique solutions. 
 
Theorem 12. Assume the operators 

Μ: 𝒦஄ → 𝒦஄, Ω: 𝒦ஐ → 𝒦ஐ, Ρ: 𝒦உ → 𝒦உ 
Defined in Theorem 11 act on compact and convex 
subsets 𝒦஄, 𝒦ஐ and 𝒦உ of the spaces  

𝔏∞ቀ0, Τ, ℌ1(℧)ቁ ∩ 𝔏2 ቀ0, Τ, 𝓥𝑔(℧)ቁ,  

𝔏∞ቀ0, Τ, ℌ1(℧)ቁ ∩ 𝔏2 ቀ0, Τ, ℌ
𝝑
2 (℧)ቁ, 

𝔏2(0, Τ, ℌ1(℧)), 
respectively. If Μ, Ω and Ρ are continuous, then systems 
(133) and (134) admit solutions. 
 

V. APPLICATIONS 
We now utilize our findings to solve the incomposible 

fluid and microrotational fluid flow systems. 
 
Example  13 ([7, 12, 14]). Consider plane Couette flow 
with a velocity field 𝝁 = (𝜇ଵ(𝜉ଶ), 0) and a pressure 
field 𝜌(𝜉ଵ) defined in the domain: 

℧ = {(𝜉ଵ, 𝜉ଶ) ∈ ℛଶ: 𝜉ଶ ∈ [0, 𝔥]}. 
The governing system for the flow is: 

                               ቐ
𝔳

𝒹ଶ𝜇ଵ

𝒹𝜉ଶ
ଶ =

𝒹𝜌

𝒹𝜉ଵ

    in ℧,

𝜇ଵ(0) = 0, 𝜇ଵ(𝔥) = Μ.

                 (160) 

Rewriting (160.1) gives the simplified momentum 
equation: 

                                  
𝒹ଶ𝜇ଵ

𝒹𝜉ଶ
ଶ =

1

𝔳

𝒹𝜌

𝒹𝜉ଵ

.                                (161) 

Applying the operator  
𝒹

𝒹కభ
 to equation (160.1) yields: 

                                        

⎩
⎨

⎧
𝒹ଶ𝜌

𝒹𝜉ଵ
ଶ = 0,

𝜕𝜌

𝜕𝓃
= 0.  

                                 (162) 

The correction functionals for equations (161) and 
(162.1) are: 
𝜇ଵ,𝓃ାଵ(𝜉ଶ) = 𝜇ଵ,𝓃(𝜉ଶ)

+ න (Ξଶ − 𝜉ଶ) ቆ 
𝒹ଶ𝜇ଵ,𝓃

𝒹Ξଶ
ଶ

కమ

଴

−
1

𝔳

𝒹𝜌𝓃

𝒹Ξଵ

ቇ (Ξଶ)𝒹Ξଶ ,                       (163) 

𝜌𝓃ାଵ(𝜉ଵ) = 𝜌𝓃(𝜉ଵ)

+ න (Ξଵ − 𝜉ଵ)
𝒹ଶ𝜌𝓃

𝒹Ξଵ
ଶ

కభ

଴

(Ξଵ)𝒹Ξଵ. (164) 

Starting with unconstrained initial guesses: 
                        𝜇ଵ,଴ = 𝔄ଵ𝜉ଶ

ଶ + 𝔅ଵ𝜉ଶ + ℭଵ,                     (165) 
                                𝜌଴ = 𝔄ଶ𝜉ଵ + 𝔅ଶ.                              (166)  
where 𝔄௜ , 𝔅௜(𝑖 = 1,2), ℭଵ are constants to be determined,  
the first iteration yields:  

       𝜇ଵ,ଵ =
(𝔄ଶ − 2𝔄ଵ𝔳)

2𝔳
𝜉ଶ

ଶ + 𝔄ଵ𝜉ଶ
ଶ + 𝔅ଵ𝜉ଶ

+ ℭଵ,    (167) 
                               𝜌ଵ = 𝔄ଶ𝜉ଵ + 𝔅ଶ.                               (168) 
Applying (160.2) and (162.2) requires that 𝔄ଶ = 2𝔄ଵ𝔳, 
leading to: 

𝔄ଵ = 0, 𝔅ଵ =
Μ

𝔥
, ℭଵ = 0, 𝔄ଶ = 0.  

As a result, the exact solution is: 

                                     𝜇ଵ,ଵ = ൬
Μ

𝔥
൰ 𝜉ଶ,                              (169) 

                                       𝜌ଵ = 𝔅ଶ,                                      (170) 
where 𝔅ଶ is an arbitrary  constant. 
 

Example  14 ([7, 12, 14]). Think about a flow that is 
rectilinear between parallel plates with a velocity 
field 𝝁 = (𝜇ଵ(𝜉ଷ), 𝜇ଶ(𝜉ଷ), 0) and a pressure field 𝜌(𝜉ଵ) 
defined in the domain: 

℧ = {(𝜉ଵ, 𝜉ଶ, 𝜉ଷ) ∈ ℛଷ: 𝜉ଷ ∈ [−𝔥, 𝔥]}. 

The following system regulates the flow: 

                           

⎩
⎪
⎨

⎪
⎧𝔳

𝒹ଶ𝜇ଵ

𝒹𝜉ଷ
ଶ =

𝒹𝜌

𝒹𝜉ଵ

         in ℧,

𝒹ଶ𝜇ଶ

𝒹𝜉ଷ
ଶ = 0                 in ℧

𝜇௜(∓𝔥) = ∓Μ,    𝑖 = 1,2

                (171) 

Rearranging equation (171.1) yields the momentum 
equation: 

                                  
𝒹ଶ𝜇ଵ

𝒹𝜉ଷ
ଶ =

1

𝔳

𝒹𝜌

𝒹𝜉ଵ

.                                (172) 

Equation (171.2) remains: 

                                  
𝒹ଶ𝜇ଶ

𝒹𝜉ଷ
ଶ = 0.                                         (173) 

Applying the operator  
𝒹

𝒹కభ
 to equation (171.1) gives: 

                                      

⎩
⎨

⎧
𝒹ଶ𝜌

𝒹𝜉ଵ
ଶ = 0,

𝜕𝜌

𝜕𝓃
= 0.   

                                  (174) 

The correction functionals for equations (172), (173), and 
(174.1) are:  
𝜇ଵ,𝓃ାଵ(𝜉ଷ) = 𝜇ଵ,𝓃(𝜉ଷ)

+ න (Ξଷ − 𝜉ଷ) ቆ 
𝒹ଶ𝜇ଵ,𝓃

𝒹Ξଷ
ଶ

కయ

ି𝔥

−
1

𝔳

𝒹𝜌𝓃

𝒹Ξଵ

ቇ (Ξଷ)𝒹Ξଷ ,                       (175) 

𝜇ଶ,𝓃ାଵ(𝜉ଷ) = 𝜇ଶ,𝓃(𝜉ଷ)

+ න (Ξଷ

కయ

ି𝔥

− 𝜉ଷ)
𝒹ଶ𝜇ଶ,𝓃

𝒹Ξଷ
ଶ

(Ξଷ)𝒹Ξଷ ,                 (176) 

𝜌𝓃ାଵ(𝜉ଵ) = 𝜌𝓃(𝜉ଵ)

+ න (Ξଵ − 𝜉ଵ)
𝒹ଶ𝜌𝓃

𝒹𝜉ଵ
ଶ

(Ξଵ)𝒹Ξଵ

కభ

଴

. (177) 
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Starting with unconstrained initial guesses: 
                         𝜇ଵ,଴ = 𝔄ଵ𝜉ଷ

ଶ + 𝔅ଵ𝜉ଷ + ℭଵ,                    (178) 
                             𝜇ଶ,଴ = 𝔄ଶ𝜉ଷ + 𝔅ଶ,                               (179) 
                                𝜌଴ = 𝔄ଷ𝜉ଵ + 𝔅ଷ.                              (180)  
where the boundary conditions determine the constants 
𝔄௜ , 𝔅௜(𝑖 = 1,2,3), ℭଵ, the first iteration produces:  

  𝜇ଵଵ =
(𝔄ଷ − 2𝔄ଵ𝔳)

2𝔳
(𝜉ଷ + 𝔥)ଶ + 𝔄ଵ𝜉ଷ

ଶ + 𝔅ଵ𝜉ଷ + ℭଵ, (181) 

                                𝜇ଶଵ = 𝔄ଶ𝜉ଷ + 𝔅ଶ,                            (182) 

                                 𝜌ଵ = 𝔄ଷ𝜉ଵ + 𝔅ଷ.                             (183) 
applying (171.3)-(171.4) requires 𝔄ଷ = 2𝔄ଵ𝔳, leading to: 

𝔄ଵ = 0, 𝔅ଵ =
Μ

𝔥
, ℭଵ = 0, 𝔄ଶ =

Μ

𝔥
, 𝔅ଶ = 0.  

Therefore, the exact solution is: 

                                  𝜇ଵ,ଵ = ൬
Μ

𝔥
൰ 𝜉ଷ,                                 (184) 

                                 𝜇ଶ,ଵ = ൬
Μ

𝔥
൰ 𝜉ଷ,                                  (185) 

                                      𝜌ଵ

= 𝔅ଷ,                                        (186) 
where 𝔅ଷ is an arbitrary  constant. 
 
Example 15 ([7, 12, 14]). Assume the channel flow 
driven by the pulsating pressure gradient with a velocity 
field 𝝁 = (𝜇ଵ(𝜉ଷ, 𝜏), 0,0) and a pressure field 𝜌(𝜉ଵ) in the 
domain: 

℧ = {(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏): 𝜉ଷ ∈ [0, 𝔥], 𝜏 ∈ [0, ∞)}. 
The governing system is: 

          

⎩
⎪
⎨

⎪
⎧

𝜕𝜇ଵ

𝜕𝜏
= −

𝒹𝜌

𝒹𝜉ଵ

+ 𝔳
𝜕ଶ𝜇ଵ

𝜕𝜉ଷ
ଶ ,                    in ℧,

𝜕𝜇ଵ

𝜕𝜉ଷ

(0, 𝜏) = Μଵ, 𝜇ଵ(𝔥, 𝜏) = Μଶ,
   

∀𝜏 ≥ 0.

      

    (187) 

We consider only the steady-state condition, i.e., 
డఓభ

డఛ
=

0.  Under this assumption, equation (187.1) reduces to the 
simplified momentum equation: 

                                     
𝜕ଶ𝜇ଵ

𝜕𝜉ଷ
ଶ =

1

𝔳

𝒹𝜌

𝒹𝜉ଵ

.                             (188) 

Utilizing the operator  
𝒹

𝒹కభ
 to (187.1) yields: 

                                        

⎩
⎨

⎧
𝒹ଶ𝜌

𝒹𝜉ଵ
ଶ = 0,

𝜕𝜌

𝜕𝓃
= 0.  

                                 (189) 

The correction functionals for equations (188) and 
(189.1) are: 
𝜇ଵ,𝓃ାଵ(𝜉ଷ, 𝜏) = 𝜇ଵ,𝓃(𝜉ଷ, 𝜏)

+ න (Ξଷ − 𝜉ଷ) ቆ 
𝜕ଶ𝜇ଵ,𝓃

𝜕𝜉ଷ
ଶ

కయ

଴

−
1

𝔳

𝒹𝜌𝓃

𝒹𝜉ଵ

ቇ (Ξଷ)𝒹Ξଷ ,                        (190) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜏) = 𝜌𝓃(𝜉ଵ, 𝜏)

+ න (Ξଵ − 𝜉ଵ)
𝒹ଶ𝜌𝓃

𝒹𝜉ଵ
ଶ

కభ

଴

(Ξଵ)𝒹Ξଵ. (191) 

Starting with unconstrained initial guesses:  
                     𝜇ଵ,଴ = 𝔄ଵ𝜉ଷ

ଶ + 𝔅ଵ𝜉ଷ + ℭଵ,                        (192) 
                            𝜌଴ = 𝔄ଶ𝜉ଵ + 𝔅ଶ,                                  (193)  
where the boundary conditions determine the constants 
𝔄௜ , 𝔅௜(𝑖 = 1,2), ℭଵ, the first iteration gives: 

                           𝜇1,1 =
𝔄ଶ

2𝔳
𝜉ଷ

ଶ + 𝔅ଵ𝜉ଷ + ℭଵ,                (194) 

                                  𝜌ଵ = 𝔄ଶ𝜉ଵ + 𝔅ଶ.                            (195) 
Implementing (187.2) and (187.2), we find: 

𝔅ଵ = Μଵ, ℭ = Μଶ − Μଵ𝔥, 𝔄ଶ = 0.  
Hence, the exact solution becomes: 
                          𝜇11 = Μଵ(𝜉ଷ − 𝔥) + Μଶ,                     (196) 
                               𝜌ଵ = 𝔅ଶ,                                              (197) 
where 𝔅ଶ is an arbitrary  constant. 
 
Example 16 ([10, 31, 37, 41]). Think about the unsteady, 
decaying Taylor-Green vortex flow with velocity field 
𝝁 = ൫𝜇ଵ(𝜉ଵ, 𝜉ଶ, 𝜏), 𝜇ଶ(𝜉ଵ, 𝜉ଶ, 𝜏)൯ and pressure 
field 𝜌(𝜉ଵ, 𝜉ଶ) within the space-time domain: 

℧஋ = {(𝜉ଵ, 𝜉ଶ, 𝜏): (𝜉ଵ, 𝜉ଶ) ∈ ℧ = [0,2𝜋] × [0,2𝜋]; 𝜏
∈ [0, Τ]}. 

The flow is governed by the incompressible Navier-
Stokes equations: 

⎩
⎪⎪
⎨

⎪⎪
⎧

𝜕𝜇ଵ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଵ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଵ

𝜕𝜉ଶ

− 𝔳Δ𝜇ଵ = −
𝜕𝜌

𝜕𝜉ଵ

in ℧஋,

𝜕𝜇ଶ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଶ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଶ

𝜕𝜉ଶ

− 𝔳Δ𝜇ଶ = −
𝜕𝜌

𝜕𝜉ଶ

in ℧஋,

𝜕𝜇ଵ

𝜕𝜉ଵ

+
𝜕𝜇ଶ

𝜕𝜉ଶ

= 0 in ℧஋,

(198)  

under the periodic boundary conditions: 

൜
𝜇௜(0, 𝜉ଶ, 𝜏) = 𝜇௜(2𝜋, 𝜉ଶ, 𝜏),

𝜇௜(𝜉ଵ, 0, 𝜏) = 𝜇௜(𝜉ଵ, 2𝜋, 𝜏),
for 𝑖 = 1,2,3, 

along with: 
𝜇௜(𝜉ଵ, 𝜉ଶ, 0) = 𝜇௜

଴(𝜉ଵ, 𝜉ଶ, ), in ℧, 
Rearranging the momentum equations (198.1) and 
(198.2), we obtain expressions for the Laplacians of the 
velocity components: 

        Δ𝜇ଵ =
1

𝔳
൬

𝜕𝜇ଵ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଵ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଵ

𝜕𝜉ଶ

+
𝜕𝜌

𝜕𝜉ଵ

൰,       (199) 

        Δ𝜇ଶ =
1

𝔳
൬

𝜕𝜇ଶ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଶ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଶ

𝜕𝜉ଶ

+
𝜕𝜌

𝜕𝜉ଶ

൰.       (200) 

Making use of the divergence operator to the momentum 
equations yields a Neumann pressure problem: 

    ቐ

∆𝜌 = −∇ ⋅ ((𝝁 ⋅ ∇)𝝁)                     in ℧஋,
∂𝜌

∂𝓃
= ൬𝔳Δ𝝁 −

∂𝝁

∂𝜏
− (𝝁 ⋅ ∇)𝝁൰ ⋅ 𝓷     on 𝜕℧஋,

 (201) 

where 𝓷 is the outward unit normal to ∂℧. 
The correction functionals for (199), (200), and (200.1) 
using 

𝛾ଶ,ℷೕ
(Ξଵ, Ξଶ) = 𝑎ఊమ,ℷഋೕ

Ξ𝑗(𝑗 = 1,2), 

𝛾ଶ,ℷഐ
(Ξଵ, Ξଶ) = 𝑎ఊమ,ℷഐ

Ξଵ, 

are: 
𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න (Ξଵ − 𝜉ଵ) ൭Δ𝜇ଵ

కభ

଴

కమ

଴

−
1

𝔳
൬

𝜕𝜇ଵ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଵ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଵ

𝜕𝜉ଶ

+
𝜕𝜌

𝜕𝜉ଵ

൰൱ (Ξଵ, Ξଶ)𝒹Ξଵ 𝒹Ξଶ ,            (202) 
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𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න (Ξଶ − 𝜉ଶ) ൭Δ𝜇ଶ

కభ

଴

కమ

଴

−
1

𝔳
൬

𝜕𝜇ଶ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଶ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଶ

𝜕𝜉ଶ

+
𝜕𝜌

𝜕𝜉ଶ

൰൱ (Ξଵ, Ξଶ)𝒹Ξଵ 𝒹Ξଶ ,            (203) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜏)

+ න න (Ξଵ − 𝜉ଵ) ൭∆𝜌𝓃

కభ

଴

కమ

଴

+
𝜕

𝜕𝜉ଵ

൬𝜇ଵ

𝜕𝜇ଵ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଵ

𝜕𝜉ଶ

൰

+
𝜕

𝜕𝜉ଶ

൬𝜇ଵ

𝜕𝜇ଶ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଶ

𝜕𝜉ଶ

൰൱ (Ξଵ, Ξଶ)𝒹Ξଵ 𝒹Ξଶ .      (204) 

The following initial approximations consistent with the  
initial conditions at 𝜏 = 0 are used: 
       𝜇ଵ,଴(𝜉ଵ, 𝜉ଶ, 𝜏) = −(1 − 2𝔳𝜏) cos(𝜉ଵ) sin(𝜉ଶ),    (205) 
         𝜇ଶ,଴(𝜉ଵ, 𝜉ଶ, 𝜏) = (1 − 2𝔳𝜏) sin(𝜉ଵ) cos(𝜉ଶ),     (206)  

𝜌଴(𝜉ଵ, 𝜉ଶ, 𝜏) = −
(1 − 4𝔳𝜏 + 8𝔳ଶ𝜏ଶ)

4
(cos(2𝜉ଵ)

+ cos(2𝜉ଶ)).                                     (207) 

The approximate solutions after one iteration step are 
derived. The accuracy of these approximations improves 
with further iterations: 
𝜇ଵ,ୟ୮  (𝜉ଵ, 𝜉ଶ, 𝜏) = −(1 − 2𝔳𝜏) cos(𝜉ଵ) sin(𝜉ଶ)

+ 4𝜏𝔳(cos(𝜉ଵ) − 1)(cos(𝜉ଶ) − 1)

+ 𝜏ଶ𝔳𝜉ଶ ൬𝜉ଵ −
1

2
sin(𝜉ଵ)൰,             (208) 

𝜇ଶ,ୟ୮୮ (𝜉ଵ, 𝜉ଶ, 𝜏) = (1 − 2𝔳𝜏) sin(𝜉ଵ) cos(𝜉ଶ)

− 16𝜏𝔳 sinଶ ൬
𝜉ଵ

2
൰ sinଶ ൬

𝜉ଶ

2
൰

+ 𝜏ଶ𝔳𝜉ଵ ൬𝜉ଶ

+ sin(𝜉ଶ) ൬2sinଶ ൬
𝜉ଶ

2
൰ − 1൰൰,       (209) 

𝜌ୟ୮୮ (𝜉ଵ, 𝜉ଶ, 𝜏) = −
(1 − 4𝔳𝜏 + 8𝔳2𝜏2)

4
(cos(2𝜉ଵ)

+ cos(2𝜉ଶ))
− 2𝜏ଶ𝔳ଶ(𝜉ଶsinଶ(𝜉ଵ)
+ 𝑥ଵ

ଶ cos(𝜉ଶ) sin(𝜉ଶ)).                    (210) 
Contrasted with the exact solution: 

      

⎩
⎨

⎧
𝜇ଵ(𝜉ଵ, 𝜉ଶ, 𝜏) = −𝑒ିଶ𝔳ఛ cos(𝜉ଵ) sin(𝜉ଶ) ,

𝜇ଶ(𝜉ଵ, 𝜉ଶ, 𝜏) = 𝑒ିଶ𝔳ఛ sin(𝜉ଵ) cos(𝜉ଶ) ,

𝜌(𝜉ଵ, 𝜉ଶ, 𝜏) =
−𝑒ିସ𝔳ఛ

4
൫cos (2𝜉ଵ) + cos (2𝜉ଶ)൯,

  (211) 

yields the absolute errors presented in: 
 
 

Table I: Absolute Errors in 𝔏ଶ൫0, Τ, 𝓥௚(℧)൯ and 𝔏ଶ(0, Τ, ℌଵ(℧)) Norms. 
Time 
within   

ten  second 

∥∥𝝁 − 𝝁௔ఘఘ∥∥
𝔏మ൫଴,஋,ℌమ(℧)൯

 ∥∥𝜌 − 𝜌௔ఘఘ∥∥
𝔏మ൫଴,஋,ℌభ(℧)൯

 

𝔳 =
1

5000
 𝔳 =

1

10000
 𝔳 =

1

5000
 𝔳 =

1

10000
 

T = 0.00 0.0000 × 10ିଷ 0.0000 × 10ିଷ 0.1907 × 10ିହ 0.2697 × 10ିହ 
Τ = 0.01 0.0093 × 10ିଷ 0.0047 × 10ିଷ 0.2369 × 10ିହ 0.3410 × 10ିହ 
Τ = 0.02 0.0271 × 10ିଷ 0.0132 × 10ିଷ 0.1126 × 10ିହ 0.3351 × 10ିହ 
Τ = 0.03 0.0498 × 10ିଷ 0.0252 × 10ିଷ 0.1557 × 10ିହ 0.2510 × 10ିହ 
Τ = 0.04 0.0770 × 10ିଷ 0.0383 × 10ିଷ 0.3161 × 10ିହ 0.1592 × 10ିହ 
Τ = 0.05 0.1078 × 10ିଷ 0.0540 × 10ିଷ 0.2208 × 10ିହ 0.3327 × 10ିହ 
Τ = 0.06 0.1419 × 10ିଷ 0.0706 × 10ିଷ 0.2662 × 10ିହ 0.2201 × 10ିହ 
Τ = 0.07 0.1790 × 10ିଷ 0.0896 × 10ିଷ 0.1728 × 10ିହ 0.2026 × 10ିହ 
Τ = 0.08 0.2189 × 10ିଷ 0.1093 × 10ିଷ 0.2494 × 10ିହ 0.4470 × 10ିହ 
Τ = 0.09 0.2616 × 10ିଷ 0.1310 × 10ିଷ 0.1497 × 10ିହ 0.3563 × 10ିହ 
Τ = 0.10 0.3069 × 10ିଷ 0.1534 × 10ିଷ 0.2724 × 10ିହ 0.3123 × 10ିହ 

 
Table II: Absolute Errors in 𝔏ଶ൫0, Τ, 𝓥௚(℧)൯ and 𝔏ଶ(0, Τ, ℌଵ(℧)) Norms. 

Time 
within 
one 
minute  

∥∥𝝁 − 𝝁௔ఘఘ∥∥
𝔏మ൫଴,஋,ℌమ(℧)൯

 ∥∥𝜌 − 𝜌௔ఘఘ∥∥
𝔏మ൫଴,஋,ℌభ(℧)൯

 

𝔳 =
1

5000
 𝔳 =

1

10000
 𝔳 =

1

5000
 𝔳 =

1

10000
 

T = 0.0 0.0000 0.0000 0.1907 × 10ିହ 0.2697 × 10ିହ 
Τ = 0.1 0.0003 0.0002 0.2724 × 10ିହ 0.3123 × 10ିହ 
Τ = 0.2 0.0009 0.0004 0.2455 × 10ିହ 0.3852 × 10ିହ 
Τ = 0.3 0.0017 0.0008 0.2090 × 10ିହ 0.4663 × 10ିହ 
Τ = 0.4 0.0027 0.0014 0.1996 × 10ିହ 0.3471 × 10ିହ 
Τ = 0.5 0.0040 0.0020 0.1990 × 10ିହ 0.3410 × 10ିହ 
Τ = 0.6 0.0057 0.0028 0.2701 × 10ିହ 0.2956 × 10ିହ 
Τ = 0.7 0.0076 0.0038 0.1908 × 10ିହ 0.1773 × 10ିହ 
Τ = 0.8 0.0099 0.0049 0.3846 × 10ିହ 0.2823 × 10ିହ 
Τ = 0.9 0.0126 0.0063 0.3453 × 10ିହ 0.2450 × 10ିହ 
Τ = 1.0 0.0157 0.0078 0.4595 × 10ିହ 0.2814 × 10ିହ 
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Example 17 ([4, 8, 9, 14]). Look at the Arnold-Beltrami-
𝔠hildress flow with velocity field 

𝝁 = ൫𝜇ଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏), 𝜇ଶ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏), 𝜇ଷ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)൯ and 

the pressure field 𝜌(𝜉ଵ, 𝜉ଶ, 𝜉ଷ) within the domain:  
℧஋ = {(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏): 𝜉௜ ∈ [0,2𝜋], 𝑖 = 1,2,3; 𝜏 ∈ [0, Τ]}. 

The governing Navier-Stokes equations in this domain are:  

          

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎧

𝜕𝜇ଵ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଵ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଵ

𝜕𝜉ଶ

+ 𝜇ଷ

𝜕𝜇ଵ

𝜕𝜉ଷ

−𝔳Δ𝜇ଵ = −
𝜕𝜌

𝜕𝜉ଵ

,

in ℧஋

𝜕𝜇ଶ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଶ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଶ

𝜕𝜉ଶ

+ 𝜇ଷ

𝜕𝜇ଶ

𝜕𝜉ଷ

−𝔳Δ𝜇ଶ = −
𝜕𝜌

𝜕𝜉ଶ

,

in ℧஋

𝜕𝜇ଷ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଷ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଷ

𝜕𝜉ଶ

+ 𝜇ଷ

𝜕𝜇ଷ

𝜕𝜉ଷ

−𝔳Δ𝜇ଷ = −
𝜕𝜌

𝜕𝜉ଷ

,

in ℧஋

𝜕𝜇ଵ

𝜕𝜉ଵ

+
𝜕𝜇ଶ

𝜕𝜉ଶ

+
𝜕𝜇ଷ

𝜕𝜉ଷ

= 0, in ℧஋

          (212)  

satisfying the periodic boundary conditions: 

ቐ

𝜇௜(0, 𝜉ଶ, 𝜉ଷ, 𝜏) = 𝜇௜(2𝜋, 𝜉ଶ, 𝜉ଷ, 𝜏),

𝜇௜(𝜉ଵ, 0, 𝜉ଷ, 𝜏) = 𝜇௜(𝜉ଵ, 2𝜋, 𝜉ଷ, 𝜏),

𝜇௜(𝜉ଵ, 𝜉ଶ, 0, 𝜏) = 𝜇௜(𝜉ଵ, 𝜉ଶ, 2𝜋, 𝜏),

for 𝑖 = 1,2,3, 

together with: 

𝜇௜(𝜉ଵ, 𝜉ଶ, , 𝜉ଷ, 0) = 𝜇௜
଴(𝜉ଵ, 𝜉ଶ, , 𝜉ଷ), in ℧, 

Rewriting the momentum equations (212.1), (212.2), and 
(212.3), we derive: 

   Δ𝜇ଵ =
1

𝔳
൬

𝜕𝜇ଵ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଵ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଵ

𝜕𝜉ଶ

+ 𝜇ଷ

𝜕𝜇ଵ

𝜕𝜉ଷ

+
𝜕𝜌

𝜕𝜉ଵ

൰ , (213) 

   Δ𝜇ଶ =
1

𝔳
൬

𝜕𝜇ଶ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଶ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଶ

𝜕𝜉ଶ

+ 𝜇ଷ

𝜕𝜇ଶ

𝜕𝜉ଷ

+
𝜕𝜌

𝜕𝜉ଶ

൰ , (214) 

   Δ𝜇ଷ =
1

𝔳
൬

𝜕𝜇ଷ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଷ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଷ

𝜕𝜉ଶ

+ 𝜇ଷ

𝜕𝜇ଷ

𝜕𝜉ଷ

+
𝜕𝜌

𝜕𝜉ଷ

൰ . (215) 

Applying the gradient operator ∇ to the momentum  
equations yields a Neumann pressure problem: 

       ቐ

∆𝜌 = −∇ ⋅ ((𝝁 ⋅ ∇)𝝁)                     in ℧஋,
∂𝜌

∂𝓃
= ൬𝔳Δ𝝁 −

∂𝝁

∂𝜏
− (𝝁 ⋅ ∇)𝝁൰ ⋅ 𝓷     on 𝜕℧஋,

   (216) 

where 𝓷 is the outward unit normal to ∂℧. 
The correction funcionals for (213)-(216) using: 

𝛾ଷ,ℷೕ
(Ξଵ, Ξଶ, Ξଷ) = 𝑎ఊయ,ℷഋೕ

Ξ௝  (𝑗 = 1,2,3),   

𝛾ଷ,ℷഐ
(Ξଵ, Ξଶ, Ξଷ) = 𝑎ఊయ,ℷഐ

Ξଵ, 

are: 
𝜇ଵ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଵ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න (Ξଵ − 𝜉ଵ) ൭Δ𝜇ଵ

కభ

଴

కమ

଴

కయ

଴

−
1

𝔳
൬

𝜕𝜇ଵ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଵ

𝜕Ξଵ

+ 𝜇ଶ

𝜕𝜇ଵ

𝜕Ξଶ

+ 𝜇ଷ

𝜕𝜇ଵ

𝜕Ξଷ

+
𝜕𝜌

𝜕𝜉ଵ

൰൱ (Ξଵ, Ξଶ, Ξଷ)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,      (217) 

𝜇ଶ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଶ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න (Ξଶ − 𝜉ଶ) ൭Δ𝜇ଶ

కభ

଴

కమ

଴

కయ

଴

−
1

𝔳
൬

𝜕𝜇ଶ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଶ

𝜕Ξଵ

+ 𝜇ଶ

𝜕𝜇ଶ

𝜕Ξଶ

+ 𝜇ଷ

𝜕𝜇ଶ

𝜕Ξଷ

+
𝜕𝜌

𝜕Ξଶ

൰൱ (Ξଵ, Ξଶ, Ξଷ)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,     (218) 

𝜇ଷ,𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

= 𝜇ଷ,𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න (Ξଷ − 𝜉ଷ) ൭Δ𝜇ଶ

కభ

଴

కమ

଴

కయ

଴

−
1

𝔳
൬

𝜕𝜇ଷ

𝜕𝜏
+ 𝜇ଵ

𝜕𝜇ଷ

𝜕Ξଵ

+ 𝜇ଶ

𝜕𝜇ଷ

𝜕Ξଶ

+ 𝜇ଷ

𝜕𝜇ଷ

𝜕Ξଷ

+
𝜕𝜌

𝜕Ξଷ

൰൱ (Ξଵ, Ξଶ, Ξଷ)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ ,     (219) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = 𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏)

+ න න න (Ξଵ − 𝜉ଵ) ൭∆𝜌𝓃

కభ

଴

కమ

଴

కయ

଴

+
𝜕

𝜕𝜉ଵ

൬𝜇ଵ

𝜕𝜇ଵ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଵ

𝜕𝜉ଶ

+ 𝜇ଷ

𝜕𝜇ଵ

𝜕𝜉ଷ

൰

+
𝜕

𝜕𝜉ଶ

൬𝜇ଵ

𝜕𝜇ଶ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଶ

𝜕𝜉ଶ

+ 𝜇ଷ

𝜕𝜇ଶ

𝜕𝜉ଷ

൰

+
𝜕

𝜕𝜉ଷ

൬𝜇ଵ

𝜕𝜇ଷ

𝜕𝜉ଵ

+ 𝜇ଶ

𝜕𝜇ଷ

𝜕𝜉ଶ

+ 𝜇ଷ

𝜕𝜇ଷ

𝜕𝜉ଷ

൰൱ (Ξଵ, Ξଶ, Ξଷ)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ . (220) 

The initial approximations are giving by: 

     

⎩
⎪⎪
⎨

⎪⎪
⎧

𝜇ଵ,଴(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = 𝑒ି𝔳ఛ(𝔄 sin(𝜉ଷ) + 𝔅 cos(𝜉ଶ)),

𝜇ଶ,଴(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = 𝑒ି𝔳ఛ(ℭ sin(𝜉ଵ) + 𝔇 cos(𝜉ଷ)),

𝜇ଷ,଴(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = 𝑒ି𝔳ఛ(𝔈 sin(𝜉ଶ) + 𝔉 cos(𝜉ଵ)),

𝜌଴(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = 𝑒ିଶ𝔳ఛ ቌ

𝔊 cos(𝜉ଵ) sin(𝜉ଶ)

+ℌ sin(𝜉ଵ) cos(𝜉ଷ)

+ℑ sin (𝜉ଷ)cos (𝜉ଶ)
ቍ ,

 (221) 

where the boundary conditions dictate 𝔄, 𝔅, ℭ, 𝔇, 𝔈, 𝔉, 𝔊, ℌ, 
ℑ. From these, we derive the correction functionals: 
𝜇ଵଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = eି𝔳୲൫𝔄sin(𝜉ଷ) + 𝔅cos(𝜉ଶ)൯

+
𝑒ିଶ𝔳ఛ

𝔳
ቆ(ℌ + 𝔄𝔉)(1

− cos(𝜉ଵ) )𝜉ଶ sin(𝜉ଷ)

+
1

2
(𝔄𝔈 − 𝔅𝔇)𝜉ଵ

ଶ(1 − cos(𝜉ଶ) ) sin(𝜉ଷ)

− (𝔊 + 𝔅ℭ)𝜉ଷ(𝜉ଵ − sin(𝜉ଵ) )(1

− cos(𝜉ଶ) )ቇ,                                         (222) 

𝜇ଶଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = 𝑒ିଶ𝔳ఛ(𝔇 cos(𝜉ଷ) +  ℭ sin(𝜉ଵ))

+
𝑒ିଶ𝔳ఛ

𝔳
൭(𝔊 + 𝔅ℭ)𝜉ଷ(1

− cos(𝜉ଶ) ) sin(𝜉ଵ)
− (1

− cos(𝜉ଶ) ) ቆ(ℑ + 𝔇𝔈)𝜉ଵ(𝜉ଶ − sin(𝜉ଶ) )

+
1

2
(𝔇𝔉 − 𝔄ℭ)𝜉ଶ

ଶ sin(𝜉ଵ) ቇ൱,         (223) 
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𝜇ଷ,ଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = 𝑒ି𝔳ఛ(𝔈 sin(𝜉ଶ) + 𝔉 cos(𝜉ଵ))

+
𝑒ିଶ𝔳ఛ

𝔳
ቆ(ℑ + 𝔇𝔈)𝜉ଵ(1

− cos(𝜉ଷ) ) sin(𝜉ଶ)

+ (1 − cos(𝜉ଵ) ) ൬
1

2
(ℭ𝔈 − 𝔅𝔉)𝜉ଷ

ଶ sin(𝜉ଶ)

− (ℌ + 𝔄𝔉)𝜉ଶ(𝜉ଷ

− sin(𝜉ଷ) )൰ቇ,                                      (224) 

𝜌ଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = 𝑒ିଶ௩ఛ൫𝔊 cos(𝜉ଵ) sin(𝜉ଶ)

+ ℌ sin(𝜉ଵ) cos(𝜉ଷ) + sin(𝜉ଷ) cos(𝜉ଶ)

+ 2(𝔊 + 𝔅ℭ)𝜉ଷ൫1 − cos(𝜉ଵ)൯൫1

− cos(𝜉ଶ)൯

+ (ℑ + 𝔇𝔈)𝜉ଵ
ଶ൫1 − cos(𝜉ଷ)൯ sin(𝜉ଶ)

+ 2(ℌ

+ 𝔄𝔉)𝜉ଶ sin(𝜉ଷ)൫𝜉ଵ − sin(𝜉ଵ)൯൯.   (225) 

Applying periodicity conditions leads to the relationships: 
𝔇 = 𝔄, 𝔈 = 𝔅, 𝔉 = ℭ, 𝔊 = −𝔅ℭ, ℌ = −𝔄𝔉, ℑ = −𝔇𝔈. 

Thus, the exact solution is: 

  

⎩
⎪⎪
⎨

⎪⎪
⎧

𝜇ଵ,଴(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = 𝑒ି𝔳ఛ(𝔄 sin(𝜉ଷ) + 𝔅 cos(𝜉ଶ)),

𝜇ଶ,଴(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = 𝑒ି𝔳ఛ(ℭ sin(𝜉ଵ) + 𝔄 cos(𝜉ଷ)),

𝜇ଷ,଴(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = 𝑒ି𝔳ఛ(𝔅 sin(𝜉ଶ) + ℭ cos(𝜉ଵ)),

𝜌଴(𝜉ଵ, 𝜉ଶ, 𝜉ଷ, 𝜏) = −𝑒ିଶ𝔳ఛ ቌ

𝔅ℭ cos(𝜉ଵ) sin(𝜉ଶ)

+𝔄ℭ sin(𝜉ଵ) cos(𝜉ଷ)

+𝔄𝔅sin (𝜉ଷ)cos (𝜉ଶ)
ቍ ,

 (226) 

where 𝔄, 𝔅, ℭ are arbitrary  constants. 
 
Example 18 ([1, 33, 37]). Take plane Poiseuille flow 
defined in the domain:  

℧ = {(𝜉ଵ, 𝜉ଶ, 𝜉ଷ) ∈ ℛଷ: 𝜉ଶ ∈ (−𝔥, 𝔥)}. 

with the velocity field 𝝁 = (𝜇ଵ(𝜉ଶ), 0,0), the microrotation 

field 𝝎 = ൫0,0, 𝜔ଷ(𝜉ଶ)൯, and the field of pressure 𝜌(𝜉ଵ). 

The governing system is: 

   

⎩
⎪
⎪
⎨

⎪
⎪
⎧(𝔳 + 𝔳୰)

𝒹ଶ𝜇ଵ

𝒹𝜉ଶ
ଶ + 2𝔳୰

𝒹𝜔ଷ

𝒹𝜉ଶ

−
𝒹𝜌

𝒹𝜉ଵ

= 0  in ℧,

(𝔠ୟ + 𝔠𝔡)
𝒹ଶ𝜔ଷ

𝒹𝜉ଶ
ଶ − 2𝔳୰ ൬2𝜔ଷ +

𝒹𝜇ଵ

𝒹𝜉ଶ

൰ = 0  in ℧,

𝜇ଵ(−𝔥) = 0, 𝜇ଵ(𝔥) = 0,  

𝜔ଷ(−𝔥) = −
1

𝔥
, 𝜔ଷ(𝔥) =

1

𝔥

     (227)  

Rewriting (227.1) and (227.2) gives:   

                 
𝒹ଶ𝜇ଵ

𝒹𝜉ଶ
ଶ = −

1

𝔳 + 𝔳୰

൬2𝔳୰

𝒹𝜔ଷ

𝒹𝜉ଶ

−
𝒹𝜌

𝒹𝜉ଵ

൰,                (228) 

                   
𝒹ଶ𝜔ଷ

𝒹𝜉ଶ
ଶ =

2𝔳୰

𝔠ୟ + 𝔠𝔡

൬2𝜔ଷ +
𝒹𝜇_1

𝒹𝜉ଶ

൰.                     (229) 

Applying 
𝒹

𝒹௫భ
 to (227.1) shows that the pressure 𝜌 satisfies 

the Neumann problem: 

                              

⎩
⎨

⎧
𝒹ଶ𝜌

𝒹𝜉ଵ
ଶ = 0  in ℧,

∂𝜌

∂𝓃
= 0  on ∂℧.

                              (230) 

The correction functionals for (228), (229), and (230.1) are: 

𝜇
1,𝓃+1

൫𝜉
2
൯ = 𝜇

1,𝓃
൫𝜉

2
൯

+ න ൫Ξ2 − 𝜉
2
൯ ቌ

𝒹2𝜇
𝓃

𝒹Ξ2
2

𝜉2

ି𝔥

+
1

𝔳 + 𝔳r

൬2𝔳r

𝒹𝜔𝓃

𝒹Ξ2

−
𝒹𝜌

𝒹Ξ1

൰ቍ (Ξ2)𝒹Ξ2 ,                             (231) 

𝜔ଷ,𝓃ାଵ(𝜉ଶ) = 𝜔ଷ,𝓃(𝜉ଶ)

+ න
ඥ𝔠ୟ + 𝔠𝔡

2√𝔳୰

sinh ቌ
2√𝔳୰

ඥ𝔠ୟ + 𝔠𝔡

(Ξଶ

కమ

ି𝔥

− 𝜉ଶ)ቍ ൭
𝒹ଶ𝜔𝓃

𝒹Ξଶ
ଶ

−
2𝔳୰

𝔠ୟ + 𝔠𝔡

൬2𝜔𝓃

+
𝒹𝜔𝓃

𝒹Ξଶ

൰൱ (Ξଶ)𝒹Ξଶ ,                             (232) 

𝜌
𝓃+1

൫𝜉
1
൯ = 𝜌𝓃൫𝜉

1
൯

+ න ൫Ξ1 − 𝜉
1
൯

𝒹2𝜌
𝓃

𝒹Ξ1
2

(Ξ1)𝒹Ξ1

𝜉1

0

.     (233) 

Starting with the initial approximations: 

                                   𝜇ଵ,଴ = 𝔄 − ൬
𝜉ଶ

𝔥
൰

ଶ

,                              (234) 

                                   𝜔ଷ,଴ = 𝔅𝜉ଶ,                                          (235) 
                                      𝜌଴ = ℭ𝜉ଵ,                                           (236) 
where the boundary conditions subsequently determine the 
constants 𝔄, 𝔅, ℭ:  
𝜇ଵ,ଵ

= 𝔄 − ൬
𝜉ଶ

𝔥
൰

ଶ

+
(𝔥 + 𝜉ଶ)ଶ ൬𝔳 + 𝔳୰ +

ℭ𝔥ଶ

2
− 𝔅𝔥ଶ𝔳୰൰

𝔥ଶ(𝔳 + 𝔳୰)
,   (237) 

𝜔ଷ,ଵ = 𝔅𝜉ଶ −
(𝔅𝔥ଶ − 1)

2𝔥ଶ√𝔳୰

൮2ඥ𝔳୰𝜉ଶ

− ඥ𝔠ୟ + 𝔠𝔡 sinh ൮2ඨ
𝔳୰

𝔠ୟ + 𝔠𝔡

(𝜉ଶ + 𝔥)൲

+ 2𝔥ඥ𝔳୰ cosh ൮2ඨ
𝔳୰

𝔠ୟ + 𝔠𝔡

(𝜉ଶ

+ 𝔥)൲൲,                                                 (238) 

                                       𝜌ଵ = ℭ𝜉ଵ.                                         (239) 
Imposing 𝜇(±𝔥) = 0 and 𝜔(±𝔥) = ± 1 𝔥⁄  on 𝜇₁ and 𝜔₁ 

determines the constants: 𝔄 = 1, 𝔅 = 1 𝔥⁄ ଶ
, and requires 

setting ℭ = − 2𝔳 𝔥⁄ ଶ
. Substituting these values into (237) – 

(239) provides the exact solution for system (227): 

                                      𝜇ଵ = 1 − ൬
𝜉ଶ

𝔥
൰

ଶ

,                              (240) 
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                                      𝜔3 =
𝜉ଶ

𝔥ଶ
,                                            (241) 

                                        𝜌 = −
2𝔳𝜉ଵ

𝔥ଶ
.                                    (242) 

 
Example 19. Observe the following system: 

                      

⎩
⎪
⎨

⎪
⎧𝔳

𝒹మఓ

𝒹కమ
మ + 𝔳୰

𝒹ఠ

𝒹కమ
−

𝒹ఘ

𝒹కభ
= 0  in ℧,

(𝔠ୟ + 𝔠𝔡)
𝒹మఠ

𝒹కమ
మ − 2𝔳୰𝜔 = 0  in ℧,

𝜇(−𝔥) = 0, 𝜇(𝔥) = 0,  

𝜔(−𝔥) = 0, 𝜔(𝔥) = 0,

             (243)   

with the same assumptions as Example 18. We first rewrite 
equations (243.1) and (243.2) as:  

                             
𝒹ଶ𝜇

𝒹𝜉ଶ
ଶ = −

1

𝔳
൬𝔳୰

𝒹𝜔

𝒹𝜉ଶ

−
𝒹𝜌

𝒹𝜉ଵ

൰,                  (244) 

                                  
𝒹ଶ𝜔

𝒹𝜉ଶ
ଶ =

2𝔳୰

𝔠ୟ + 𝔠𝔡

𝜔.                                (245) 

By means of the operator 
𝒹

𝒹௫భ
 to (243.1) reveals that the 

pressure 𝜌 satisfies the Neumann problem: 

                                     

⎩
⎨

⎧
𝒹ଶ𝜌

𝒹𝜉ଵ
ଶ = 0  in ℧,

∂𝜌

∂𝓃
= 0 on ∂℧.

                        (246) 

The correction functionals for equation (244), (245), and 
(246.1) are: 

𝜇
𝓃+1

൫𝜉
2
൯ = 𝜇

𝓃
൫𝜉

2
൯

+ න ൫Ξ2 − 𝜉
2
൯ ቌ

𝒹2𝜇
𝓃

𝒹Ξ2
2

𝜉2

−𝔥

+
1

𝔳
൬𝔳r

𝒹𝜔𝓃

𝒹Ξ2

−
𝒹𝜌

𝓃

𝒹Ξ1

൰ቍ (Ξ2)𝒹Ξ2 ,    (247) 

𝜔𝓃ାଵ(𝜉ଶ) = 𝜔𝓃(𝜉ଶ)

+ න
ඥ𝔠ୟ + 𝔠𝔡

2√𝔳୰

sinh ቌ
2√𝔳୰

ඥ𝔠ୟ + 𝔠𝔡

(Ξଶ

కమ

ି𝔥

− 𝜉ଶ)ቍ ቆ
𝒹ଶ𝜔𝓃

𝒹Ξଶ
ଶ

−
2𝔳୰

𝔠ୟ + 𝔠𝔡

𝜔𝓃ቇ (Ξଶ)𝒹Ξଶ ,                      (248) 

𝜌𝓃ାଵ(𝜉ଵ) = 𝜌଴(𝜉ଵ) + න (Ξଵ − 𝜉ଵ)
𝒹ଶ𝜌𝓃

𝒹Ξଵ
ଶ

(Ξଵ)𝒹Ξଵ

కభ

଴

.  (249) 

Beginning with free initial approximations: 
                                       𝜇଴ = 𝜉ଶ

ଶ − 𝔄,                                   (250) 
                                       𝜔଴ = 𝔅𝜉ଶ,                                        (251) 
                                         𝜌଴ = ℭ𝜉ଵ,                                        (252) 
where the boundary conditions determine the unknown 
constants 𝔄, 𝔅, ℭ, we apply the functionals (247)-(249) to 
obtain the first iterates: 

        𝜇ଵ = 𝜉ଶ
ଶ − 𝔄 −

1

2𝔳
(2𝔳 − ℭ + 𝔅𝔳୰)(𝔥 + 𝜉ଶ)ଶ,       (253) 

𝜔ଵ =
1

2
𝔅𝜉ଶ −

1

2
𝔅𝔥 cosh ൮2ඨ

𝔳୰

𝔠ୟ + 𝔠𝔡

(𝔥 + 𝜉ଶ)൲

+
1

4
ඨ

𝔠ୟ + 𝔠𝔡

𝔳୰

𝔅 sinh ൮2ඨ
𝔳୰

𝔠ୟ + 𝔠𝔡

(𝔥

+ 𝜉ଶ)൲,                                                   (254) 

                                         𝜌ଵ = ℭ𝜉ଵ.                                        (255) 
Enforcing 𝜇₁(±𝔥)  =  0 and 𝜔₁(±𝔥)  =  0 requires setting 
ℭ = 2𝔳 + 𝔅𝔳୰ (from 𝜇₁(𝔥) = 0) and leads to the values 
𝔄 = 𝔥ଶ and 𝔅 = 0. Consequently, 𝔠 = 2𝔳. Substituting 
these values into (253)-(255) yields the exact solution for 
the system: 
                                         𝜇 = 𝜉ଶ

ଶ − 𝔥ଶ,                                  (256) 
                                         𝜔 = 0,                                             (257) 
                                          𝜌 = 2𝔳𝜉ଵ.                                       (258) 
 
Example 20 ([33, 35]). Regard the Couette flow of a 
micropolar fluid in the domain:   

℧௜ = {(𝜉ଵ, 𝜉ଶ, 𝜉ଷ) ∈ ℛଷ: 𝜉ଶ = (𝑖 − 1)𝔥, }, 𝑖 = 1,2. 

Assuming the velocity field 𝝁 = (𝜇(𝜉ଶ), 0,0), the 
microrotation field 𝝎 = ൫0,0, 𝜔(𝜉ଶ)൯, and the pressure 
𝜌 = 𝜌(𝜉ଶ), the governing system within ℧ is: 

        

⎩
⎪
⎪
⎨

⎪
⎪
⎧(𝔳 + 𝔳୰)

𝒹ଶ𝜇

𝒹𝜉ଶ
ଶ + 2𝔳୰

𝒹𝜔

𝒹𝜉ଶ

= 0 in ℧,

(𝔠ୟ + 𝔠𝔡)
𝒹ଶ𝜔

𝒹𝜉ଶ
ଶ − 2𝔳୰ ൬2𝜔 +

𝒹𝜇

𝒹𝜉ଶ

൰ = 0 in ℧,

𝜇(0) = 0, 𝜇(𝔥) = 𝔳,                           

 𝜔(0) = −
1

2

𝒹𝜇

𝒹𝜉ଶ

, 𝜔(𝔥) = −
1

2

𝒹𝜇

𝒹𝜉ଶ

,
 

      (259)  

Rewriting equations (259.1) and (259.2) explicitly for the 
highest derivatives gives: 

                             
𝒹ଶ𝜇

𝒹𝜉ଶ
ଶ = −

2𝔳୰

𝔳 + 𝔳୰

𝒹𝜔

𝒹𝜉ଶ

,                               (260) 

                              
𝒹ଶ𝜔

𝒹𝜉ଶ
ଶ =

2𝔳୰

𝔠ୟ + 𝔠𝔡

൬2𝜔 +
𝒹𝜇

𝒹𝜉ଶ

൰.                (261) 

The correction functionals for (260)-(261) are: 

𝜇𝓃ାଵ(𝜉ଶ) = 𝜇𝓃(𝜉ଶ)

+ න   (Ξଶ − 𝜉ଶ) ቆ
𝒹ଶ𝜇𝓃

𝒹Ξଶ
ଶ

కమ

଴

+
2𝔳୰

𝔳 + 𝔳୰

𝒹𝜔𝓃

𝒹Ξଶ

ቇ (Ξଶ)𝒹Ξଶ ,                   (262) 

IAENG International Journal of Applied Mathematics

Volume 55, Issue 10, October 2025, Pages 3180-3206

 
______________________________________________________________________________________ 



𝜔𝓃ାଵ(𝜉ଶ) = 𝜔𝓃(𝜉ଶ)

+ න
ඥ𝔠ୟ + 𝔠𝔡

2√𝔳୰

sinh ቌ
2√𝔳୰

ඥ𝔠ୟ + 𝔠𝔡

(Ξଶ

కమ

଴

− 𝜉ଶ)ቍ ൭
𝒹ଶ𝜔𝓃

𝒹Ξଶ
ଶ

−
2𝔳୰

𝔠ୟ + 𝔠𝔡

൬2𝜔𝓃

+
𝒹𝜔𝓃

𝒹Ξଶ

൰൱ (Ξଶ)𝒹Ξଶ ,                             (263) 

Initial approximations are 𝔠hosen as: 
                                            𝜇଴ = 𝔄𝜉ଶ,                                   (264) 

                                            𝜔଴ = 𝔅,                                       (265) 

                                             𝜌଴ = ℭ,                                        (266) 
where the boundary conditions determine the constants 
𝔄, 𝔅, ℭ. Substituting these into (262) and (263) yields the 
first iterates:   

                                        𝜇ଵ = 𝔄𝜉ଶ,                                       (267) 

         𝜔ଵ = 𝔅 + (𝔄 +  2𝔅)sinhଶ ቌඨ
𝔳୰

𝑐௔ + 𝑐𝒹

𝜉ଶቍ,        (268) 

                                        𝜌ଵ = ℭ.                                            (269) 

Enforcing the microrotation boundary condition 

(259.4) implies 𝔅 =  −
ଵ

ଶ
𝔄. Employing (259.3) gives 𝔄 =

𝔳

𝔥
 

and accordingly 𝔅 = −
𝔳

ଶ𝔥
.  This results in the exact 

solution: 

                                        𝜇(𝜉ଶ) =
𝔳

𝔥
𝜉ଶ,                                   (270) 

                                      𝜔(𝜉ଶ) = −
𝔳

2𝔥
,                                 (271) 

                                  𝜌ଵ = ℭ (arbitrary  𝔠onstant).          (272) 

Example 21 ([33, 38]). Look at the flow of micropolar 
fluids in a narrow film with the velocity field 𝝁 =

(𝜇ଵ(𝜉ଵ, 𝜉ଶ), 𝜇ଶ(𝜉ଵ, 𝜉ଶ), 0), the microrotation field 𝝎 =

൫0,0, 𝜔(𝜉ଵ, 𝜉ଶ)൯, and the pressure 𝜌 = 𝜌(𝜉ଵ, 𝜉ଶ), within the  

domain:  

℧ = {(𝜉ଵ, 𝜉ଶ, 𝜉ଷ) ∈ ℛଷ: −a < 𝜉ଵ < a, 𝜉ଶ = (𝑖 − 1)𝔥(𝜏), 𝑖

= 1,2}. 

The governing equations simplify to the following system 
within ℧:  

    

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧(𝔳 + 𝔳୰)

𝜕ଶ𝜇ଵ

𝜕𝜉ଶ
ଶ + 2𝔳୰

𝜕𝜔ଷ

𝜕𝜉ଶ

−
𝜕𝜌

𝜕𝜉ଵ

= 0 in ℧,

𝜕𝜌

𝜕𝜉ଶ

= 0 in ℧,

(𝔠ୟ + 𝔠𝔡)
𝜕ଶ𝜔ଷ

𝜕𝜉ଶ
ଶ − 2𝔳୰ ൬2𝜔ଷ +

𝜕𝜇ଵ

𝜕𝜉ଶ

൰ = 0 in ℧,

𝜕𝜇ଵ

𝜕𝜉ଵ

+
𝜕𝜇ଶ

𝜕𝜉ଶ

= 0 in ℧,

     (273)  

Based on: 

⎩
⎨

⎧
𝜇ଵ(𝜉ଵ, 0) = Μ଴, 𝜇ଵ(𝜉ଵ, 𝔥) = 0,

𝜇ଶ(𝜉ଵ, 0) = 0, 𝜇ଶ(𝜉ଵ, 𝔥) = 0,   

𝜔(𝜉ଵ, 0) =
Μ଴

𝔥
, 𝜔(𝜉ଵ, 𝔥) = 0,

      

The rewriting of equations (273.1) and (273.2) is as follows: 

                 
𝜕ଶ𝜇ଵ

𝜕𝜉ଶ
ଶ = −

1

𝔳 + 𝔳୰

൬2𝔳୰

𝜕𝜔ଷ

𝜕𝜉ଶ

−
𝜕𝜌

𝜕𝜉ଵ

൰                  (274) 

                  
𝜕ଶ𝜔ଷ

𝜕𝜉ଶ
ଶ =

2𝔳୰

𝔠ୟ + 𝔠𝔡

൬2𝜔ଷ +
𝜕𝜇ଵ

𝜕𝜉ଶ

൰                          (275) 

The pressure 𝜌 satisfies the Neumann problem: 

                                       ൝

∆𝜌 = 0 in ℧,
𝜕𝜌

𝜕𝓃
= 0 in ∂℧.

                           (276)  

The correction functionals for (274), (275), and (276.1) are:  

𝜇ଵ,𝓃ାଵ(𝜉ଶ) = 𝜇ଵ,𝓃(𝜉ଶ)

+ න   (Ξଶ − 𝜉ଶ) ൭
𝜕ଶ𝜇ଵ,𝓃

𝜕Ξଶ
ଶ

కమ

଴

+
1

𝔳 + 𝔳୰

൬2𝔳୰

𝜕𝜔ଷ,𝓃

𝜕Ξଶ

−
𝜕𝜌𝓃

𝜕𝜉ଵ

൰൱ (Ξଶ)𝒹Ξଶ,                               (277) 

𝜔ଷ,𝓃ାଵ(𝜉ଶ) = 𝜔ଷ,𝓃(𝜉ଶ)

+ න
ඥ𝔠ୟ + 𝔠𝔡

2√𝔳୰

sinh ቌ
2√𝔳୰

ඥ𝔠ୟ + 𝔠𝔡

(Ξଶ

కమ

଴

− 𝜉ଶ)ቍ ൭
𝜕ଶ𝜔ଷ,𝓃

𝜕Ξଶ
ଶ

−
2𝔳୰

𝔠ୟ + 𝔠𝔡

൬2𝜔ଷ,𝓃

+
𝜕𝜔ଷ,𝓃

𝜕Ξଶ

൰൱ (Ξଶ)𝒹Ξଶ ,                           (278) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ) = 𝜌𝓃(𝜉ଵ, 𝜉ଶ)

+ න න (Ξଵ

కమ

଴

కభ

଴

− 𝜉ଵ)∆𝜌𝓃(Ξଵ, Ξଶ)𝒹Ξଵ𝒹Ξଶ .                (279) 

IAENG International Journal of Applied Mathematics

Volume 55, Issue 10, October 2025, Pages 3180-3206

 
______________________________________________________________________________________ 



Starting with the Initial approximations: 

                                    𝜇ଵ,଴ = 𝔄(𝜉ଶ − 𝔥)ଶ,                           (280) 

                                   𝜔ଷ,଴ = 𝔅(𝜉ଶ − 𝔥),                              (281) 

                                      𝜌଴ = ℭ𝜉ଵ,                                           (282) 

where 𝔄, 𝔅, ℭ are arbitrary constants, the first iterative 
solutions are obtained: 

    𝜇ଵ,ଵ = 𝔄(𝜉ଶ − 𝔥)ଶ −
1

2
൬2𝔄 −

ℭ −  2𝔅𝔳୰

𝔳 + 𝔳୰ 
൰ 𝜉ଵ𝜉ଶ

ଶ,      (283) 

𝜔ଷ,ଵ = 𝔅(𝜉ଶ − 𝔥)

+ ቌ
1

2
ඨ

𝔠ୟ + 𝔠𝔡

𝔳୰

sinh ቌ2ඨ
𝔳୰

𝔠ୟ + 𝔠𝔡

𝜉ଶቍ

+ (𝔥 − 𝜉ଶ) − 𝔥 cosh ቌ2ඨ
𝔳୰

𝔠ୟ + 𝔠𝔡

𝜉ଶቍቍ (𝔄

+ 𝔅)𝜉ଵ,                                                   (284) 

                                     𝜌ଵ = ℭ𝜉ଵ.                                            (285) 

By setting 𝔅 = −𝔄, ℭ = 2𝔄𝔳, the first iterative solutions 
(268)-(270) become the exact solution that satisfy the 
system and boundary conditions: 

                                    𝜇ଵ,ଵ = 𝔄(𝜉ଶ − 𝔥)ଶ,                           (286) 

                                   𝜔ଷ,ଵ = −𝔄(𝜉ଶ − 𝔥),                          (287) 

                                      𝜌ଵ = 2𝔳a𝜉ଵ.                                       (288) 

Applying (273.5) determines the constants: 

𝔄 =
஄బ

𝔥మ ,    𝔅 = −
஄బ

𝔥మ ,     ℭ =
ଶ𝔳஄బ

𝔥మ . 

Therefore, the exact solution for the flow is: 

                                𝜇ଵ,ଵ  =
Μ଴

𝔥ଶ
(𝜉ଶ − 𝔥)ଶ,                            (289) 

                                𝜔ଷ,ଵ =
Μ଴

𝔥ଶ
(𝜉ଶ − 𝔥),                              (290) 

                                   𝜌ଵ =
2𝔳Μ଴

𝔥ଶ
𝜉ଵ.                                     (291) 

Example 22 ([5, 6, 33]).  Let us examine the two-
dimensional lubrication problem defined on the domain: 

℧ = {(𝜉ଵ, 𝜉ଶ) ∈ ℛଶ: 0 < 𝜉ଵ < 2𝜋; 0 < 𝜉ଶ < 𝔥(𝜉ଵ)} 

assuming the velocity field 𝝁 = (𝜇ଵ(𝜉ଵ, 𝜉ଶ), 𝜇ଶ(𝜉ଵ, 𝜉ଶ), 0), 
the microrotation field 𝝎 = ൫0,0, 𝜔(𝜉ଵ, 𝜉ଶ)൯, and the 
pressure 𝜌 = 𝜌(𝜉ଵ, 𝜉ଶ), the governing system is:   

         

⎩
⎪⎪
⎨

⎪⎪
⎧

𝜕𝜌

𝒹𝜉ଵ

=
𝜕ଶ𝜇ଵ

𝜕𝜉ଶ
ଶ + 2 ൬

𝔳୰

𝔳 + 𝔳୰

൰
ଶ 𝜕𝜔ଷ

𝜕𝜉ଶ

in ℧,

𝜕𝜌

𝒹𝜉ଶ

= 0 in ℧,

𝜕ଶ𝜔ଷ

𝜕𝜉ଶ
ଶ = 2 ൬

𝔳୰

𝔠ୟ + 𝔠𝔡

൰
ଶ

൬2𝜔ଷ +
𝜕𝜇ଵ

𝜕𝜉ଶ

൰ in ℧,

        (292) 

bound by: 

ቊ
𝜇ଵ(𝜉ଵ, 0) = 0, 𝜇ଵ൫𝜉ଵ, 𝔥(𝜉ଵ)൯ = 𝔥ଶ(𝜉ଵ)

𝜔ଷ(𝜉ଵ, 0) = 0, 𝜔ଷ൫𝜉ଵ, 𝔥(𝜉ଵ)൯ = −𝔥(𝜉ଵ)
    

Rewriting equations (292) as:  

                 
𝜕ଶ𝜇ଵ

𝜕𝜉ଶ
ଶ = − ቆ2 ൬

𝔳୰

𝔳 + 𝔳୰

൰
ଶ 𝜕𝜔ଷ

𝜕𝜉ଶ

−
𝜕𝜌

𝜕𝜉ଵ

ቇ,             (293) 

                
𝜕ଶ𝜔ଷ

𝜕𝜉ଶ
ଶ = 2 ൬

𝔳୰

𝔠ୟ + 𝔠𝔡

൰
ଶ

൬2𝜔ଷ +
𝜕𝜇ଵ

𝜕𝜉ଶ

൰,                (294) 

                  ∆𝜌 =
𝜕ଷ𝜇ଵ

𝜕𝜉ଶ
ଶ𝜕𝜉ଵ

+ 2 ൬
𝔳୰

𝔳 + 𝔳୰

൰
ଶ 𝜕ଶ𝜔ଷ

𝜕𝜉ଶ𝜕𝜉ଵ

.             (295) 

The correction functionals for (293), (294), and (295) are: 

𝜇ଵ,𝓃ାଵ(𝜉ଶ) = 𝜇ଵ,𝓃(𝜉ଶ)

+ න (Ξଶ − 𝜉ଶ) ቆ
𝜕ଶ𝜇ଵ,𝓃

𝜕Ξଶ
ଶ

కమ

଴

+ 2 ൬
𝔳୰

𝔳 + 𝔳୰

൰
ଶ 𝜕wଷ,𝓃

𝒹Ξଶ

−
𝜕𝜌𝓃

𝜕Ξଵ

ቇ (Ξଶ)𝒹Ξଶ ,                               (296) 

𝜔ଷ,𝓃ାଵ(𝜉ଶ) = 𝜔ଷ,𝓃(𝜉ଶ)

+ න
𝔠ୟ + 𝔠𝔡

2𝔳୰

sinh ൭
2𝔳୰

𝔠ୟ + 𝔠𝔡

(Ξଶ

కమ

଴

− 𝜉ଶ)൱ ൭
𝜕ଶ𝜔ଷ,𝓃

𝜕Ξଶ
ଶ

− 2 ൬
𝔳୰

𝔠ୟ + 𝔠𝔡

൰
ଶ

൬2𝜔ଷ,𝓃

+
𝜕𝜇ଵ,𝓃

𝜕Ξଶ

൰൱ (Ξଶ)𝒹Ξଶ ,                             (297) 

𝜌𝓃ାଵ(𝜉ଵ)
= 𝜌𝓃(𝜉ଵ)

+ න න
𝛾ℷഐ

(Ξଵ, Ξଶ) − 𝛾ℷഐ
(𝜉ଵ, 𝜉ଶ)

𝑎ఊℷഐ

൭∆𝜌𝓃

కభ

଴

కమ

଴

− ቆ
𝜕ଷ𝜇ଵ,𝓃

𝜕𝜉ଶ
ଶ𝜕𝜉ଵ

+ 2 ൬
𝔳୰

𝔳 + 𝔳୰

൰
ଶ 𝜕ଶ𝜔ଷ,𝓃

𝜕𝜉ଶ𝜕𝜉ଵ

ቇ൱ (Ξଵ, Ξଶ)𝒹Ξଵ 𝒹Ξଶ ,             (298) 

Starting with arbitrary quadratic initial guesses: 
                             𝜇ଵ,଴ = 𝔄ଵ𝜉ଶ

ଶ + 𝔅ଵ𝜉ଶ + ℭଵ,                     (299) 
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                            𝜔ଷ,଴ = 𝔄ଶ𝜉ଶ
ଶ + 𝔅ଶ𝜉ଶ + ℭଶ,                     (300) 

                                𝜌଴ = 𝔄ଷ𝜉ଵ + 𝔅ଷ,                                   (301) 

where 𝔄௜ , 𝔅௜ , ℭ௜(𝑖 = 1,2,3) are unconstrained constants, the  

first iterative solutions are: 

𝜇ଵ,ଵ = ቆ
1

2
𝔅ଷ − ൬

𝔳୰

𝔳 + 𝔳୰

൰
ଶ

𝔅ଶ + 𝔄ଷ𝜉ଵ

−
2

3
൬

𝔳୰

𝔳 + 𝔳୰

൰
ଶ

𝔄ଶ𝜉ଶቇ 𝜉ଶ
ଶ + 𝔅ଵ𝜉ଶ

+ ℭଵ,                                                        (302) 

𝜔ଷ,ଵ = − 𝔄ଵ𝜉ଶ −
1

2
𝔅ଵ + ൬

1

2
𝔅ଵ +  ℭଶ൰ cosh ൬

2𝔳୰

𝔠ୟ + 𝔠𝔡

𝜉ଶ൰

+ (𝔄ଵ

+ 𝔅ଶ)
𝔠ୟ + 𝔠𝔡

2𝔳୰

sinh ൬
2𝔳୰

𝔠ୟ + 𝔠𝔡

𝜉ଶ൰,        (303) 

                     𝜌ଵ = 𝔄ଷ𝜉ଵ
ଶ + 𝔅ଷ𝜉ଵ + ℭଷ − 𝔄ଷ𝜉ଵ

ଶ𝜉ଶ.            (304) 

Imposing the boundary conditions requires setting 𝔄ଶ =

0, 𝔅ଶ = −𝔄ଵ, ℭଶ = −
𝔅భ

ଶ
, 𝔄ଷ = 0, and 𝔅ଷ = 2𝔄ଵ ൬1 −

ቀ
𝔳౨

𝔳ା𝔳౨
ቁ

ଶ

൰ which simplify (294)-(296) to:  

                             𝜇ଵ,ଵ = 𝔄ଵ𝜉ଶ
ଶ + 𝔅ଵ𝜉ଶ + ℭଵ,                     (305) 

                             𝜔ଷ,ଵ = −𝔄ଵ𝜉ଶ −
1

2
𝔅ଵ,                            (306) 

                        𝜌ଵ = 2𝔄ଵ ቆ1 − ൬
𝔳୰

𝔳 + 𝔳୰

൰
ଶ

ቇ 𝜉ଵ + ℭଷ.         (307) 

Thus, the exact solution is: 

                                        𝜇ଵ,ଵ = 𝜉ଶ
ଶ,                                        (308) 

                                       𝜔ଷ,ଵ = −𝜉ଶ,                                     (309) 

                          𝜌ଵ = 2 ቆ1 − ൬
𝔳୰

𝔳 + 𝔳୰

൰
ଶ

ቇ 𝜉ଵ + ℭଷ.            (310) 

Example 23 ([5, 6, 33]). Suppose the three-dimensional 
lubrication problem defined in the domain: 

℧ = {(𝜉ଵ, 𝜉ଶ, 𝜉ଷ) ∈ ℛଷ: 0 < 𝜉ଵ < 2𝜋; 0 < 𝜉ଶ < 2𝜋; 0 < 𝜉ଷ

< 𝔥(𝜉ଵ, 𝜉ଶ)}. 

Assuming the velocity field 
𝝁 = (𝜇ଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ), 𝜇ଶ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ), 0), the microrotation field 

𝝎 = ൫0,0, 𝜔(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)൯, and the pressure 𝜌 = 𝜌(𝜉ଵ, 𝜉ଶ, 𝜉ଷ), 

the governing system is:    

        

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

𝜕𝜌

𝒹𝜉ଵ

=
𝜕ଶ𝜇ଵ

𝜕𝜉ଷ
ଶ − 2 ൬

𝔳୰

𝔳 + 𝔳୰

൰
ଶ 𝜕𝜔ଶ

𝜕𝜉ଷ

in ℧,

𝜕𝜌

𝒹𝜉ଶ

=
𝜕ଶ𝜇ଶ

𝜕𝜉ଷ
ଶ + 2 ൬

𝔳୰

𝔳 + 𝔳୰

൰
ଶ 𝜕𝜔ଵ

𝜕𝜉ଷ

in ℧,

𝜕𝜌

𝒹𝜉ଷ

= 0 in ℧,

𝜕ଶ𝜔ଵ

𝜕𝜉ଷ
ଶ = 2 ൬

𝔳୰

𝔠ୟ + 𝔠𝔡

൰
ଶ

൬2𝜔ଵ +
𝜕𝜇ଶ

𝜕𝜉ଷ

൰ in ℧,

𝜕ଶ𝜔ଶ

𝜕𝜉ଷ
ଶ = 2 ൬

𝔳୰

𝔠ୟ + 𝔠𝔡

൰
ଶ

൬2𝜔ଶ −
𝜕𝜇ଵ

𝜕𝜉ଷ

൰ in ℧,

         (311) 

conditioned by: 

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

𝜇ଵ(𝜉ଵ, 𝜉ଶ, 0) = 0, 𝜇ଵ(𝜉ଵ, 𝜉ଶ, 𝔥) = 𝑈ଵ,

𝜇ଶ(𝜉ଵ, 𝜉ଶ, 0) = 0, 𝜇ଶ(𝜉ଵ, 𝜉ଶ, 𝔥) = 𝑈ଶ,

𝜔ଵ(𝜉ଵ, 𝜉ଶ, 0) = −
1

2

𝜕𝜇ଶ

𝜕𝜉ଷ

(𝜉ଵ, 𝜉ଶ, 0),   

𝜔ଵ(𝜉ଵ, 𝜉ଶ, 𝔥) = −
1

2

𝜕𝜇ଶ

𝜕𝜉ଷ

(𝜉ଵ, 𝜉ଶ, 𝔥),   

𝜔ଶ(𝜉ଵ, 𝜉ଶ, 0) =
1

2

𝜕𝜇ଵ

𝜕𝜉ଷ

(𝜉ଵ, 𝜉ଶ, 0),       

𝜔ଶ(𝜉ଵ, 𝜉ଶ, 𝔥) =
1

2

𝜕𝜇ଵ

𝜕𝜉ଷ

(𝜉ଵ, 𝜉ଶ, 𝔥).      

 

The explicit form of (311) is:  

                     
𝜕ଶ𝜇ଵ

𝜕𝜉ଷ
ଶ = 2 ൬

𝔳୰

𝔳 + 𝔳୰

൰
ଶ 𝜕𝜔ଶ

𝜕𝜉ଷ

+
𝜕𝜌

𝒹𝜉ଵ

,                   (312) 

                    
𝜕ଶ𝜇ଶ

𝜕𝜉ଷ
ଶ = −2 ൬

𝔳୰

𝔳 + 𝔳୰

൰
ଶ 𝜕𝜔ଵ

𝜕𝜉ଷ

+
𝜕𝜌

𝒹𝜉ଶ

,                (313) 

                  
𝜕ଶ𝜔ଵ

𝜕𝜉ଷ
ଶ = 2 ൬

𝔳୰

𝔠ୟ + 𝔠𝔡

൰
ଶ

൬2𝜔ଵ +
𝜕𝜇ଶ

𝜕𝜉ଷ

൰,               (314) 

                  
𝜕ଶ𝜔ଶ

𝜕𝜉ଷ
ଶ = 2 ൬

𝔳୰

𝔠ୟ + 𝔠𝔡

൰
ଶ

൬2𝜔ଶ −
𝜕𝜇ଵ

𝜕𝜉ଷ

൰,               (315) 

∆𝜌 =
𝜕ଷ𝜇ଵ

𝜕𝜉ଵ𝜕𝜉ଷ
ଶ +

𝜕ଷ𝜇ଶ

𝜕𝜉ଶ𝜕𝜉ଷ
ଶ

+ 2 ൬
𝔳୰

𝔳 + 𝔳୰

൰
ଶ

ቆ
𝜕ଶ𝜔ଵ

𝜕𝜉ଶ𝜕𝜉ଷ

−
𝜕ଶ𝜔ଶ

𝜕𝜉ଵ𝜕𝜉ଷ

ቇ.     (316) 

The correction functionals for solving (312)-(316) 
iteratively over ℧ are:  

𝜇ଵ,𝓃ାଵ(𝜉ଷ) = 𝜇ଵ,𝓃(𝜉ଷ)

+ න (Ξଷ − 𝜉ଷ) ቆ
𝜕ଶ𝜇ଵ,𝓃

𝜕𝜉ଷ
ଶ

కయ

଴

− 2 ൬
𝑣௥

𝑣 + 𝑣௥

൰
ଶ 𝜕𝜔ଶ,𝓃

𝜕𝜉ଷ

−
𝜕𝜌𝓃

𝒹𝜉ଵ

ቇ (Ξଷ)𝒹Ξଷ,                                 (317) 
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𝜇ଶ,𝓃ାଵ(𝜉ଷ) = 𝜇ଶ,𝓃(𝜉ଷ)

+ න (Ξଷ − 𝜉ଷ) ቆ 
𝜕ଶ𝜇ଶ,𝓃

𝜕𝜉ଷ
ଶ

కయ

଴

+ 2 ൬
𝑣௥

𝑣 + 𝑣௥

൰
ଶ 𝜕𝜔ଵ,𝓃

𝜕𝜉ଷ

−
𝜕𝜌𝓃

𝒹𝜉ଶ

ቇ (Ξଷ)𝒹Ξଷ,                                 (318) 

𝜔ଵ,𝓃ାଵ(𝜉ଷ) = 𝜔ଷ,𝓃(𝜉ଷ)

+ න
𝔠ୟ + 𝔠𝔡

2𝔳୰

sinh ൭
2𝔳୰

𝔠ୟ + 𝔠𝔡

(Ξଷ

కయ

଴

− 𝜉ଷ)൱ ൭
𝜕ଶ𝜔ଵ,𝓃

𝜕𝜉ଷ
ଶ

− 2 ൬
𝑣௥

𝑐௔ + 𝑐𝒹

൰
ଶ

൬2𝜔ଵ,𝓃

+
𝜕𝜇ଶ,𝓃

𝜕𝜉ଷ

൰൱ (Ξଷ)𝒹Ξଷ,                             (319) 

𝜔ଶ,𝓃ାଵ(𝜉ଷ) = 𝜔ଷ,𝓃(𝜉ଷ)

+ න
𝔠ୟ + 𝔠𝔡

2𝔳୰

sinh ൭
2𝔳୰

𝔠ୟ + 𝔠𝔡

(Ξଷ

కయ

଴

− 𝜉ଷ)൱ ൭
𝜕ଶ𝜔ଶ,𝓃

𝜕𝜉ଷ
ଶ

− 2 ൬
𝑣௥

𝑐௔ + 𝑐𝒹

൰
ଶ

൬2𝜔ଶ,𝓃

−
𝜕𝜇ଵ,𝓃

𝜕𝜉ଷ

൰൱ (Ξଷ)𝒹Ξଷ,                             (320) 

𝜌𝓃ାଵ(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)
= 𝜌𝓃(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

+ න න න
𝛾ℷഐ

(Ξଵ, Ξଶ, Ξଷ) − 𝛾ℷഐ
(𝜉ଵ, 𝜉ଶ, 𝜉ଷ)

𝑎ఊℷഐ

൭∆𝜌𝓃 −
𝜕ଷ𝜇ଵ,𝓃

𝜕𝜉ଵ𝜕𝜉ଷ
ଶ

కభ

଴

కమ

଴

కయ

଴

−
𝜕ଷ𝜇ଶ,𝓃

𝜕𝜉ଶ𝜕𝜉ଷ
ଶ

− 2 ൬
𝔳୰

𝔳 + 𝔳୰

൰
ଶ

ቆ
𝜕ଶ𝜔ଵ,𝓃

𝜕𝜉ଶ𝜕𝜉ଷ

−
𝜕ଶ𝜔ଶ,𝓃

𝜕𝜉ଵ𝜕𝜉ଷ

ቇ൱ (Ξଵ, Ξଶ, Ξଷ)𝒹Ξଵ 𝒹Ξଶ 𝒹Ξଷ,                           (321) 

Using the initial guesses: 

                           𝜇ଵ,଴ = 𝔄ଵ𝜉ଷ
ଶ + 𝔅ଵ𝜉ଷ + ℭଵ,                       (322) 

                           𝜇ଶ,଴ = 𝔄ଶ𝜉ଷ
ଶ + 𝔅ଶ𝜉ଷ + ℭଶ,                       (323) 

                           𝜔ଵ,ଵ = 𝔄ଷ𝜉ଷ
ଶ + 𝔅ଷ𝜉ଷ + ℭଷ,                      (324) 

                          𝜔ଶ,ଵ = 𝔄ସ𝜉ଷ
ଶ + 𝔅ସ𝜉ଷ + ℭସ,                       (325) 

      𝜌଴ = 𝔄ହ𝜉ଵ
ଶ + 𝔅ହ𝜉ଵ + ℭହ + 𝔄଺𝜉ଶ

ଶ + 𝔅଺𝜉ଶ + ℭ଺,      (326) 

where 𝔄௜ , 𝔅௜ , ℭ௜ , (𝑖 = 1, … ,6) are constants, the first iterates 
are: 

𝜇ଵ,ଵ = ℭଵ +  𝔅ଵ𝜉ଷ + ቆ
1

2
𝔅ହ + ൬

𝔳୰

𝔳 + 𝔳୰

൰
ଶ

𝔅ସቇ 𝜉ଷ
ଶ

+
2

3
൬

𝔳୰

𝔳 + 𝔳୰

൰
ଶ

𝔄ସ𝜉ଷ
ଷ +  𝔄ହ𝜉ଵ𝜉ଷ

ଶ,        (327) 

𝜇ଶ,ଵ = ℭଶ +  𝔅ଶ𝜉ଷ + ቆ
1

2
𝔅଺ − ൬

𝔳୰

𝔳 + 𝔳୰

൰
ଶ

𝔅ଷቇ 𝜉ଷ
ଶ +  𝔄଺𝜉ଶ𝜉ଷ

ଶ

−
2

3
൬

𝔳୰

𝔳 + 𝔳୰

൰
ଶ

𝔄ଷ𝜉ଷ
ଷ,                             (328) 

𝜔ଵ,ଵ = ℭଷ +  𝔅ଷ𝜉ଷ + ൬
𝔳୰

𝔠ୟ + 𝔠𝔡

൰
ଶ

(𝔅ଶ +  2ℭଷ)𝜉ଷ
ଶ

+
 2

3
൬

𝔳୰

𝔠ୟ + 𝔠𝔡

൰
ଶ

(𝔄ଶ + 𝔅ଷ)𝜉ଷ
ଷ

+
1

3
൬

𝔳୰

𝔠ୟ + 𝔠𝔡

൰
ଶ

𝔄ଷ𝜉ଷ
ସ,                            (329) 

𝜔ଶ,ଵ = ℭସ +  𝔅ସ𝜉ଷ + ൬
𝔳୰

𝔠ୟ + 𝔠𝔡

൰
ଶ

(2ℭସ − 𝔅ଵ)𝜉ଷ
ଶ

+
2

3
൬

𝔳୰

𝔠ୟ + 𝔠𝔡

൰
ଶ

(𝔅ସ − 𝔄ଵ)𝜉ଷ
ଷ

+
1

3
൬

𝔳୰

𝔠ୟ + 𝔠𝔡

൰
ଶ

𝔄ସ𝜉ଷ
ସ,                            (330) 

𝜌ଵ = 𝔄ହ𝜉ଵ
ଶ − ( 𝔄ହ + 𝔄଺)𝜉ଵ𝜉ଶ𝜉ଷ

ଶ + 𝔅ହ𝜉ଵ + 𝔄଺𝜉ଶ
ଶ + 𝔅଺𝜉ଶ

+ ℭହ + ℭ଺.                                             (331) 

The exact solution to system (311) is attained when the 
constants satisfy: 

𝔄ଷ = 𝔄ସ = 𝔄ହ = 𝔄଺ = 0, 𝔅ଷ = −𝔄ଶ, ℭଷ = −
1

2
𝔅ଶ, 

𝔅ସ = 𝔄ଵ, ℭସ =
1

2
𝔅ଵ, 𝔅ହ = 2𝔄ଵ ቆ1 − ൬

𝔳୰

𝔳 + 𝔳୰

൰
ଶ

ቇ, 

𝔅଺ = 2𝔄ଶ ቆ1 − ൬
𝔳୰

𝔳 + 𝔳୰

൰
ଶ

ቇ. 

This yields the simplified solution: 

                            𝜇ଵ,ଵ = 𝔄ଵ𝜉ଷ
ଶ + 𝔅ଵ𝜉ଷ + ℭଵ,                      (324) 

                            𝜇ଶ,ଵ = 𝔄ଶ𝜉ଷ
ଶ + 𝔅ଶ𝜉ଷ + ℭଶ,                      (325) 

                              𝜔ଵ,ଵ = −𝔄ଶ𝜉ଷ −
1

2
𝔅ଶ,                           (326) 

                             𝜔ଶ,ଵ = 𝔄ଵ𝜉ଷ +
1

2
𝔅ଵ,                               (327) 

𝜌ଵ = 2 ቆ1 − ൬
𝔳୰

𝔳 + 𝔳୰

൰
ଶ

ቇ (𝔄ଵ𝜉ଵ + 𝔄ଶ𝜉ଶ) +  ℭହ  +  ℭ଺. (328) 

Enforcing the boundary condition requires 𝔄ଵ = 𝔄ଶ = 0 
(due to the periodicity of 𝜌 in 𝜉ଵand 𝜉ଶ), ℭଵ = ℭଶ =

0, 𝔅ଵ =
஄భ

𝔥
, 𝔅ଶ =

஄మ

𝔥
. The exact solution then simplifies to:  

                                       𝜇ଵ,ଵ =
Μଵ

𝔥
𝜉ଷ,                                    (329) 
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                                        𝜇ଶ,ଵ =
Μଶ

𝔥
𝜉ଷ,                                  (330) 

                                        𝜔ଵ,ଵ = −
1

2

Μଶ

𝔥
,                              (331) 

                                        𝜔ଶ,ଵ =
1

2

Μଵ

𝔥
,                                   (332) 

                                           𝜌ଵ = ℭ,                                         (333) 

where  ℭ = ℭହ  +  ℭ଺. 

 
VI. CONCLUSION 

In this work, an iterative method for analytically solving 
time-asymmetric partial differential equation systems is 
use𝔡. Using this approach, two symmetric systems in the 
spatial variable are built and the associated correction 
functionals are produced. For instance, the incompressible 
fluid flow and incompressible micropolar fluid flow 
governing equations need to be solved. 
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