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Signed-strong Domination in Signed Graphs

Diviya K D and Anjaly Kishore

Abstract—Domination in signed graphs is a potent extension
of traditional domination theory. In a signed graph I'(G,o)
with the underlying graph G(V,E), D C V is said to be a
dominating set if for every v € V' \ D there exists a vertex
u € N*(v) N D. By incorporating the influence of both positive
and negative interactions, the notion of domination in signed
graphs is extended to signed-strong domination (SS-domination)
in signed graphs. The argument behind this concept is that
the impact of dominating vertex will be strengthened if it
dominates a vertex in all aspects, upholding the consistency
and efficiency in its interactions within its closed neighborhood.
Some characteristics of SS-dominating sets of various signed
graphs are analyzed. The SS-domination number of signed
graphs with specific characteristics is also presented.

Index Terms—Signed graph, signed degree, plurality mark-
ing, domination, signed-strong domination.

I. INTRODUCTION

IGNED graphs, which Frank Harary first proposed in
1953 [1f], are extensions of traditional graph concepts.
Signed graphs add another level of complexity by assigning
a sign to each edge, either positive or negative [2]. The
structural and theoretical features of the graph are signifi-
cantly enhanced by this seemingly straightforward addition.
This makes signed graphs, an effective model for intricate
systems combining cooperation and conflict, including social
networks, decision-making processes, etc. [3} 14} 15].
According to traditional graph theory, a dominating set is
a collection of vertices in which every vertex in the graph
is either part of the set or next to at least one vertex in
the set. The idea of influence or control inside a network is
encapsulated in this concept. In 2013, B. D. Acharya initiated
the study of domination in signed graphs [6]. According to
Acharya in [6], a dominating set of a signed graph I'(G, o) is
a set D C V such that all the vertices of I are either in D or
there exists a function p : V' — {+1, —1}, called a marking
of T, such that all the vertices v € V' \ D are adjacent to at
least one vertex u € D such that o(uv) = p(u)p(v). In [7],
P. Jeyalakshmi defined domination in signed graphs from a
perspective that a dominating vertex must have more positive
adjacency in the dominating set than its negative adjacency.
Comparing it to the notion of domination in usual unsigned
graphs, similar definition for domination in signed graphs is
given in [8]], which is as follows: a vertex is said to dominate
another vertex if there exists a positive edge between them.
As in unsigned graphs, different types of dominations such
as signed domination, Roman domination, restrained domi-
nation, open domination, minus domination, double domina-
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tion, independent domination, connected domination, etc. are
defined and studied in literature [9, 8} (10} (11} 112} {13} |14, [15]].

E. Sampathkumar in [16]] introduced the concept of strong
domination in unsigned graphs. According to him, a vertex
strongly dominates another vertex if an edge exists between
them and the dominating vertex has a degree greater than
or equal to that of the other vertex. As per [9], signed
dominating function in a signed graph I' is a function
f:V = {=1,41} such that f(N[v]) > 1 for every vertex
v of T, where f(N[v]) = f(v)+ >, f(u)o(uv) and it

uEN (v)
has applications in network modeling for decision making.
The concept of signed-strong domination in signed graphs is
primarily motivated by these two concepts.

The notion of signed-strong domination is introduced in
this paper with the aim of emphasizing the impact of domi-
nating vertex in signed graphs. This is done with the perspec-
tive that the dominance of a vertex in signed graphs will be
enhanced if it dominates a vertex in all aspects, and if it is
consistent and efficient in its interactions within its closed
neighborhood. Thus, by extending the concept of strong
domination [16] in unsigned graphs, and by incorporating
the underlying concept of signed dominating function [9],
the notion of signed-strong domination is introduced. The
introduction of signed-strong domination is mainly evolved
from social networks establishing the fact that a person can
be dominated by another person with profound impact when
the dominating person has an equal or more positivity and
an equal or less negativity than the person being dominated,
and if the dominating person is consistent and reliable
within their closed circle. In signed social networks, this
domination concept can be utilized to identify minimum-
sized dominating sets that form influential and consistent
groups based on interaction patterns. The characteristics of
signed-strong dominating sets of various signed graphs are
studied here. The signed-strong domination number of signed
graphs with particular characteristics is also derived.

II. PRELIMINARIES

This section provides the basic definitions needed for
various elements of this research.

Definition 1. [17, (18] “The signed degree or net-degree of a
vertex in a signed graph is defined as the number of positive
edges incident with it minus the number of negative edges
incident with it. Thus, the signed degree of a vertex v is given
by sdeg(v) = d*(v) — d~ (v) where the number of positive
edges incident with v is denoted by d*(v) and the number
of negative edges incident with v is denoted by d~ (v).”

Definition 2. [19] “Plurality marking of a vertex v in a
signed graph G = (V, E, u) is defined as

mwz{f

if max{d* (v),d”(v)} = d™(v)
otherwise
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where d T (v) is the positive degree and d~ (v) is the negative
degree of v.”

Definition 3. [20] “A signed graph is called net-regular if
every vertex of it has the same signed degree or net-degree.”

Definition 4. [21]] “A signed graph is called signed-regular
if the number of positive edges incident with a vertex is
independent of the choice of the vertex, and the number of
negative edges incident with a vertex is also independent
of the choice of the vertex”. “A signed graph is said to be
(K1, ko)-signed regular if %k, positive edges and ko negative
edges are incident with every vertex of the signed graph.”

Definition 5. [22] “A signed graph I'(G, o) is said to be
co-regular if the underlying graph G is r-regular for some
positive integer r and I' is net-regular with net-degree % for
some integer k. In this case, the co-regularity pair of I is
the ordered pair (r, k).”

Definition 6. [8] “Let I'(G, o) be a signed graph. Any set
D C V is said to be a dominating set in I' if for each
vertex v € V' \ D there exists a vertex u € NT(v) N D. The
minimum cardinality among all the dominating sets of I is
called the domination number of I', denoted by ~(T").”

III. THE SIGNED-STRONG DOMINATION

The concept of plurality marking of vertices in
signed graphs is introduced in [19]. Here, an alternate
definition for plurality marking is presented in terms of the
signed degree of vertices. This section introduces the notion
of signed-strong domination, where the marking of vertices
is carried out using this definition of plurality marking. The
name ‘“‘signed-strong domination” is chosen based on the
underlying concepts which are used to define this extended
version of domination in signed graphs. Throughout this
work, the definition given in [8]] is followed for domination
in signed graphs, and the term proper dominating set is used
to denote that the dominating set is a proper subset of the
vertex set.

Definition 7. For a signed graph T'(G,o) with the
underlying graph G(V,E) and signature function o, the
plurality marking of a vertex v € V is given by

+1 if sdeg(v) >0
p(v) = .
—1 otherwise

Definition 8. Consider a signed graph T'(G, o) with the
underlying graph G(V,E) and the signature function o,
where 0 : E — {41, —1}. Let u represents the plurality
marking of I'. A set D C V is said to be a signed-strong
dominating set if for every v € V' \ D, there exists a vertex
u € NT(v) N D such that the following conditions are
satisfied.
() dt(u) > d*(v) and d~(u) < d~(v)
(i) p(Nu]) = 1
where ((Nful]) = p(u) + %( )u(w)a(uw)

weN(u
Here, the vertex u is said to SS-dominate the vertex v, and

the vertex u is said to be SS-dominated by itself.

If no proper subset of V is a signed-strong dominating set,
then V itself is taken as the signed-strong dominating set.
A minimal signed-strong dominating set is a signed-strong

dominating set such that any proper subset of it is not signed-
strong dominating. The signed-strong domination number is
defined as the cardinality of a signed-strong dominating set
having the minimum number of vertices of I'. Here, a signed-
strong dominating set is denoted by SS-dominating set, and
the signed-strong domination number of I' is denoted by

vss(T).

Note 1. In the case of an all-positive signed graph, the
second condition of SS-domination is always satisfied. In this
case, the first condition of SS-domination coincides with the
condition of strong domination in unsigned graphs.

Note 2. From the definition of SS-domination, it is clear
that all vertices with a positive degree zero will be in every
SS-dominating set of a signed graph, as no other vertex will
dominate these vertices.

Note 3. Any superset of a proper SS-dominating set in a
signed graph is SS-dominating, since the conditions of SS-
domination will be satisfied even if any number of vertices
outside the SS-dominating set are included in it.

Ilustration 1. Consider the following signed graph.

Fig. 1 Example

The vertices v; and vs have a maximum positive degree of
3. The vertex v, dominates the vertices vs, v5 and vg, and the
vertex v3 dominates the vertices vi, v2, and vy . By verifying
the conditions of SS-domination, v; SS-dominates v3 and vs,
and vz SS-dominates the vertices v, vo, and v4. So v3 is
included in the SS-dominating set. Now, among the vertices
vs and vg, vg SS-dominates vs. Hence, as shown in Fig.
{vs, v} is a SS-dominating set. In addition, a single vertex
cannot SS-dominate all the other vertices. Hence, {vs, vg} is
a SS-dominating set with minimum cardinality, and therefore
the SS-domination number of this signed graph is 2.

IV. MAIN RESULTS

General characterizations of SS-dominating sets of signed
graphs are analyzed in this section. The SS-domination
number of signed graphs with specific characteristics is also
determined. In addition, SS-dominating sets of signed path
graphs, signed cycle graphs, and signed complete graphs are
analyzed. Also, the SS-domination number of signed star
graphs and signed bistar graphs is established under various
conditions. The notation KYT)L is used to denote a signed
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star graph with n + 1 vertices and r negative edges. The
notation, B is used to denote a signed bistar graph

(m,n) (rar2)

with m + n + 2 vertices. In the signed bistar graph B(mm ,
among the m edges incident with the first central vertex,
exactly r; are negative, and among the n edges incident with
the other central vertex, exactly ro are negative. The central
edge between the two central vertices is not counted among

these 1 + ro negative edges. Also, B((;i ﬁ)-ﬁ- denotes the

signed bistar graph with positive central edge, and B((::”;Z)_
denotes the signed bistar graph with negative central edge.
The following proposition is the first primary observation
derived from the definition.

Proposition 1. For a signed graph I', 1 < vs5(I") < n where
n is the order of the graph

Remark 1. The bounds are sharp in the above proposition.
Consider an all-positive signed complete graph in which any
singleton vertex set is a SS-dominating set. Hence, the SS-
domination number is 1. In the case of an all-negative signed
graph of order n, no proper subset of the vertex set is a SS-
dominating set, and hence the SS-domination number is n.

Proposition 2. In a signed graph I, v(I") < vs5(T")

Proof: The result follows from the fact that every SS-
dominating set is a dominating set. [ |

Proposition 3. For a signed cycle graph, every dominating set
is SS-dominating if and only if each vertex having positive
degree 2 is dominated by a vertex with positive degree 2

Proof: If no proper SS-dominating set exists for a signed
cycle graph, then the result follows trivially. If it exists, let D
be a proper dominating set with minimum cardinality. Now,
for every v € V'\ D, there exists u € N T (v)ND. Obviously,
all vertices with d*(v) = 0 must be in D. Let v € V' \ D.
Then d*(v) is either 1 or 2. Hence, for u € N*(v) N D,
d ™ (u) is either 1 or 2 so that d~(u) is either 1 or 0.

Case(i): dt(v) =1

If d*(v) = 1 then d~(v) = 1. Hence, d™(u) > d™ (v). Also,
since d~ (u) is either zero or one, d~ (u) < d~(v).

Case(ii): d*(v) = 2

If d™(v) = 2 then d~(v) = 0. Since d~(u) is either zero or
one, d~(v) < d~(u). Since d*(v) = 2, the condition that
d™(u) > d*(v) is satisfied if and only if d™ (u) = 2.

To check the second condition, p(u) = +1 since d* (u) is
either Lor 2. . u(Nu]) =1+ > p(w)o(uw) > 1 since
wEN (u)
> p(w)o(uw) > 0. Thus, the second condition of the
weN (u)
SS-domination is satisfied by D. Hence, the result follows.
|

Proposition 4. Every dominating set of a signed path graph
is SS-dominating if and only if each vertex having positive
degree 2 is dominated by a vertex with positive degree 2

Proof: The proof is similar to that of Proposition[3] m

Proposition 5. For a signed star graph K YT)L with r negative

edges,

1 if r=0
’yss(Kf,)L) =< 2 itn=2,r=1

n+ 1 otherwise

Proof: Consider a signed star graph K Y)L with r nega-

tive edges. Let v be the central vertex. Here, two cases arise:
r =0 or r > 1. The construction of a SS-dominating set of
minimum cardinality is as follows.
Case (i): r =20
In this case, the set consisting of the central vertex alone is
SS-dominating, and the result follows.
Case(ii): r > 1
In this case, the pendant vertices of negative pendant edges

must be in the SS-dominating set D. Also, the other pendant
vertices of positive pendant edges incident with v must also
be in D since these vertices are not SS-dominated by v as
d—(v) > 1, and all these pendant vertices have negative
degree zero. Now, consider the central vertex v. There exists
a dominating vertex for the central vertex v, say u, if and
only if it is the pendant vertex of a positive pendant edge.
Then d*(u) = 1 and u SS-dominates v if and only if
dt(v) =1 and u(Nu]) = plu) + p(v)o(uv) > 1. Also,
u(Nu]) = p(u)+ p(v)e(uv) > 1 if and only if p(v) = +1.
Now, u(v) = +1 if and only if sdeg(v) > 0. If dt(v) =1
then sdeg(v) = 0 if and only if r = 1. Thus, u SS-dominates
v if and only if d*(v) = 1 and r = 1. In this case, n = 2
and D consists of the two pendant vertices. If this is not the
case, then the central vertex v is not SS-dominated by any
other vertex, so that v also must be in D. Hence, the result
follows. ]

Proposition 6. If either 1 # 0 or ry # 0, the SS-domination
number of the signed bistar graph B((”’T?) is as follows.

(1) If ry =0 and 79 # 0,

O+ ) n+1
Bl >{

m,n)

ifm>n—ry

Vss( n + 2 otherwise

and

s (Bl ") = m+n+2

(m;n)

(ii) If r; # 0 and 75 = 0,
- +1 ifn>m— r1
B0+ _ )} ™ =
¥ss( (m,n) ) m + 2 otherwise

and

Yos(BUr) ™) =m+n+2

(m,n)

Proof: Consider the bistar graph B((;i:g) Let u be
the central vertex adjacent to m pendant vertices, and let
v be the central vertex adjacent to n pendant vertices. The
construction of a minimum SS-dominating set D is as given
below.

(i) Consider the case when r; = 0 and ro # 0. Here, two
subcases arise depending on the sign of the central edge.

Subcase(i): The central edge is positive
Here, the central vertex u SS-dominates the m pendant
vertices adjacent to it as d*(u) > 1 and p(Nu]) > 1. The
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ro pendant vertices of the ro negative pendant edges incident
with v must be in the SS-dominating set D as their positive
degree is 0. Since d~(v) > 1, v will not SS-dominate the
other n — ro pendant vertices adjacent to it and hence, those
n—ry pendant vertices must also be in D. Since p(Nu]) > 1
and d~(u) = 0, u SS-dominates v iff m > n — ry. The
pendant vertex of a positive pendant edge adjacent to v will
not SS-dominate v as d* (v) > 2 and the pendant vertex has
positive degree 1. Thus

(07r2)+) _Jn +1
(m,n) n -+ 2 otherwise

ifm>n—r
vss(B N 2

Subcase (ii): The central edge is negative
Here, the central vertex uw will not SS-dominate the m

pendant vertices adjacent to it as d”(u) = 1 and these
pendant vertices have negative degree 0. So these m pendant
vertices must be in D. The central vertex u will not be SS-
dominated by any of the adjacent vertices as the pendant
vertices have negative degree 0 and d~(u) = 1. So u must
be in D. The central vertex v will not SS-dominate the n
pendant vertices adjacent to it as d~(v) > 2 and n — ro
pendant vertices have negative degree 0, and r, pendant
vertices have positive degree 0. Hence, these m pendant
vertices must be in D. Now, a pendant vertex of a positive
pendant edge adjacent to v SS- dominates v if and only if
dt(v) = 1 and p(v) = +1, which is not possible since
d~(v) > 2. Hence, v also must be in D. Thus,
’ySkg(B(O’m)i) =m+n+2

(m,n)

This completes the proof of (i).

(ii)) Consider the case when ;1 # 0 and r = 0. By
proceeding as in the proof of (i), the following result is
obtained.

ifn>m-nr

oy _ ) ™ +1
m + 2 otherwise

(m.n)

vss(
and

Yos(Biwm ™) =m+n+2

(m,n)
This completes the proof. ]
Proposition 7. For a signed bistar graph B((;l ’22) with 7 # 0

and ro # 0, the SS-domination number is as follows.

®

m+n+1 ifm—r>n—ryand
Ty <1
'ySS(B((;;’SH) = m4+n+1 ifn—ry>m—r; and
ro <1
m+n+ 2 otherwise
(i)
Yos(BUira) ™) =m+n+2

Proof: Consider the signed bistar graph B((:ri:;?) with
r1 # 0 and ro # 0. Let u be the central vertex incident with
m pendant edges, and let v be the central vertex incident
with n pendant edges. The construction of a SS dominating

set D with minimum cardinality is as follows.

(i) In this case, the central edge uv is positive. The pendant
vertices of negative pendant edges have a positive degree 0,
and the pendant vertices of positive pendant edges have a
negative degree 0, and d~ (u) > 1. Hence, the central vertex
u will not SS-dominate these m pendant vertices, so that the
m pendant vertices adjacent to « must be in D. Similarly, the
n pendant vertices adjacent to v also must be in D. None of
the pendant vertices of a positive pendant edge incident with
u will SS-dominate u since all these vertices have positive
degree 1 and d*(u) > 1. Similarly, none of the pendant
vertices of positive pendant edges incident with v will SS-
dominate v. Now, it is to be checked whether u SS-dominates
v or vice versa. As each pendant vertex adjacent to w adds
1 to the sum p(N[u]), w(Nu]) > 1. From the definition, it
follows that u SS-dominates v if and only if m—7; > n—rs
and r; < ro. Similarly, v SS-dominates u if and only if
n—ro>m—1ry and 7o < 1. Thus

m+n+1 ifm—ry>n—ryand
ry < To
VSS(B((;I’,:?H) =< m+n+1 ifn—ry>m—ry and

ro <1
m+n+2 otherwise

(ii) Here, the central edge uv is negative. If no positive edge
is in the graph, then the result follows trivially. Otherwise, as
proceeding in the proof of (i), m pendant vertices adjacent
to v and n pendant vertices adjacent to v must be in the
SS-dominating set D. Now, it is to be checked whether a
pendant vertex of a positive pendant edge SS-dominates
the central vertex u. Let w be such a pendant vertex. This
pendant vertex SS-dominates u if and only if d*(u) = 1
and pu(u) = +1, which is not possible since d~(u) > 2.
Hence, none of the pendant vertices of positive pendant
edges adjacent to u will SS-dominate u. Similarly, none of
the pendant vertices of positive pendant edges adjacent to v
will SS-dominate v. Obviously neither u dominates v nor v
dominates u. Hence

,YSS(B('HJ‘Q)_) —m+4n+2

(m,n)

Thus the result follows. [ |

Remark 2. Even though Proposition [f] is a special case of
Proposition [/} it cannot be directly deduced from Proposi-
tion[7] In Proposition[7} every SS-dominating set necessarily
includes all pendant vertices, whereas in Proposition [6] every
SS-dominating set must include the central vertex incident
only with positive edges, rather than the pendant vertices
adjacent to it.

Proposition 8. For a signed complete graph of order n with
6T(T') > | %], every proper dominating set is SS-dominating
if and only if each vertex has its positive degree less than or
equal to that of its dominating vertex

Proof: Consider a signed complete graph of order n with
6T(T') > [%]. Let D be a proper dominating set. Consider
v € V'\ D. Then there exists a u € N (v) N D. Since the
graph is complete, if d(u) > d*(v) then d~(u) < d~(v).
So w satisfies the first condition of SS-domination over v
if and only if d*(u) > d*(v). Now, the second condition
has to be verified. Since 6% (T") > | %], all the vertices of I’
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have a signed degree greater than or equal to zero. Thus, all
vertices are marked with +1 under plurality marking.
L p(Nu]) = plu) + 32 p(w)o(uw)
wEN (u)
=1+ sdeg(u) > 1.
Thus, u SS-dominates v if and only if d* (u) > d*(v) . This
completes the proof. ]

Proposition 9. If the vertex of maximum positive degree
is unique in a signed graph, then every SS-dominating set
contains that vertex.

Proof: Consider the signed graph I'(G, o) with a unique
vertex of maximum positive degree. Let v be that vertex.
Also, let D C V be a SS-dominating set of I'. If the vertex
v ¢ D, then by definition, there exists a u € N (v) N D
such that d*(u) > d*(v), which leads to a contradiction.
Hence, v € D. This completes the proof. [ |

Theorem 1. For a signed graph I'(G, o) of order n, vs5(T)
is 1 if and only if AT(T') = n—1 and the vertex with positive
degree n — 1 is adjacent to at least [ %] vertices of signed
degree greater than or equal to zero

Proof: Consider a signed graph I'(G, o) of order n.
Let G(V,E) be its underlying graph. First, assume that
vss(T') = 1. Then, a SS-dominating set with a single vertex,
say u, exists. Then for every v € V'\ D, there exists an edge
uwv with o(uv) = +1. Hence, d*(u) = n — 1. Therefore,
AT(T') = n — 1. Now, by the second condition of the SS-
dominating set, u(N[u]) > 1. Since p(u) = +1 and for
every w € N(u), o(uw) = +1, the condition p(N[u]) > 1
implies Y. p(w) > 0. Now, p(w) > 0 if and only if

weEN (u

sdeg(w) > 0(. '}‘hus, u is adjacent to at least [ %] vertices of
signed degree greater than or equal to zero.

Conversely, suppose that A™(T') = n—1 and the vertex u
with positive degree n— 1 is adjacent to at least [ | vertices
of signed degree greater than or equal to zero. Consider the
set D = {u}. Clearly, as d*(u) = n—1, for every v € V\ D
there exists a positive edge uwv. Hence, d™(u) > d*(v)
and d”(u) = 0 < d~(v). Now, the second condition of
SS-domination is to be verified. Since p(u) = +1 and
o(uw) = +1 for every w € N(u),
pN[)) = pl) + % plw)oluw) =1+ 5 p(w).

weN (u) weEN (u)
As u is adjacent to at least [ ] vertices of signed degree
greater than or equal to zero, >, p(w) > 0 so that

wEN (u)
u(N[u]) > 1. Hence, D = {u} is a SS-dominating set, and
hence v55(I") = 1. Thus, the theorem follows. [ |

Proposition 10. For a signed path graph I' of order n,
vss(I') = n — 1 if and only if it has exactly one positive
edge

Proof: Consider the signed path graph I' of order n.
Assume that v5¢(I') = n— 1. Let D be a SS-dominating set
of n — 1 vertices. Also, let V' \ D = {v}. Then there exists
u € D such that o(uv) = +1 and
() d¥(u) > d*(v), d~(u) < d (v), and
(i) (Vo) = o)+ 5 o) > 1

weN(u
We prove that uv is the onl(y )positive edge of T'.

Suppose v is incident with another positive edge, say o'
Then d*(v) = 2 so that d~ (v) = 0. Hence, d*(u) = 2 and

d~(u) = 0. Here, p(u) = p(v) = u(v') = 1 since all these
vertices have signed degree non-negative. By computation,
(N[o]) = u(v) + p(u)o(uv) + p(u )o(vu) = 3. Hence,
the vertex v SS-dominates the vertices u and u and hence,
D\ {u,u'}U{v} is SS-dominating with cardinality less than
that of D, leading to a contradiction. Hence, there exists
exactly one positive edge between the vertices of D and
V\D.

Now, suppose there exists a positive edge, say yz, between
the vertices y and z of D. If y = u, then d*(y) = 2 so that
d~(y) = 0. Also, d*(z) = 1 so that d~(z) = 1. Here,
w(y) = p(v) = p(z) = 1 since all these vertices have
signed degree non-negative. u(Ny]) = u(y) + p(v)o(vy) +
w(z)o(yz) = 3. Hence, y SS-dominates both v and 2. Hence,
D\ {z} is SS-dominating, which is a contradiction. Suppose
y # wu. Then d*(y) = 1 so that d~(y) is either 0 or
1. Similarly, d*(z) = 1 so that d~(z) is either 0 or 1.
Also, u(N[y]) > 1 since u(y) = 1 and u(z)o(yz) = 1.
Similarly, ;1(N[z]) > 1 since p(z) =1 and p(y)o(yz) = 1.
Thus, either y SS-dominates z or z SS-dominates y. Hence,
either D \ {y} or D \ {z} is SS-dominating, leading to
a contradiction. Thus, there does not exist a positive edge
between the vertices in D. Hence, I has exactly one positive
edge.

Conversely, suppose that the signed path graph I' has
exactly one positive edge, say uwv. Then d*(u) = 1 and
d~(u) is either 0 or 1. Similarly, d*(v) = 1 and d~ (v) is
either 0 or 1. Also, the values of u(N[u]) and p(N[v]) are
greater than or equal to one since pu(u) = p(v) = +1 and
o(uv) = +1. Thus, u SS-dominates v if d~(u) < d~(v) or
v SS-dominates v if d~(v) < d~(u). All the other n — 2
vertices of positive degree 0 must be in any SS-dominating
set of I'. Thus, these n — 2 vertices together with the SS-
dominating vertex among v and v form an SS-dominating
set of minimum cardinality. Hence, yss(I') =n — 1.

Thus, the result follows. [ |

Theorem 2. Let I' be a signed graph of order n which is not
a signed path graph and has exactly one positive edge. Then
vss(I') =n — 1 if and only if d~(u) # 0,2 where u is the
dominating vertex such that uv is the positive edge.

Proof: Consider the signed graph I', which is not a
signed path graph and has exactly one positive edge uv. The
n — 2 vertices of I' other than the end vertices v and v of the
edge uv must be in any SS-dominating set since all these
vertices have positive degree 0.

Assume that vg5(I") = n — 1. Without loss of generality,
assume that among the end vertices of the positive edge uv,
u SS-dominates v. Suppose d~(u) = 0. As dt(u) = 1,
it follows that sdeg(u) = 1 so that u(u) = +1. Since
d~(v) > d~(u) and T" is not a signed path graph, d~(v) > 2
so that p(v) = —1. Now, pu(N[u]) = p(w) + p(v)o(uv) = 0,
a contradiction to the second condition of SS-domination
that u(N[u]) > 1. Now, suppose d~(u) = 2. Hence,
sdeg(u) = —1 so that u(u) = —1. Since d~ (v) > d~ (u),
d~(v) > 2 so that sdeg(v) < —1. Hence, p(v) = —1. Thus,

p(Nal) = () + p)o(u) + 5 plw)o(uw) = 0
wEN (u)
wAv
since Y. p(w)o(uw) =2, which is also a contradiction.
wEN (u)
wHv

Thus, if v55(T') =n — 1 then d~ (u) # 0,2, where u is the
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dominating vertex such that uv is the positive edge.
Conversely, assume that the dominating vertex among u

and v has negative degree neither 0 nor 2. Since uv is

the only positive edge, d*(u) = d*(v) = 1. Now, either

d=(v) > d (u) or d”(u) < d (v).

Case (i): d~(v) > d~ (u)

According to the definition of domination in signed graphs,

either u or v is dominating. Since d~(v) > d~(u), the
vertex v is taken as the dominating vertex. Then the first
condition of SS-domination is satisfied by u. By the as-
sumption, d~(u) # 0,2. To verify the second condition of
SS-domination, two subcases arise: either p(u) = +1 or
wlu) = —1.

Subcase (i): p(u) = +1

Since d~(u) # 0, this subcase occurs when d~ (u) = 1

so that sdeg(u) = 0. Since T is not a signed path graph,
d~(v) # 1. Hence, d~(v) > 2 so that u(v) = —1. Now,
w(N[u]) = p(u) + p(v)o(ww) + p(w)o (uw) = 1.

Subcase (ii): p(u) = —1

Since p(u) = —1 and d~ (u) # 2, it follows that d~ (u) > 3.
Then d~(v) > 3 since d~(v) > d~(u), and hence, pu(v) is
—1. Now, if uw is the negative edge incident with u, then
u(NTu]) = plu) +p(o)o(w)+ ¥ plw)o(uw) > 1 since

weN (u)
wHv

> wp(w)o(uw) > 3. Hence, in case(i), u SS-dominates
wEN (u)

wHv
the vertex v.
Case (ii): d~(u) > d~(v)
Since d~(u) > d~ (v), the vertex v is taken as the dominat-

ing vertex. Also, the vertex v satisfies the first condition of
SS-domination. Here also, two subcases arise: p(v) = +1 or
p(v) = —1. Proceed as in case (i). Since d~ (v) # 0, u(v) is
+1only if d~(v) =1.If d~(v) = 1 then d~ (u) > 1 so that
w(u) = —1. If vw is the negative edge incident to v, then
w(Nv)) = p(v)+ p(u)o(uww) + p(w)o(vw) = 1. Now, since
d~(v) # 2, it follows that y(v) = —1 when d~ (v) > 3. Thus
d~(u) > 4 and hence, pu(v) = —1. As in subcase(ii) above,
p(N[v]) > 1. Thus, in case (ii), v SS-dominates w.

Hence, the set consisting of the n — 2 vertices of positive
degree 0 and the vertex u or v depending on whether
d=(v) > d (u) or d (u) > d~(v) is the SS-dominating
set of minimum cardinality so that vgs(I') = n — 1.

Hence the proof. ]

Remark 3. The above theorem is a general characterization
of signed graphs of order n other than signed path graphs, to
have the SS-domination number n — 1. For the signed path
graph with exactly one positive edge uv, v55(I') = n — 1
even if the dominating vertex u has d~(u) = 0. For
example, consider the signed path graph I' given below.

Fig. 2 Example: d” (u) =0, v55(I')) =n — 2

Here, even though the dominating vertex w of the positive
edge uv has d~ (u) =0, vss(I") = 2 as shown in Fig.

Theorem 3. A signed graph T'(G,o) of order n has

vss(T") = n if any of the following conditions hold
(i) I'(G, o) has no proper dominating set
(ii) The signed degree of each vertex is —1

Proof: Consider the signed graph I'(G, o) of order n,
and let G(V, E) be its underlying graph.

Suppose the condition (i) of the statement of the theorem
holds. By the definition of SS-domination, vss(T") = n if and
only if it has no proper subset for V as the SS-dominating
set. Hence, if I'(G, o) has no proper subset of the vertex set
as a dominating set, then it has no proper SS-dominating set,
and the result follows.

Suppose that the signed degree is —1 for each vertex of
the signed graph I'. Let D be a proper dominating set of I,
if it exists. Let v € V' \ D. Then there exists a dominating
vertex, say u. By the assumption, x(u) = —1. Since sdeg(u)
is—1, > o(uw)=—1.Hence, > p(u)o(uw)=1

wEN (u) wEN (u)
so that u(u) + > p(uw)o(uw) = 0. Thus, the second
weN (u
condition of the S%S—Eicimination will not be satisfied by D
and the result follows. [ |

Theorem 4. If a positive pendant edge is added to a SS-
dominating vertex of a signed graph, then the SS-domination
number remains unchanged

Proof: Consider a signed graph I'(G, o) with G(V, E)
as its underlying graph. Let D C V be SS-dominating.
Consider u € D. Also, let T be the graph derived from
T" by adding a positive pendant edge uv at u. Then the
positive degree of u increases by one, and the negative degree
remains unchanged in r. Hence, the first condition of the
SS-domination is also satisfied by D in I'". The value of
p(Nu]) in T will be increased by one in I so that the
second condition of SS-domination is also satisfied by D in
I"'. Hence, every SS-dominating set of I' is SS-dominating in
I'". In addition, all minimal SS-dominating sets in I are SS-
dominating in I' as minimal SS-dominating sets of I will
not contain the pendant vertex of the newly added pendant
edge. Hence, the theorem. [ |

Theorem 5. Every SS-dominating set of a signed graph
contains a vertex with the maximum positive degree and a
vertex with the minimum negative degree

Proof: Consider a signed graph I'(G, o) with the un-
derlying graph G(V,E) of order n. Let vss(I') = k,
where k is a positive integer such that 1 < k < n. Let
D = {uy,ug,.....,ur} be a SS-dominating set of T".

S VADC N (u) UNT(u2) U...U Nt (uy).

Also, for every v € V '\ D, there exists at least one u; € D
such that o(u;v) = +1, d¥(u;) > dT(v), d™(u;) < d~(v)
and p(N[u;]) > 1 where ¢ € {1,2, ..., k}. Hence, for every
veV\D,

max{d* (uy),d" (ug), ..., d" (ug)} >
min{d~ (u1),d ™ (u2),...,d" (ur)} < d~(v).
Here, AT (T") = max{d™ (uy),d" (us2)

0~ (T) = min {d~ (u1),d” (u2),...,d" (ug)}

Hence the theorem. ]

Theorem 6. For a (ki,ks)-signed regular signed graph
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I'(G, o) of order n,

Y(I) if k1 > ko
7(1‘) if ky <k2,k‘2—k‘17él
n if kg — kl =1

vss(T) =

Proof: Let T'(G, o) be a (ki1, ka)-signed regular signed
graph of order n. Let G(V, E) be its underlying graph. From
the definition itself, it follows that every SS-dominating set
of a signed graph is also dominating. Now, let D C V be
a dominating set of I'. Hence, for every v € V' \ D, there
exists u € NT(v) N D. Since d*(u) = d™(v) = k; and
d~(u) = d=(v) = kg, the first condition of SS-domination
is satisfied by D. Then either k1 > ks or k1 < ks. Also, let
k1 — ko =k.

Case(i): k1 > ko

Here, 0 < k < (n—1). Since the signed degree of each vertex

is greater than or equal to zero, all vertices are marked with

+1 under plurality marking. Hence,

PN = i) + 3 (o m) = 14 sdeg(u) > 1.

weN(u

Thus, the second conditi(()n) of SS-domination is also satisfied.

Case(ii): k1 < ko

Here, —(n — 1) < k < 0. As the signed degree of each

vertex is less than zero, all vertices are marked with —1 under

plurality marking. Hence, > u(w)o(uw) = —sdeg(u).
weN (u

Thus, w

! when |k| =1
Z pwo(uw) = { >1 when |k|] #1

weN (u)
Hence,
0 when |k| =1
>1 when |k] #1

p(Nlul) = {

Thus, D is a SS-dominating set if and only if |k| # 1. When
|k| =1, V is the SS-dominating set.
This completes the proof. ]

Corollary 1. For a co-regular signed graph I'(G, o) of order
n with co-regularity pair (k,r),

yI) ifr+k>r—k

~vI) ifr+k<r—kk#-1

n ifr+k<r—Fkk=-1

vss(I') =

Proof: Let T'(G, o) be a co-regular signed graph with
co-regularity pair (k,r). Now, by definition, I'(G, o) is also
(K1, k2)-signed regular where k; = 7”2“"’ and kg = % Then
the result follows from Theorem [0l [ |

Remark 4. For a (ki,ks)-signed regular signed graph
I'(G,0), the SS-domination number and the domination
number may not be equal. For example, consider the (1, 2)-
signed regular signed graph given in Fig. [3] It can be easily
verified that {v3,vs, v}, as shown in Fig. [3] is a dominating
set of minimum cardinality. Hence, v(I') = 3. But, by
Theorem [6] vs5(I") = 6.

Remark 5. For a co-regular signed graph, the SS-domination
number need not be equal to the domination number. For
example, consider the co-regular signed graph I'(G,o) of
co-regularity pair (3,—1) given in Fig. [3|. Here, v(I") = 3,
and by Corollary [1] of Theorem [6] v55(I") = 6.

Fig. 3 Example

Theorem 7. For a net-regular signed graph I'(G, o) of signed
degree r, a proper dominating set of I' is SS-dominating if
and only if » # —1 and each vertex of I" and its dominating
vertex have an equal degree.

Proof: Consider a net-regular signed graph I'(G, o) with
the underlying graph G(V, E) and signed degree r. It is
obvious that every SS-dominating set of a signed graph is
dominating. Now, let D be a proper dominating set of I'. Let
v € V \ D. Then there exists © € N*(v) N D. Now, two
cases arise: either r > 0 or r < 0.

Case (i): 7> 0
Here, u(w) = +1 for every w € V. Now, two sub cases

have to be considered: (i) » = 0 and (ii) r > 0.
Subcase (i): =10
Here, p(Nu]) = p(u) + >
weN (u)
=14+ > o(uww)=1+4sdeg(u)=1
weN (u)
Hence, the second condition of SS-domination is satisfied
by D. Since d™(u) = d~(u) and dt(v) = d~(v), if
dt(u) > d*(v) then d~(u) > d~(v). Hence, the first
condition of SS-domination will be satisfied if and only if
d™(u) = d*(v) so that d~(u) = d~(v) also.
Subcase (ii): 7 > 0
Here, p(Nfu]) = p(u) + >
wEN (u)
=14+ > oluw)>2
weN (u)
.. the second condition of SS-domination is satisfied by D.
Let d™(v) = k, a positive integer, Then d~ (v) = k—r. Now,
the first condition of SS-domination will be satisfied only
when d (u) > k. First, let d™(u) =k, then d~(u) =k —r
so that the first condition of SS-domination will be satisfied.
But when d*(u) = k; > k where k; is a positive integer,
then d~(u) = k1 —r > d~ (v). So the first condition will
not be satisfied. Hence, in this subcase, the first condition
of SS-domination will be satisfied by D if and only if
d*(u) = d*(v) so that d~(u) = d~(v) also.
Case (ii): 7 < 0
In this case pu(w) = —1 for every w € V.

Hence, p(N[u]) = p(u) + 3 p(w)o(uw)
wEN (u)

p(w)o (uw)

p(w)o (uw)
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=—1- %
wEN (u)
In this case, u(Nu]) > 1 only when r # —1.
Now, the first condition of SS-domination is to be verified.
Here, d(u) < d(u) and d*(v) < d~(v) since r < 0.
Let d*(v) = [, a positive integer. Then d~(v) = [ — 7.
Now, the first condition of SS-domination is satisfied only
if d*(u) > 1. When d*(u) = [, then d~(u) = | — r and
the first condition of SS-domination is satisfied by D. To
check the possibility when dt(u) > I, let d*(u) = I; > I,
where [y is a positive integer. Then d™ (u) =13 —r > d~ (v).
Thus, when d~ (u) > I, D will not satisfy the first condition
of SS-domination. Hence, when » < 0, D will be a SS-
dominating set if and only if 7 # 1 and d*(v) = d*(u) so
that d=(u) = d~ (v) also.
This completes the proof of the theorem. ]

oluw)=—-1—r

V. CONCLUSION

By incorporating the influence of edge signs to domina-
tion theory in signed graphs, the concept of signed-strong
domination is explored in this work. The influence of the
dominating sets in signed graphs are significantly enhanced
by the notion of signed-strong domination. According to our
studies, the domination parameters are considerably changed
by the existence of negative edges. This work has scope for
further investigations, such as algorithmic advancement and
applications in fields where signed interactions are a natural
occurrence.
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