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Abstract—In this paper, we introduce the concept of the soft
intersection (S-int) bi-quasi-interior (BQI) ideal of semigroups
and provide an equivalent definition. The relationships
between S-int ideals and S-int BQI ideals are established. We
prove that every S-int bi-ideal, left ideal, right ideal, interior
ideal, quasi-ideal, bi-interior ideal, left/right bi-quasi-ideal, and
left/right quasi-interior ideal is also an S-int BQI ideal.
Counterexamples are given to show that the converses do not
hold, and we demonstrate that additional conditions, such as
regularity or right/left simplicity, are required for the
converses. We also show that if a subsemigroup of a semigroup
is a BQI ideal, then its soft characteristic function is an S-int
BQI ideal, and the converse holds as well. Thus, this work
establishes an important connection between classical
semigroup theory and soft set theory. Furthermore, we show
that finite soft AND-products, Cartesian products, and
intersections of S-int BQI ideals remain S-int BQI ideals,
whereas finite soft OR-products and unions do not. This study
provides a broad conceptual characterization and analysis of S-
int BQI ideals.

Index Terms—(soft intersection) bi-quasi-interior ideals,
(regular) semigroup, soft set

I. INTRODUCTION

Semigroups play a crucial role in various areas of
mathematics. In applied mathematics, semigroups, first
studied in the early 20th century, serve as essential tools for
analyzing linear time-invariant processes. Moreover,
because finite semigroups are closely related to finite
automata, their study is fundamental in theoretical computer
science. In probability theory, semigroups are also
connected to Markov processes. The concept of ideals plays
a key role in understanding mathematical structures and
their applications. Consequently, many mathematicians have
focused their research on generalizing ideals within
algebraic structures. Indeed, further exploration of algebraic
structures necessitates the generalization of ideals. By
employing the notions and properties of these generalized
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ideals, many mathematicians have made significant
contributions, providing new insights and characterizations

of algebraic structures. Dedekind introduced the concept of
ideals in the context of algebraic number theory, and
Noether later extended this idea to associative rings. The
notion of a one-sided ideal in any algebraic structure can be
seen as a generalization of the original ideal concept, and
both one-sided and two-sided ideals continue to be central to
the study of ring theory.

In 1952, Good and Hughes [1] introduced the concept of
bi-ideals in semigroups. Steinfeld [2] was the first to define
the concept of quasi-ideals in semigroups and later extended
this notion to rings Quasi-ideals generalize R and L ideals,
while bi-ideals represent a further generalization of quasi-
ideals. The notion of interior ideals was first introduced by
Lajos [3] and later studied in more detail by Szasz [4,5]. The
concept of interior ideals arose from the generalization of
the ideal concept. Rao [6-11] introduced several novel types
of semigroup ideals, which expand upon existing ones, such
as bi-interior ideals, BQI ideals, bi-quasi ideals, quasi-
interior ideals, weak-interior ideals, tri-ideals and tri-quasi
ideals. Rao [6-11] introduced several novel types of
semigroup ideals, extending existing ones, including bi-
interior ideals, BQI ideals, bi-quasi-ideals, quasi-interior
ideals, weak-interior ideals, tri-ideals, and tri-quasi ideals.
Baupradist et al. [12] also introduced the concept of
essential ideals in semigroups. As a broader extension of
various types of ideals, the notion of “almost” ideals was
proposed, and their characteristics, together with their
relationships to other ideals, were thoroughly investigated.
In this context, the concept of almost ideals in semigroups
was first introduced in [13]. Subsequently, [14] expanded
the notion of bi-ideals to almost bi-ideals in semigroups.
The notion of almost interior ideals was introduced in [15],
while almost quasi-ideals in semigroups were first studied in
[16]. The authors in [17-19] proposed certain types of
almost ideals. Moreover, in [15, 17-22], various fuzzy
almost ideal types for semigroups were examined. Many of
these new structures have been employed to further
characterize semigroups and their generalizations.

Molodtsov [23] introduced the "Soft Set Theory" (Ss
Theory) to address problems involving uncertainty and to
find appropriate solutions for them. Since then, numerous
important studies have focused on various concepts related
to 8s, particularly on the operations performed on them.
Maji et al. [24] proposed several definitions related to Ss
and established specific operations for them. Pei and Mia
[25] as well as Ali et al. [26] introduced different operations
on 8s. Sezgin and Atagiin [27] also contributed to the study
of 8s operations. For further insights into Ss operations,
which have gained popularity since their inception, we refer
to [28-39]. The concept and operations of Ss were further
modified by Cagman and Enginoglu [40]. Later, Cagman et
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al. [41] developed the idea of S-int groups, which led to the
exploration of various soft algebraic systems. Sezer et al.
[42-44], by applying Ss to semigroup theory, introduced soft
intersection (S-int) semigroups, ideals, interior ideals, quasi-
ideal ideals, (generalized) bi-ideals of semigroups, providing
an in-depth analysis of their fundamental properties. In the
context of S-int substructures of semigroups, Sezgin and
Orbay [44] defined and classified several types of
semigroups. Soft intersection (int) almost ideals, as a
generalization of various types of S-int ideals, were
introduced and examined in [45-56]. The soft versions of
different algebraic structures were explored in [57-68].

Rao [7] introduced the concept of the BQI ideal as a
generalization of the bi-ideal, quasi-ideal, interior ideal, bi-
quasi ideal, and bi-interior ideal of a semigroup, and
examined the properties of these ideals and their
relationships. In Rao [69], the concept of BQI ideal is
studied as a generalization of bi-ideal, quasi-ideal, interior
ideal, bi-quasi ideal, and bi-interior ideal in I'-semirings.
The properties of these ideals and their relationships with
other ideals are explored. The regular () and simple I'-
semirings are characterized, and the conditions necessary for
a I'-semiring to be & or simple are examined. Additionally,
Rao [70,71] investigates the properties of BQI ideals in I'-
semigroups and semirings and explores their relationships
with other ideals. The regularity and simplicity properties of
I'-semigroups and semirings are characterized, and the
conditions for I'-semigroups and semirings to be & or
simple are identified.

The motivation for this study stems from the fact that
generalizing classical ideals within the framework of soft set
theory opens new directions for algebraic research. In this
study, the concept of “Soft intersection bi-quasi ideal” (S-int
BQI Ideal) of a semigroup is defined for Ss theory,
illustrated with examples, and its properties and
relationships with other S-int ideals are examined in detail.
It is concluded that if a subsemigroup of a semigroup is a
BQI ideal, then its soft characteristic function is also an S-
int BQI ideal, and the converse is also true. This is an
crucial theorem establishing a significant connection
between classical semigroup theory and S8s theory.
Furthermore, by investigating the relationships of S-int BQI
ideal of a semigroup with other S-int ideals, it is observed
that every S-int bi-ideal, S-int ideal, S-int interior ideal, S-
int quasi-ideal, S-int bi-interior ideal, S-int bi-quasi ideal,
and S-int quasi-interior ideal of a semigroup is an S-int BQI
ideal, and counterexample sare provided to show that the
converses do not hold. The conditions for the converses to
hold are also obtained. Additionally, the relationships
between S-int BQI ideals and soft set operations as well as
the concepts like soft image and soft inverse image are
investigated. The paper is structured into four sections.
Section 1 offers a general introduction to the topic, while
Section 2 explores the fundamental concepts of semigroups
and Ss ideals, along with their associated definitions and
implications. We introduce the concept of S-int BQI ideals
in Section 3 and examine their properties, as well as how
they relate to other types of S-int ideals, through concrete
examples. Section 4 provides a summary of our findings and
considers potential directions for future research.

II. PRELIMINARIES

In this section, we recall some basic definitions and results
that will be used throughout this paper. S denotes a
semigroup throughout this paper. A subsemigroup K of S is
called a bi-quasi-interior(BQI) ideal of S if KSKSk € K [7].
If there exists an element y € S such that x = xyx for all
x € S, then S is called a regular (%) semigroup,

Theorem 1[72] Let S be a semigroup. Then

(1) Sis £ (R) simple if and only if (iff) Sa =S (aS =
S) for alla € S. That is, for every a,b € S, there exists ¢ €
S such that b = ca (b = ac)

(2) S issimpleiff'S is a group. (both £ and R simple)

Definition 1 [23,40] Let E be the parameter set, U be the
universal set, P(U) be the power set of U, and K € E. The
soft set (8s)f over U is a function such that £ E — P(U),
where for all ¥ & K, fx(y) = 0. That is,

b= {0 )):¥ € Ef(3) € P()}
The set of all 8s over U is designated by Sg(U).

Definition 2 [40] Let £ € Sg(U). If fx(y) = @ for all ¥ € E,
then % is called a null §s and indicated by Q.

Definition 3[40] Let £,,£5 € Sg(U). If £,(3) € £5(¥), for all
v € E, then £, is a soft subset of §x and indicated by £, € £5.
If£,(3) = £5 (), for all ¥ € E, then £, is called soft equal to
£5 and denoted by £, = £5.

Definition 4 [40] Let £,,f5 € Sg(U). The union
(intersection) of £, and %y is the Ss £, U £5(£, N £5), where
UL =£0) U (L)((fA NE)L) =£0) Nk (L))
for all . € E, respectively.

Definition 5[40] Let £,,£5 € Sg(U). Then, A-product (V-
product) of £, and £g, denoted by £, N g (£, V £g) is defined
by(fa Np) (x, ) = £4(x) N5 (1) (B4 V £5) (3, y) = £1(x) U
£z (y)) for all (x,y) € E X E, respectively .

Definition 6[41] Let £,,£5 € Sg;(U) and ¢ be a function
from A to B. Then, the soft image of £, under @, and the soft
pre-image (soft inverse image) of £ under @ are the Ss
©(£,) and @~ 1(£3) such that

(p¢) ()
_ {U{fA(k)lk €dand (k) =x}, if o (x) # O
@, otherwise

forall b € B and ((p'l(fB))(k) = £ ((p(k))for allk € A.

Definition 7 [41] Let £, € Sg(U) and a S U. Then, the
upper a-inclusion of £, denoted by U(fy; @), is defined
asU(Ey; a) = {x € Al£,(x) 2 a}.

Definition 8 [42] Let %, % € Sg(U), where K is a
semigroup. S-int product £ o %y is defined by
(i © &) ()
U {£:(x0) nx(y)}, if Ax,y € Ksuch that y = xy
= )y=yz
o, otherwise
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Theorem 2 [42] Let fi, % px € Sx(U), where K is a
semigroup. Then,

i) (fg o %) © px = fi © (¥ © px)

i) i 0 kg # Fic 0

iii) £ o (g Upy) = (fc o) U (] o px) and (i U tg) o
pr = (fx ° px) U (& © px)

v) o (e Np) = (B ot) N (g opx) and (i N &) ©
Dk = (fﬁ °pi) N (kg © DK)~ B

v) If fx € %k, then £ o px C %y © px and py © fx S Pk © #x
vi) If 2« 5 € Sx(U) such that zx C £ and s¢ € ¥, then
Zk © Sk © ik ° #x.

Definition 9 [42] Let @ # K € S. The soft characteristic
function (8¢fi) of K, denoted by S, is defined as

(U, ifxeK
Si() = {@, if x € S\K

Theorem 3[42,51] Let G,B € S. Then
i) GS Biff'S; € Sy

i) Sg 0 Sg = Sgnp and Sg U Sg = Sgug
iii) SgoSg = Sgg

From now on, X denotes a semigroup like S.

Definition 10 [42] An Ss #¢ over U is called an S-int
subsemigroup of S if £ (ln) 2 (L) N £ (n) for all L,n €
S.

Note that in [42], the definition of “S-int subsemigroup of
S” is given as “S-int semigroup of S”’; however in this paper,
without loss of generality, we prefer to use “S-int
subsemigroup of S”.

From now on, “ideal” is abbreviated by “id”.

Definition 11[42,43] An Ss £ over U is called an S-int £
(R) id of S if fc(bn) 2 £ (n) (Fc(bn) 2 £x (L) )for all L,n €
S, and is called an S-int two-sidedid (S-intid) of S if it is
both S-int £ id of S over U and S-int R id of S over U. An S-
int subsemigroup ¥y is called an S-int bi-id of S if fx(Lnt) 2
£ (L) N £ (L) for all L,n,t € S. An 8s £ over U is called an
S-int interior id of S if fx(ln.t) 2 £(n) for all L, n,t € S.

An Ss £ over U is called an S-int £ weak-interior (R) id of S
i A(ng) 2 fc(n) N £ (E) (F(nt) 2 £ (L) N £ () for
allL,n,t €S, and is called an S-int weak-interior id of S if
it is both S-int £ weak-interior id of S over Uand S-int R
weak-interior id of S over U. An Ss #¢ over U is called an S-
int £ quasi-interior (R) id of S if £(lnta) 2 f(n) N
£ (3) (] (bntar) 2 £:(L) N £:()) for all L, n, 4,2 € S, and is
called an S-int quasi-interior id of S if it is both S-int £
quasi-interior id of S over U and S-int R quasi-interior id of
SoverU[73,74].

If £:(x) = U for all x € S, then £ is an S-int subsemigroup
(id, bi-id, interior id, weak-interior id, quasi-interior id). We
denote such a kind of S-int subsemigroup (id, bi-id, interior
id, weak-interior id, quasi-interior id) by S [42,43,73-75].
Moreover, S = S, that is, S'(x) = U for all x € S[42].

Definition 12[73-75] An Ss #¢ over U is called an S-int
quasi-id of S over U if (,.S"o -fK) n (fK ° 5) C fx. An Ss #

over U is called an S-int bi-interior id of S over U if (:5"0
£ o 3’) n (fK 0.5 fK) C . An 8s £ over U is called an S-
int L bi-quasi (R) id of S if (') 7 (o S'o £ ) € kg
((g o 3’5 n (fK oS fK) € &), and is called an S-intbi-

quasi id of S if it is both S-int £ bi-quasi id of S over U and
S-int R bi-quasi id of S over U.

Theorem 4 [42]Let fs € Sg(U). Then,

i) SoSE.S

ii)Sofs € Sandfso ST.S

lll) fs G ISI: ,Sland fs ﬁ S: fs.

Theorem 5 [42,43] Let K be a nonempty subset of a

semigroup S. Then, K is a subsemigroup of S iff Sk is an S-
int subsemigroup.

Theorem 6 [42,43,73-75] Let £; € Ss(U). Then,

(1) £ is an S-int subsemigroup iff (£ o £) € £,

() ks is an Sint L (R) id iff (Sok) Sk and (£ o
S) ek,

(3) £ is an S-int bi-id iff (s oks) Efs and (f50 S
£) E £,

(4) £ is an S-int interior id iff(;g"o fs 0 :5’) c £,

5) £ is an S—i}lt L (R) weak-interior id iff (S %o

£) C k5 (0% 0.5 S ), _ _
(6) £ is an S-int L (R) quasi-interior id ijj’(,slo £5 0.5

&) Ef ((fs 0 Sof505) & fs),
Theorem 7[42,43] The following assertions hold:

(1) Every S-int £ (R/two-sided) id is an S-int subsemigroup
(S-int bi-id/S-int quasi-id).

(2) Every S-int id is an S-int interior id (S-int quasi-id).

(3) Every S-int quasi id is an S-int subsemigroup (S-int bi-
id).

Theorem 8[42] Let £; € S¢(U), a be a subset of U, Im(£s)
be the image of £5 such that a € Im(f;). If £ is an S-int
subsemigroup of S, then U(fs; @) is a subsemigroup of S.

III. SOFT INTERSECTION BI-QUASI-INTERIOR
IDEALS OF SEMIGROUPS

In this section, we present the concept of soft intersection
(S-int) bi-quasi-interior ids in semigroups, provide its
examples, thoroughly examine its relationships with other
soft intersection ids, and analyze the concept in terms of
certain SS concepts and operations.

Definition 13 A soft setfs over U is called a soft
intersection(S-int) BQI ideal of S over U iffs(bdfmz) 2
fs(®) N fc(®) n fs(w)forallb, d,fm,nr E€S.
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S-int bi-quasi-interior of S over U is abbreviated by S-int
BQI-id in what follows.

Example 1 Let the semigroup S = {z, I, y} be defined as
follows:

08 A 08 Q|

W W w q

Let £5 and 6ig be Sss over U = Zg as follows:

ts = {(z{1,3,5)), (L{1,3, 7}, (w,{1,3,5,7})}1.6s =

{(z{1,3,5}), W{1,3,7}), (w,{1,3,5})}

£g is an S-int BQI-id of S. Here, we find it appropriate to
give a few concrete examples of elements for ease of
illustration in order to be more understandable. In fact,

ts(zzllliy) = £5(u)) 2 £5(2) N (W) N
£ (W) s (Wltlili) = £5(w) 2 £5(W) N £s(W) N
ts(w), £5(2220z) = £s(u]) 2 £5(2) N t5(2) N £5(2)

It can be easily shown that the Ss set tg satisfies the S-int
BQI-id condition for all other element combinations of the
set S. However, since Gg(lllilliyl) = 65(wy) 2 65(l) N
65 (W) N 6g(l) b is not an S-int BQI-id.

Theorem 9 Let £ € Sg(U). Then, £ is an S-int BQI-id iff
‘fs o ISIO ‘fs o ISIO ‘fs g ‘fs.

Proof: Suppose that £; is an S-int BQI-id and s € S. If (£ o
SofsoSof)(s) =0, then fgoSofgoSofs CE.
Otherwise, there exist elements L, 1, t, 22,1, 0, H € S such
that s = Ln,, L = to-, t = zlL and 2z = wb, fors € S. Since £
is an S-int BQI-id,£(s) = £(Ln.) = £(uyplian) 2 £(w) N
£,(W) N £;(n.) Therefore,

(f50SckoSok) () =[UsoS o k2 8) o £)| ®
- | {3530

s=ln,

N ) ()}

= U{U{(fsos'ofs)(u)

s=bn, \L=ta

N S'(a»)} N fs(m)}

= U{H{U {t:-5H@

s=ln, =2l

N W} SE)n fs(n)”

- U3U U oo

s=ln, \ L=ta \ t=zlL \ z=wp

A OILIGIGLECGREACS

= U {5 () N £5(W) N £s(n)}
s=ujpla-n

< U {fs(wplion.)}
s=wbla-n
=£:(ln)
=40
Thus, we have £50.S ofs0S o fs € £. Moreover, in the

case where s = Ln, and 1. # wplia-nfor s € S, since (fs 0So
£05) (1) = 0. f5 0 S o £y o S o £ T £ is satisfied.

Conversely, assume that £ o So ;o So £, C & Let s=
Lotaz for L, o, 4,92 € S. Then, we have
fs(lotaz) = £5(s)

2 (08 c£508 o) (5)

— [(fsogo-fsog)Ofg] (3)

= J{(5-8-4-8) 5@}

s=hz

- | J | {&-3 -t nSe)} n &

§=bz \ b=wa

U U U {(fs o)) ﬂfs(t)} n S

s§=bz \ b=wo \ YW=nt

N £5(2)

U U U{Ufs(k)ﬂg(ﬁ)nfs(@

s=bz \ b=wa \ uy=nt \n=le

n S'(av) n fs(z)}

2 (£ 0 S o £ 0 §) (boto) N £5(2)
- U {£0) 8@ n£®) n 8@) n£))

B=lwvto2
2£0) NS®) NE&E) NS(e) NE(z)
=£L)NUNEE)NUNE(z)
=£5(L) N£(b) N£5(2)
Hence, £5(Lotaz) 2 £5(L) N £5(t) N £5(z) implying that £ is
an S-int BQI-id.

Corollary 1 S and @ s are S-int BQI-ids.

Theorem 10 Let X be a subsemigroup of S. Then, X is a BQI
id of S iff Sk, the 8¢fyy of K, is an S-int BQI-id.

Proof: Let K be a BQI id of S. Then, KSKSK C K. By
Theorem 3, SgoSoSgo0S oSy =Sgo0Ss0Sk0Ss0S8 =
Sksksk © Sk Hence, Sg is an S-int BQI-id. Conversely, let Sg
be an S-int BQI-id and K be a subsemigroup of S. Then, Sg o
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SoS¢oSo0S5 ES.. Let x€KSKSK. ThenSg(x) 2
(5K°S°SK°S°5K)(X) = (Sg 0 Ss oSk 0S50 S)(x) =

Sksksg(x) = UThus, Sg(x) = U and so x € K, implying that
KSKSK < K. Hence, K is a BQI id of S.

Example 2 Consider the semigroup in Example 1. 4 =
{z, 01} is a BQI id of S. By the definition of S¢fy), S, =
{(z U), (L, ®)(w, U)}. S, is an S-int BQI-id. Conversely, by
choosing the S-int BQI-id as 5 = {(z, U), (, @) (u, U)},
which is the S¢fiy of X = {z,w}, X is a BQI idof S.

Now, we continue with the relationships between S-int BQI-
ids and other types of S-int ids of S.

Theorem 11 Every S-int bi-id is an S-int BQI-id.

Proof: Lett; be an S-int bi-id of S. Then, #%go So
te € tg.Thus,(ts 0 S 0 £5) 0 S o £ & 5 0 S o £ & #gHence,
%¢ is an S-int BQI-id of S.

We show with a counterexample that the converse of
Theorem 11 is not true:

Example 3 Let the semigroup S = {4, §, s, ®} be defined
as follows:

X n{ ) b W
Y Y Y Y Y
%] 9 9 Y 9
b Y Y Y %)
W 9 9 o B
Let % be 8s over U=7Z as follows: #5=

{(%,{1,2,3,4,5)), (,{2,3}D), (b, {4,5}) (®, {1})}. Here, % is
an S-int BQI-id. In fact,

(55 oS ets e Sots) () = t5(w) U ts(9) Uts(w) U
(@) S t5(0). (k50 Sots o Sots) (@) =0 <
ts(0).(ts 0 Sots0 S ots) (1) = 0 S t(m). (ks 0 S o s o
Sots) @) =0 S £5(®)

Thus, t; is an S-int BQI-id of S. However, since(tg o So
) (o) = £5(0) & £5(g0) %5 is not an S-int bi-id.

Theorem 12 Let %5 € Sg(U) and S be an R semigroup.
Then, the following conditions are equivalent:

1. g is an S-int bi-id.

2. % is an S-int BQI-id.

Proof: (1) implies (2) is by Theorem 11. Letts is an S-int
BQI-id and L, n, t € S. By assumption, there exists #a, & € S
such that . = Lml and n. = nan Thus,

ts(bnt) = £5((bml)nt) = & (Lmlnt)

2 #5(b) N &g (L) N&5(E) = &s(L) N5 (b)
ts(bn.) = £5(bml(ny)n) 2 (L) N £s(L) N £5(n)
= #5(L) N £5(n)

Thus, %5 is an S-int bi-id.

Proposition 1 Every S-int £ id is an S-int BQI-id.

Proof: Let £;be an S-int L id of S. Then, by Theorem 7, %g
is an S-int bi-id. The rest of the proof is obvious by Theorem
11. Hence, %5 is an S-int BQI-id of S.

We show with a counterexample that the converse of
Proposition 1 is not true:

Example 4 Let the semigroup § = {d,x} be defined as
follows:

* | K
d ) )
K K K

Let % be S8s over U={[g]|x€Z} as follows:tg =

{(e o] Tol-[a1)- (s (o] [o)

Here, £¢ is an S-int BQI-id. In fact,

(tﬁ°'~sl°tﬁ°'§°tﬁ)(q) =’fﬁ(®9’€ﬁ(@,(tﬁ°g°’€ﬁ°
S o tq) () = (1) < ()

Thus, g is an S-int BQI-id of &. However, sincetg(kd) =
s () 2 £5(d)tg is not an S-int £ id.

Proposition 2 Let ¥ € Sg(U) and S be an R semigroup and
R simple semigroup. Then, the following conditions are
equivalent:

1. %¢ is an S-int L id.

2. % is an S-int BQI-id.

Proof: (1) implies (2) is by Proposition 1. Letts is an S-int
BQI-id and L, n, t € S. By assumption, there exists f, & € S
such that L=nm and n =nan. Thus, #£;(ln) =
ts((nm) (nan.)) = ts(nmnan) 2 £(n) Nt(n) N

ts(n,) = £5(n,). Thus, %5 is an S-int L. id.

Proposition 3 Every S-int R id is an S-int BQI-id.

Proof: Let £ be an S-int R id of S. Then, by Theorem 7,
is an S-int bi-id. The rest of the proof is obvious by Theorem
11. Hence, #5 is an S-int BQI-id of S.

We show with a counterexample that the converse of
Proposition 3 is not true:

Example 5 Consider the 8s £5 in Example 1. It was shown
in Example 1 that tg is an S-int BQI-id. Sincetg(liz) =
t3(z) 2 £5(l) g is not an S-int R id.

Proposition 4 Let 5 € Sg(U) and S be an R semigroup and
L. simple semigroup. Then, the following conditions are
equivalent:

1. %5 is an S-int R id.

2. % is an S-int BOI-id.

Proof: (1) implies (2) is by Proposition 3. Letts is an S-int
BQI-id and L,n € S. By assumption, there exists #,& € S
such that n=ml and L=1Lnl.  Thusts(ln) =
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ts((Lal) (ml)) = ts(lalml) 2 (L) Nts(L) N (L) =
(L) Thus, £ is an S-int R id.

Theorem 13 Every S-int id is an S-int BQ[_-id.

Proof: It is followed by Proposition 1 and Proposition 3.
Here note that the converse of Theorem 13 is not true
follows from Example 4 and Example 5.

Theorem 14 shows that the converse of Theorem 13 holds
for R groups.

Theorem 14 Let ¥5 € Sg(U) andS be an R group. Then, the
following conditions are equivalent:

1. %¢ is an S-intid.

2. % is an S-int BOI-id.

Proof: (1) implies (2) is by Proposition 1 and Proposition 3.
Lettg is an S-int BQI-id of a group S. Then, by Theorem 1,
S is both an L simple and an R simple semigroup. The rest
of the proof follows from Proposition 2 and Proposition 4.

Theorem 15 Every S-int interior id is an S-int BQf—id.

Proof: Let £5 be an S-int interior id of S. Then, S ofgo
S € #g.Thus, kg o (.S'ofeSO.S')ofeS Cigotgot; S Sokgo
Se %¢. Hence, % is an S-int BQI-id of S.

We show with a counterexample that the converse of
Theorem 15 is not true:

Example 6 Consider the Ss t5 in Example 1. It was shown
in Example 1 that g is an S-int BQI id. Sincetg(Lliz) =
t5(z) 2 £5(l), £5 is not an S-int interior id.

Theorem 16 shows that the converse of Theorem 15 holds
for the groups.

Theorem 16 Let ¥ € Sg(U) and S be a group. Then, the
following conditions are equivalent:

1. %5 is an S-int interior id.

2. %5 is an S-int BOI-id.

Proof: (1) implies (2) is by Theorem 15. Letts is an S-int
BQI-id and l,n,t € S. By assumption, there exists @ € S
such that L=nm and t=an. Thus, #;(lnt) =
ts((a)n(an)) = ts(nmnan) 2 £(n) Ntg(n) N

ts(n,) = £5(n,). Thus, £ is an S-int interior id.

Theorem 17 Every S-int quasi-id is an S-int BQI-id.

Proof: Let £5 be an S-int quasi-id of S. Then, by Theorem 7,
t; is an S-int bi-id. The rest of the proof is obvious by
Theorem 11. Hence, £ is an S-int BQI-id of S.

We show with a counterexample that the converse of
Theorem 17 is not true:

Example 7 Consider the Ss t; in Example 3. It was shown
in Example 3 that t; is an S-int BQI-d. Since,(ts o

S) )0 (Sots) () = 5(®) Uts(B) L £5(p) 45 is not

an S-int quasi-id.

Theorem 18 Let ts € Sg(U) and S be an R group. Then, the
following conditions are equivalent:

1. %5 is an S-int quasi-id.

2. % is an S-int BOI-id.

Proof: (1) implies (2) is by Theorem 17. Letts is an S-int
BQI-id. Since S is an & group, then, by Theorem 14, % is
an S-int id. The rest of the proof is obvious by Theorem 7 g
is an S-int quasi-id of S.

Theorem 19 Every S-int bi-interior id is an S-int BQI_—id.

Proof: Let £ be an S-int bi-interior id of S. Then, (S‘ otgo
§) A (fes 0So ’es) € #.Since, (fes 0 §) otg o (§ ofes) eSe
g o Sand tgo (S‘ o fg o S‘) ots S g0 S o%s it is obtained
ts0Sotg0S oty & (S'otsog)ﬁ(’esogots) € &.
Hence, 5 is an S-int BQI-id of S.

Conversely, an S-int BQI ideal is not necessarily an S-int bi-
interior id.

Example 8 Consider the Ss t; in Example 3. It was shown
in Example 3 that &5 is an S-int BQI-id. Since,(.S'O’eS °
S) @) 7 (15 o S o t5) (9) = £5(@) & t5()ts is not an S-

int bi-interior id.

The following theorem offers another characterization of S-
int BQI ideals.

Theorem 20 Le tks € Sg(U) and S be an R group. Then, the
following conditions are equivalent:

1. %5 is an S-int bi-interior id.

2. % is an S-int BOI-id.

Proof: (1) implies (2) is by Theorem 19. Let %5 is an S-int
BQI-id. Since S is an & group, then, by Theorem 12, £ is
an S-int bi-id. The rest of the proof is obvious by Theorem 7
% is an S-int bi-interior id of S.

This characterization will be useful for proving subsequent
results.

Proposition 5 Every S-int £ bi-quasi id is an S-int BQI-id.

Proof: Let £ be an S-int BQI-id of S. Then, (S' ° ts) A (ts °
S ots) E . Since, (ts 0G0t oS‘) ots & Soteand £ o
(S'otsog)ots E 4508 o, it is obtained t5 0 S otgo0 S o
ts C (S' ° ts) ] (ts oSo ts) € t5. Hence, %5 is an S-int L
bi-quasi id of S.

We show with a counterexample that the converse of
Proposition 5 is not true:

Example 9 Consider the Ss t; in Example 3. It was shown
in Example 3 that & is an S-int BQI-id. Since,(s °
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fes) (p) i (ts 0So ts) () = (D) € t5(€). £ is not an S-
int L bi-quasi id.

Proposition 6 Let s € Sq(U) and S bean R simple R
semigroup. Then, the following conditions are equivalent:

1. %5 is an S-int £ bi-quasi id.

2. % is an S-int BOI-id.

Proof: (1) implies (2) is by Proposition 5. Letts is an S-int
BQI-id. Since S isR simple & semigroup, then, by Theorem
12, %5 is an S-int bi-id and by Proposition 2, % is an S-int L
id. Since, (S ots) € t5and (ts °oSo ts) € «, it is obtained

(gots)ﬁ(tsogots) C .

Proposition 7 Every S-int R bi-quasi id is also an S-int BQI-
id.

Proof: Let t5 be an S-int BQI-id of S. Then, (’Es ° .NS') n (ts °
S"ofes) € ;. Since, %o (S'otsogofes) € 50 Sand £ o
(gotsog) ot E 08 ok it is obtained 50 S okg0 S o
£ € (ts ° S') A (’es 0So ts) € t;. Hence, %5 is an S-int R
bi-quasi id of S.

We show with a counterexample that the converse of
Proposition 7 is not true:

Example 10 Consider the Ss t; in Example 3. It was shown
in Example 3 that 5 is an S-int BQI-id. Since,(ts °

§) (p) A (ts 0So ts) () = £5(M) & £s(0)ks is not an S-
int R bi-quasi id.

Proposition 8 Letts € Sg(U) and S bean L simple R
semigroup. Then, the following conditions are equivalent:

1. % is an S-int R bi-quasi id.

2. %5 is an S-int BOI-id.

Proof: (1) implies (2) is by Proposition 7. Lettg is an S-int
BQI-id. Since S isan L simple & semigroup, then, by
Theorem 12, %5 is an S-int bi-id and by Proposition 4, % is
an S-int R id. Since, (’es ° .S') € tgand (ts oS0 ts) C g it is

obtained (’es o S) A (ts oS ’es) € .
Theorem 21 Every S-int bi-quasi id is also an S-int BOI-id.
Proof: It follows by Proposition 5 and Proposition 7.

Theorem 22 Let x5 € Sg(U) and S be an R group. Then, the
following conditions are equivalent:

1. %5 is an S-int bi-quasi id.

2. %5 is an S-int BOI-id.

Note that the converse of Theorem 21 is not true, following
from Example 9 and Example 10. Theorem 22 shows that
the converse of Theorem 21 holds for & groups.

Proposition 9 Every S-int L quasi-interior id is also an S-int

BOI-id.

Proof: Let £ be an S-int L. quasi-interior id of S. Then, Se
‘ts ° |SI o’ts g ‘ts. Thus,(‘ts ° |SI) o‘ts °|SI o'ts g |SI o'ts ° |SI o
% € #q.Hence, £ is an S-int BQI-id of S.

Proposition 10 Let 5 € Sq(U) and S be an R simple
semigroup. Then, the following conditions are equivalent:

1. %5 is an S-int L quasi-interior id.

2. kg is an S-int BOI-id.

Proof: (1) implies (2) is by Proposition 9. Let % is an S-int
BQI-id and L, 1, ;, d € S. By assumption, there exists m € S
such that L=nm. Thusts(bntd) = t((nm)ntd) =
ts(nmntd) 2 t(n) Nt(n) NEg(A) = £5(n) N & ().
Thus, g is an S-int L. quasi-interior id.

Proposition 11 Every S-int R quasi-interior id is also an S-
int BQI-id.

Proof: Let t; be an S-int R quasi-interior id of S. Then, %5 o
SotgoS Et;. Thus, 450 0kgo (.S'ots) CtgoSotgo
S & &,. Hence, £ is an S-int BQI-id of S.

Example 11 Let S = {R, 9,7, 3, u} be defined as follows:

o XN 9 T 3 u

u N 3 T+ 3 u

Let f; be 8s over Uas follows: fs=
{X,0),(s,0),(U),(3,0),(w,0)} Here, fg is an S-int
BQI-id. However, sincefs(+9r9) = f5(3) 2 f5(+), fs is not
an S-int R quasi-interior id.

Proposition 12 Let fs € S(U) and S be an £ simple
semigroup. Then, the following conditions are equivalent:

1. %5 is an S-int R quasi-interior id.

2. kg is an S-int BOI-id.

Proof: (1) implies (2) is by Proposition 11. Letts is an S-int
BQI-id and 1, n, £, d € S. By assumption, there exists m € S
such that d=mt. Thusts(bntd) = t(lnt(mt)) =
ts(bntmt) 2 £5(L) N &5 (8) N5 (t) = £5(L) N &5(8).Thus, %
is an S-int R quasi-interior id.

Theorem 23 Every S-int quasi-interior id is also an S-int

BOI-id.
Proof: It follows from Proposition 9 and Proposition 11.

Theorem 24 Let %5 € Sg(U) and S be a group. Then, the
following conditions are equivalent:
1. &5 is an S-int quasi-interior id.
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2. % is an S-int BOI-id.

Proof: (1) implies (2) is by Proposition 9 and Proposition
11. Let S be a group. The rest of the proof is obvious by
Proposition 10 and Proposition 12. Note here that the
converse of Theorem 23 is not true, following from
Example 11. Theorem 24 shows that the converse of
Theorem 23 holds for groups.

The following theorem analyzes the behavior of S-int BQI
ideals under soft set operations. The following theorem
analyzes the behavior of S-int BQI ideals under soft set
operations. We prove that finite soft AND-products,
Cartesian products, and intersections of S-int BQI ideals
remain S-int BQI ideals. In contrast, finite soft OR-products
and unions of S-int BQI ideals are not S-int BQI ideals.

Theorem 25 Let &g and gy be S-int BQI-ids of S and T,
respectively. Then, gs A & is an S-int BQI-ids of S X T.

Proof: Let (04, 5;), (62, 5,), (83, 63), (84,64), (635, 65) €
S X TThen,
55/\7((91' 61) (82, b2) (83, b3) (64, 54) (5, bs))
= &sar (8182036485, 516,636, 65)
= gs(B16,838,405) N 37(6;6,636,65)
2 (5s(o1)
SFACHLFACY))
N (3r(51) Ngr(b3) N 5T(bs))
= ( zs(81)
n 5T(b1)) n (55(93) n ST(bs))
n (55(95) n ST(bs))
= Zsar (81, 61) N gsar (B3, B3) N 55a7 (85, Bs)

Thus, g5 A 37 is an S-int BQI-id of § X T.

Note her that gV g7 is not always an S-int BQI-id with
Example 12.

Example 12 Let’s consider the subsemigroups in Example 1
and Example 4. Let 5 and g be Ss over U =7, =
{0,1,2,3,4,5} as follows:

'tS = {(Z! {1'3})1 (h-' {214!5})1 (U.l, {1,2,3,4,5})},’t§§ =
{(¢ {1,3,4,5]), (5, {2})}

tg and tgare S-int BQI-ids. Here, since

tsva (WL D, D, D, D (7 %))

2 tgya (W, ) N tsyq (I, ) Nty (2 K)
g V g is not an S-int BQI-id.

Theorem 26 Let g and %1 be S-int BQI-ids of S and T over
U, respectively. Then, s X ¥r is an S-int BQI-id of S x T
over U X U.

Proof:  Let &5 X#; =45y, Where 45,7 (5,6) =
ts(6) X £7(6) for all (v,6) € S X T. Then, for all (&, 5;),
(82, 62), (83, B3), (84, B4), (b5, 65) € S XT,

'thT((Hl: 61) (82, 5,) (83, 53) (84, 64) (&5, bs))
= 57 (819,836,85,5,6,636,65)
= £5(8,0,030,465) X #7(6,6,636,65)

2 (#s(u)
N ts(63) N ’55(55))
X (r(61) N#r(63) N £7(Gs))

= (ts(fh)
X #7(51)) N (#s(03) X #7(63))
n (’55(55) X ’Er(bs))

= t5x7 (81, 1) Nsyr (B3, 63) N 57 (85, B5)

Hence, #5 X t7 = gy is an S-int BQI-id of S X T over
UxU.

Theorem 27 Let ©g and bg be S-int BQI-ids. Then, ©g N bg
is an S-int BOI-id.

Proof: Let og and hg be S-int BQI-ids of S. Then, ms 0Se
<95°S°‘95 ©g and bs°S b5°S ohs € = bs-

Thus,(0g A bs) © oS o (05 M bs) oS0 (05 fng) EwsoSo

osand(og N bg) ° S o (0g N bg) ° oS

(05 M bs) E bgo So °bs© So ° hs € ps.Hence, (o5 1 bs) ©

S o (05 M bg) © S o (05 A bs) € g 1 bs. Thus, @ M b is
an S-int BQI-id.

(DSOSO(DS

Corollary 2 Let ©g be an S-int R id (L id/id/bi-id/interior-
id/quasi-id/bi-interior/left bi-quasi/right bi-quasi/bi-
quasi/left quasi-interior/right quasi-interior/quasi-
interior)and hg be an S-int R id (L id/id/bi-id/interior-
id/quasi-id/bi-interior/left bi-quasi/right bi-quasi/bi-
quasi/left quasi-interior/right quasi-interior/quasi-interior).
Then, og N by is an S-int BQI-id.

Proposition 13 Let ©g be an S-int L id and ng be an Ss.
Then, ©g © b is an S-int BQI-id.

Proof: Let ©g be S-int £ id of S. Then, So og € og and

tg ok C &5 Thus,(©s © bs) © Se (050 bs) ° So

((Ds"bs)=(Ds°bs°(g°“)s)°bs°(g°(ﬁs)°bsg“’s"

bs°‘05°bs°“)s°bs&@5°('§°@s)°(g°@s)°

bs (@5 ° ©5) © 5 ° bs € (05 © ©5) ° bs E g © bs. Thus,
o hg is an S-int BQI-id.

Proposition 14 Let ©g be an S-int R id and vg be an Ss.
Then, ©g © b is an S-int BQI-id.

Proof: Let ©g be S-int R id of S. Then, wg Se o and
g © Og g ’tS. ThuS,((DS ° bs) ° |SI ° ((DS ° bs) ° |SI °

(050 5) € 055 (328) 0 g 0 (3 05) 05 o

bsg((05°sl> (®S°S>°®S°bs§((ﬂs°‘ﬂs)°@s°
s € (05 °© ©g) © hg € ©g © hg.Thus, wgohg is an S-int
BQI id.

Theorem 28 Let ©g be an S-int id and ns be an Ss. Then,
©; © b is an S-int BOI-id.

Proposition 15 Let ns be an S-int £ id and ©g be an Ss.
Then, ©g ° b is an S-int BOI-id.

Proof: Let bsbe S-int £ id of S. Then, Sops &
bs < bs.

bs and bg °
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TECH,((DS bs) © > °~( bs) oS o (05 °hs) € 050 bhgo
(SI S) bs © (- S) € Osohgo (-S bs)

(S bs) € @5 ° (bs ° bs) ° bs € 05 ° (bs © bs) € O © by.
Thus, ©g © b is an S-int BQI-id.

Proposition 16 Let bhs be an S-int R id and ©g be an Ss.
Then, ©g © bg is an S-int BQI-id.

Proof: Let hs be S-int R id of S. Then, bsOSCbsandbs
bs € bs. Thus, (05 o ps) © oS ° (@5 ° bg) ° oS ° (@5 °
bs)§®s°(bs°'§)°®s°(bs°s)°(ﬂs °bs & 05 o bs o
(95°bs°(95°b5§®s°(bs°g)°(bs°g)°bs§®s°

(bs © bs) © bs € @5 ° (bs © bs) € Og o bs. Thus, 5o bs is
an S-int BQI-id.

Theorem 29 Let ng be an S-int id and ©g be an Ss. Then,
©; © b is an S-int BOI-id.

Proposition 17 Let ©g and bg be Sss over U. If ©g © bg is an
S-int L id, then it is an S-int BQI-id.

Proof: Let tgobg is an S-int L id. Then,(wg o bg) ©
[S e (@5 0 55)| o [S o (05 0 B5)| € [(@5 2 55) o (05 0 B5)] o

(@5 © bs) € (05 bg) © ((_Ds ° bs) € (@ © bs), implying
that £g o b is an S-int BQI-id.

Theorem 30 Let %5 be an S-int subsemigroup over U, a be a
subset of U, In(%s) be the image of %s such that a € Im(ks).
If%s is an S-int BQI-id of S, then U(ks; @) is a BOI id of S.

Proof: Since, t5(x) = a for somex € S, @ + U(ts; a) € S.
Letk € U(tg; @) - S - U(tg; ) - S - U(kg; @).  Then, there
exist x,y,z € U(ts; ) and b €S such thatk = xbybz.
Thus, 5(x) 2 a, £5(¥) 2 a and %5(z) 2 a. Since %; is an
S-int BQI-id,t5(k) = £5(xbybz) 2 ts(x) Nts(¥) Ns(2) 2
anNana2a. Hence, t5(k) 2 a, implying that k €
U(%g; a). Therefore, U(tg;a) - S - Ulkg; a) - S - Ukg; ) <
U(ks; ). Moreover, since tg is an S-int subsemigroup over
U, by Theorem 8, U(tg;a) is a subsemigroup of S.
Thus, U (ts; @) is a BQI id.

We illustrate Theorem 30 with Example 13.

Example 13 Consider Example 1. It was shown in Example
1 that g is an S-int BQI-id.

By considering the image set of %g, that is, Im(tg) =
{{T, 3,5},{1,3,7},,{1,3,5, 7}}, we obtain the following:

{z w}, a=1{1,35}
fu(’tSl a): {h_, ul}, a = {I' §1 7}
{w3, a=1{13,57}

Here,{z, w}, {l, y}and {w}are all BQI ids of S. In fact,
since{z, W} - {z, w} < {z, w}, {lL w}- {lLw} < (L, wh{w}-
{w} < {wyleach U(tg; @) is a subsemigroup of S. Similarly,
since{z, wj} - 8- {z, w}- S+ {z,w} = {w} < {z w}, {b,w}-
Se{wwd-S-{bw} = {w} S {wh{w}-S-{w}-S-
{w} = {w} € {yleach U(kg; @) is a BQI id of S. Now,

consider the 8s 6ig in Example 1. By taking into account
Im(6g) = {{T, 3,5},{13, 7}} we obtain the following:

UGy ) {{Z»,UJ} a=1{1,3,5}
s W a={137

Here, {l}is not a BQI id of S. In fact, since{l} - S-{u}-S-
{W} = {z U, uy} € {l}one of the U(fg; @) is not a BQI id of
S, hence it is not a BQI id of S, It is seen that each of
U(6g; ) is not a BQI id of S. On the other hand, in
Example 1 it was shown that fig is not an S-int BQI-id of S.

Definition 14 Let *s be an S-int subsemigroup and S-int
BOI-id of S. Then, the BQI ids U(ts; a) are called upper a-
BOI ids of #s.

Proposition 18 Let s be an §s over U, U (ks; a) be upper a-
BOI of s for each a € U and Im(ks) be an ordered set by
inclusion. Then, % is an S-int BOI-id.

Proof: Let x,y,2,b,c € S and #5(x) = a4, t;(y) = a, and
t5(z) = a3. Suppose that a; € a,. It is obvious that x €
U(tg; ay) and y € U(kg; a,). Since @y S a, S a3, x,V,2Z €
U(%g; @) and since U(%s; @) is a BQI of S for all « S U, it
follows that xbycz € U(ks; ;). Hence, t5(xbycz) 2 a; =
a; N a, N az. Thus, £ is an S-int BQI-id.

Proposition 19 Let ¥s and %; be §s over U, and ¥ be a
semigroup isomorphism from S to T. If % is an S-int BOI-id
of S, then ¥ (k) is an S-int BQI-id of T.

Proof: Let 5,,5,,65,6,,65 €T. Since W is surjective,
there exist ©y,8,,83,8,,85 €S such that W(u;) = by,
W(o,) = 6;, W(o3) = b3, P(6,) =6, and ¥(ws) = Gs.
Then,
(lp(fs))(blbzl%bszs)
- U{ts(ﬁ): 6 €S, W(k)
= 6;,6,636,65}
= U{ts(ﬁ): BES
= W71 (6,6,b36,65)}
= U{ts(ﬁ): G ES,
= V(W (6,6,630405))
= 9192939495}
{ts(B1,830,485): 0, € S, W(vy) = G, 1
=1,2,3,4,5}
> | Jitston ne50:) n5(09): 01,5, 05 € 5, W)
= by, W(b3) = bz and ¥(us) = bs}
= (P(#:))(81) N (P(x5)) (w3)
n (lp(ts))(ﬁs)

Hence, W (%) is an S-int BQI-id of T

Proposition 20 Let ¥s and %y be Ss over U, and ¥ be a
semigroup isomorphism from S to T. If %1 is an S-int BOI-id
of S, then W~ (k) is an S-int BQI-id of T.

Proof: Let &4, &, 63,8,,65 € S. Then,
(P72 (kr)) (B18,038,405) = 7 (P (6,6,636,405))
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=t (P(o)) ¥ (52) ¥ (83) ¥ (84) ¥ (05))
2 &7 (W(81)) Nt (Y(63))
N &r(¥(ws)))
= (lp_l(tT))(fﬁ)
N (lp_l(tr))(ﬁ%) n (lp_l(tr))(ﬁs)
Thus, W~ (#;) is an S-int BQI-id of T

Theorem 31 For a semigroup S, the following conditions
are equivalent:
1. S is a R semigroup.

2.4 =450 So %g o So t for every S-int BQI-id of S.

Proof: First assume that (1) holds. LetSbe an R
semigroup, g be an S-int BQI-id of S and m € S. Then, % o

SokgoSoks € #gand there exists an element & € S such
that m = mam. Thus,

(tsogotsogots)(m)

= U {(ts o .NSI ofgo gl) (3] nts(n’)}

m=ln

(’es oS ot o .S) (mr) N (m)

U {(ksoSots) )

B mR=pq
N S(@)} nts(m)

2 (’es 0So ts) (m)n S'(Hmﬂ)
N % ()

= | {(-8) ® n&m)

m=Lln

(V]

N % ()

(V]

(’es o §) () N () N ()

L {&@ 3@} nesem
mur=pq
2 t5(m) N S(amr) N t(m)
_ = ts ()
Therefore, 450 S 040 og 3 £ implying that 5 = g o
SotgoS ot

Conversely, let £5 = £5 0 .S o £5 0 .S o £5 where % is an S-int
BQI-id of S. To show that S is an & semigroup, we need to
show that A = ASASA for every BQI id A of S. It is obvious
that ASASA € A. Thus, it is enough to show that A C
ASASA. Let L. € A, and A be any BQI id of S. Then, S, is an

S-int BQI of S. Hence,Sy(b) = (S4 03 0S4 03 0S,) (L) =
(SaeSsoSpoSs0S,)(b) = Spsasa(b) =U implying that
L. € ASASA. Hence, A = ASASA, so S is an R semigroup.

IV. CONCLUSION

In this study, the concept of the soft intersection (S-int) bi-
quasi-interior (BQT) ideal in semigroups is proposed and the
relations of several types of S-int ideals with S-int BQI
ideals are provided. We established equivalent definitions
and investigated the fundamental properties of this ideal. It
is obtained that every S-int bi-ideal, S-int ideal, S-int interior
ideal, S-int quasi-ideal, S-int bi-interior ideal, S-int bi-quasi
ideal, and S-int quasi-interior ideal of a semigroup is an S-
int BQI ideal. We also showed, by means of
counterexamples, that the converses do not hold in general.

The conditions for the converses to hold are also explored.
In addition, we proved that the class of S-int BQI ideals is
closed under finite soft AND-products, Cartesian products,
and intersections, but not under finite soft OR-products or
unions. Moreover, it is shown that if a subsemigroup of a
semigroup is a BQI ideal, then its soft characteristic function
is also an S-int BQI ideal, and the converse is also true. The
results presented here build a bridge between classical
semigroup theory and soft set theory, offering new
directions for future research. Future work could explore
more characterizations of an S-int BQI ideal with certain
types of semigroups like intra-regular, weakly-regular,
quasi-regular, semisimple and duo semigroups.
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