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Functional Analytic Approximations via
Generalized Variational Iteration for Incompressible
Time-Asymmetric Evolution Systems

Abdulhameed Qahtan Abbood Altai

Abstract—This work presents an iterative method for
solving time-asymmetric partial differential equation systems
analytically. In this procedure, two symmetric systems in the
spatial variable are constructed, and the associated correction
functionals are then generated. Applicability of this iterative
method is demonstrated in solving the governing equations for
both incompressible fluid flow and incompressible micropolar
fluid flow.

Index Terms—Generalized variational iteration method,
incompressible fluid flow, incompressible micropolar fluid flow,
correction functional.

I. INTRODUCTION

HE variational iteration method (VIM) has been widely

applied to solve various types of differential equations
[19-28]. Its novelty lies in providing faster successive
approximations of solutions—both exact and numerical-than
Adomian’s decomposition method [1, 2, 43]. Furthermore,
unlike perturbation techniques, it does not rely on small
parameters [20]. While VIM has been applied to resolve
symmetric systems of partial differential equations (PDEs)
involving time [3,44], its application to time-asymmetric
systems remains unexplored. We define a system of PDEs
as time-asymmetric if, for any unknown p (k = 1,---,m)

L a a
and p, the equations include % but exclude a—‘:.

In this paper, we address time-asymmetric systems
containing both the Laplacian operator Ay, (k =1,--,m)
and the gradient operator Vp. We construct two spatially
symmetric systems regarding the spatial variable & =
(&1, &4),d = 2. The first system is derived by rescaling
the coefficients of Ay, (k =1,:--,m), while the second
system is formulated by applying the gradient operator V
and the outward unit normal s to dU to the equations
containing Vp. Finally, we employ the generalized
variational iteration method (GVIM) to solve both systems
simultaneously for u;, (k = 1,---,m), and p.

II. GENERALIZED VARIATIONAL ITERATION
METHOD (GVIM)

Let u = (uq,, Uyp): O > R™ and p:Up —» R, where
Ur=0X%[0,T],U c R¥(d = 2). Consider these partial
differential equations:

Loy + Ry (Aptg, iz, s s V) + Ny (g, o, ) = 01, W

Lepim + ERm(“l' “ Mme1, A, Vp) + Nm(ﬂli Yy ,um) =O%m,
Satisfying the divergence-free condition V- u = 0 together
with the initial condition u(¢&,0) = uy(€).
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Here, £, is a partial differential operator of a first-order, the
partial differential operators R;, and N, (k = 1,---,m) are
linear and nonlinear, respectively, and g, (k = 1,---,m) are
source terms.
Since the Laplacian terms Ay, (k = 1,-:+,m) are linear, we
rewrite system (1) as:

Apy +§R1(ﬂ1!"'!ﬂm!vp) +]\G(,Ll1, ""num) =Dy

: 2)

At +§Rm(.u1!'”uum! VP) +Nm(.u1' '-'r.um) =bm-
applying the divergence operator (V) to both sides of (2),
we obtain a Nuemman problem for pressure:

{Ap + VR ) + VN (g, o i) =V 0, 3

a

2= (Zu+ R p) + N —0) - n,
where 7 denotes the outward unit normal to dU.Then, the
correction functionals for the systems (2) and (3.1) are:

Ay
P41 T) o ARGy s i, V) |
’ ME - - 2)dE,
= :ul,%(fr T) 1( ) +M(M1, ...,ﬂm) ( )
v —bs
Apy
tmn+1(§,T) o | TRl sl YD) | oy e (4)
' + A, (B - - 2)dE,
= .um,%(fn T) m( ) +Nm(ﬂ1, ...,ﬂm) ( )
U _bm
Ap
Pr+1(§,7) o[ YRy, s i) \ s e
+ z - . Z)dE.
=pn(§,7) HE +YN (g, ooe, fin) )
[y —Vo

III. GVIM FOR INCOMPRESSIBLE FLUID FLOW
SYSTEMS
The system of incompressible fluid flow is governed by
the Navier-Stokes equations [10, 11, 18, 29, 36, 39, 40, 42]:
Given an external body force @ € 22 (0, T, 53_1(15)),

1
boundary data 9 € H? (0, T, 55(6U)>, initial data p,, and
time T > 0, find:
e Velocity field: p:Up > R4 (d =2,3)
to 53°°(o, T, 551(15)) N 22(0, T, Vy(V)), where

Vy(0) = {1 € $*(0): ptlys = 9,V - = 0in U},
o Pressure field: p: Ur > R belonging to £2(0, T, $ (1)),

belonging

such that:
(on .
A + (W.V)u—vAu=-Vp+g9 in0Uy,
V. u= 0 in UT; (5)
u="739 on 007,
1(£,0) = po($) inUr,

where v(> 0) is the kinematic viscosity coefficient.
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Theorem 1. The correction functionals for the system (5)
are defined as follows:

Ford = 2:

Prmr1(§1,62,T) = 1,0 (61,62, T)

&2 &1 .
V23, (Y 52)_)’2,11 (61.&)
+ A/-lln

a]/z,)ul

0 0
1 /0u
- _< L + (l‘ln : V).ul,n

ot
0P c m Nm am
a_.:_Q1> (By, B, T)AE, dE,, (6)
=1

= nu2,n (fl! fZﬁ T)
&2 &1 - -
V23, By Ep) — Y2a,, (§1,62)
+ Aﬂz,n

#2,n+1(§1:52:7)

00 aYz,:«uz
1/0p;, 0px
__ , .V I
( a_[ + (l‘ln ).MZM, + 652
- Qz)) (E1, B, T)AE, dEy, @)

P11, 62 T) = Pngﬁ';z"f)
o V23, (B, E2) — Y23, (§1,62) (
+ Ap,
]

a
Y2p

6— ((ﬂn Vg — Ql)

d
a ((ﬂn : V).“Z,M,

X2
- Qz)) 21,82, T)dE, dE,. (8)

Ford = 3:
ﬂl,n+1(§1r 2,83, 7)

= #1,n(§1'§2'f3'1')
§3 &2 &1

)/,J (EIE'E)_)/,J (E!E'E)
+fff3#1123 3#1123A#L%

Uy,

a#ln apn
_;< T +( K- V)#ln 631

- Q1)) (E1, B2, B3, T)dE dE; dE3, ©)

#2,%+1(€1' $2,83,7)

= llz,n(fpfz'fy'[)
§3 &2 &1

)/,J (EIE :E)_y,l (E’flf)
+fff3#2123 3u2123A#2,n
aV3,J#2

allz M apn
—= v

- Qz)) (El' Ez, 53, T)dEl dEz d53, (10)
H3n+1(81,€2,€3,T)

= /13,n(51'52'f3'7)
§3 &2 &1

y, (E,E,E)—'}/’ (f.f.f)
+fJ’J'3JH3123 31H3123A#3I%

a
0 0 0 ¥3dus

1 a:“Sn apn
I) ( ot + (”n V):“S,n + E

- 93 ) (Hlﬁ =2, -43, T)dul d“Z du3,

(1D

Pn+1(€1, 62,83, T)

= Pn(fpfz'fy’f)
§3 &2 &1

V33, (E1, B, E3) — V33, ($1,62,63)
Apy
aVs,Jp

- ((un D= 02) + 5 (e Dtz = )

a_
d
+ a—x3 ((ﬂn : V).u3,%

- Q3)> (Ell Ez, 53, T)dEl dEZ dE3. (12)
Proof. We rewrite the system (5) as:
1/0p .
{Au = B(E + (V) +Vp - e) in Ur,
Vu=0 in U, (13)
lu=9 on dUr,
ku(x 0) = (%) in 0.

Since p and p are not time-symmetric (with p the enforcing
[18], we apply the
divergence operator (V) to (5.1) to derive the Neumann
problem for p:

Ap=—=V-((u-V)u—o0)

incompressibility via V-pu =20

in 0,

ap ou (14)
I (nAu———(u V)u+g) 7 on dU,
where 7 is the outward unit normal to 0U.
For d = 2, expanding (13.1) and (14. 1) yields:
a
By = (%24 Vs + 52— 01), (15)
a
App = U( o+ (. V)uz Pt 92) (16)
8p =~ (Vs — ) (( Vi —0,). (17)
p = %, H-V)U — 01 9%, H-V)U; —02)
For 4 = 3, analogous steps give:
g = (24 vy + 2P
M1 —;(g (- Vg 6_51
~o) a8
1 /0p, dp
A#z—;(a—‘f‘( Vu, +@—Qz), (19
A —1(6 b v+ 2 ) (20)
#3 - v aT I’l' #3 653 93 ’
89 = — o (1. V) — ) — o (1. V) — )
p = %, H-V)U — 01 9%, - V)l — 03
a
— 5 (Vs —03). (21)
X3
The correction functionals for (15)-(17) on U = [0,&] X
[0, &, ] are:
P11 62, T) = 1, (81,62, T)
$2 &1
+ff 22, (1, E2) <Aﬂ1,n
0
1 a”ln aﬁn
—;( 50 T (B Vil + 8,
- Ql)) (51, Ez, T)dEl d::_.uz, (22)
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llz,n+1(€1'fz'f) = liz,n(fl'fz"f)
§2 &1

+ff 23;42(31'52)<A/12,n
0 0

1 aﬂz,n ~ ~ aﬁn
( 5. T (@ Dilgp + 38,

- Qz)) (B4, B2, T)AE  dE,,

P11, 62,1 = pr(§1,62,7)
§2 &1

+ f J. ZJp(El' g2) (Apn
0 0
J . N
+ a_xl((”/n : v)#l,n - Ql)
9 (.. N
+ a_xz(("” iz

- Qz)) (E1, B3, 1)AE dE,.

The correction functionals for (18)-(21) on U = [0,&;] X

[0,&,] x [0, &5] are:
:ul,n+1(€1'€2'€3"[)

= Ill,n(fpfz'fs"f)
§3 &2 &1

+ f f f 30, (1,82, E3) (Aﬂl,n
0 0 0
1 aﬂln aﬁn
i , it - V)i o
v ( T + (I’ln )#l,n + 631

- Ql)) (El' Ez, 53, T)dEl dEz d53, (25)

liz,n+1(f1' $2,83,7)
= liz,n(fl' 2,83, 7)

§3 82 &1
+f ff 33;42(31'52'53) (Aliz,n
0 0 0
1 aﬁZn aﬁ/n
i : it Vi o
0 ( a‘[ + (”/n )#Z,n + 652

- Qz)) (El' Ez, 53, T)dEl dEZ dE3, (26)

#3,n+1(f1' $2,83,7)
= /13,n(§1' $2,83,7)

§3 &2 &1
+fff 3:‘#3(51'52'53)<A#3,n
0 0 0
1 a.a3,% ~ ~ aﬁ%
—;( e +(lln'V)ll3,n+?3

- Q3)> (El' Ez, 53, T)dEl dEZ dE3, (27)

Pn+1(§1,62,83,T) = P (81,62, 85, 7)

§3 §2 &1

+J-J-J- 33p(51'52'53)<APn
0 0 O
0

+ 6_xl ((ﬁ'% Vi — 91)
9 /. N

+ a_xz ((“n : V)#Z,n - QZ)
9 N

*oms (Gt - Wiz

- Q3)> (Ell EZ; E3; T)dEl dEz dE3 .

(28)

Here ﬁm(i = 1,2),ﬁjn(i =1,2,3), and p,, are restricted

variations [16], i.e., 6f;, = 0,6{;, = 0, and 65, = 0. By

imposing stationarity on the correction functionals (22)—(24)
and (25)—(28) through Green’s first identity, we derive the

stationary conditions:
For (22)-(24):

5#1,n+1(€1'€z"[)

= 5”1,n(€1' $21)

* 2 CrE) 0V LB D o, )

- (V23u1 '“)(51'52)5111,%(51'52"[)' 515 =(E1Es)
§2 &1

+f f Azlﬂl(El’ 52)611.1’%(51, Ez, T)dEl dEZ = 0,
0 0

5#2,n+1(f1'fz'T)

= 5.“2,%(51'52"[)

+ 22, Gy, Ez)(5vﬂz,n : ”1')(51' Ezﬂ)l =

- (Vzluz : ’n) (1, E2)01z (B4, By, T)| s
§2 &1

+J‘ J- AZJHZ(E].' EZ)6M2,4'L(E"1' Ez, T)dEl dE‘Z - 0,
0

0
80n+1(61,62,7)
=6p,(1,62,7)
+ 231, 82,16V, - n) (5, EZ’T)| E1,82)=(§1,§2)
- (Vzlp . n)(al. E2)6pn(Eq, 52'7)| 51,82)=(£1,82)

§2 &1

+f f Azlp(El, 52)6p%(51' EZ'T)d‘El dEZ = 0.

00
For (25)-(28):

5#1,n+1(f1'52'€3"[)

= U1, (81,62, 63, T)

+ 33, (B By, 53)(5V.“1,n

) EE2 B Dl 2z k)
- (V3ll‘-1

: ”1’)(51' 2, E3)0U1,n(Eq, B, Es, T)|(31_22'33)=(§1'§2_53)

38 &4 A (B0 5, 52
+ f f f 37 :1’ :2’ :3 dEl dEZ dE3 = 0,
50 o X 6”1,%(‘:‘1' S, 83, T)

1,E2)=(§1,$2)
1,22)=(§1.$2)
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5#2,n+1(f1, &,85,7) Ford = 3: For j = 1,2,3,
= 6#2,%(51' 521531‘[) ( o 1 )/3,]#],(31, 52,53)
+ 33112(51! EZ! 53)(5VI12,4’L 31”’]‘(:‘1’ =2 :3) - K _)/3,]#.(51152153) '
'n)(51,52,53,f)| 2oE T )= "uj J
(B1,E2,E3)=(§1,§2/$3) 1 Vas (E1,Ey, Es)
- (v3lﬂz 33 (E1, B Eg) = P (—);:; ¢Lé, 53))
’ n)(‘:‘ll S92, :3)5#2,n(:‘1' S92, :3’T)|(31,32,33)=(51,52,53) ] y3'}P ) P
53 62 {1 A l (.— . ) Here yz’lﬂj(] = 1,2), yz’JP‘Y3’JH1‘(I = 1,2,3), and ]/3'3/7 are
+ f J. f 372 :1' :2' :3 az,d=,dE; =0, (33)  harmonic functions in U satisfying the boundary conditions:
X 6#2,4’1,(‘:11 :‘21 :‘3IT) .
00 0 e Ford = 2: Fori = 1,2,
Optz,n41(§1, €2, 85, T)
/ \v; -n =a * 0,
=03, (§1,$2,§3,7) V2 (E1E2)=(§1.$2) Y23p
+ 31!43 (-:41; Zo, :43)(5V#3,/n, VYZ,JP . n| = ayzx +* 0.
'n)(El'EZ'ES'T)| e (E1,E2)=(£1.62) P
(v A (B1,E2,83)=(§1,§2/$3) o Ford = 3:For j =123,
T \V39u3
. ) Tomw Vysy, -1 =a #0,
n) (‘-‘1' —2) H3)5:u3,4’1,(‘-‘1' =21 =3 T)|(EIVEZ!E3)=($1!$ZV€3) Hj |(51,Ez,53)=(fl,52,53) VS,J#].
§3 &2 &1
) Y n =a * 0.
+f J’ J- A33H3 (:1':2':3) 8, dE, dE; =0, (34) Yg,Jp | 21,82,E3)=(§1,£2.63) ¥33p
55 h X 831 (81, Bz B3, T) The proof is completed by substituting (38) and (39) into
8p41(81,85,85,T) (22)-(24) and (25)-(28), respectively.
= 5pn(§1' 52' ES!T)
+ 33,(E1, By, B3, 1) (6Vp, System (5) solutions' existence and uniqueness can be
1) (Ey, By, s, T)|(31,22,53)=(51,§2,§3) studied through the following theorems.
. (Vglp Th 2. Let th
. = OROR P eorem 2. Let the operators
n)(ul'Hz'H3)6Pn(ul'uz'HS'T)|(51r32r33)=(f1'52'f3) M-,QOO(O T. $1(U 2
& & & : ,T, $'(0)) N 22(0, T, V(1))
AN (BB, B o 1 2
+f f f 5, pEuEB) 4p dazaz, =0, @35) = 27(0.T.51 (W) N FO.TV,(0))
5 b b X p’n("‘ll —2) =3, T) and
The systems of stationary conditions: P:22(0, T, %' (U)) — £2(0, T, $' (V)
Ford = 2: Fori = 1,2, be defined as follows:
Slhin 1853,,(E, E) =0, For d = 2: let M[u] = (M[u,], M[u,]), where
oV, : (B, =0, M $2
Hin - 23y, (Eq 2)|(51,Ez)=(€1,€z) _1:1(1;(5; S?)T)
ké“ui'% :(vzlﬂi ’ n)(El'EZ)l E1E2)=(§1.62) N 1'(36) 5; 511' )
8p, 10;3,(E4,E;) =0, + J‘ J’ Y2, (B, Ep) — Y23, (§1,62) (Alll
. o) = a
5Vpn n . ZJp("‘l' u2)| 21,5)=(61.65) = 0, 00 yZ,Jul
: -n)(E,,E =1. 10p dp o o
k‘Sp% ' (VZJ‘P n)( v 2)|(51,32)=(§1,§2) 1 —— (6_1 + (W Vu, + e Q1>> dE, dE,, (40)
Ford = 3: For j = 1,2,3, b\ OT =1
6”],% :A3lp.]-(51' EZ' ES) = 0: Mz[,u.z](fl, 52,'[)
. o = = ST
) SVijp -1 33;4]-(~1'-2'~3)| (E15255) = O 1;22(511 §2,7)
=(1d2ss) +J’ f Y23, B1,E2) — V2, (§1,€5) A
6”1‘% . (V3J#1 . n) (:..1, o, :.3)| (E1,E2,83) = 1, a‘y2} U2
3 =(1,$2.63) (37) 0 0 Az
1) 1033, (54, 8,,83) =0, 1/0 0
P : p.(.. 1._ 2._ X __(ﬁ‘F(ILV)#z +Tp_92) dEy dE,, (41)
5Vp'ﬂ n 3JP(:‘1‘ S, :43)| (B1,E2,E3) = 0, v\ 0T 6:42
- __(61‘62‘63) P[p](£1,$2,7) = p(§1,62,7)
Spn :(V33p : /n)(:‘l: S92, 53)' (E1,82,83) — 1. &2 &6 .
=(§1,$2,$3) Vz,Jp(-:m ) — V23, (1,$2)
The solutions to (36) and (37) are non-unique: + a Ap
Ford = 2:Fori = 1,2, oao Y23p
oo Vz,;uj(51'52) - Vz,zuj(fl'fz) + a_((ﬂ Vi, — 01)
Zlﬂj(""'l'“‘z) = a, , X1
i (38) 9
— +— (. V)u, — dz, d=,. 42
| o Vz,lp(%n:z) _Vz,xp(stpscz) 0x, (- VK2 =~ 02) 12 (42)
k zlp(:ﬂpﬂz) = @ )
Y2)p
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For d = 3: Let M[pu] = (My[p1], M [12], M5
Ml[ﬂl](fl‘ $p 53',[)

= /“‘1(9(1'9(2'5(3'7)
§3 6, &

[13]), where

)/3 3 (‘-‘1' EZ' 33) - }/3'1#1 (51' 52' 53)
o]
a73,1u1
u 9
——(=2+@v
. ( S LT o

- 91)> (B4 By B3, 7)dE, dE, dE;, (43)

M, [”2] (9(1' S 83 T)
= '“2 (51' Sez' $37 )

3, (81,85, 8;) — ¥3s, (51'52'53)
f.fj a <AM2

Y3,

1,
—;(—+ (W, +

dp
0 (LZ
- 92)> (B4 By B3, 7)dE, dE, dE;, (44)

M3[/“‘3](5(1' Sy s(3"5)
= ”3 (51' 52' 37 )

f f f (u,umj Vas,, (6062 65) (MB

V3.0,

—;(i+( Vo, +

ap.
P) 9%,

_ Q3)> (84,8,,83,1)dE, dE, dE5, (45)
P[p] (El' 52' 53' T)

= f;(il' iZ' 53' T)

f f f V33, (E1,82,83) — Vs,zp(fpfz'fs) (A
D
a]/31
+ _((ﬂ Vu; — 91) + ((ﬂ Vu, — Qz)
+ E ((H Vus — Q3)> (By, B3 B3, T)AE dEy dEs.  (46)
3

If there exist constants € < 1 and €p < 1 such that:
”M[l‘l’] - M[ﬁ]”ﬁz(o,T,ﬁz(U)) S GM”” - ﬁ”ﬁz(o,T,ﬁZ(U))’ (47)

IPLo] = PLBlgz o m ) < Clle = Pllgs (o) (48)

for all pjit€ L0, T,H(V)) N L%, T, Vy(U)) and
p,p € 2%(0,T,H1(V)), then system (5) has a unique
solution.

Proof. The result follows directly from Banach's Fixed

Point Theorem.

Theorem 3. Assume the operators M: Ky = Ky and
P: Kp = Kp in Theorem 2 are defined on compact, convex
subsets ¥, and K, of the spaces £°(0,T, $'(U)) n
22(0, T, Vy(0)) and £2(0, T, $' (V)), respectively. If M and
P are continuous, then system (5) admits at least one

solution.

Proof. The result follows directly from Schauder’s fixed-
point theorem.

Adopting a comparable methodology, we derive the
following results for steady-state fluid flow.

Theorem 4. The correction functionals for the stationary
fluid governed by

(u.V)p—vAp=-Vp+p in0,

{V -u=0 in U, (49)

u=139 on 00U.
are defined as follows:
Ford = 2:
i1 (9(1' 52)
= /“‘1,4@(9(1' 52)

) 51

(‘-‘1' HZ) yz; (51’ E2)
A”ln

f I —

ap% o o
- (ﬂn ’ v)'uln + = 91 (‘:‘1' E‘Z)d‘:l d:‘2' (50)
v ’ 0,
llz,n+1(f1.fz)

= U2 (§1,§2)
§2 &1 - -
Y2, (B, E2) — Y2, (1,62)
+f J’ A:“'Z,’VL
Y2,
1 dp, e
3 By - Vi, + 9=, 02 | | (B, Ex)dE; dE,,  (51)
o2

Pn+1(1,2) = pr(§1,82)
§2 &1

f J’ Vz,ap(El'Ez) —Yz,zp(fpfz)(
+ Ap,
0 0

a
Y23,

+ aixl ((un Vi n — 91)

()
axz ”/n #Z,n

- Qz)) (E Ez)d51 dEz, (52)

Ford = 3:
M1 (51' Sy f3)

= '“1,n(f1'fz'€3)
§3 &, 51

33 (‘E‘l' E’Z' 53) - Y3'3 (Elﬁ 52! 63)
1 Hy Au
J J j a L
V3,
2, -y, +
v Ln 651

- 91>> (1, By, E3)dE, dE, dEs,

(53)
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'uz,n+1(f1' Sy f3)

= “2,n(9(1'9(2'5(3)
§3 & &

y3'3142 (‘E‘l' E’Z' 53) - y3'l"2 (Elﬁ 52! 63)
+ 0 Au,
0 0 0

Y3,

1 dp
_;<(”n'v)'u2,n+é

_ 92)) (8,,8,,83)dE, dE, dE, (54)
H3 11 (51' Sy f3)
= /“‘3,4@(9(1' S 5(3)

$3 6 & S

y3'3143 (‘:‘1' 2 ‘:‘3) - Y3'3M3 (Eli 52! 53)
+ Apg
a y

00 0 V33

1 dp
- ((ﬂﬂ- Vbt o5

p/n+1(§1’ $o 53)

=p,(¢1,6,,¢3)
$3 6 &1

]/3’1!) (:‘1' &2, :‘3) - ]/3,3!) (Elﬁ 52! 63)
+ Ap,,
Qyzy
0 0 0 P

+ aixl((l‘n V), 91) * 6672((”” k- QZ)
0
+ 6_x3 ((”% ' V)'u3,%

_ 93)> (E1, By, E3)dE; dE, dEj. (56)

Theorem 5. Let the operators
M: $1(0) N V4(0) - $' (V) N V,y(V), P: $' (V)

and
$H(0)

- $1(0)
P:51(0) -

be defined as follows:
Ford = 2:

M[u] = My [q], Ma [ ]),
where

M; (1,161, €2)
= /«‘1(51'52

fj‘}’zaul(ulwz) Vz;ul(fpfz)

1
(Alil 7 ((ﬂ Vi

aVz,Jul
P e oo o
+6T_ 91) (E1,Ex)dE  dE,, (57)
M [#2](51,52)
= #2(51,52)
Y23, E1E2) — V2, (1, 62) 1
f f E—— = (Auz — (. V)p
Y23,
+ 6_ - Qz) (B, ER)dE  dE,, (58)
2

P[p](§1,¢2) = p(fl‘?)f
+ fz f VZ,JP(El' Ep) — V23, ($1,€2) (Ap

a
Y23,

0

+a—xl((ll- Vs — 01)
9wy

t o (. V)p,

- Qz)) (1, Ex)dE  dE,. (59)

Ford = 3:

M[u] = (My[pq], My [u,], M3[p3]),

where,
M; [”1] (51' Sy Sz3)

= ”1(51'52'53)
§3 8§, &

ygl (‘-‘1' EZ' 33) - ’}/3'JH (51' 52' 53)
[ [

Y3y,
6#
—— =+ @V
D(a (- Vu, +

ap
08,

— 91)) (81,85, B3)dE, dE, dE5, (60)

M, [1,](61,¢2,€3)

= uz(81, 62, 63)
§3 &2 &1

fffVa,J#Z(El,Ez,Ea)—Va,xuz(s‘l.s‘z.s‘s) (A”

a
V334,

llz
—— (= \Y
1)(6 + (@ Vp, + 3%,

- QZ)) (Ell EZ: 53)d51 dEz dE3,
M3 [u3](&1,¢2,€3)

= u3(&1, 62, &3)
§3 &2 &1

fffV3,J#3(E1,52:53)_V3,Ju3(f1'fz'§3) (A”

a
V33pus

(61)

U3 Op
—;<a—+ (1. Vus + 9,

- 93)) (E1,E2,83)dE, AE, AE;, (62)

P[p](§1,¢2,$3)

=p(§1,$2,63)
§3 §2 &1

V33, (1,82, 83) — V3, ($1,62,63)
+ a Ap
0.0 0 V33p

+ 2 (V)
9x, - Vug

0
91) + 6_xz ((ﬂ- Vu, — Qz)
9 v
+ o, (Vs

- Qg)) (Ell Ez, E3)d31 dEz d53. (63)
Suppose there exist €y < 1 and Cp < 1 such that:
IM[p] — Mitlllg2 sy < Cmlle — itll g2, Yo it
€ H1 (V) nVy(V), (64)

IP[p] = P[Alllg2 () < Cello — Allgi(w). Vo, p € H' (V). (65)
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Then the system (49) has a unique solution.

Theorem 6. Assume the operators M: Ky = Ky and
P:Kp - Kp in Theorem 5 are defined on compact and
convex subsets Ky and Kp of $'(0) NV, (V) and $*(V),
respectively. If U and P are continuous, then system (49) has
a solution.

IV. GVIM FOR INCOMPRESSIBLE MICROPOLAR
FLUID FLOW SYSTEMS
The system of incompressible micropolar fluid flow is
modeled using Navier-Stokes equations and microrotational
velocity equations as follows [15, 17, 30, 32, 33, 36]:
Given the external body force and moment (torques)
01,0, € 532(0, T,Sf)_l(U)), boundary data 9,9 €

1
9t (O, T, 535(60)>, initial data w,, @, and time T > 0, find:

e Velocity field: p:Up » R%
22(0,T, V(V)), where
V(0) = {n € H*(0): plos =9,V -p =0in U},
e Microrotation field: w:Ur » RY in 2°°(0, T, H! (U)) n
12 (0, T, $2 (U)), where
$50) = {w € $*(V): oy = I},
e Pressure field: p: Up = R in £2(0, T, $1 (1)),
such that, for 4 = 2:

in 27°(0,T,$'(V)) n

op
a——(n-i—nr)Au 20,VXw+9o, inUr,
+(@-Vu+Vp
 dw (66)
o @t he _ o o ute, inU,
+(u- Vo + 4v,.w
V-u=0 in Or,
and ford = 3:
op
9 O U xw e, in Uy,
+(p-V)p+Vp
w
o (ca + &)Aw (67)
—(co + & — ¢)V(V - @) =20,VXu+g9, in0Ur,
+(u- Vo + 4.0
V- u= 0 in UT,
with the boundary conditions imposed:
{M = 191,(1) = 192 on OUT,
B(x,0) = po(®), @(%,0) = wo(¥)  InD,
where:
e Ford = 2:
(1,821 =

(U1 (81, 62,7, 12(81,62,7),0), (81, &5, 7) =
(0'0'0’ 3(51'52'1'))'[’(3(1'52"[)-

e Ford = 3:
r(¢pép8yt) =
(UG NS N CHE I ) WU (R S5
“’(51'3(2'53'7) =
(@1(8,, 8 €4 7), 02(6,, 60 640 7), 03(8,, 60,64, 7),),
p(§1, 62,83, 7).

Here, the positive constants v, v,, ¢, ¢, ¢, represent viscosity
coefficients, where v is the Newtonian viscosity and v, is
the microrotation viscosity. The constants ¢y, ¢, and c,
satisfy ¢y + ¢, > ¢,.

Theorem 7. The correction functionals for the systems (66)
and (67) are as follows:

Ford = 2:

H1m11(61, 82, T)

= #1,@(51'52'1')
§2 &1

V25 (5.5)—]’,; (¢1,¢2)
+ff 23y, (51 2 23y, \S12 62 My
0 VZJ,ul
1 a:ul n apn a(’~)3 N
- - -V — =2 -
(U + nr) ( + (”n ):ul,n + aal I)I‘ 652
- Q1,1)) (E1, B, TAE dE,, (68)
Hom+1 (51' Sy T)
= Hom (9(1' Sy T)
I3
! 1)/21 (‘-‘1"-‘2) yZl (Elﬁ 62)
f f A#Zn
Vz Ay
1 al‘z n ap awS n
- — + v +—+ 2o,
(0 +0,) < ot (u" )MZ”‘ 0%, g,
QLZ>> (1,8, 1)dE, dE,, (69)

w3,’ﬂ+1 (Elﬁ 52! T)
= 03,(61,6,7)

Y23, ("‘1""2) Y23, (51'52)<
+fj a Aw3,n

Y2304

1 w3,
_— +
(ca+c)\ 0t

ou, a,ul
_ 2nr< a=m ——") = 0,5 | | (B1, B, 1)dE, dE,, (70)
—1 “2

Pn+1(1,62,T) = pu(§1,62,7)
T V23, (1, Bp) — Y2, (61, &) <
+ Ap,
/]

(u% . V)w3m + 40,03,

2,
d
+ a_x1 ((ﬂn Vg, — 91,1)
d
+ a_xz ((“n : V)#Z,n

- 91,2)> (E1,Ep, T)AE, dE,. 71)
Ford = 3:
:ul,n+1(€1'€2'€3"[)
= Ill,n(fpfz'fs"f)
$3 82 &1 - -
V3, (E1,82,83) — V3, (§1,$2,¢3)
+ a A#l,n
V3,1u1
a.uln apn
—_— + \Y
ey Dr) ( By Vg + 8,
(awm awm)
’r\ %z, ~ oE,
- 91,1)) (B1,82, 83, T)AE dE, dE3, (72)
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U2n+1(§1, 62,83, T)

= lv‘z,n(fpfz;f&f)
§3 62 &1

+J‘ f f Vs,xuz(EpEz'Es) _Vs,auz(fpfz'fs) (Alulzm
0 0 0 5 aYs,;\uz
1 Uz 9p,
a— 4 + .V +_
(n+nr)< T (B Wbtz 0%,
5 <6w1m 6w3m>
"Gz, T og,
- Q1,2>> (E1,E2 B3, T)AE, dE; dEs, (73)
Uz,n+1(61, 62,83, T)
—#3n(f1:52;53;7)
§3 &2 &1
J‘ f f V31#3(~1:~2:-3) V31u3(f1;52;§3) (A
/13,41
a]/31u
k! OUs 0p,,
—_— 4 + .V +_
(n+nr)( dt (B~ Vbtz 0%,
(6(»2_% 6w1,n>
"\ 9%, 0=,
- 91,3)> (51,52, 85, 1), 45, dE,, (74)
wl,n+1(§1;fz'§3:7)
= wln(fl!§2!§3'f)
§3 82 &1
fj’f)’nwl(-v-z:-ﬁ) V31w1(f1:§z'53)<
Awy ,
a]/3,1u,1
LS (B2t - ) (- @)
(ca+¢) OTH " 651 Wn
Otz Oty
+ (I‘n ' V)wln +4Drw1n - 2”r< 'uj' - 'u.f' )
' ' d=, 0z,
- Qz,1>> (E1,E2, B3, T)AE dE, dEs, (75)

wz,n+1(§1' 2,63, 7)

= wZ,n(El:fZ'ES'T)
§3 82 &1

V330, (81,82, 83) — V33, (§1,62,83)
+ a Aw, ,
0 0 0 V3l

0wy,
—m( 3 —(+e— Ca) (V w,)
6 0
+ (l‘n : V)wz,n + 4‘Dr(‘)2,4¢ -2 Drr (& - ”f,n)
o 0%,
- Qz,z)) (1, B2, B3, T)AE, dE, dEj, (76)
w3,n+1(€1: 52'53; T)
= w3 n(flﬁ 52' 53: T)
§3 63 ¢ - -
y3J (‘:11 =2, ‘:3) - }/3';‘&) (51: 52' 53)
Jf] S
00 0 Drsag
ows ,
— | (o V-w
(ca+cb)< oo (V)
au ou
+ (”n . V)w3_n + 4v,w3, — 20, < a;’" — BTM>
21 =2
- Q2’3> (51, Ez, 53, T)dEl dEZ d53, (77)

Pn+1(€1, 62,83, 7)
= pn(§1, 2,83, 7)

§3 62 &1 o
fj'f V3,Jp(~51'=2'=3)_V3,Jp(§1'§2'f3)<

+ Ap,
0.0 0 Dras

+ aixl ((ﬂn Vi — Q1,1>

+ —ai (B - Vs, — 012
2
0
ton ((ﬂn Vs n

- 01'3)> (Ell Ez, 53, T)dEl dEZ dE:g. (78)

Proof. We rewrite both systems (66) and (67) as:
0
App = — a—¢+(u-v)u+vp
(v +0,) _

ow (79)
_ 1 —+ - Vo + 4v.0 :
Aw= (Ca‘i‘%)(aT in O,

in U,
20,VX w—0,

—20,VXpu—g;
V-p=0 in Uy,
and
ou
1 - .
(o +20) —20,VX w— 9
w
1 P (co+6—c)V(V- w) (80)
aw= (ca+¢) +(p- Vo + 4o in Or,
_anv XU—Q;
V-u=0 in U,

respectively. Since u, w and p do not appear in a symmetric
manner with respect to time, we apply the divergence
operator (V) to (66.1) (and similarly for (67.1)) to derive

the Neumann problem for p:
Ap=-V-((n V)u 1) inUr,
_w_ 81
a _ ((n +0,)AY CE V)z9> n on U, (81)
on +20,V x 19 +0,
where 7 is the outward unit normalto dU.
For d = 2, expanding (79.1), (79.2), and (81.1) yields:
A 1 (aul V) dap 42 Jws
SNCEES) g e,
—011), (82)
1 15 14 dws
A —( V), + =—+ 20, —
Uy = (D + nr) ( )MZ afz r afl
— 012, (83)
1 0ws
Awz = (CaTC)( + (u-V))w; + 40,04
u, 6#1
=20, (52— 52— e2s), 84
0%, afz 023 (84)
Ap = g \Y
o = _a_xl((ﬂ‘ My — 91,1)
- % - Vpy —012)- (85)
0x,
For d = 3, expanding (80.1), (80.2), and (81.1) yields:
A 1 (aul V) 6p ) (60)3 6w2)
= ———< — 40\ T a7
NCETS eIt 5 2 \Gg, T g,

- 91,1):

(86)
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du
) (s v
#2 (U + r) (I’l )”2 af
(6(»1 6w3) ) @87
n S A - )
a5, ~ a5 ) 4
A ! <a (Vs + 22
#3 (U +nr) I’l #3 653
(awz 6a)1) ) 88)
D -  a- - )
a5, " og,) T4
Ao = 1 (6(»1 (o + ) a V- o)
N CETS L T
Ous O,
+ (Il . V)a)l + 4I)r(1)1 - 2Dr (6—62 - 6_53)
- 92,1)' (89)
A, = 1 <6w2 (e + ) d V- o)
N CETS A T
Opy O
+ (- Vw, + 4v,.0, — 20 (———)
I’l 2 rv2 r 663 661
- 92,2)' (90)
O e N A
@3 = (ca+)\ 0t 0T % ¢4 @
O, Oy
+ (u-V)ws + 4v.03 — 20 (———)
n 3 rs r\a¢, ~ 05,
- 92,3)' 91
d d
p = _a_xl ((ﬂ V) — 91,1) - a_xz((ﬂ Vi, — 91,2)
d
= o, (B Dtz = 213), (92)
The correction functionals for (82)-(85) on U = [0,&] X
[0, &,] are:
#1,n+1(f1'fz"[) = Ill,n(fl'fz.T)
§2 &1
+f f 23;11(31'52) (Aﬂl,n
0 0
1 aﬂl% 6,5%
i - V)i _n
(D + Dr) ( + (IL}'L ):u'l,’VL + 651
0d3,
20 g
- Ql,l)) (1, B2 T)AE dEy, (93)
liz,n+1(f1'fz"[) = Ilz,n(fl'fz'f)
§2 &1
+f f 23;12(31'52) (Aﬂz,n
0 0
1 aﬂZ% aﬁ%
R G tid ii -V _n
(D + Dr) ( + (usL )MZ,’}’L + aEZ
0d3,
+ 2p, PER
- 91,2)> (1, B2 T)AE dE,, (94)

w3,/n+1(€1' $2,T) = w3 ng(fl’ §2,7)

ff 23w3(~1'~2)<Aw3n

(a~3%+( V)
(Ca+Cb) ty - (‘)344,

ofi o
+ 40,05, — 20, ( Fon 8 _1'”)
ch 0=,

- 92,3)) (51; Ez, T)dEl dEz,

Pn+1(1,62,T) = pu(§1,62,7)
§2 &1

+J-J- 2%(51'52)(Apn
0 0

+ % ((ﬁn Vi — 91,1)

1

(95)

Ja (. _
+ a_xz ((“n : V)#Z,n

(96)
[01 El] X

- 91,2)> (Eq, B, T)AE, dE,.

The correction functionals for (86)-(92) on U =
[0,&,] x [0, &;5] are:
H1,n41(61,$2,€3,T)

= #1,@(51'52'53'1')
§3 &2 &1

+fff 33;41(31'52'53)<A/«‘1,n
00 0

1 aﬁl/n aﬁn

— 4 i, - V)i R
(U + nr) ( + (”n ):ul,n + 651
5 (6&)3_n 6(I)M>

0=, 0Z3

- 91,1)) (Ey, Bg, B3, T)AE, dE, dEs, (97)

#2,n+1(f1' §2,63,7)

= liz,n(stpfz'f&l')
§3 &2 &1

+fJ’J. 33;12(51'52'53)(&12,%
0 0 0

1 aljz n aﬁ/n
- 4 it, - V)i —
(U + nr) ( + (”n )#z,n + 632

96
- an( aslj -

6(1)3,%)
0%,

- 91,2)) (E1, 82, 83, T)AE dE; dE3,(98)

#3,n+1(f1' §2,63,7)

= #3,n(§1'52'f3'1')
§3 &2 &1

+fJ’J. 33;13(51'52'53)(&13,%
0 0 0

1 6/13 n 6,5%
f— 4 + i1 . v il + _
(U + Dr) ( (I’l/n ).u'3,fVL 653

) (aa)m 6(1)1,,,‘)
g8, ~ Tog,

- Q1,3)> (E1,Ep, B3, T)dE, dE, dE3, (99)
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01,41(81,62, 83, T)
= wl,n(fl:fZ'ES'T)
§3 &2 &1
+ f f f 330, (E1,E2, E3) (Awl,n
00 0
1 0®q 4,
- m( — (ot — Ca) (V @®,)
ofi ofi
+ (ﬁ'% : V)(I)l,n + 4‘Dr(bl,n —2p ( ;3% 6#:2‘%)
22 o3
- 92’1)) (El’ Ez, 53, T)dEl dEZ 453, (100)
wz,n+1(§1'§2'f3'1')
= wz,n(€1'€2'f3"[)
§3 &2 &1
f f f 33w2 (E1,E2, E3) (AwZn
0d,,
m( & (C0+Cn—ca) 5z (V @,)
i ofi
F (o Doy + 00y = 20, (222 5‘ o)
o3 5
- 02’2)> (Ell Ez, 53, T)dEl dEZ d53, (101)
03541(§1,62, €5, 7)
= w3,n(f1'fz'§3'f)
§3 &2 &1
+f f f 3305 (E1, E2, E3) (Aw&%
00 0
1 (6(1)3,% (e + )6(V~)
(cy + ¢) ©TH "G 0%, ©n
i oji
¥ Gl Vo + 40,055, = 20, (22— 200)
5 o2
- 92’3)) (El’ Ez, 53, T)dEl dEZ 453, (102)
Pn+1(1,62,63,7)
= p/n(fll 52' 53' T)
§3 §2 &1
+ 3% (E1, B2, E3) [ Ap,, + % (7 V)ﬂLn — Q11
1

0 0 O
9 /. N
+ a_xz ((ﬂn- Vi, — 91,2)
+ 2 (G- Wa
6x3 ”/n #S,n
- Ql,3)> (Ell EZ' ES' T)dal dEZ d53 . (103)

Here, .ai,n(i = 1,2), .aj,n' (Dj,n(j = 1'2'3)'
restricted variations (see [16]), i.e., 6, =0,80;, =

and p, are

0,6@;, =0, and 65, = 0. By rendering the correction
functionals (93)-(96) and (97)-(103) stationary and applying
Green's first identity, we derive the stationary conditions:

Ford = 2:
5#1,n+1(§1'52'1') = 5#14;(51' $2,1)
23;41 (B, :2)(5V.u1,%
) CE B2 D@z
- (VZJIM
: ”1’)(51' 52)5#14;(51' 22, T)|(E1.Ez)=($1.$z)
&2 & A (EE)
+ff 52 me v Y dE dE,
X 61, (Eq, Ep, T)
0 0
5#2,n+1(€1'€z"[) = 5Mz,n(f1'fz'T)
+ zluz(Esz)(dvliz,n
ROICTE Rl P
= (V23

n)(~1'~2)5ﬂ2n(“1'~2tf)| 8,5)=(61,8)
§2 &1

J'f A3y, (B Ep)

+ - o

X Oy 5 (E1, Ep, T)
00

5w3,n+1(§1' $1) = 50’3,@(51' $2,7)
+ 230, (B, E2) (6Vws
' /n’)(dl' S2 T)|(31'52)=(f1'fz)
- (VZJ(%

1) (B E)803,0 (B0, 82D o _ee
§2 &1

Ay, (B4, B
+ff 2 a)3(H1 ._2) dEl dEz
0o X 60‘)3,%(‘:‘1' ‘:Z'T)

0pn+1(€1, 62, 1) = 6p, (81,62, T)
+ le(El;EZ)((SVP%
: n)(::"'ll EZ! T)| =
= (VBs
'n)(‘-‘l'~2)5pn(H1'~2'T)|(~1 E2)=(¢1,82)

§2 &1
D33, (51, E)

X 60, (Eq,82,7)
0 0
=0
Ford = 3:

Oty n4+1(81, 62,63, T)
= 6#1,%(51' 62' 63' T)
33;11(51' 52'53)(5V#1n : ’n)(Ep Ez'Es'T)l 8
- (V3 ™ ’n’)('-'l'-'Z!“3)6M1n(~1!“2'~3'T)| 8
362 &

A3J (EIIEZ’ES)
+ffj Mo Y Y dE dE,dE, =0,
X 6#1,%(:‘1' S, a3, T) ! 2 3
00 0
Oz n+1(§1, €2, 83, T)

= 8u,, 12(£1,62,835,7)
+ 33, (E1, By, ~3)(5VH2n ’"')(--1' B, 83, T)|

- (V3 Uy ‘4")(-—1'-2:—-3)5#2,n(-1’-2’~3:7)|
§3 62 &

A3J (EI’EZ’ES)
+fff e T Y dE dE,dE; =0,
50 b Xa#z,n(:‘lﬂ:‘Z":‘Sir) ! 2 3

S d:..z

1,22)=(§1.$2)

g d:..z

(107)

E2,23)=(§1,$2,$3)
E2,83)=(§1,§2,$3)

(108)

E1,82,23)=(§1,§2,$3)
21,82,83)=(§1,$2,$3)

(109)
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5:“3,%+1(€1'€2'E3'T)

= 5#34;(51'3(2'53'1')

+ 33, (B1, By, 53)(5V#3,n

' /n’)(:‘l' 52,53 T)|(51'52r53)=(f1'52'f3)

- (V3J#3

) n)(‘:"l' 52, :‘3)5l’l3,ﬂ(‘:‘1' o, 53, T)| 21,52,53)=(81,82.83)

§3 82 &1 o
fff A3y, (By, ), E3)
+ o o o
X 635 (Eq, Ep, Eg, T)
00 0

0w1n41(§1,62, €5, 7)

= 6“’1,n(f1;52;§3:7)

+ 330, (B1, B2, E3)(6Vw, ,, - 1) (Eq, B, B3, 7)| -

- (V bY ”"r)(-1’~2'-3)5w1n(-1:-2’-3’T)|
£ 6 & o

+f ff A33m1(i1'iz'i3) d
) X 8wy ,,(Eq, By, B3, T)

0wy p41(81,62, 63, 7)

= 0wy, (§1, 62,3, 7)

+ 33, (B0, 82 B) (6V@a 1) (B B2 B D o o e o o
(V3 s ”)(~1:~2’~3)5w2n(~1’~2:~3:T)|
£6 6 o

+f fj A33m2(i1'iz'i3) d
I X 8w, ,(Eq, By, B3, T)

0ws 441(81,82, €3, 7)

= 0w;,(§1,$2, €5, 7)

+ 330, (B1, 22, E3)(6Vws , - 1) (B, By, B5,7)|

E1,22,83)=(£1,£2,€3)
(V3 w3 4")(-—1' B2, E3)0w3,(Eq, Bz, B3, T)|

&3 &2 & Ad. (Bp By Ed)

+fff 3Mwg :1;:2::3 d
X 50)3'47'(:'1, S, :.3,T)

0 0 O
6pn+1(fli EZ' 53' T)
= 6pn(§1. ‘3;2' 53"[)
+ 33p(51, 22, 83)(6Vp,. n) (51, By, E"3"[)| E1,82,83)=(81,82,63)
— (V33,.1) (B4, E5,E35)6p,, (81, By, B3, 7))

§3 &2 &1

El dEZ dE3 = 0, (110)

E2,83)=(§1,§2,§3)
E1,82,83)=(§1,§2.43)

g, dE, dEs = 0, (111)

E1,22,83)=(§1,§2,$3)

El dEZ dE3 = 0, (112)

E1,22,83)=(§1,§2,$3)

8, dE,dE, =0, (113)

(E1,82,E3)=(§1,§2,$3)

A3d (BB, E
+f f f 3 p(j o2 _3) dZ, dE, dE; = 0. (114)
X 80, (Eq, Ep, B3, T)
0 0 O
The systems of stationary conditions:
Ford = 2:Fori =1,2,
Sthin :Azlp.i(ap E) =0,
avﬂi,n . ,n'ﬂi,n : le_i(El' E"2)| (E1,82) = 0,
=(§1.$2)
lallm (VZ n) (‘-‘1' “2)| (BL,E2) — 1!
=(§1.62)
If W3 :A21m3 (Ey,E2) =0,
§Vws, -y, 23 (51’52)| (E.5) =0,
4 > ’ =(511§22) (115)
Lfswsn : (Vzlmm -n)(E,, Ez)| (EnLE) = 1,
=(§1.62)
|{6pn :AZJP(EII E,) =0,
4 8Vp, m i 23 (BB @z =0,
=(§1.$2)
Lapn (V23 - 1)1 Ep)| ez = 1,
=(§1.42)

Ford = 3:Forj =123,
6”j,n :A3luj(51; Ez, 53) =0,
6V‘u1»n : nﬂjm,

n) (E1,82,83)

: A3le(51, E2,E3) =0,

: (V3Ju}. .

6”j,n

(B1.8283) =
=(§1$2.63)
5(4)]"”

SVW My, ¢ 330, (B0 Es, 53)|(51,52,53) =0,
i(Vslmm : )(..1, uz»us)l (E JEa, =1,

6p’VL :A33p(51,52,u3) = O,
6Vp, -mn

6(1.)]"”

: 3:‘p(51; g2 E3)| (81,82,83) — 0,
=(§1.82.63)
8pn :(Vadp - 1) (1, B2 B3| 8,8, = L
=(§1,82.63)
The solutions to (115) and (116) are non-unique:
Ford = 2: Fori = 1,2,
o Yy, (B, Ep) — Y2y, (1, 62)
23;1]- (B, E2) = )
Ay2
AL
o Y2, (B, Ep) — Y230, (1,$2)
5 23m3 (B, B) = )
V2303
- V23, (B, E2) — Y2, (§1,¢2)
zlp(:-p E) = )
ayz:‘p

(117)

Ford = 3:Forj =1,2,3,

V3,l#_(51' B2 83) — }/3,1,,,(51‘ Sy 53)
3:4[11_(51'32) = - - ’

a
Va3,

}/2 %)3 (El' EZ’ 53) - y2’1w3 (51' ’fz' 53)

,(118)

\ 3%, (B E2) =

a
Y3305

- - yz‘]p (Eli EZ' 33) - yZ']p (51' 52' ’53)
33,81, 8) = . )
Y33,

yZ,JP_i (l = 1'2)' y2,lw3l VZ,Jp and }/3,1#_’ y3_1w]_ (] =
J

Here

1,2,3),)/3'% are any harmonic functions in U satisfying the

boundary conditions:
e Ford = 2: Fori = 1,2,

Vyz'lui .n|(51’52)=(€1’€2) = aym#i * 0,
W2dor Mg atereny . Wotas T O
VVZ,JP n 55 =(Euts) = a},up * 0.
e Ford = 3: Forj =1,2,3,
e .n|(31.52r33)=(f1§2'f3) = By * O
a2, 'n|(sl,uz s(niate) T O
V33 .n|(51,52.53)=(f1.52rf3) = ey, # 0

Substituting (117) and (118) into (93)-(96) and (97)-(103)
completes the proof.

System (66) and system (67) solutions' existence and
uniqueness can be studied through the following theorems.
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Theorem 8. Let the operators
M: 22(0, T, $*(0)) N 22(0, T, V(1))
- 22(0,T, $*(0)) N 22(0,T, V1)),
0:22(0,T,$' (1)) n €% (0, T, $3(V))
> 22(0,T,$'(1)) n €% (0,T, 3(V)),
P:22(0, T, $' (V) - 22(0,T, $* (V)),
be defined as follows:
Ford = 2:

M[u] = (M;[py], M (1], 0), Q[w] = (0,0, Q3[ws]),
where

M, [11](&1, €2, T)

= I’ll(flﬁ 52;””)
§2 &1 - -
f f Y2y, (1, 82) — Y2y, (§1,¢2) (
+ Apy
0 0 aVz,J‘ul
1 Jws

alll 6p
\Y — 20—
( (l‘ )I’ll a-:l D]" 652

T+ o)
- 91,1)) (B1, B2, T)AE | dE,, (119)
M, [1,](¢41, &2, 1)
=12 (§1, 62, 1)
§2 &1 - -
Y2, (B, E2) — Y2, (1,62)
+ f J’ Ap,
e L2,
1 au, ap 0ws
- (U + nr) <_ + (I’l : V)#Z au + ZDK‘ aul
- Q1,2)) (E1,Ep, T)AE; dB,, (120)
Q3 ws](61,¢2,7)
= w3(§1,62,7)
§2 &1 - -
V23, (EpE) — V23,, (61,62
+ f J. Aw,
0 0 aV2,1w3
dws ops 6#1)
BCETS) ( + (u-V)ws + 4v.0; — 20, (651 7%,
- 92,3)> (E1, B2, T)AE; dEy, (121)
Plp](¢1, &2, 7) = p(§1, &5, 1)
§2 &1 -
f f Vz,:«p(:q' Ep) — V23, ($1,€2) (
+ Ap
0 0 aVz,Jp
a
+ a_xl ((ﬂ M — 91,1)
+ g ((wv
ax, (1 ")ps
- Ql,Z)) (Ell EZ! T)d::-'l dEZ (122)

Ford = 3:
Mu] = My [pg], Ma[1,],
Qw] = (Q[w,

M3 [us)]),
1, Qz[w,], Q3[ws]),

where
M [111(¢1,62, 83, 7)

= w161, 62,65 1)
§3 &2 &1

+f f f V33, B1rE2,E3) = ¥35,, (§1,62,§3) (APH
0 0 O

aV3Ju

Jws 6w2rn>

1 oy, dp
(_ + (I’l' V)#l a-—- - an (a-: - a-:
-2 -3

(n +0,.)
- Ql,l)) (E1, B2, B3, T)AE dE, dEj,

M, [121(61, €2, €5, T)
= Up(§1, 62,83, 7)

(123)

§3 62 ¢ o
> 1}’3,1u2(51'52'53)_V3,1u2(§1'§2'f3)
] B
a]/3,1#2
1 au, dap Jw,; OJdws
(s -2
(n+nr)( (Ve + 55— 200 (55~ 3z,
- Ql,Z)) (Ell EZ' ES' T)dal dEZ dE3: (124)
M3 [13](61, €2, €5, T)
= u3(§1,62, 63, 1)
§3 62 ¢ o
> 1}/3'3#3(‘:‘1’:‘2’:3)_y3'3u3(€1’§2’f3)
] b
00 0 e
1 dus dap,, 0w, 6w1>
(n+nr)( G Vs + 5 2”“(6;1 3%,
- Ql,3)> (Ell EZ' ES' T)dal dEZ dE3: (125)
Q[wi](1, €2, 85, 7)
= w1(§1,$2,¢3,7)
§3 82 ¢ o
Y 1)/3,:«“,1(-51'52'53)_V3,Jw1(§1'§2'f3)
+ f f f Aw,
00 0 EEWN
(%t ) T @) + (D)
(ca-l-cb) Co+ ¢ —Ca FER w m-V)w,

d d
+ 40,0, — 20, ( aci Mz)

0%, 0%,
- QZ,I)) (Ell Ez, 53, T)dEl dEZ d53, (126)
D [w,](61, 62,63, 7)
= wz(fli EZP 53!””)
§3 82 & - -
- V330, (1, B2, B3) — V33, (£1,¢2,¢3)
] Aw,
a]/31(u2
1 <6w2 (o + ) d - o)
(cg+c)\ ot T €™ Ca 0E, @
a a
+ (- Do, + 40,0, - 20, (521 = 252
d2; 0%,
- 02’2)> (Ell Ez, 53, T)dEl dEZ dE:g, (127)
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Q3[w3](61,¢2,83,7)
= w3(§1,$2,83,7)

§3 82 &1 .
fffV3,1w3(51'-=2'53)_V3,1w3(§1'52'§3)<
+ Aw,
00 0
1

a1’31w3
<6w3
(ca+e)\ 0T

+ (- Vws + 4v.0; — an<

0
— (ot —)z (V- -w)
0%,

e ke

- 92'3>> (El' Ez, 53, T)dEl dEZ d53, (128)

P[p](§1,¢2,¢3,7)

=p(§1,82,&5,1)
é3 &2 &1

+Of Of Of Va3, (E1 B2 Es) — V33, (81,62, §3) (Ap

a
V33p

d 0
+ 6_x1 ((l‘- Vi, — 91,1) + 6_xz ((l‘- Vu, — 91,2)

+ g ((n.v
9%, (Vs

- 91_3)> (B4, 85,83, T)dE, dE, dE;. (129)
If there exist constants €y < 1,E, < 1, and €; < 1such
that for all

pite 22(0, T, (V) N 22(0, T, (1)),
w,® € 2°(0,T, $' (1)) N 22(0, T, 55,2,(0)),
p,p € £2(0, T, H' (V)),
IM[p] — M[Ijl]”gz(o‘-rlﬁz(u))
< Cyllp— all (0T 52)) (130)
l0[w] — Qlalll 2(0ms2®)

< Gllw — o (131)

22(0T,92(V))’
IP[o] = PIAlle2 (015" )
< Gpllp - /~)||32(0,T,551(U))' (132)

then systems (66) and (67) admit unique solutions.
Proof. The proof follows directly from Banach's Fixed

Point Theorem.

Theorem 9. Assume the operator s
M:KM g .(K'M,Q:.(K‘Q 4 jCQ and P:%p g ij
from Theorem 8 are defined on compact, convex subsets

Km, Kq and Kp of the spaces
Ky © E°°(O, T,Sjl(U)) n g2 (0, T, vg(u)),
Ko © 53°°(0, T, 551(15)) n g2 (0, T, g)f,(v)),
% < 2(0,1,5(V)),
respectively. If M, (), and P are continuous, then the

systems (66) and (67) admit solutions.

Proof. The proof follows directly from Schauder's Fixed
Point Theorem.

In similar discussion, we introduce the following
results for the stationary micropolar fluid flow.

Theorem 10. The correction functionals of the stationary
micropolar fluid flow are defined as follows:

Ford = 2:
The governing equations are:
—(D + nr)A” .
= X
(- V) +Vp 20,VX w + 04, inT,
—(¢y + ) Aw

=20,V X , in0, (133
+(u-VYw + 4o, uVXpte, inU (133)
V-u=0, in 0,
u=9,w=279, on 00,
and the correction functionals are:
#1,n+1(f1, &)

= /«;1//;(51'52)
2 $1 - -
+f J‘ V23, 1 82) = V25, (61,62)

:ul,n

0 0 aVz,J‘ul
1 ap% 6(1)3%
———| W VDl + 55— 20—
(v +Dr)< " 9, ' 95,
- Ql,l) (Ell EZ' T)dal dEZ ) (134)
#2,n+1(f1, &)
= /«f‘z,wré(stl'fz)
2 $1 - -
Y25, (EpER) — Y23, (£, &2)
+ f J. a A:“Z,n
0 0 Vz,J#Z
apn a(‘)34¢
———| (W - Vlgp + 5 + 20, —=—
(v +Dr)< " 2 9E, " 9%,
- Ql,Z) (Ell EZ' T)dal dEZ ) (135)
w3 54+1(81,$2)
= w3,n(§1,fz)
261 - -
f f Y2, (1, B2) — Y23, (£, &)
+ wS,n
0 0 Y2305
— 20 (aﬂz,n _ aﬂl,n)
"\ 9%, 0z,
- QZ,3> (Ell EZI T)dzl dEZ: (136)
Pn+1(81,62)
= p,(§1,¢2)
§2 &1 .
V23, (€1, Bp) — V23, (§1,$2)
+ Ap,,
a
o o Y23,
a

+ a_xl ((ﬂn- V1 — 91,1)

d
+ 5 (B Dtz = 91,2)> (1,82, T)E, dE,. (137)
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Ford = 3:
The governing equations are:
—(v + 0. )Ap .
= X
-V + Vp 20,VX w+ 04, inT,
—(¢y + o) Aw
X
—(cg+ ¢ —c)V(V-w) = Zn_rl_vg B inu, (138)
+(u -V + 4o, 2
V . ll’ = 0, in U,
u=9w="9, on 00,
and the correction functionals are:
:ul,n+1(€1' §2,€3)
= #1,@(51'52'53)
§3 82 &1 - -
f J’ J’ V3, (1, B2, B3) — V3, ($1,62,63)
+ .ul,%
s,
ap% aw3n 6(1)2%
- Vg, +2n ( m_ 0%, )
(D + Dr) <(u4’b )Ml,n 651 r 52 653
- 91,1) (El’ Ez, 53, T)dEl dEZ dE3, (139)
Ilz,n+1(f1'fz'f3)
= Mz,n(fl'fz'fs)
§3 §2 &1 — -
V3, (B1,E2,83) — V3, (%1, X2, x3)
+ A:“'Z,’VL
Lys,,
apn a(‘)ln a(‘)34¢
- Y +—=-2 ( — - - )
(D + Dr) ((u% )MZ,’I’L aEZ r 53 651
- 91,2) (51, Ez, 53, T)dEl dE‘Z dE3, (140)
#3,n+1(§1'52:f3)
= 3,081,862, €3)
&3 &2 & -
+ f J’ f V3o, (E1, 82, B5) — V3, (61,62,83) A
/13,41
ay31u3
1 apn 6(‘)241 6(‘)141
g e -2
(o +1,) (“‘” s+ 52 98, 0%,
- Ql,3> (Ell EZ’ ESIT)dEI dEz dE3, (14’1)
W1,541(81,62,&3)
= wln(€1'§2'53)
§3 62 &1
J‘ f f Y3 le(-p By E3) — V334, (§1,62,63)
wl,n
aV3,)m1
L (¢ )2 (V- 0,) + ity - V)
(ca + Ch) Ca — — G 051 wn ﬂn wl,/n
Olsn Oty sy
4D 01, — 20, ( 653.2 - 6323 )
- Qz'l) (El’ Ez, 33, T)dEl dEZ dE3 ) (14‘2)

W3 541 (81,62, €3)

= Wy, (§1,62,3)
§3 62 61

f J’ f V33, (B E2E3) — 13 Doy (§1,62,€3)
(‘)2,4'7,
a]/3,)mz
1
(Ca T Cb) (Ca - cb) 6_52 (V : wn) + (Iln : V)(Uz,n
Othan O,
40w = 2nr( asl: N assln )
— Qz,z) (B, By, B3, T)AE, AE, dE;, (143)
W3 541 (1,62, €3)
= w3, (81,62, &3)
362 &1
V330, (B4, Ep B3) — V31w3(f1:52;53)
(‘)3,4'7,
a]/3,)m3
1 d
(Ca + Ch) (Ca Ch) 6_5.3 (V : w/VL) + (ﬂn : V)w3,’ﬂ
Oz Othy,
4030 = 2nr( 652: N 651: )
- 92’3) (El' 52, 53, T)dEl dEZ d53, (14‘4)

Pr+1(§1,62,€3)
= Pn(51'52;§3)

§3 &2 &1

f f f V33, (E1 Bz, uszm Vas, 1,62, €3) (Apn

+ E((ﬂn- Vi1 — 01, 1) + ((ﬂn Vg, — 91,2)
1

a
+ E ((ﬂn- V).u3,n

- 91_3)> (Ey, By, B3, T)AE, dE, dE,. (145)

Theorem 11. Let the operators
M: $'(0) N Vy(V) = $'(T) N Vy(0),
Q:$'(0) N $5(0) - $(V) N H3(V),

P:$1(0) - $1(V)
be defined as follows:
Ford = 2:
M[M] = (Ml [ﬂl]' MZ [MZ]! 0)! Q[(D] = (0'0' '0'3 [0)3]),
with

M, [111(61,€2)

=u;(§1,$2)
$2 61 - .
Y2, (B, Ep) — Y2, ($1,¢2)
]
Ly 2,

1 ap Jws
- (D+Dr)<(u Vi, + P anE
- 91,1> (E1, Ex)dE  dEy, (146)
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M, 21061, &2)
= uy(§1,$2)
$2 &1 - -
Y2y, (E1,E2) — Y2, (§1,62)
+ J- f Au,
e L2,
! (w.V)p, + 9p +2 Ows
(0 +v,) B-VIke 0E, Or 0E,
- Q1,2> (E1, ER)dE  dEy, (147)
Q3[w3](£1,¢2)
= w3(&1,$2)
§2 &1 - -
f J‘ V23, (EnE) — V23,, (61,62
+ w3
0 0 aV2,1w3
1 Op,  Ofiy
- .V 4 -2 -—
(ca+ ) ((ll Jws + 4vrws = 2o; (asl 652)
- Qz,3)> (E1,Ex)dE  dE,, (148)
P[pl(¢1,¢2)
=p(§1,¢2)
$2 &1 - .
J‘ f Vz,zp(:-p E) — Vz,zp(fl'fz) (
+ Ap
e Yy23p
a
+ a_xl ((I‘ Vu — 91,1)
a Lol Lo Lo ~—
+ E ((I‘ Vi — 91,2) (E1,Ep)dE, dE,. (149)
2
For d = 3:

M[u] = My [p], M [p,], M3 [13]),
Qw] = (Q[w], Q[w,], Q3 [w3]),

with
M (111, €2, 63)
= p1(§1,§2,63)

§3 62 ¢ — -

fff V3,AH1(51'52':-3)_V3,Jul(f1'fz'€3)
+ Auy

00 0 aV3J#1

1 dp Jdw; OJw,

TG (0“"7)”1 + 55, 2 (55, 52.)
- Ql,l)) (El' Ez, 53, T)dEl dEZ dE3, (150)
M, [121(81, 62, §3)
= U2(§1,$2,§3)

§3 62 ¢ o e A

S 1]’3,3”2(:-1'52'53)_Vs,zuz(fpfz'%)
“I]] Z

000 i,

1 V) +ap ) (awl 6w3)
w+ v\ BT e T #Pr(GE, T aE,

- Ql,:) (E1) Bp, B3, T)AE, dE, dEs, (151)

Ms[us](§1, €2, §3)
= 1;3(51'52'53)
O V3, (B1,E2,83) — V3, (§1,¢2,$3)
Il o
00 0 Drans
dap dw, Jdw,
- w+v) ((H Tk + 6_33 2o (631 B 632)

- Ql,3> (El' Ez, 53, T)dEl dEZ dE3, (152)

O [w11(&1,62,&5)
= w1(§1,¢2,&3)

§3 62 &1 -
fJ’fV3,1u,1(-=1:=-2’53)_V3,1w1(f1:52;53)<

+ Aw;
00 0

a]/3,)m1

1 5}
— — =) — (V- @)+ (u-V
G+ o) ((Ca ¢ — &) 651( w) + (1 V),
dus; Jdu
+ 4v.w, — 20, (652 - 6_52)
- 92,1>> (B, By, B3, T)AE, AE, dE;, (153)
D [w,](61, 62,63)
= ?2%51352'53)
3 62 §1 — o -
f J’ J‘ V30, (E1, 8 B3) — Y330, (§1,62,63)
+ a W,
00 0 Y3dw,
1

d
((Ca —C — CD)@(V ‘o) + (- Vo,

B (Ca + cb)
du, du
+ 4v,.w, — 20, (i - 6_5:)
- Qz'z>> (El' Ez, 53, T)dEl dEZ dE3, (154)
Q3[w3](£1,¢2,63)
= (;3?(?’52’53)
3 62 —_ - —_
- Y330, (1,82, 83) — V320, ($1,62,63)
+ f f f Aws
00 0 EEPR
(¢ )L (W @)+ (D)
(ca + ) " %"5 0%, @ V)0
du, Jdu
+ 4o, w3 — 2p, (an - ﬁ)
- QZ,3> (El’ Ez, 53, T)dEl dEZ dE3 ) (155)
Plp](§1, &5, ¢3)
=p(§1,¢2,¢3)
§3 &2 &1

V3, (E1, 82, 83) — V33, ($1,¢2,€3)
+ a Ap
0 0 0 vslp
d

d
+ a_xl((” Vg — 91,1) + a_xz ((I‘ Vi, — 91,2)
9 Y
+ o, (V)3

- Ql,3)> (Ell EZI ESIT)dE:L dEZ d33 (156)
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If there are constants €y < 1,8 <1 and €p < 1 such
that:

IM[p] — MIilllg2 ) < Cumllee — Rllg2 sy, (157)

10[w] — Qftllg2 ) < Callw — ®lg2), (158)

IP[p] — P[f’]”gl(U) < Cpllp — Allgr sy (159)

for all  p,ji € $'(0) NV,(V), w,d € H* (V) N HZ(0),

and p,p € H1(V), then systems (133) and (134) admit
unique solutions.

Theorem 12. Assume the operators

M: Ky = Ku, L Kqg = K, P:Xp - Kp
Defined in Theorem 11 act on compact and convex
subsets Ky, Kq and Kp of the spaces

(01,5 @) n e (0,1,7,),
(0, 1,5'®)n e (0,1,83®)),
20, T, $' (),

respectively. If M, and P are continuous, then systems
(133) and (134) admit solutions.

V. APPLICATIONS
We now utilize our findings to solve the incomposible
fluid and microrotational fluid flow systems.

Example 13 (|7, 12, 14]). Consider plane Couette flow
with a velocity field p = (u,(¢;),0) and a pressure
field p(&,) defined in the domain:
U ={(,&) € R*: &, €10,p]}.

The governing system for the flow is:

d m_4p s

ag T ag ' (160)

#1(0) = 0,u,(h) =M

Rewriting (160.1) gives the simplified momentum
equation:

d? 14
”21 _-20 (161)
ac&;  vdé
Applying the operator % to equation (160.1) yields:
1
dZ
=0
& (162)
dp
on

The correction functionals for equations (161) and
(162.1) are:

Hin+1 &) = Hin (&)

& d’u,
+| (B, —¢ )( -
0 g g d:%
1dpn) o 34z (163)
vdE, ) 2T

p%+1(€1) - p%(fl
f @ -2 Hz " (2,)dE,. (164)

Starting with unconstrained initial guesses
Hi0 = Wi &5 +B.&, + 6y, (165)
po = Uzéy + By (166)
where 2;, B; (i = 1,2), €, are constants to be determined,
the first iteration yields:

(A, — 29, v)
M1 = %522 + QI1522 + B¢,
+ ¢, (167)
p1 = Upéy + By (168)

Applying (160.2) and (162.2) requires that 2, = 2, v,
leading to:
M
911 = 0,531 = 3,(51 = 0,912 = 0
As a result, the exact solution is:

i1 = (%) $2 (169)

p1 =By, (170)
where B, is an arbitrary constant.

Example 14 ([7, 12, 14]). Think about a flow that is
rectilinear between parallel plates with a velocity

field p = (u1(&3), 42(&3),0) and a pressure field p(&;)
defined in the domain:

U ={(§1,$2,§3) € R%: &5 € [0, b3

The following system regulates the flow:

( d*m  dp .
V—— = —— in0O,
ag; dg
A, (171)
=0 in0O
| agz

Lu(Fp) = FM, =12
Rearranging equation (171.1) vyields the momentum
equation:

d? 1d
e e i (172)
ac&s vdé
Equation (171.2) remains:
d’u,
- = 173
a3 are)
Applying the operator % to equation (171.1) gives:
1
dz
="
§i (174)
op
on

The correction functionals for equations (172), (173), and
(174.1) are:
B1m+1(€3) = 1, (E3)
&3
+ (B3 —&3) (
-b
ldp,
v dE
t2,n+1(83) = t2,n(§3)

é3
+ (Z5

f)
— &) ’iz;‘ (B5)dEs, (176)

=3

f & - )%

d'zﬂl,n
dE2

) (E3)dEs, (175)

pn+1(fl) - pn(fl
2 (“1)d‘-‘1 (177)
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Starting with unconstrained initial guesses:

tio = iés + Bi&3 + €y, (178)
U0 = W83 + By, (179)
po = U3¢y + Bs. (180)

where the boundary conditions determine the constants
A;, B; (i = 1,2,3), €, the first iteration produces:

(U3 — 2y ) 2 2

——— (& + D+ U5 + B85 + 64, (181)

K11 = 20
Ua1 = U3 + By, (182)

p1 = U3y + Bs. (183)
applying (171.3)-(171.4) requires A3 = 22, v, leading to:
M M
911 = 0,581 = g,@l = 0,912 23,%2 =0.

Therefore, the exact solution is:

Hi1 = (%) Sz (184)
Uz = (%) $3, (185)
_8 (186)

where B; is an arbitrary constant.

Example 15 ([7, 12, 14]). Assume the channel flow
driven by the pulsating pressure gradient with a velocity
field p = (u,(&3,7),0,0) and a pressure field p(¢;) in the
domain:

U = {(§1,$2,¢3,1):§3 € [0,D], 7 € [0, 0)}.

The governing system is:

oy dp 9%,
. T T = ) i U!
ar & P ag "
(187)
—(0 T) Mlﬁ H-]_(bi T) = MZ! VT 2 0.
0¢3
We consider only the steady-state condition, i.e., a;:l =

0. Under this assumption, equation (187.1) reduces to the
simplified momentum equation:

92 1 a
#1 ap (188)
653 T odé,
Utilizing the operator ; to (187.1) yields:
1
dZ
il
i (189)
ap —o.
on

The correction functionals for equations (188) and
(189.1) are:

#1,n+1(§3' T) = #1,n(§3' )

53 az.ul,%
+f0 E - &) (—6532

) (E3)dEs, (190)

v dé
Pr+1(€1,T) = pr(&y, T)

f & -~ 2<u1)41(191)

Starting with unconstrained initial guesses
Hipo0 = Ui &5 +B1é5 + €, (192)
po = Uéy + By, (193)
where the boundary conditions determine the constants
A;, B; (i = 1,2), €, the first iteration gives:

A
i =5 G+ 86 +E, (194)
p1 = Uzés + By, (195)
Implementing (187.2) and (187.2), we find:
531 = Ml,(s = MZ - Mlb,glz =0.

Hence, the exact solution becomes:
U1 =Mi(§5 = D) + My, (196)
pr =B, (197)

where B, is an arbitrary constant.

Example 16 ([10, 31, 37, 41]). Think about the unsteady,
decaying Taylor-Green vortex flow with velocity field

n= (.“1(51'Szz'T)'#z(fl'fz'T)) and pressure
field p(&,, &,) within the space-time domain:

O = {(§1,62,7): (§1,§2) €U =[0,2n] X [0,27]; T
€ [0, T]3.
The flow is governed by the incompressible Navier-
Stokes equations:

(aam + g?l + U, g? —vAp; = —;—g in O,
aa# 2 g’;z + 1y g’;z vAp, = —(%pz in Ur,(198)
d 0
la—’g alg 0 in Uy,
under the periodic boundary conditions:
o iomn, ort=123

along with:

.ui (51' 52! 0) = l’l?(flﬁ 52;); in U;

Rearranging the momentum equations (198.1) and
(198.2), we obtain expressions for the Laplacians of the
velocity components:

10 oy oy, | Op
A =—(—+ L, —) (199)
=y 0\ v 1351 ngz %,

_t llz Ha Ha  Op
#z—n(a e Mza€2+a€2>- (200)

Making use of the divergence operator to the momentum
equations yields a Neumann pressure problem:

Ap=-V-((p-V)p) in Ur,
9 d 201
aZ (DAIu B (p- V)u) on dUr, (201)

where n is the outward unit normal to d0.
The correction functionals for (199), (200), and (200.1)
using
}/2,1]' (El' EZ) = a]/ZIJ‘uj E](] = 1I2)l
V23, (EpE) = ayz,Jp E

are:

/11,n+1(§1' $2,T) = ﬂln(stp $2,7)

+ f fa-w (Am

1 ((’ml 6#1 opy
ot t U o 9, + u; 95,
dp

+—) 5,,5,)dE, dE,,  (202)
651 ) 1 2 1 2
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#2,n+1(3(1' $1) = liz,n(fl' §2,7)
§2 ré1
+ J- f (B — &) (Aﬂz

_ _(allz a.‘12 o,

The approximate solutions after one iteration step are
derived. The accuracy of these approximations improves
with further iterations:
H1,ap (§1,&2,1) = —=(1 = 207) cos(&;) sin(&,)

+ 41v(cos(é;) — 1)(cos(&) — 1)

P Ll 9, t Uy o 9%, 1
+70g, (6 - 5sin()), (208)
+og) |EuEaE dz, @09 Happ (€1, 62,7) = (1 — 207) sin(&,) cos(£,)
Pr+1(§1,62,T) = pp(§1, 62, 7) — 167w sin? (E )sm (EZ)
§2 ré1 2 2
f f (1 = &) | Apn + %0, (fz
(# O a”l) + sin(fz)(2sin2 (E—Z) - 1)) (209)
1 + U 2
651 &, 0§, 2.2
0 oLy (1 — 4ot + 8v%7?)
+ a_(#l o papp (€1,62,7) = — (cos(2,)
fza & + cos(2¢,))
”2) 5 mAAR. AR — 21202%(&,sin%(&;)
+u (E,E)dE dE,. (204) 2 1
KE ) e 4} cos(E) sin(£)). (210)
The following initial approximations consistent with the Contrasted with the exact solution:
initial conditions at T = 0 are used: 11 (&1, &2, 7) = —e 2" cos(§y) sin(¢y),
p1,0(§1, €2, 1) = —(1 — 207) cos(§y) sin(§), (205) #2(§1, 62, 7) = e_znT sin(§y) cos($,),
Hoo(Er, £2,7) = (1 - 207) sin(§,) cos(&,),  (206) gt (211)
(1 — 41 + 81)2‘[2) kp(fl' 521 T) = (COS(Zél) + COS(ZEZ));
Po(§1,62,7) = — 4 (cos(2$1) yields the absolute errors presented in:
+ cos(2¢,)). (207)
Table I: Absolute Errors in £2(0, T, V,(U)) and £2(0, T, $*(U)) Norms.
Tlme ””’ - Ilapp”ﬁz(o,T,sf)z(U)) "p - pa/’p”ﬁz(o,T,sjl(U))
within 1 1 1
ten second D=—— =— =— =
5000 10000 5000 10000
T =0.00 0.0000 x 1073 0.0000 x 1073 0.1907 x 105 0.2697 x 1075
T =0.01 0.0093 x 1073 0.0047 x 1073 0.2369 x 105 0.3410 x 103
T =0.02 0.0271 x 1073 0.0132x 1073 0.1126 x 1075 0.3351 x 1075
T =0.03 0.0498 x 1073 0.0252 x 1073 0.1557 x 1075 0.2510 x 1075
T =0.04 0.0770 x 1073 0.0383 x 1073 0.3161 x 1075 0.1592 x 1075
T =0.05 0.1078 x 1073 0.0540 x 1073 0.2208 x 1075 0.3327 x 1075
T =0.06 0.1419 x 1073 0.0706 x 1073 0.2662 x 1075 0.2201 x 1073
T =0.07 0.1790 x 1073 0.0896 x 1073 0.1728 x 1075 0.2026 x 1075
T =0.08 0.2189 x 1073 0.1093 x 1073 0.2494 x 1075 0.4470 x 105
T =0.09 0.2616 x 1073 0.1310 x 1073 0.1497 x 1075 0.3563 x 1075
T =0.10 0.3069 x 1073 0.1534 x 1073 0.2724 x 1075 0.3123 x 1075
Table II: Absolute Errors in £2(0, T, V,(0)) and £2(0, T, $*(U)) Norms.
Ti.m(? ii” - Mapp iiBZ(O,T,s_’)Z(U)) iip - papp iiBZ(O,T,Sjl(U))
within
1 1 1
one ~ 5000 ~ 10000 ~ 5000 _
minute 10000
T=0.0 0.0000 0.0000 0.1907 x 1075 0.2697 x 1075
T=0.1 0.0003 0.0002 0.2724 x 1073 0.3123 x 1073
T=0.2 0.0009 0.0004 0.2455 x 107> 0.3852 x 107>
T=0.3 0.0017 0.0008 0.2090 x 1075 0.4663 x 107>
T=04 0.0027 0.0014 0.1996 x 1075 0.3471 x 1075
T=05 0.0040 0.0020 0.1990 x 1075 0.3410 x 1075
T=0.6 0.0057 0.0028 0.2701 x 107> 0.2956 x 107>
T=0.7 0.0076 0.0038 0.1908 x 107> 0.1773 x 107>
T=0.8 0.0099 0.0049 0.3846 x 107> 0.2823 x 1075
T=0.9 0.0126 0.0063 0.3453 x 1075 0.2450 x 1075
T=1.0 0.0157 0.0078 0.4595 x 1075 0.2814 x 1075
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Example 17 (|4, 8, 9, 14]). Look at the Arnold-Beltrami-
childress flow with velocity field

H= (#1(51'Szz'53'T)'#z(fl'52'53'7)'#3(51'52'53'7)) and
the pressure field p(&;, &,, &€3) within the domain:

UT = {(51152153"[): fi € [0,27T],i = 112!3; TE [O, T]}
The governing Navier-Stokes equations in this domain are:

o O O Ok
LR TR TR TR
ap T
— A = ——),
D #1 651
o, op, a.“2 o,
6_+ 16{ +#zaf M3653 .
dp in Up
{ —0AU, = ——, 212
DAU, 9%, (212)
Oz 4 0#3 O3 O3
ot M1a€ Mzafz 113653 .
ap in Uy
—AU, = ———,
T
Opy | Ouy  Ops
—+—= =0, in U
08, " 08, " 98, n e
satisfying the periodic boundary conditions:
1:(0,83,83,7) = (2, §2, 85, 7),
#i(fl'ol 531‘[) = #i(fl'zn' ES'T)' fori = 1'2'3:

Ui (El' 52' 0' T) = #i(fl' 52' 27-[' T):

together with:

:ui(flle'!fiﬁlo) = #?(El' 521153)' in U:

Rewriting the momentum equations (212.1), (212.2), and
(212.3), we derive:

_ 6#1 6#1 6#1 6#1 )
AMl_n(a #165 ﬂzaf #365 98, (213)
o, o, o, a.“2 dp
Ap, = ( +u + +u ) 214)

U2 o aa 1351 llzgg 3353 %52 (
_ 2t #3 #3 #3 #3
A#3—D<a tu o 9, 2T 9%, #365 S() (215)

Applying the gradient operator V to the momentum
equations yields a Neumann pressure problem:

Ap ==V - ((p- V) in Ur,
ap o (216)
I (nAu ~3r (u- V)u) on U,

where 7 is the outward unit normal to d0U.
The correction funcionals for (213)-(216) using:

= ay,,, § (G =123),
]

y3,1p(31. 2., 83) = a},mpEl,

Y3,1j(31'52’ E3)

are:
#1,n+1(€1’ 2,83, 7)
= Ml,n(fli EZ' 53' T)

7o

oy o [ [
__<ar tHigg THgE THgE,
dp

(E,,E,,5,)dE, dE, dE;, (217)
651)> 1 2 3 1 2 3

U2,n+1 (61, 62,83, T)
= ﬂZ,n(fl' 52! 53! T)

+ J:S J:z 51(Ez —$2) (Aﬂz

o, > o, o,
__(ar Tiigg THgg, T HgE,
dp
o) | G B E)dE dB dz:, (218)

U311, 62,83, T)
= /13,11,(61' 62' 63' T)

[ [ e oo

B _(6#3 N 6#3 6#3 Ous
ot Uy == 9g, + Uy o 9%, + Uz FER

02
pn+1(flﬂ 62' 63' T) = pn(flﬂ EZ' 63' T)

+ f h f N :1(31 —&) (Apn

d 0 0 0
+_< e 2ﬂ+ 3&)
05\ 0, 9¢, 945
d <ﬂ o, auz 0#2)
1

ap
+ —)) (51,80 B, 45, 455, (219)

+— +

a5, \M15g, T Hegg, THagg,
N a9 <ﬂ aus ru Oy

25\t ag P ag,

a - o -
+ U3 98, )) (By, Ep, E3)dE, dEy dE;5 . (220)
The initial approximations are giving by:

P1,0(81, 82, €5, 7) = e (Usin(§3) + B cos($,)),
t2,0(§1,82, €5, 7) = e (€ sin(§;) + D cos($3)),
U30(§1,82, 83, 7) = e T (€ sin($y,) + & cos(&y)),

® cos(§,) sin(¢,)
L P61 62,85, 1) = €727 | +Hsin(&y) cos(Es) |,

+3 sin(§3)cos(§2)

where the boundary conditions dictate U, B, ¢, D, C, F, ©, H,
3. From these, we derive the correction functionals:

p11(§1,62,83,T) = e_it(QIsin(§3) + %COS(EZ))
<(55 +AF) (1
— cos(§;) )¢, sin(&3)

+2 (U6 ~ BD)E(L — cos(8y)) sin(Ea)
— (6 + BEC)$;3(§; — sin($1))(1

- COS(Ez))>.
U21(81,82,83,7) = e—2nr(® cos(§3) + Csin(§;))

—20T

(221)

(222)

+

<((ﬁ +BE)¢3(1
— cos(§2) ) sin($;)
-

—cos(§3)) ((S + DE)¢ (&, —sin(Sy))

+ % (DF — AC)E sin(&,) )) (223)
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Uz 1(&1,82,83,7) = e PH(Esin(§,) + Fcos(y))

+ - ((S +DE)¢; (1

~ cos(¢)) sin(zy)

+ (1 cos(6)) (5 (66 ~ BF)EE sin(Ey)
(5 + AV G

— sin(§) ))) (224)

p1(§1,62,83,7) = e_zw((ﬁ cos(&;) sin(&,)
+ 9 sin(§y) cos(§3) + sin($3) cos($y)
+2(6 + 53(1)53(1 — cos(El))(l
— cos(&,))
+ (3 + DE)EF(1 = cos(§3)) sin(E,)
+2(9
+ AF)S, 5in(§3)(f1 - Sin(ﬂ)))- (225)

Applying periodicity conditions leads to the relationships:

D=UC=B,§=C 6 =-BC,H=-UAF, I = —DC.
Thus, the exact solution is:
( t1,0(§1, €2, €5, 7) = e 7T (Asin(E3) + B cos(§)),
2,001, 82,63, 7) = e (Csin(§;) + Wcos(§3)),
#3,0(§1,62, €3, 7) = e (B sin(&,) + Ccos(§y)), (226)

BE cos(§;) sin(&,)
|p0(fl,fz,€3,r) = —e 27 [ +UAC sin(&;) cos(&3)
k +ABsin(é;)cos(&,)

where 2, B, € are arbitrary constants.

Example 18 ([1, 33, 37]). Take plane Poiseuille flow
defined in the domain:

U ={(§1,$2,§3) € R*: & € (—h,h)).
with the velocity field u = (u,(&,),0,0), the microrotation
field w = (0,0, w3(&,)), and the field of pressure p(&;).
The governing system is:

42
s dws dp

w+v)—75+20,———F=
f a5, g

a&;
d
— 2, (2w3 ”1) -0

d?ws
< (Ca + CD) d’fz dfz

u(=H) =0,u,(h) =0,

05(-5) = — 5 ,050) =5

Rewriting (227.1) and (227.2) gives:

d?u, 1 dw; dp
AE? =_n+mr<””d§'_25>
d?w, 20, du_
aez ( dfz)

. a .
Applying dx, to (227.1) shows that the pressure p satisfies

in0,

inG, (227

(228)

229
Ca + G ( )

the Neumann problem:
dZ
il =0
dfl

K55j=
The correction functionals for (228), (229), and (230.1) are:

in U,
(230)
on 0.

= Hn(fz)

f( -o)|

dw,,
; (z
v+, d:z
dp
-— =,)dE,,
=) |
w3,n+1(§2) = w3,n(§2)
+f€2 “ca+cbsinh
-y 2Vop

d’w,

20,
- (20)”
Ca + Gy

Himt1 (Ez)

(231)

24/o,
+/ Ca + G

(E2

dw,

e )) (E2)dE,,
%+1(El) pn(fl
f (2 -¢,)% e e (3)

Starting with the initial approx1mat10ns

(232)

&\
o= UA— (b) . (234)
w30 = By, (235)
po = €&y, (236)

where the boundary conditions subsequently determine the
constants U, B, €:

M1
2
et O+ (o4 0+ - By,
:QI_(g) * b%(v + v,) » (237)
BH? —1
w3y = By — (222 ) \/—52

, D
— /¢, + ¢ sinh| 2 ca_:%(fz-l-b)
Dy
+ 2b,/v,. cosh| 2 ’ca—i-cb (&,

+9) [

(238)

p1 = €& (239)
Imposing p(+h) =0 and w(xh) =+1/h on u; and w,
determines the constants: % = 1,8 = 1/h°, and requires
setting € = — ZD/I)Z. Substituting these values into (237) —
(239) provides the exact solution for system (227):

mo=1- (%) (240)
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$2
1= (241)
20&;

=" (242)

Example 19. Observe the following system:

Fuy o do_dp o

(ot —a = inD,
4w

(ca+ ) a2~ 20,0 =0 inT, (243)

| (=) = 0,u(v) =0,
\w(-b) = 0,(p) =0,
with the same assumptions as Example 18. We first rewrite
equations (243.1) and (243.2) as:

d’u 1( dw dp) (244)
42~ o\"dag, dg)
d*w 20,
(245)

&z Tt @
By means of the operator % to (243.1) reveals that the
1

pressure  p satisfies the = Neumann  problem:
d*p .
F =0 mn U,
afl (246)
é = on 00.

The correction functionals for equation (244), (245), and
(246.1) are:

i1 (fz) =t (52)

{2 d”/n
+ g, - —
[RERDIE=

1( do, dp”) (5,)dE,, (247)
+= ——=) | (B,)dE,,
o\""az, " 4z, S

W,+1(82) = 0, (&)

2 [+ 240
+f 2~ D sinh Vor (B,
—p  2Vop Jeat+ o
d’w,
—$&2) <T
2 dz3
2, ) @)z (248)
Gt 6 On (520022,
51 dzp
- N -
pra(6) = poE) + | (& - 60 Er B4z (249)
0 =1
Beginning with free initial approximations:
Ho =&5 — %, (250)
(1)0 = 53{2, (251)
po = €&, (252)

where the boundary conditions determine the unknown
constants U, B, €, we apply the functionals (247)-(249) to
obtain the first iterates:

j=E Ao 20 —CH BB E)L (259

1 1 D,

W, =§Q3fz—§%f)c°5h 2 Cta ®+<)
1 Jea+¢ . Dp
+3 ’ o Bsinh| 2 Sy )
+&) |, (254)
oy = G&,. (255)

Enforcing p1(+h) = 0 and w;(+h) = 0 requires setting
€ =2p+ Bo, (from p1(h) =0) and leads to the values
A=5h% and B =0.Consequently, ¢ = 2p. Substituting
these values into (253)-(255) yields the exact solution for
the system:

u=& -0 (256)
w=0, (257)
p = 20v&,. (258)

Example 20 ([33, 35]). Regard the Couette flow of a
micropolar fluid in the domain:

Ui = {(El' 52' 53) € :R3: EZ = (l - 1)1)! },l = 1'2

Assuming the velocity field u = (1u(&;),0,0), the
microrotation field w = (0,0, w(fz)), and the pressure
p = p(&;), the governing system within U is:

dZ

u

4 20,——=
ags s,

2

(ca + )dw 2 (2 +d”)—0 in0»
<cal Cy 422 v, | 2w 5, = in0,

u(0) =0,u(d) =,
1du

1d
W () =~ 575 00 = =57

(o +0v.) 0 inU,

(259)

Rewriting equations (259.1) and (259.2) explicitly for the
highest derivatives gives:

d’u 20 dw
a&2 ov+v.dE,

(260)

d*w 20 d
- (2 “). (261)

= + —
A oo\ dg
The correction functionals for (260)-(261) are:

Pns1(§2) = pa(§2)

(262)
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w,1(82) = wn(fz)

1/ca + cb 2+/0,
f (=,
+/ Ca + G
d*w,
—&2) (d—Eﬁ
20,
- 2
Gt ( On
dw,,
+ 22 ) £,)dE,, (263)
d:‘z
Initial approximations are chosen as:
to = U, (264)
(1)0 = %, (265)
po =G, (266)

where the boundary conditions determine the constants
A, B, €. Substituting these into (262) and (263) yields the
first iterates:

t = Ay, (267)
w; =B+ (A + 2B)sinh? , &, (268)
+ Cyq
p =C. (269)
Enforcing the  microrotation  boundary  condition

(259.4) implies B = — . Employing (259.3) gives U = :

and accordingly B = —2%). This results in the exact

solution:
u(&) = %EZ' (270)
v
w(§) = ~ 20 (271)
p; = € (arbitrary constant). (272)

Example 21 ([33, 38]). Look at the flow of micropolar
fluids in a narrow film with the velocity field u =
(U1 (&1,82),12(&4,€5),0), the microrotation field w =
(0,0, w(&, EZ)), and the pressure p = p(&;, &,), within the

domain:

U={(§,8,8)eR—a<é <aé = (1 —Dh(),i
=1,2).

The governing equations simplify to the following system
within U:

(040 ity gy 995 0P _ in U
o asz rog, T o5 ne
0

£=0 inU,

{72 22 (273)
(c +c) i —2p (Zw 6;11):0 inU
a b afz r 3 afz )
opy | O,

—+—=0 in0,
0§ 0%,

Based on:

U2(€1,0) = 0,u,(&1,H) =0,

{ﬂl(fpo) = My, 11 (§1,H) =0,
(6,0) = =2
ws1, =7
\ b

w(fl' b) = 0,

The rewriting of equations (273.1) and (273.2) is as follows:

02 1 Jdw 0
_”212__( Dr—3——p) (274)
9¢3 0+ ;. 0S5, 0%
%w 20 il
2= (20, +52) (275)
953  Gto 9¢,
The pressure p satisfies the Neumann problem:
Ap=0 in0,
d 276
{_p =0 in 0U. (276)
an

The correction functionals for (274), (275), and (276.1) are:
t1n+1(§2) = t1,,(&2)

. d
+ (B2 —¢2)

(277)

w3,n+1(fz) = (Us,n(fz)

2 [ca+ 6
+J- sinh
o 2vor

02 "
—&) ( s,

=2
FER,

2yo,
Jatog -

(278)

Pn+1(€1,82) = P&y, Scz

o [

—§)Ap,(Eq, Ep)AE dE,. (279)
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Starting with the Initial approximations:

Ui = A, — I))Z' (280)
W30 = B, —b), (281)
po = €&y, (282)

where A, B,C are arbitrary constants, the first iterative
solutions are obtained:

, 1 C — 28Bo, 5
pa = U -0 -5 (2= )6, (283)
w31 =B(§ —b)
1 o+ . nl 2 D,
2 r st G+ 6 &2
Dy
+ (b —&;) —bhcosh| 2 Ca+co§2 A
+ B)E,, (284)
p1 = €&, (285)

By setting B = —U, € = 2w, the first iterative solutions
(268)-(270) become the exact solution that satisfy the
system and boundary conditions:

i1 = A, — ) (286)
W31 = —A, — D), (287)
py = 2vaé,. (288)
Applying (273.5) determines the constants:
M M 2oM
u=1e, g=-%, =2k
Therefore, the exact solution for the flow is:
Hi1 = b—z(fz -b)?, (289)
M,
W31 = I)_z (&2 — 1), (290)
20M,
p1 = b—zfl- (291)

Example 22 ([5, 6, 33]). Let us examine the two-
dimensional lubrication problem defined on the domain:

U={(,&) ER*0<E <2m;0 <&, <h(é)}

assuming the velocity field p = (u;(&1,&5), u2(¢1,€5),0),
the microrotation field w = (0,0,(1)(51,52)), and the

pressure p = p(&;,&,), the governing system is:

dp 0% 2( o, )2 0ws
aé  0¢; o+o/ 0%

ap
as,
0%ws o,
kagg :2(c3+cb

bound by:

{lll(fl'o) = 0:#1(51'1)(51)) = I)2(51)
w3(&,0) =0, ws(frb(fﬂ) = —h(&)

Rewriting equations (292) as:

62111_ 2( Dr )260)3 dp
& v+o) 9 0&)
0w, o \2 oy
=2(—) (s 56)
02~ “\+q) " 70g,

3

U1 I ( o )
0E20¢, v+ o,

=0 (292)

2 Oy
2 —] in0,
) ( w3 + 6{2> in

(293)

(294)

2 92w,
05,08,

The correction functionals for (293), (294), and (295) are:

Ap =

(295)

#1,n+1(§2) = #1,n(fz)
&2 62”
+ (52_52)( a':lén
0 =2

42 ( Or )2 ows

; v+v./ dE,
p N g
—-5;ﬁ>(a2)d:2, (296)
-1
(U3,n+1(fz) = w3,n(fz)
S2¢, 4 ¢ 2
+f 2" D inh - (5,
0 20, a2t G
02w, ,
() (2
Gt @3
0
+ 5}”))(52)4:2, (297)
0E,
Pn+1(&1)
= /;n(fl)
2 1 —_ —-
V:«,,(:‘l':z) - V:«p(fl'fz)
+ f f Ap,
0 0 M
_ <a3,u1,n
05308,
v, \20%w;
2( d ) 2 ) (8, 8.)dE, AE, , 298
v +o.) 95,06 1, 22)dE; A&, (298)
Starting with arbitrary quadratic initial  guesses:
1o = Uiés + B, + €y, (299)
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w3 = Wpés + B¢, + €y, (300)

po = U3y + Bs, (301)

where U;, B;, €, (i = 1,2,3) are unconstrained constants, the

first iterative solutions are:

1 b \?
U1 = 5233 - (m) B, + AUz,
2/ v \? 5
355 mh e+
+ G, (302)
1 r
w31 - 91152__%1"'( %1+ 62)C0$h< Ez)
2 2 a2t G
+ (Y,
et . ( 20, )
+ 3B,) 20, sinh ro &), (303)
P1= QI3512 + B3¢ + €5 — Q1351252- (304)

Imposing the boundary conditions requires setting 2, =

0,5322—911,(52:—%,%[320’ and 53322?11(1—

2
(== ) ) which simplify (294)-(296) to:

p+op

ti1 = Uiés +B,6 + €, (305)
1
w3y = —Uy & — 5%1' (306)
=29, (1 ( m’)z +6,. (307
p1 = &%y >+ 0, ¢ 3-
Thus, the exact solution is:

U1 = 522' (308)

w3, = =&, (309)

=2(1 ( bl )2 +G (310)

p1 = b+ 0, $1 3-

Example 23 ([5, 6, 33]). Suppose the three-dimensional
lubrication problem defined in the domain:

U={(,6,8)eERH0<E <2m;0<&, <2m;0 <&
< (&, 80}

Assuming the velocity field
= (u(&1,62,83), 12(&4, &2, €3), 0), the microrotation field

W = (0,0, w(fl' 52' 53))! and the pressure p = p(fl' 52' 53)'
the governing system is:

dp 9% o, \20w, .

A -2 ( ) —_— in 0,

aé 08 v+ 0&;3

0 a? v, \2 0w

Pl 2( d ) L inD,

as, 0&; +0./ 083

dp

—=0 in0,

dés

02w, N oy
=2(—7) (2ot 3g) mo,

ez~ v/ \“175g)

0% w, o \2 oy
=2() (202 -5¢) o,

9&2 Gt ‘Y275 0

conditioned by:

#1(61,62,0) = 0,11 (§1,€2,0) = Uy,
U2(§1,£2,0) =0, #z(fl'fz'b) =U,,

w1(§1,2,0) = 26§ (51'52'0)

q w1(§1,62,h) = (51'52'1))

2 65
w2(§1,6,,0) = 2 6{ (51.52.0)

(Elﬁ 52' b)

w,(&1,82,H) = 7 6{

The explicit form of (311) is:

Ap =

The

62#1_ (Ur )Zawz dp
082~ "\o+v/) 0&  d&’
az“2——2< O réﬂl 9p
92 vto) 98 d&’
02w, oy \2 ou,

=2(—) (2o 58)
ez~ v o) "1 7o,
02w, N ouy

=2(—) (202 -5¢)
02~ g+ 7275,

0°uy i 0°u,
05,085 05,083

02w,

(311)

(312)

(313)

(314)

(315)

o, \2/( 0%w,
+—2< ) -
v+, 08,085 06,08,

correction functionals for

iteratively over U are:

Hin+1 &) = Hi,n (&)

53 a .uln
+
| 53)< T

( vy )2 0w, ,
-2
v+v.) 0&

_0p,
dg > (‘-‘S)dh‘:%l
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solving (312)-(316)

(317)
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H2n+1 &) = Hom (&)

5 0%,
+] G -¢ )( =
o 3 3 aff?
2( Vr )2 awl,n
v+ 08
004\ o |\ 4o
- E) (8:)45;, (318)
wl,n+1(€3) = w3,n(§3)
e+ ¢ 20
+ f 2D sinh — (&,
o 20, [ N
02wy,
v, \? (
-2 2
(ca + cd) @1.n
oy n)
+—22) ) (B5)dE,, (319)
08 /)
wz,n+1(§3) = w3,n(§3)
¢, + ¢ 20
+J- 2~ Dsinh — (Z,
o 20 G+ 6
0w
- &) e
0¢3
v )2
-2 (ca + cd) (sz’"
a#ln
- - E3)dEs, 320
7)) @z, (320)
Pn+1(81,62,83)
= pn(§1,62,83)
§3 82 61 - -
sz(:-piz':@) —sz(fpfz'fs) 03Uy,
* a An = 55082
0.0 0 Vip 1753
_ agliz,n
0§,0¢%
2( o, )2 02wy,
v+ 0, 08,08,
62“’2'”> (51, 5y, E5)dE, dE, dE (321)
aflaf —=1,=2,=3 —1 =2 -3
Using the initial guesses:
Hio = 91153% +B:& + €y, (322)
Hzo = Upés + B3+ C,, (323)
w1 = Uséd + B33 + €5, (324)
W1 = 914§§ +B,é3 + €y, (325)
po = Usél + Bséy + €5 + AséS + Beé, + €4, (326)

where U;,B;,;, (i =1,...,6) are constants, the first iterates
are:

1 D \? 5
U1 =C + Biés + E%5+<n+nr) By | &3

(m.f%§+ﬂ&ﬁ, (327)

1 b \? ) 5
Po1 =Gy + Byés + 5536 _( ) B3 | &5 + U85

v+ v,
2/ v \?
~3(7s) wet

(328)

wy; = €3+ B3és + (

(329)

(330)

p1 = Usé? — (Us + W)E16,85 + Bséy + Ueés + Bé,
+ 6.+ G, (331)

The exact solution to system (311) is attained when the
constants satisfy:

This yields the simplified solution:

U1 = 91153% +B&3 + €y, (324)
Hy1 = Upés + B85 + G, (325)
1
wy; = —Upés — 5582' (326)
1
Wy = Uiéz + 5581' (327)

b \?
pL=2 (1 - (D n Ur> >(QI1SZ1 +Uyéy) + €5 + 4. (328)

Enforcing the boundary condition requires 2, = A, =0
(due to the periodicity of p in &and &), € =€, =
0,8B; = %, B, = % The exact solution then simplifies to:

M,

U= ?53' (329)
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M
Hor = —&, (330)
b
1M
Wiy = —=—2, (331)
’ 2 b
1M
W1 = 5?1, (332)
p, =G, (333)

where € = C; + €.

VI. CONCLUSION

In this work, an iterative method for analytically solving
time-asymmetric partial differential equation systems is
used. Using this approach, two symmetric systems in the
spatial variable are built and the associated correction
functionals are produced. For instance, the incompressible
fluid flow and incompressible micropolar fluid flow
governing equations need to be solved.
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