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Interval Valued Fuzzy Ordered Almost
(m, n)-Ideals and Almost (m,n)-Quasi-Ideals in
Ordered Semigroups

Anothai Phukhaengsi, Pannawit Khamrot, Aiyared lampan, Thiti Gaketem

Abstract—An almost ideal in a semigroup is a generalization
of the concept of an ideal with studied by Grosek and Stako in
1980. In 2019 S. Suebsung et al. studied almost (m,n)-ideals
in semigroups. Later, in 2021, T. Gaketem. introduced interval
valued fuzzy almost (m,n)-ideals in semigroups. This paper
aims we extends interval valued fuzzy ordered almost (m,n)-
ideals in semigroups to ordered semigroups. We prove some
basic properties of interval valued fuzzy ordered almost (m,n)-
ideals in ordered semigroups. And, we investigate a bridge
between almost (m, n)-ideals and interval valued fuzzy ordered
almost (m, n)-ideals in ordered semigroups. Finally, we studied
properties interval valued fuzzy ordered almost (m,n)-quasi-
ideals in ordered semigroups.

Index Terms—Ordered Almost (m, n)-ideals, Interval valued
fuzzy ordered almost (m,n)-ideals, minimal ordered almost
(m,n)-ideals, Interval valued fuzzy ordered almost (m,n)-
quasi-ideals

I. INTRODUCTION

RDERED semigroups are an algebraic structure in a

binary operation consisting of the associative property
and a partial order, which has been applied in the study of
many fields of study, such as coding theory, automata, etc. In
the late 20th century, the definition of fuzzy sets was studied
by Zadeh 1965, [1]. He later developed the study into interval
valued fuzzy sets in 1975, [2]. Both studies of fuzzy sets and
interval valued fuzzy set models have been applied to many
fields of study, such as medical science, theoretical physics,
robotics, computer science, control engineering, information
science, measure theory, logic, set theory, and topology. In
2006, A. L. Narayanan and T. Manikantan [3] developed the
theory of interval valued fuzzy subsemigroup and studied
types of interval valued fuzzy ideals in semigroups. In
1985, Satko and Grosek [4] discussed the concept of an
almost-ideal (A-ideal) in semigroups. And S. Bogdanovic
[5] gave the concept of almost bi-ideals in semigroups. In
2020, Chinram et al. [6] discussed almost interior ideals
and weakly almost interior ideals in semigroups and studied
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the relationship between almost interior ideals and weakly
almost interior ideals in semigroups. In 2019, S. Suebsung
et al. [7] studied almost (m, n)-ideals in semigroups. Later,
in 2022, S. Suebsung et al. [8] introduced almost ideals in
ordered semigroups. This paper aims to define almost (m, n)-
ideals and fuzzy almost (m, n)-ideals in ordered semigroups.
Meanwhile T. Gaketem [9], [10], [11] studied types interval
valued fuzzy almost (m,n)-ideals in semigroups.

In the same year, T. Gaketem and P. Khamrot [12] ex-
plored the concept of almost ideals within the framework
of bipolar fuzzy sets, explicitly focusing on bipolar fuzzy
almost bi-ideals in semigroups. In 2023, T. Gaketem and
P. Khamrot [13] studied bipolar fuzzy almost interior ideals
in semigroups. In 2024, T. Gaketem and P. Khamrot [14],
[15] discussed bipolar fuzzy almost ideals and quasi ideals
in semigroups. In addition, almost Ideal’s work also has many
studies, such as almost ideals in ordered semigroup [16], al-
most ideals in semirings [17], almost ideals in ternary semir-
ing [18], etc. In 2025, P. Khamrot et al. [19] studied fuzzy
(m,n)-ideals and n-interior ideals in ordered semigroups. In
the same year, P. Khamrot et al. [20] studied concepts of
ordered almost (m,n)-ideals in ordered semigroups.

In this paper, we extend the definition of interval valued
almost (m,n)-ideals in semigroups to ordered semigroups.
We discussed the properties of interval valued ordered almost
(m,n)-ideals in ordered semigroups. We build a bridge
between ordered almost (m,n)-ideals and interval valued
fuzzy ordered almost (m,n)-ideals in ordered semigroups.
Moreover, we studied interval valued fuzzy ordered almost
(m, n)-quasi-ideals in ordered semigroups.

II. PRELIMINARIES

Now, in this section, we will repeat the definitions such
as ordered semigroups, fuzzy sets, interval valued fuzzy sets,
almost ideals.

Definition 2.1. [21]. Let §) be a set with a binary opeation
consisting of - and a binary operation relation <. Then
(€, -, <) is called an ordred semigroup if

(1) (€2,-) is a semigroup,
(2) (Q,<)isa partially ordered set,
(3) for all §,9,3 € (), we have ¥ < 1 then i3 < %3 and

i3 < 3.

For a nonempty subset Ql and €2y of ordered semigroup
Q, we write Q) = {re Qy | < § for some i € Q} and
1€ = {§ | § € Q1 and § €z}

It is observed that
(1) € € (],
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(92]
N ().

Let ((0 =+ I\ = Q) is called a subsemigroup (SSG) such that
N2 C Rand (N]. A left (right) ideal of a ordered semigroup
() is a non-empty set R of € such that R C ® (OR C R)
and (N] By an ideal of an ordered semigroup €2, we mean

a non-empty set of € which is both a left and a right ideal
of Q.

Definition 2.2. /2/] A SSG R of an ordered semigroup

(Q,-,<) is called an (m,n)-ideal of Q if N satisfies the

following conditions:

(1) N"LQN"L C RN

(2) N = (N], that is for ¥ € R and § € €, § < § implies
penN.

where m,n are non-negative integers.

Definition 2.3. [8] An non-empty subset N of an ordered

semigroup (2, -, <) is called an (m,n)-quasi-ideal of (2 if R

satisfies the following conditions:

(1) (RG] N (OR7] C R,

(2) R = (], that is for ¥ € R and § € Q, § < i implies
feR

where m,n are non-negative integers.

Definition 2.4. [8] A nonempty subset of N an ordered

semigroup Q is called

(1) a left ordered almost ideal (LOAI) of € if (58] N R # ()
for all 5 € Q

(2) a right ordered almost ideal (ROAI) of () if (R§]NR # )
for all § € Q,

(3) an ordered almost ideal (OAI) of ) if it is both LOAT
and ROAI of .

For any b; € [0,1], i € F, define
V b= bup{h } and A b, := inf{b;}.
ieF ieF i€F i€F

We see that for any b, t € [0, 1], we have

Evfzmax{ﬁ,f} and GAE:min{ﬁ,f}.

A fuzzy set T in a nonempty set < is a function from
% into the unit closed interval [0,1] of real numbers, i.e.,
7T:%— [0,1].

Let CS[0, 1] be the set of all closed subintervals of [0, 1],
ie.,

Cs[0,1] = {T =

We note that [T, 7] = {7} for all T € [0, 1]. For T=0
or 1 we shall denote [0, 0] by 0 and [1,1] by 1.

=, 7 j0o<?Y™ <7+ <1}

Let ¥ = [T—,7*] and j = [p—, pT] € CS[0,1]. Define
the operations <, =, A and Y as follows:
(1) 7 =< 7 if and only if - < = and T+ < j*
(2) T ,0 if and only if 7~ = p~ and T+ = jt
(3) Tap=[T"Ap), @ AFY)
@) Ty p=[T" Vi), (Vi)

Iffiﬁ,wemeanﬁjf
_For each interval T, = [¥7,7;"] € CS[0,1], i € A where
A is an index set, we define

L Fi= (A T7 AT

YT =
icA icA icA

T=[v T, vIl
€A

€A €A

and

Definition 2.5. [3] Let < be a non-empty set. Then the

function T : € — CS[0, 1] is called an interval valued fuzzy
set (shortly, IVF set) of %.

Definition 2.6. [3] Let £ be a subset of a non-empty set T
An interval valued characteristic function of £ is defined to
be a function X : T — CS[0,1] by

Xa(€) = {é

Lemma 2.7. If M and £ are nonempty subsets of an oredred
semigroup T, then the following are true:

(1) Xgn A 5&;: - szm: -

(2) FMCE, thenxm<x/g

(3) Xsin © Xg = Xga-

Definition 2.8. Ler T be an ordered semigroup and F be a
non-empty subset of 0, we define the set Fy by

Fi={(f,5) € @ x Q] ii < §ij}.

Definition 2.9. Let YN‘ and j be IVF sets of an ordered

semigroup Q. The product of IVF sets T and 75 of Qis defined
as follow, for all ¢ € Q)
V T

Aii(§)}
(F,H)eFy

0 if Fu=0.

if teg,
if ¢¢8
for all ¢ € %.

5 if Fy#0,
(T om)(it) =

For ¢ € N, let T~'" ::fo’fo~~~of.

S ———

nitimes .

The support of IVF set 7" of a set € is defined by
supp(Y) = {it € QT (it) # 0}.

Lemma 2.10. [16] IfT p and 5 are IVF sets of an ordered
sengroup ), then the following are true:

< 5, then T;” = 5” R

< p, then fo&jﬁoé~

< 5 theanE;jf)'\/{.

<p thenf)\gjﬁ)\é.

= f, then supp(T’) C supp(p)-

_For an IVF set 1; of an ordered semigroup ), we define
(1] : Q@ — C8[0,1] by (1] :== sup T(R) for all & € €.
<

Lemma 2.11. [16] Iff p and §~ are IVF sets of an ordered
semigroup ~Q then the following are true:

(1) T2 (7] .

@ T =pothen (T <€
(3) If T < i then (Yo €] < (5o €] and (€0 7] < (€0 jl.

Lemma 2.12. [I16] If T is an IVF set of an ordered
semigroup €, then the following are equivalent.
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(1) If d < b, then f(a)
(2) (1 =T.

= 1(b).

Definition 2.13. An IVF set T of an ordered semigroup )
is called _
(1) an IVF subsemigroup (IVFSG) of ) if T(@b)
T (b) for all 4,b € ©, } .
an IVF left ideal (IVFLI) of Q) if T(db) < T'(b) and if
a < b, then f('ci) - T(b) for all ii,ji cq), ~
an IVF right ideal (IVFRI) of Q if T(ib) < T'(d) and if
a < b, then T(a) - T(b) for all q,b e
an TVF ideal (IVFI) of € if it is both an IVFLI and
IVFRI of ),
(5) a IVF left ordered almost ideal (IVFLOAI) of Qif
()}Q o T] AT + (N)Nwhere )~<Q is an IVF set of ) mapping
every element to 1, )
(6) an IVF right ordered almost ideal (IVFROAI) of Q if
(T oXgl AT #0,
(7) an IVF ordered almost ideal (IVFOAI) of Q if it is both
an IVFLOAI and IVFROAI of Q.

< T(&) A

Definition 2.14. [19] An IVF subsemigroup T of a ordered
semigroup Q) is said to be an IVF (m, n)-ideal of T if

(1) I:(ulug IllnlelJQ ~Un) >~ T(U1) ANT(LLQ) N
T(i,) A T(1) A T(B2) A ... & T(b,) for all
Uiy, g, ..., Uy, 01, D2, .o, 0,3 € T and myn € N,

(2) Ifu1 < g, then T(ul) - T(UQ), for all fll,flg S Q

III. INTERVAL VALUED Fuzzy ALMOST (m
In this section, we define an IVFOA-(m
ordered semigroup. We prove T v € is an IVFOA-(m,n)-

ideal where 7" and £ are IVFOA-(m, n)-ideals. And we create
a bridge between almost (m,n)-ideals and IVFOA-(m,n)-
ideals.

n)-IDEALS

n)-ideal in an

Definition 3.1. A non-empty subset N on an ordered semi-

group €Y is called an almost (m, n)-ideal (OA-(m,n)-1) of Q)

if (R N R £ 0 for all § € QO where m,n € {1,2,...,n}.

Example 3.2. (1) An OA-(1,0)-I of an ordered semigroup
Q) is an ORAI of Q.

(2) An OA-(0,1)-I of an ordered semigroup ) is an OLAI
of Q.

(3) Consider the ordered semigroup Zg under the usual
addition and the partial ordered <:= {(d,d) | d € Z¢}.
We have 2 = {1,4,5} is an OA-(1,0)-1 of Zs.

Definition 3.3. An IVF set f on an ordered semigroup Qs
called an interval valued fuzzy ordered almost (1m,n)-ideal

(IVFOA-(m,n)-I) of QL if (T o X 0T AT # 0 where
m,n €{1,2,...,n}.

Theorem 3.4. Iij is an IVFOA-(m,n)-I of an ordered
semigroup Q and 5 is an IVF set of Q such that T < f
then & is an IVFOA-(m,n)-I of ).

_ Proof: Suppose that T is an IVFOA-(m, n)-I of ) and
fn is an IVF set of Q such that 7 < 5 . Then we obtain that
(T 0 X 0T™] A T # 0. Thus,

(T 0% 0 T" AT < (€™ 0 g 0 £ A€ £ 0.

Hence, (£™ o >~<Q o 5"} A € # 0. Therefore, £ is an IVFOA-
(m,n)-I of €. [ |

The following results are an obvious consequence of
Theorem 3.4.

Theorem 3.5. Let T and §j be IVFOA-(m, n)-Is of an ordered
semigroup ). Then T Y € is also an IVFOA-(m,n)-I of 1.

Proof: Since f'j f' \Y E, by Theorem 3.4, f \/g is an
IVFOA-(m, n)-I of Q. [ |

Theorem 3.6. Iff“ is an IVFOA-(m,n)-I of an ordered

semigroup Q. and 5 is an IVF set, then T Y f is an IVFOA-
(m,n)-Ideal of .

Proof: By Theorem 3.4, and 7 = Y:’\/ §~ Thus, T vV g is
an IVFOA-(m, n)-I of €. -

Corollary 3.7. Let i be an IVFOA-(m,n)-I in an ordered
semigroup Q). Then Y Ty is an IVFOA-(m,n)-I of .

ieF
Example 3.8. Consider n = 1,m = 0 and the ordered
semigroup Zg under the usual addition and the partial
ordered <:= {(d,qd) | d € Zg}. T Zg — CS|0, 1L1s defined

by 7(0) = 0, T(T ) = [0.1,0.2] 7@2) =0, 73) = 0,
T(4) = [0.3,0.4), (5) = [0.5,0.6] and p~. Z¢ — CS0,1]
is defined by p(0) =0, p(1) =[0.7,0.8], 5(2) = [0.3,0.4],
p(3) = [0.1,0.2], () =0, p(5) = [0.3,0.4]. We have T
and {p are IVFOA-(1,0)-Is of Zg but " A p is not a n IVFOA-
(1,0)-I of Zs.

Lemma 3.9. Let 2l be a subset of a set T and n € NU {0}.
Then (Xg)" = X

Theorem 3.10. Let R be a nonempty subset of an ordered
semigroup . Then X is an OA- (m,n)-1 of 1 if and only if
Xg is an IVFOA-(m,n)-I of Q).

Proof: Suppose that N is an OA-(m,n)-I of 2. Then
(Nth"}ﬁN;«é(Z)forallteQandmne{12 N
Thus, there exists ¢ € € such that ¢ € (N’”tN"] and ¢ 6 N,
It implies that ((X' o Yg o ig])( 0) # 0 and y4(d) = 1
and m,n € {1,?7 ...,n}.NThus, ()SN o Xg © XN] A Xz (6) =
((X3)™ © X o (k)" A Xﬁ(c) #0and m,n € {1,2,...,n}.
So (X' oXgoXi] A Xg # 0 and m,n € {1,2,...,n}. Hence,
X is an IVFOA-(m, n)-I of €.

Conversely, suppose that XN is an IVFOA-(m, n)-I of Q
and let m,n € {1,2,...,n}. Then (X! OXQOXN])\XN#O
Thus, there exists ¢ € N such that (XN OXQOXN]AXN( ¢) #0.
It implies that ((XN OXQOXN])( ¢) # 0 and Xy (¢) = 1. Hence
¢ € (X™R"] and ¢ € R. So (R™R"] N R # . We conclude
that R is an OA-(m,n)-I of €. [ |

Theorem 3.11. Let f be an IVF set of an ordered semigroup
Q. Then T is an IVFOA-(m,n)-1 of  if and only if supp(7)
is an OA-(m,n)-I of 2.

_ Proof: Assume that 7 is an IVFOA-(m, n)-I of ). Then
(1™ o X¢ © T AT # 0 for all m,n € {1,2,..,n}.
Thus there exists 3 € Q such that ((T™ o g 0 T7] A

7)) # 0. So T(5) # 0 and § = dyéia - - Gymiby by« by
for some @i, ds,--c,0m,t07,b0,--0, € O such
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that T(a)) # 0, T(as) # 0, S T(am) # 0
Tby) # 0 T(b2) # 0. T(6) # 0. It im
plies that, a;,ag, -, am,'ﬁl,ﬁg,-; ,b,, € supp(?). Thus,
(gxsupp(;)m ° Xa X eupp("] JE Xoupp(#))(3) 7 0. Hence,
(Xsupp(f)m oXg oX ] A XSupp(T) # 0 for all m,n €
?1,2, ey p?(r) is an IVFOA-(m n.).-I of
Q. By Theorem 3.10, supp(7') is an OA-(m,n)-I of .
Conversely, suppose that supp(?) is an OA-(m
of . By Theorem 3.10, X, wpp(F) is an IVFOA-(m,n)-
I of Q. Then m,n € {1,2,...,n}, we have (X
Yo © X§upp(T) ] A Xsupp(T) 7 0. Thus,
3 € € such that ((X

supp(¥)

Supp(f)T
n}. Therefore, j{su

n)-I

= m O
supp(7")
there exists

wopP)" © X © Xppcy] 4

Xoupp(y) (3) # 0. Hence, (T o g o 77(3) # 0. So,

T(g) # 0 and j = dla2~-~amxblb2-~-5n~ for some
dy, g, iim,E b1, ba, b, € Q such that T(ay) # 0,
T(az) # 0,---,T(am) # 0 T(b2) # 0, T(bz) #
0,-~~, ( )750 ThllS a17a2,~-' a7,,,b1,b2,~- b €
Sl{pp(T). I-}ence,~((T’” o X¢ © be] A T)3) # 0. So
(Tm 0Xg 0T AT # 0. Therefore, 1" is an IVFOA-(m, n)-I
of €. ]

Next, we investigate the connection between minimal,
prime, semiprime, strongly prime OA-(m, n)-ideals and min-
imal, prime, semiprime, strongly prime IVFOA-(m, n)-Is of
ordered semigroups.

Definition 3.12. An OA-(m,n)-I N of an ordered semigroup

Q) is called

(1) minimal if for any OA-(m,n)-I Ny of Q) if whenever
&1C& then&l—&

(2) prime if for any two OA-(m,n)-Is Nl and R, on such
that N1N2 - N implies that Nl - R or N2 - R,

(3) semiprime if for any OA-(m,n)-I Ry of Q) such that 82 C
R implies that &1 - N

(4) strongly prime if for any OA-(m,n)-Is Ny and Ry of Q
such that NNy N NgNl - R implies that Nl - R or
R, C R

Definition 3.13. An IVFOA-(m,n)-1 T of an ordered semi-
group ) is called
(1) minimal if for any IVFOA-(m,n)-I € of Q if whenever
£ <7, then supp() = supp(T),
prime if for any two IVFOA-(m, n)-Is 5 anaiﬁ on such
that 5"0,'5' <7 implies that § <7 or 5~j 7.
semiprime if for any IVFOA-(m,n)-I € of Q such that
Eo& <€ implies that € < 7. ~
strongly prime if for any two IVFOA-(m, n)-Is 13 and p
of such that (Eop) A (po&) =T implies that £ < T
or ,5 <7

It is clear that every strongly prime IVFOA-(m,n)-I
of an ordered semigroup is a prime IVFOA-(m,n)-1I, and

every prime IVFOA-(m,n)-I of an ordered semigroup is a
semiprime IVFOA-(m, n)-L

Theorem 3.14. Let R be a nonempty subset of an ordered
semigroup ). Then

(1)
(2)
(3)
(4)

R is a minimal OA-(m,n)-1 on if and only if Xy, is a
minimal IVFOA-(m, n)-I of .

N is a prime OA- (m,n)-I on if and only lfxN is a
prime IVFOA-(m,n)-1 of Q.

N is a semiprime OA-(m,n)-I on if and only if Xy, is
an semiprime IVFOA-(m, n)-I of €.

N is a strongly prime OA- (m,n)-1 of T if and only leN
is a strongly prime IVFOA-(m,n)-I of €.

Proof:
Assume that R is a minimal OA-(m,n)-I of Q. ‘Then R
is an OA-(m, n)-I of §2. Thus by Theorem 3.10, Xy is an
IVFOA-(m, n)-I of Q2. Let € be an IVFOA-(m, n)-I1 of
such that £ < )}N Then by Theorem 3.11, supp(é) is an
OA-(m,n)-T of © such that supp(€) C supp(Xg) = N
By assumption, supp(é) = supp(j}&). Therefore, )~<N is
a minimal IVFOA-(m, n)-I of (2.
Conversely, suppose t~hat Xx is a minimal IVFOA-
(m,n)-1 of 2. Then Xz _is an IVFOA-(m,n)-I of Q.
Thus by Theorem 3.10, N is an OA-(m, n)-I of Q. Let
Nl be an OA-(m,n)-I of Q such that ®; C N. Then
Xz, is an IVFOA-(m,n)-1 of Q such that XN = Xg-
Thus, supp(xN ) C supp(xN) By assumption, ®; =
supp(XNl) = Supp(XN) = R. Therefore, R is a minimal
OA-(m, n)-T of {1. )
Suppose that R is a prime OA-(m,n)-T of Q. Then R
is an OA-(m,n)-I of Q. Thus by Theorem 3.10, Vit
is an IVFOA-(m,n)-T of Q. Let 7" and ¢ be IVFOA-
(m,n)-Is such that Tof = )}N Assume that 7" £ )NCN
and £ £ )}N Then there exist h,t € Q such that
T(h) # 0 and £(xr) # 0. While Xa(h) = ~(N) and
X5 (¥) = 0. Thus, b € supp(7) and € supp(€), but
b, t ¢ R. So supp(?) ¢ X and supp(§) ¢ R. Since
supp(T) and supp(f) are OA-(m,n)-Is of T we have
supp(?) supp(& §) ¢ N. Thus, there exists m = pg for
some p € supp(?) and § € supp(g) such that m € N.
Hence, Y () = 0 implies that (T o 5)( ) = 0. Since
Tof < j}N we have p € supp(?) and § € supp({).
Thus, T( ) # 0, and 5( i) # 0. It implies that

(T o &)(i) = {T(3) L i)}y #0.

(b, q)EF

It is a contradiction so 7" < >~<N or § < )}N Therefore,
Xy is a prime IVFOA- (m, n)-I of Q.
Conversely, suppose that Xy is a prime IVFOA-(m, n)-
I of €. Then X is an IVFOA-(m,n)-I of Q). Thus by
Theorem 3.10, X is an OA-(m,n)-I of €. Let Nl and
Ng be OA-(m,n)-Is of Q) such that ¥, 8, C N. Then
Xi, and ) XN are IVFOA- (m,n)-Is of Q2. By Lemma 2.7
X OXNQ XNlNz = XN By assumptlon X, = XN or
XN = Xi- Thus, Ny C R or Ry C N. We conclude that
R is a prime OA-(m,n)-I of Q.
Suppose that R is a semiprime OA- (m,n)-1 of Q. Then
N is an OA-(m,n)-I of T. Thus by Theorem 3.10, Xy is

an IVFOA-(m, n)-I of Q. Let T be an IVFOA-(m, n)-I
of €2 such that T o7 < >~<N Assume that 7" £ >~<N Then
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there exist h € €2 such that T( ) # 0. While XN(U) 0
Thus, there exists m = pq for some p € supp(7) and
g e supp(i"“)~ such that m € R Hence, Ya(m) = 0
implies that~(f“0f“)(ﬁ1) =0. Since ToT < X we have
p e supp(T) and § € supp(T) Thus, T( ) # 0 and
7(§) # 0. It implies that

{T(p) A

FTod)@)= ¥ (i)} #0.

(p,d)EFw

It is a contradiction so Y~' < )~<N Therefore, )}N is a
semiprime [VFOA-(m,n)-I of €.
Conversely, suppose that j{N is a semiprime IVFOA-

(m,n)-I of Q. Then Xy is an IVFOA-(m,n)-I of €.
Thus by Theorem 3.10, R is an OA-(m, n)-I of Q.
Let Nl be an OA-(m,n)-I of Q such that X} C X
Then ¥y, is an IVFOA- (m, n)-I of €. By Lemma 2.7
XN1 XNl = XNQ = XN By assumption, XN = XN Thus,
R; C . We conclude that R is a semiprime OA- (m,n)-1
of €.

Suppose that X is a strongly prime OA-(m,n)-I of .
Then R is an OA-(m,n)-I of . Thus by Theorem

3.10, X is an IVFOA-(m,n)-I of €. Let T and
be IVFOA-(m,n)-Is of Q such that (T o §) A (€ o
) < ;(N Assume that 1" £ ;(N and £ 2 )}N
Then there exist bt € € such that T(h) # 0 and
£(¥) # 0. While Y(h) = 0 and Y(¥) = 0. Thus,
h e supp(f) and t € supp(é) but h,t ¢ X. So,
supp(?) ¢ N and supp(§
m e (S}}pp(T) supp(§)) N (S}lpp(f) Supp({)) such that
m ¢ N. Thus, xz(m) = 0 such that (7" o §)(m) A
m € supp(&)supp(?) we have m = ot and m = gg

) € N Hence, there exists

0. Since m € supp(f') supp(é) and

for some 9, § € supp(7), and for some £, § € supp(€).
we have

(Fod)i) = v {F®) 1L},
Similarly
€)= o {£6) A T@).

So, (T o~f)( m) A (§ o T)( ) # 0. It is a contradiction
Hence, T < XN or 5 = XN."Therefore, Xx is a strongly
prime IVFOA-(m, n)-I of €.
Conversely, suppose that ):(N is a strongly prime IVFOA-
(m,n)-I of Q. Then Yy is an IVFOA (m,n)-I of
(). Thus, by Theorem 3.10, R is an OA- (m,n)-I of
T. Let Nl and Ng be OA-(m,n)-Is of Q) such that
RiRy N NoR; C N, Then X, and XN are IVFOA
(m n)-Is of Q. By Lemma 2.7 XN1N2 X}tl o )'1&2 and
XNQNl XNQ o X}z Thus (X}z o XNQ) (XNl © XNQ) =
XN1N2 A Xit, i, = XN1N2mN2N1 = Xi- By assumpt1on
Xit, = Xz and)(N = Xy~ Thus, N; C Ror Ry C R, We
conclude that X is a strongly prime OA-(m,n)-I of Q.
|

Corollary 3.15. Let Q) be an ordered semigroup. Then Q) has
no proper OA-(m,n)-I if and only if supp(Y) =
IVFOA-(m,n)-1 T of Q.

Q for every

IV. INTERVAL VALUED FUZZY ALMOST
(m,n)-QUASI-IDEALS
In this section, we define IVFOA-(m, n)-quasi-deal in an
ordered semigroup. We prove T Yé is an IVFOA- (m,n)-
qausi-ideal where 7" and £ are IVFOA- (m, n)-Quasi-ideals.
And we create a bridge between almost (m,n)-ideals and
IVFOA- (m,n)-ideals.

Definition 4.1. [22] A non-empty subset N on an ordered

semigroup ) is called an almost (m,n)-quasi-ideal (OA-

(m,n)-0I) of Q0 if R N ("] NR £ 0 for all { € Q

where m,n € {1,2,...,n}.

Example 4.2. (1) An almost (1,0)-ideal of an ordered
semigroup ) is a right almost ideal of (.

(2) An almost (0,1)-ideal of an ordered semigroup ) is a
left almost ideal of X.

(3) Consider the ordered semigroup Zg under the usual

addition and the partial ordered <:= {(a,a) | a € Z¢}.
We have A = {1,4,5} is an OA-(1,0)-QI of Zs.

Definition 4.3. An IVF set f on an ordered semigroup ) is
called an interval valued fuzzy ordered almost (1, n)-quasi-

ideal (IVFOA-(m,n)-QI) of S if (Y™ o] A (XgoT "] AT #
0. where m,n € {1,2,...,n}.

Theorem 4.4. Iff is an IVFOA-(m,n)-QI of an ordered
semigroup Q and f is an IVF set on such that T < é', then
€ is an IVFOA-(m, n)-QI of €.

_ Proof: Suppose that 7 is an IVFOA-(m, n)-QI of ) and
£ is an IVF set of () such that 7 < £. Then (7™ o Xl A
(Xes OT"} AT # 0. Thus,

(T ool A (Ra o T AT = (€m0l & (R 0 €7 L€ #0.

Hence, (fm o Xl A ()}Q o f"] A g # 0. Therefore, gis an
IVFOA-(m, n)-QI of €. |
The following results are obvious of Theorem 4.4.

Theorem 4.5. Let T and §~ be IVFOA-(m,n)-Qls of an
ordered semigroup Q. Then T Y £ is also an IVFOA-(m, n)-
QoI of Q.

Proof: Since 1: jl; Y E, by Theorem 4.4, Yi Y é is an
IVFOA-(m, n)-QI of €. |

Theorem 4.6. If i is an IVFOA-(m,n)-QI of an ordered

semigroup QO and f is an IVF set, then Ty f is also an
IVFOA-(m,n)-0I of Q.

Proof: By Theorem 4.4, and 'l; = f Y §~ Thus, T~' Y é
is also an IVFOA-(m, n)-QI of (. [ |

Corollary 4.7. Let i be an IVFOA-(m, n)-Ql in an ordered

semigroup ). Then Y T; is an IVFOA-(m,n)-QI of 1.
ieF

Example 4.8. Consider the ordered semigroup Zg under the

usual addition and he partial ordered <:= {(a,a) | a € Zg}.
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U : Zg — CS[0,1] is defined by 9(0) = 0, 9(T) = [0.2,0.3],
#(2) =0, ¥(3) = 0, J(d) = [0.5,0.6], J(5) = [0.4,0.6]
and v : Zg — CS[0,1] is deLﬁned by (0) = ), v(1) =
08,09), #(2) = [0.4,0.5], #(3) = [03,04], (1) = 0,
(5) = [0.3,0.4]. We have J and i are IVFOA-(1,1)-QIs of

Z but (O A D) is not an IVFOA-(1,1)-QI of Zs.
Theorem 4.9. Let N be a nonempty subset of an ordered
semigroup (). Then R is an OA-(m,n)-QOI of ) if and only
if Xy is an IVFOA-(m,n)-QI of Q.

Proof: Suppose that R is an OA- (m, n)-QI of ). Then

(RN (tN"]ﬁN;«é@for allt€ Qand m,n € {1,2,....,n}.
Thus there exists ¢ € 2 such that ¢ € (Nmt} (tN”] and
¢ € R So (X7 o Xa OA(XQOXN])( ¢) # 0 and Y(c) #0
where m,n € {1,27 .y }. Thus, ((XF ofm] oA(j}on}R]
i) (@) = ((om © Xay) © ARg © xw] A Xg)(€) # 0 and
m,n € {1,2,.. n}. So, (XN OXQ]OA(XQOXN] A Xz) # 0.
Hence, Xy is an IVFOA-(m, n)-QI of .
Conversely, suppose that Xj; is an IVFOA-(m, n)-QI of Q
and let m,n € {1,2,...,n}. Then (XN oXelo Mg, oxN}
X&) # 0. Thus, there exists ¢ € N such that ((XN o XQ]
(XQOXN] A X3)(€) # 0. It implies that ((X OXQ]OA(XQ
})( ) # 0 and XN( ¢) # 0. Hence, ¢ € (Nmt] (tR"] and
¢ e N So (R™{] N (IR"] MR £ O for all { € 2. We conclude
that R is an OA-(m,n)-QI of €. [ |

Theorem 4.10. Let 'f be an IVF set of an ordered semigroup
Q. Then T is an IVFOA-(m,n)-QI of Q if and only if
supp(Y) is an OA-(m,n)-QI of .

Proof: Assume that 7" is an IVFOA-(m, n)-QI of Q
and let m,n € {1,2,..,n}. Then (Tm o Xg) A (Xg o
T”j A T #* 0. Thus, there exists 3 € ) such that
(Fmofpl & (RoT" AT # 0(3) # 0. S0 7(5) # 0 and § =
a1agam}?bl?gbn for some 'ciliig---'cim,b~1b2-~-bn S
Q such that T(d;) # 0, T(d2) # 0, , V(i) # 0
and T(by) # 0, T(by) # 0,- T(Bn) # 0. Thus,
dpdz, . .. ,bn € supp(T). It implies that

Clm, bl bg, A ~
((xsupp( P o Xa) A (kg © Xoupp(P)"] A Xgupp()) @) 7# 0.
Hence, ((¥ ) #0

sgpp(f) " .XQ] (oo Xsupp(T) "] A Xsugp(T)
Therefore, Xoupp @) is an IVFOA-(m, n)- Q{ of Q. By The-
orem 4.9, supp(Y’) is an OA-(m, n)-QI of €.

Conversely, suppose that supp(T) is an OA-(m,n)-QI
of Q. By Theorem 4.9, X - is an IVFOA-(m,n)-
QI of Q). Then for any m,n € {1,2
((% 7™ O XQ] (XQ X n] *

supp(T) SUPP(T)
Thus, there exists 3 € N such that (("Su

(~XQ o Xsupp(‘Ti)n] A Xsupp(f))(z) 7& O

T(g) # 0 and = iil'ci2~-~dmi5152-~-5y for some
'cil'cig, dm,ﬁ Bg,--« ,Bn c QO such that Y"' 'dl) #* 0,
( )j‘é 0,--,T(dm) # 0 and T(by) # 0, T(by) #
T(b) ;é 0. Thus, dydsy,... am,b by,...,b, €
supp(T) So, there exists 3 € Q such that ((7™ ?XQ] }i(;((lo
TP AT # 0(3) # 0. Hence, (T 0 %] A (R o T AT # 0.
Therefore, T is an IVFOA-(m, n)-QI of €. |

n} we have
SUPP T)) 7 0.
pp(F)" ° XQ}

It implies that

Next, we investigate the connection between minimal,
prime, semiprime, strongly prime OA-(m,n)-QIs and min-
imal, prime, semiprime, strongly prime IVFOA-(m,n)-Qls
of ordered semigroups.

Definition 4.11. An OA-(m,n)-IQ R of an ordered semi-

group Q is called

(1) minimal if for any OA-(m,n)-IQ Ry of Q if whenever
&1 - &, then &1 = &,

(2) prime if for any two OA-(m, n)-1Qs Ny and 2.‘.22 on such
that X1 Ry C N implies that X, C R or Ng - N

(3) semiprime if for any OA-(m,n)-1Q Ny of Q) such that
N2 C N implies that N; C R,

(4) strongly prime if for any OA-(m,n)-1Qs Ny and &2 of
Q) such that R;Rs N RyR; C R implies that R; C R or
N, C R

Definition 4.12. an IVFOA-(m,n)-IQ T of an ordered
semigroup ) is called

(1) minimal if for any IVFOA-(m, n)-1Q € of Q) if whenever
£ <7, then supp(&) = supp(P), )

(2) prime if for any two IVFOA-(m,n)-1Qs € and ~,b~' of 0
such that 505 <7 implies that f <7 or ;; <7

(3) semiprime if for any IVFOA-(m,n)-1Q & of Q0 such that
go § = f implies that f <7 ~

(4) strongly prime if for any two IVFOA-(m,n)-1Q0s § and
P on such that (§Op) (p'og) < 71 implies that ¢ < T
or p=T.

It is clearly, every IVF strongly prime OA-(m,n)-IQ of
an ordered semigroup is a prime IVFOA-(m,n)-1Q, and
every prime IVFOA-(m,n)-1Q of an ordered semigroup is a
semiprime IVFOA-(m, n)-1Q.

Theorem 4.13. Let R be a nonempty subset of an ordered
semigroup ). Then
(1) N is a minimal OA-(m,n)-10 ofufl if and only lf)NCN is
a minimal IVFOA-(m,n)-1Q of Q.
(2) R is a prime OA-(m,n)-1Q on if and only if Xy is an
prime IVFOA-(m,n)-1Q of 1.
N is a semiprime OA-(m,n)-IQ of ) if and only if Xi
is an semiprime IVFOA-(m, n)-1Q of 1.
N is a strongly prime OA-(m,n)-1Q of T if and only if
Xy is an strongly prime IVFOA-(m,n)-1Q of .
Proof:
Assume that R is a minimal OA-(mn, n)-IQ of ). Then
N is an OA-(m, n)-IQ of 2. Thus s by Theorem 4.9, Vi is
an IVFOA-(m, n)-1Q of Q. Let ¢ be an IVFOA-(m, n)-
1Q of € such that 5 = 56& Then by Theorem 4.10,
supp(é) is an OA-(m,n)-IQ of Q such that supp(€) C
supp(Xg) = N. By assumption, supp(§) = supp(Xx)-
Therefore, ¥ is a minimal ~IVFOA—(m7 n)-1Q of Q.
Conversely, suppose thgt X is a minimal IVFOA-
(m,n)-1Q of Q. Then Xy is an IVFOA-(m,n)-IQ of
€). Thus by Theorem 4.9, R is an OA- (m,n)-1Q of Q.
Let Ry be an OA-(m, n)-IQ of Q such that X, j« N Then
g, is an IVFOA-(m,n)-1Q of € such that Y, = ¥
Thus, supp(xN ) C supp(XN) By assumption, X;

3)
(4)
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supp()’zN )= supp()’zx) = . Therefore, R is a minimal
OA-(m, n)-IQ of €.

§uppose that R is a prime OA- (m,n)-1Q of ). Then
N is an OA-(m,n)-IQ of ). Thus by Theorem 4.9,

Xi is an IVFOA-(m,n)-IQ of Q. Let 7 and ¢ be
IVFOA-(m,n)-IQs such that T o€ < Xy Assume that
T £ ):(N and & A ij Then there exist b, ¥ € € such
that '(h) # 0 and &(r) # 0. While ¥(h) = 0 and
XN( )) = 0. Thus, b € supp(?) and € supp(€), but
b, ¢ ¢ . So supp(?) ¢ N and supp(§ ) ¢ R. Since
supp(r) and su~pp(§) are OA-(m, n)-IQs of Q) we have
supp(7) supp(f)d(z N. Thus, there exists m = pg for
some p € supp(f) and g € supp(é) such that m ¢ N.
Hence, XN( ) = 0 implies that (T o g)( ) = 0. Since
T of = X we have p e supp(T) and q € supp(g).
Thus, T( ) # 0 and 5( ) #0. It 1mp1ies that

(Todm) = \/ {T()A&@}#0.

(b,4)€Fs

I} is a contradiction so Y~‘ < )NCN or §~ < >~<N Therefore,
Xy is a prime IVFOA-(m, n)-1Q of (2.
Conversely, suppose that Yy is a prime IVFOA-(m, n)-
IQ of (2. Then Xy is an IVFOA-(m,n)-1Q of ). Thus
by Theorem 4.9, N is an OA-(m, n)-1Q of €. Let Nl and
Ng be OA-(m,n)-1Qs of €} such that ® Ng C X. Then
Xi, and Xy, are IVFOA- (m n)-1Qs of €. By Lemma
2.7 Xm OXN XNlNz =< XN By assumptlon X, = X;«
or XN = Xi- Thus, Ry C X or ®, C N. We conclude
that X is a prime OA-(m,n)-1Q of Q.
Suppose that X is a semiprime OA-(m, n)-1Q of Q. Then
N is an OA-(m, n)-1Q of T. Thus by Theorem 4.9, Vit
is an IVFOA-(m,n)-1IQ 0f~Q. Let T be an IVFOA-
(m, n) IQ of €2 such that ¥ 07" < §;. Assume that
T £ X Then there exist he such that T( ) # 0.
While ~XN([3) = 0. Thus, b € supp(7), but h ¢ R. So
supp(1") ¢ R. Since bupp(T) is an OA-(m,n)-1Q of
() we have supp(T) supp(Y Q R. Thus, there exists
= pq for some p € sugp(T) and q € supp(T)
such that m € N. Hence, X(m) = O implies that
(YoT)(1) = 0. Since T'oT" < ¥ we have p € supp(T)
and q € supp(T) Thus, T( ) # 0 and 7(§) # 0. It

implies that
(ToT)i) = \/ (T AT@H)} A0
(P,4)€F

It is a contradiction so T = X Therefore, XR is a
semiprime IVFOA-(m,n)-1Q of Q

Conversely, suppose that j is a semiprime IVFOA-
(m,n)-1Q of Q. Then Xy is an IVFOA-(m,n)-IQ of
€). Thus by Theorem 3.10, ® is an OA-(m,n)-IQ of .
Let Ry be an OA-(m,n)-IQ of ) such that X2 C .
Then Xy, is an IVFOA-(m, n)-IQ of Q. By Lemma 2.7

Xm O.X?Ql = sz = XN By assumption, XN = XN
Thus, Ny C R _.We conclude that R is a semiprime OA-
(m, n)-1Q of Q.

(4)

Suppose that N is a strongly prime OA-(m, n)-1Q of Q.
Then N is an OA-(m,n)-IQ of Q. Thus by Theorem

3.10, X is an IVFOA-(m,n)-IQ of €. Let 1" and £ be
IVFOA-(m, n)-IQs of 2 such that (T'o&) A (§07) =< ¥y
Assume that f' ﬁ ix and £ yal )'N(N Then there exist b, t €
Q such that T( ) # 0 and £(¥) ;éf). While y;(h) :~6
and XN( ‘) = 0. Thus, h € supp(f') and t € supp(é),
but b, ¢ R. So, supp(?" ) ¢ X. Hence,
there exists m € [supp(T) supp(f )}ﬂ(supp(f) supp(f))
such that m ¢ X. Thus, X (m) = 0 such that so, (Y"'~o

E)(m) & (€ o T)(m) = 0. Since i € bupp(T) supp(¢)
and m € supp(& )supp(T) we have = ¢ and m = gi

) ¢ R and supp(

for some 9, § € supp(lj'), and for some £, § € supp(é).
we have

Tod)@)= ¥ (T LD}
(0,%)EF
Similarly
EoT)m) = {6 A T@).
So, (f‘ o~§:)( m) A (5 o T)( ) # 0. It is a contradiction.

Hence, T < XN or 5 = Xg- Therefore, XN is a strongly
prime IVFOA-(m, n)-1Q of Q.

Conversely, suppose that XN is a strongly prime IVFOA-
(m, n)-1Q of ). Then i is an IVFOA (m,n)-1Q of Q.
Thus, by Theorem 3.10, R is an OA-(m,n)- IQ of T.
Let X; and Ry be OA- (m, n) Is of {2 such that ®; Ry N
NyR; C R. Then )}N and g, are IVFOA (m n)-1Qs
of Q. By Lemma 2.7 XN R, = X}31 o X§2 and XNle =
>g~2 o Xg, - Thus, (Yg, © XNZ) (Xi, © Xit,) = Xty ¢, A
XNle XN Rynityi, = = Xi- By assumptlon XN = Xg
and XN = Xg- Thus, Nl - R or N2 C R. We conclude
that R is a strongly prime OA-(m,n)-IQ of €.

Corollary 4.14. Let Q) be an ordered semigroup Then )

has no proper OA-(m,n)-1Q if and only if supp(T) =

Q for

every IVFOA-(m,n)-1Q T of L.

V. CONCLUSION

The aim of the paper is to give the concept of IVFOA-
(m,n)-Is and IVFOA-(m, n)-1Qs in ordered semigroups. We
prove properties IVFOA-(m,n)-Is and IVFOA-(m, n)-1Qs.
In Theorems 3.10, 3.11, 4.9, 4.10, 3.14, and 4.13, we prove
the relationship between OA-(m,n)-Is, OA-(m, n)-QlIs and
class fuzzifications. In future work, we can study other kinds
of almost ideals and their fuzzifications in an ordered ternary
semigroup.
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