TAENG International Journal of Applied Mathematics

Applications of Generalized Contractions in
non-Archimedean Fuzzy Metric Spaces

Geeta Jatav, Gopal Meena

Abstract— In the present research paper, we have
introduced some generalized contractions called (Y —¢§)
contraction and (Y —¢) weak contraction and as the
applications of these contractions, we established some fixed
point results in non-Archimedean fuzzy metric spaces. In the
final phase of our study, we used the obtained results to verify
that a solution to the equation of motion exists.

Index Terms— Weak contraction, Fuzzy metric space,

Cauchy sequence, Fixed point.

I. INTRODUCTION

HE conception of fuzzy sets was launched initially by

Zadeh [29] in 1965 and initiated important applications

in the various fields of science. At that time, this
concept was operated in topology and analysis by many
authors and gave new applications. In particular, [1] to [7],
[12] and [13] have acquainted the concept of fuzzy metric
space with different strategies. In the present era, many
directions of research have opened in view of fuzzy metric
spaces. It has been seen in the research of [28], how tripolar
fuzzy interior ideals work in ordered semigroups. Also,
some more studies and some basic properties of tripolar
fuzzy ideals in semigroups have been presented in [16].
Some applications of fixed point problems in the emerging
fields have been given in [10]. Authors like [8] commenced
the view of fixed point theory in fuzzy metric spaces, which
is aligned to fixed point theory in probabilistic metric
spaces. Many researchers have used this concept to initiate
and investigate the various types of fuzzy contractive
mappings. For example, after the commencement of fuzzy
contractive mapping, the Banach contraction theorem has
been proved by utilizing a strong condition for completeness
in [9]. Researchers in [14], [15] have released this strong
condition and introduced a new fuzzy contraction called -
contraction; also refer to [22], [26]. Recently, Vetro [25]
defined the concept of a weak non-Archimedean fuzzy
metric space and established common fixed point results for
a pair of generalized contractive-type mappings. For a better
approach to the generalization of inequalities and the uses of
simple fixed-point iterations, we refer to [17] and [23].
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II. PRELIMINARIES

Definition 2.1. [20] *:[0,1] x[0,1] = [0,1], a binary
operation is called a continuous triangular norm, if it
satisfies the following conditions:

(1) * is commutative and associative,

(i1) * is continuous,

(iii) * (j, 1) =j, for every j € [0, 1],

(iv) *(, k) <=*(, m), whenever j<lLk<m and
k1, meJ[0,1].

Definition 2.2. [19] A fuzzy metric space is an ordered
triple (M, p, *), such that M is non-empty set, * is a
continuous t-norm and p is a fuzzy set on M X M X (0, o),
satisfying the following conditions:
for all p,v,w € M; Kk, t > 0:

(P p(p,v,t) >0,

(P2) p(wv,t) = 1iff p=v,

(P3) p(w, v, t) = p(v, 1, 1),

(p4) p(w,v,.): (0,0) — [0, 1] is continuous,

(P5) p(uw, t+k) = p(, v, t) * p(v, w, k).
If, in the above definition, the triangular inequality (p5) is
replaced by

p(w, w, max{t,k}) = p(, v, ) * p(v, w, k)
for all w,v,w € M;; k,t > 0, or equivalently
p(ll: w, t) = p(ll: v, t) * p(V: w, t)

Then, the triple (M, p, *) is called a non-Archimedean
fuzzy metric space [27].

Definition 2.3. [18] Let (M, p, *) be a fuzzy metric space.

A sequence {u } in M is said to be converges to u in M,

denoted by p, — p if and only if lim p(u, ,u,t) =1 for all
n—oo

t > 0; i.e. for each z € (0,1) and t > 0, there exists ny € N
such that p(un, u, t) >1—zforalln > n,.

Definition 2.4 [24] Let (M, p, *) be a fuzzy metric space.
A sequence {u, } is a p -Cauchy sequence if and only if for
all e€ (0,1) and t> 0, there exists ng € N such that
p(un, T t) > 1—¢€forallm >n = n,. A sequence {u, } is
a G-Cauchy sequence if and only if rlll_)l’glo p(hy,, 1, +p t)=1

forany p > 0andt > 0.
Definition 2.5. [18] The fuzzy metric space (M, p, *) is

called p-complete (G-complete) if every p —Cauchy (G -
Cauchy) sequence is convergent.

Definition 2.6. [28] A fuzzy set p of a universal set M is
said to be ftripolar fuzzy set, if p:={w pT(W,
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p*(W),p~(W|n € M and
0<p"(Wp(w=<1}
where p*: M - [0,1], p: M - [0,1], p~: M - [-1,0].

For simplicity p :== (p*, p*, p~) uses for the tripolar fuzzy
set.

The research in paper [21] led to the conclusion that the
concepts of “contraction” and “weak contraction” can be
broadened to improve upon the existing findings. This likely
means the author found ways to extend or refine these
concepts, making them more broadly applicable or more
powerful in a given context.

III. MAIN RESULTS

First, we define the contraction, which will be further
utilized in fixed point theory:

Definition 3.1. Let ¢ : [0,1) > Rand £: [0,1) - [0, 1) are
strictly increasing, continuous mappings and for each
sequence {qu}nen Of positive numbers, lim q, = 1 if and
n—oo
only if lim Y(§(q,)) = +o0. A mapping S: M - M is
n—oo
said to be (Y — &) contraction, if there exists e
(0, 1) such that
p(Sp, Sv,t) <1 =

VEPSK Sv, 1)) = vEPH v,1))) + (1)
for all y,v € M.

Remark 3.2. For y(p) = %—u and (1), it is easy to conclude

that every contraction S is contractive mapping, that is,
p(Sy, Sv,t) > p(y, v, t) for all p,v € M, such that Sp # Sv.
Thus every (y — &) contraction is continuous mapping.

Theorem 3.3. Let (M, p, *) be a non-Archimedean fuzzy
metric space and a mapping S: M > M be a (Y —¥)
contraction. Then, S has a unique fixed point in M.

Proof. Let p, € M, be arbitrary and fixed. Define sequence
{p'n}’ by
Su, = w,,, foralln € N.

If p, = n,,, then p_ is a fixed point of S; then the proof is
finished.
Suppose that p # p ., foralln € N.
Therefore, by (1), we get

WE(P(Sty_qr S ) = WE(P(1y_ps 1 ) + T

Repeating this process, we get

lIJ(E(p(Sp‘n—l’ Sun’t))) 2 w(z(p(p‘n—Z’ l’ln—l’t))) + ZZ'
> $E(p(h 1)) + 1% ()

Letting n — oo, from (2), we get

rlll_l;l;lo lIJ(E(p(Sp'n—l' Sp‘n’ t))) = +oo.
Then, we have

lim p(Sp,,up, 8) = 1. 3)
Now, we want to show that the sequence {p } is a Cauchy
sequence.
Suppose to the contrary that {p_} is not a Cauchy sequence.
Then there are € € (0,1) and ty > 0, such that for all h € N,
there exists n(h), m(h) € N with n(h) > m(h) > h and

P (Hn(h)’ Hm(h);to) <l-e (4)

Assume that, m(h) is the least integer exceeding n(h), and
satisfying inequality (4). Then, we have

p (p‘m(h)—l’ I’J‘n(h)'to) >1-e
So, forallh € N, we get

1= €2 p (yay Mgy o)
=P (I’J'm(h)—l' I’J'm(h)'to) *p (I’J'm(h)—l' un(h)’tO)
2p (Hm(h)_l; Hm(hy to) *(1—e). (5)
By taking h — oo in (5) and using (3), we obtain
Almp (Ragey Hmery to) = 1= €
From(p5), we get

p(p'm(h)+1' Mo (hy+17 tO) = p(um(h)+1’ “n(h)'tO)

* p(p'm(h)’ p’n(h)'to) * p(“m(h)' “n(h)+1't0)-
Taking the limit as h = oo, we obtain

Tllijf}op(“n(h)u' “m(h)+1't0) =1l-e
By applying inequality (1), with u = ppp) and v = vy,
we have

14q (p(p'n(h)+1’ Hm(h)+12 t)))
=31e (P(“n(h)' Hin(ny’ t))) <.

Taking the limit as h — oo with the continuity of (i — &),
we obtain
Y(EA-e) 2y —e€)+,
which is a contradiction. Thus, {p, } is a Cauchy sequence in
M. From the completeness of (M, p, *), there exists r €
M, such that
Finally, the continuity of S yields
p(Sr,r,t) = lim p(Sw,,, ,, t)
= 1im p(Si, by t) = 1.
Thus 7 is a fixed point of S.
Now, we show that S has a unique fixed point. Suppose r;
and r, are two fixed points of S.
Indeed, if forry, r, € M, Sry =1y # 1, = Sty, then we get
‘P(f(p(rp T2, t))) = 1,0(5(,0(7"1, T2, t))) + (;

which is a contradiction. Thus, S has a unique fixed point.

Example 3.4. Let M = [0,1), a * b = min{a, b},
1

p(wv,t) =11+ max{y, v}’
1, H=,
forallt > 0.Lety :[0,1) > Rand ¢ : [0,1) - [0, 1) such
that Y () = %u and &(p) = ;u for all u € [0,1) and define
S:M - M,by S(W) =%f0ralluEM.

Clearly, (M, p, *) is a non-Archimedean fuzzy metric
space.

nFEv

Case-1. We assume that u < v for all y,v € (0,1). Since
p? <p and v? < v, then max{y v} > max{Sy, Sv}. So,
there exists { € (0, 1), such that

%(W)%(W)”

4 /1 1 S 41 1
§<§ <1 + max{Sy, Sv})) =3 (§ (1 + max{y, v})) +¢
P(E(pSw Sv, 1)) = P(E(p(h v, 0)) + <.

Case-2. We assume thatp = 0 and v € (0,1). Since p? =
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0, v2<wv, then
Hence, we have

max{y, v} = v > v? = max{Sy, Sv}.

() 23 (e *
3\1 + max{Sy, Sv} 1 + max{y, v} ¢
41 1
313 (1+max{5p5v}) 2 3 (_ (1+max{pv})) + (
that is,

PSS, 1)) 2 Y€l v, 1)) + 4.
Therefore, S is a (P —&) contraction. Thus, all the
conditions of theorem 3.3 holds and S has the unique fixed
point p = 0.

Definition 3.5. Let (M, p, *) be a non-Archimedean
fuzzy metric space and a mapping S : M’ = M is said to be
(y — &) weak contraction, if there exists { € (0, 1) such that
pSKSy,t)<1=

Y(E(pSw Sy, 1)) = PPk v, 1)) +7, (6)
for all p, v € M, where

P(w,v,t) = min{p(y, v,t), p(1, Sy, ), p(v, Sv, )}

Remark 3.6. Every (y — &) contraction is a (3 — &)
weak contraction. But the converse is not true.

Example 3.7. Let M = AUB, where A = { 1 2, 3}
= [5,7]. Let ] x k= mln{],k} and P(u, v, t) — ::;r;{{}:lﬁ

forall t > 0.
Clearly, (M, p, *) is a complete non—Archimedean fuzzy

metric space. Let : [0,1) = R such that () =
all p € [0,1) and define S: X — X, by
1

«/(1+ " for

JULEA
sa={20""",
Z,VGB

1
§W =7 T
for all u € [0,1). Since S is not continuous, so by remark
(3.2), Sisnota (¥ — &) contraction.
Now, we show that, for all u€A and vEB, S is a
(¥ — &) weak contraction.

Case-1. Letp=1and v € B, then

1
204

_ min{p, v}
B max{u, v}
1
an{% Z}

max{20 4}

Il
uil —a »—\lg | -

Also,
p(wv,t) =

v

U
(WS b) = —
Pl Su ) = 30
1
4v

p(U'SU: t) -

So,
P(p,v,t) = min{p(w,v,t), p(u, S, ), p(v, Sv, )},

i)
=mingy, zou 4v

417
Thus
1 1 (w1 1
P(SH;SV; t) = E > E = mln{;,z—Ou,E}_
Then, we have

1
E(p(Sw,Sv, 1)) = ;

and
¥ (£(p(Sn,5v,0)) =

and
1 4v

1
D R o R e e
4v

Y (f(P(u, v, t))) = m-

So, there exists ¢ € (0, 1), such that

¥ (£(o(su,5v,0)) = ¥ (6P v, 0)) +¢

Case-2. Let u € {2,3} and v € B, then

p(Sw Sv,t) = -
and
P(uv,t) = {“ ! 1}
bV L) =M o aw
_ 1
T 20y
Thus
1 w101
Wlo(sns0.0) =5 >z =minfl, 20
Then, we have
1 1 201
o
and
1
p(E(PGu,D)) = NEPREI
( +20u+1)
and
1 - ( 20u )
v 1+1 =Y 20p+ 1/
5

So, there exists { € (0, 1), such that
¥ (£(p(sn5v,0)) 2 9 (§(PGuv,0)) +

Case-3. Let p € {20 4} and v € B, then

1
,D(SH;SU; t) = Eﬁ

and
P(p,v,t) = mm{; % 4—11;} = %
Thus
1 w1 1
PSS, =5 E_mm{v 200 417}
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Then, we have

£(Gv0) =¢(5) ==
and
Y (s‘(P(u. v, t))) = ﬁ
and "

” 1 - ¢( v )
1+2) "\t
So, there exists { € (0,1), such that

P (£(p(sm5v,0)) = (£(P(w v, 1)) +1¢.

Therefore, S is a (i — &) weak contraction.

Theorem 3.8. Let (M, p,*) be non-Archimedean fuzzy
metric space and let S:M > M be a (Y —¢&) weak
contraction. Then, S has a unique fixed point in M.

Proof. Let pu, € M be an arbitrary element. Define
sequence {un}, by Su,, = n,,,, foralln € N.
If p, =u,,, then p_ . is a fixed point of S, then the proof
is finished.
Suppose that, p, # p,, for all n € N, therefore, by (6), we
get

l/) (f (p(Sun—l’ Sun’ t)))
> (& (min{p(u,_, ), P,y Sty yot), (i, Siy, )
+¢
= P(&(min{p(u,_; 1, ), Py My ) PG, My, D)
+¢

= (f(min{P(Hn_l,un, t), p(1y Myyrs t)})) Y. O
If there exists n € N, such that

min{p(“n—l Mo t)' p(p'n,p'n+1’ t)} = p(“n,“nﬂ' t)'
Thus, from (7), it becomes

Y (f (p(Sun_l,Sun, t))) =9y (f (p(un,p'n+1’ t)))
29 (P (i b)) + 6,

which is a contradiction, therefore,

min{p(p’n—l ,l‘ln' t)' p(un,p'n+1’ t)} = p(l‘ln—l ,un’ t)’ (8)
for alln € N.

Thus, from (7), we have

1/ (f (p(un_un+1,t))) > 1) (f (P(un_llun, t))) +¢,

for all n € N. It implies that

13 (5 (P(Hn,“nw t))) 2y (f (p(uo,ul, t))) + nd.

Taking, as n — oo, we get

,11_{{}0 l/) (E (p(un,un+1’ t))) = too.
Then, we have
Tlli_r)zlop(Sun_l Suyt) =1.
The proof, that {u} is a Cauchy sequence can be shown as
in Theorem (3.3). From the completeness of (M, p, *),

there exists r € M, such that
limp, =7,

n—oo

Now, we show that r is a fixed point of S . Since ¥ and £ are
continuous, then there are two cases arise.

Case-1. For each n € N, there exists [, € N such that
W, = Sr and [,, > l,,_4, where [, = 1. Then, we get
r=limp

L, = ST
n—-oo ‘n+l

This proves that r is a fixed point of S.

Case-2. If there exists ny € N such thatp, , # Sr for all
n = ny.
That is, p(S W, ST, t) < 1 for all n > ny. It follows from (6)
with the properties of 1y and &,

¥ (£ (Pl 5120))) = 9 (¢ (o(Sty.57.0)))
= (& (min{p(u,,7,t), p(u, S, t), p(r,Sr,OP) +¢
> Y(E(MIN{p 4y £), ity tsss ), P ST, OD) + 3.
©)
If p(r,Sr,t) <1, then, we have
lim p(,, 7, t) = 1,

and there exits n,; € N, such that, for all n > n; we get
min{p(u,,, 7, t), o1y, Wpyps ), p(r, ST, )} = p(r,S7,0).
From (9), we have

¢(5 (0 Gty 7 t))) >y (¢, s 0)) + ¢ (10)
For all n = max{ny,n;}. Since, P and ¢ are continuous,
taking the limit as n — oo in (10), we obtain

¥ (£(o(r5m,0)) 29 (8o 5m,00)) + ¢,
which is a contradiction. Therefore, p(r,Sr,t) = 1; that is,
r is a fixed point of S.
Now, we prove that the fixed point of S is unique. Let r; 7,
be two fixed points of S. Suppose that r; # r,; then we have
Sry # Sry. It follows from (6), that we have

Y (£(pGr 1)) = ¥ (§(P(STy, 57,1)))
> (¢ (min{p(ry, 72, £), p(ry, 57, 8), p(12, 12, ON) +
= p(E(min{p(ry, 7, £), p(11,73,8), P12 70, ON) +¢
= (§(p(r 12 0))) +3,

which is a contradiction. Then p(ry,1,,t) = 1, that is, r; =
1, Therefore, the fixed point of S is unique.

IV. STABILITY RESULTS

Lemma 4.1. Let (M, p, *) be a non-Archimedean fuzzy
metric space and { B,;: M > M } be a sequence of (p — &)
contractions, which is uniformly convergent to P: M — M,
then P is also a (i — &) contraction.

Proof. Since P, for all n = 1 be a sequence of (i — &)
contractions, thus

PP, v, t)) < 1=

Y(E P, P, 0))) 2 p(E(p(w v, 1)) + ¢, for all
u,vew.

Letting n = oo and {P,} converges uniformly to P, then

p(Py, Py, t))<1>
Wlﬁ(f(p(Pu, Py, 1)) =2 Y (p(wv,t))) + ¢, forall p,v €

Hence P is a (1 — &) contraction mapping.

Theorem 4.2. Let (M, p, *) be a non-Archimedean
fuzzy metric space and { B,: M — M } be a sequence of
(Y — &) contractions, which is uniformly convergent to
P: M > M, then lim H,(F(P,), F(P)),t) = 1. Hence the

fixed point sets of the sequence {B,} are stable.
Proof. Since F (P,) is non-empty, so p, € F(P,) such that

p(Pnl’lnt I’lnl t) = 1
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Since {P,}, the sequence of (i —¢&) contractions is
uniformly convergent to P, so P is also (i — &) contraction.
It implies that there exists u € F(P) such that

p(Pu,t) = 1.
Now we know that Housdorff fuzzy metric is defined as
Hp(F(PTl)J F(P), t)
= min inf su ,wt), inf  su v, U, t
elth ) Sup Py t) watthy , Sup p(Vy, v, 1)

and implies that lim Hp(F(Pn), F(P)), t)=1.
n—-oo

V. APPLICATION TO PHYSICAL PROBLEM

Let Cr([0,1],R) be the collection of all continuous
functions f:[0,1] > R and p be a fuzzy set function on
Cr([0,1], R) X C([0,1], R) X (0, ) with

p(u(p), v(p),t) = :

————— and triangular
1+ sup (@) —v (@) &
pef0,1]

norm * is defined by a * b = min(a, b).

Thus (Cf([O, 1,R), p, *) be a non-Archimedean fuzzy
metric space.

Now, we consider the equation of motion
d’a

moz=f a®) (11)
and «a(0) =0,a'(0) =1, where f:[0,1]XR >R is
continuous.

Green’s function associated with (11) is defined by
(D if0<p<li<l]
Fo.1) _{Zp—l, ifo<i<p<l
It is clear that the solution of (11) is equivalent to
a € C¢([0,1],R), a solution of the integral equation

a(p) = f Fo,DfLx)dl,  pe[0,1].
0
Let S: C¢([0,1], R) = C¢([0, 1], R), be defined by
S(a®)) = [, F@, Df L, a)) dl.

Theorem 5.1. Under the assumptions
@ |f(p.a®) — f@.y®)| < supllap) —y()| - 13,
forall p € [0,1] and @,y € C(([0, 1], R),
(ii) Let ¢ :[0,1) > R and £:[0,1) -» [0,1) such that
Y = %uand W = %u-
The equation (11) has a solution.

Proof. Consider
1+ sup [Su(p) —Sv(p)l =1+
pe[0,1]

sup [ FG.OF Q) dl = [ F@,DF Qo) dl

B

<1+ sup Iy E@,DIf (Lu®) = £(Lv®)|dL,

1
<1+ sup {{u() —v(®)|— 1} sup f F(p, 1) dl.
lefo,1] pelo,1] Jo
2
Since [ F(p, 1) dl = -Z +§ for all pe[0,1], then

sup fol F(p,Ddl = %
p€[0,1]
1 2

>
sup |Su(p) —Sv(p)|l ~ 2+ sup {|p() —v(D| -1}
pelo,1] 1€[0,1]

1 2
>
14 max |Su(p) —Sv(p)| ~ 1+ sup |u(l) —v(D)|
p€lo,1] le[0,1]

1
1+ prg[g;f]ISu(p) —Sv(p)l

4
9

2
1+ sup [u() —vD| )
lefo,1]

4
>—
9

Thus,

Y(EpSu@), Sv(p), 1)) = Y(E(p(u(p), v(p), 1)) +¢
for all u(p), v(p) € C,([0, 1], R).

Therefore, the mapping S is a (i — &) contraction. Thus,
by theorem 3.3, S has the unique fixed point in C¢([0, 1], R),
which in turns the solution of equation (11).

VI. CONCLUSION

Fixed point results have been given by applying the
newly defined contractions, and comparative studies in the
form of examples for the properties of the contractions are
also presented. In the fourth section of the study, the
obtained results were used to verify that a solution to an
equation of motion exists. This application highlights the
theoretical framework that was built throughout the study.
This research can be extended to find the best proximity
point for non-self-mappings as the applications of these
contractions.
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