TAENG International Journal of Applied Mathematics

Analysis of the SEIR Model for Measles Spread
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Abstract—In this paper, we analyze the impact of vaccination
on the dynamics of measles transmission using the SEIR math-
ematical model. We demonstrate that high vaccination coverage
significantly reduces disease transmission and establishes herd
immunity, thereby protecting both vaccinated and unvaccinated
populations. We observe that low to moderate vaccination levels
result in an increase in the reproduction number, leading to
periodic outbreaks, especially in communities with low vaccine
uptake. Our analysis identifies both adult and child vaccination
rates as critical factors in stabilizing disease dynamics. In the
absence of vaccination, we observe uncontrolled outbreaks that
pose significant risks to public health. These findings underscore
the importance of implementing robust vaccination programs to
prevent measles outbreaks and maintain public health stability.

Index Terms—Measles, SEIR Model, Vaccination, Disease
Transmission.

I. INTRODUCTION

Measles is a highly contagious disease with the highest
susceptibility rate of any disease worldwide. It is characterized
by symptoms such as fever, sore throat, and a rash covering
the entire body. Measles has a significant potential to cause
outbreaks and is endemic in nature. Children who are not
vaccinated are extremely vulnerable to contracting measles.
Before the advent of immunization, nearly all children globally
were affected by measles. Measles is considered dangerous
because it can lead to complications such as brain damage,
damage to other organs, lifelong disabilities, paralysis, and
even death [1].

The advancement of scientific knowledge is crucial in
preventing the spread of measles. Mathematical models have
become a crucial tool for understanding the transmission
dynamics of epidemic diseases and for suggesting control
strategies to manage them [2]. Such models can aid in pre-
dicting and controlling measles in the future. The foundational
model for disease spread was introduced by Kermack in 1927
[3]. This model is known as the SIR model, where S, I, and R
stand for Susceptible (the healthy population that is vulnerable
to the disease), Infected (the number of individuals currently
infected), Recovered (the number of individuals who have
recovered and are immune to the disease) respectively. In this
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paper we use SEIR model, which is a modification of the SIR
model. These are individuals who have been exposed (F) to
the virus but are not yet infectious [4].

Measles has a latent period, which is the time between
infection and the appearance of symptoms. This latent period
introduces a new class, E (Exposed), representing the number
of individuals who have been exposed to the disease but have
not yet shown symptoms. Consequently, the model evolves
from SIR to SEIR to accommodate this new class.

Studying measles outbreaks can provide valuable data on
disease transmission, patterns of infection, and vulnerable
populations, aiding in the development of targeted preven-
tion strategies [5]. Measles vaccination programs have been
highly effective in reducing the global burden of the disease.
Analyzing vaccination coverage and its impact on disease
prevalence helps evaluate the success of immunization efforts
[6]. Measles outbreaks often prompt public health responses
such as vaccination campaigns, quarantine measures, and
educational initiatives. Analyzing these responses can inform
future policy decisions and improve outbreak control strategies
[7]. Measles is a classic example of a disease where herd
immunity plays a crucial role. Analyzing the threshold for
herd immunity and factors influencing it can guide vaccina-
tion strategies to protect vulnerable populations [8]. Measles
remains a significant cause of morbidity and mortality in many
parts of the world. Analyzing its impact on global health helps
prioritize resources for disease prevention and control efforts.

In this paper, we also study the basic reproduction number
(Ro). The study of basic reproduction number estimates for a
measles disease model can be found in the article by authors
in [9]. The article reveals that from 18 reviewed literatures,
it can be concluded that there are 58 estimates for the basic
reproduction number of measles. Studying measles outbreaks
provides valuable data on disease transmission, patterns of
infection, and vulnerable populations, which aids in develop-
ing targeted prevention strategies [5]. Vaccination programs
have proven highly effective in reducing the global burden
of measles. Analyzing vaccination coverage and its impact on
disease prevalence helps evaluate the success of immunization
efforts [6]. In this paper, we use the reproduction number under
vaccination (R,) to reflect the potential for disease spread in a
vaccinated population [9]. Understanding its dynamics is vital
for assessing vaccination effectiveness. A lower R, indicates
that high vaccination coverage can significantly curb disease
transmission, thus protecting both vaccinated and unvaccinated
individuals.

Moreover, we analyze elasticity measures concerning
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Fig. 1: Compartment of Measles Disease Spread Model.

changes in vaccination rates for adults and children, to demon-
strate how sensitive disease dynamics are to shifts in these
parameters. High elasticity values signify that fluctuations in
vaccination rates can substantially influence the overall spread
of measles, underscoring the importance of maintaining high
vaccination coverage.

II. SEIR MATHEMATICAL MODEL

In this case, Figure 1 helps in understanding the dynamics
of disease transmission by providing a framework to analyze
how individuals transition between these compartments over
time. In this case the individuals can move between these com-
partments over time based on different rates and probabilities.
S (Susceptible), represents the portion of the population that is
susceptible to the infection but has not yet been exposed. 551
is the rate at which susceptible individuals become exposed
when they come into contact with infectious individuals. Here,
[ is the transmission rate, and SI represents the interaction
between susceptible (S) and infected (/) individuals. Lastly
1 is the natural death rate from the susceptible group due to
causes other than measles.

Additionally, diseases like measles have a latent period
that creates a new class, exposed (E). Exposed represents
an individual who has been exposed to the infection but
is not yet infectious or incubated. o is the rate at which
exposed individuals become infectious, or in other word move
from E to I. This is the inverse of the incubation period. I
represents an individual who is actively infected and capable of
transmitting the disease to others. ¢ is the recovery rate, which
represents the rate at which infectious individuals recover and
move to the recovered (R) compartment.

R represents an individual who has recovered from the dis-
ease or has been removed either by death or other factors and
is assumed to have immunity. pu N is the rate of entry into the
recovered compartment, which may involve births of immune
individuals. Birth represents the inflow of new individuals
into the susceptible population. (1 — p)uN is the portion of
infant that enter the susceptible group, where p represents the
fraction of individuals who are vaccinated. v represents the
rate of vaccination for adults, moving individuals from the
susceptible population directly to the recovered population,
thereby reducing the number of people vulnerable to infection.
uN is the total birth rate. The total number of individuals is

s+e+i+1r =1 where, s = %,e: %,i: %,r: % and
we obtain the following equation
ds }
- = A=pu—(Bitp+)s, (D
de
o = Bsi—(p+y+oe 2
di
= = oe—(uto) 3)
dr .
o = puteyEdi—prtys. 4

The mathematical model for the spread of measles 1-4 are
constructed based on population compartments as explained
in Figure 1.

A. Reproduction number with the next generation matrix
method

The next generation matrix is widely used in epidemiology
to compute the basic reproduction number R for infectious
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diseases. R represents the average number of secondary infec-
tions caused by a single infectious individual in a completely
susceptible population. This method helps estimate Ry from
a SEIR model in equation 1-4. The system has a disease-free
equilibrium (DFE) at (S,I,E, R) = (So,0,0,0), where the
DEFE is locally asymptotically stable (LAS) if Ry < 1, but
unstable if Ry > 1 [10].

The basic reproduction number R, is determined by the
transmission rate, the average duration of infectiousness, and
the initial susceptible population Sy. Notably, R is unaffected
by the proportion of individuals who die from the disease.
When Ry is less than 1, the number of infectious individuals
steadily decreases until the disease is eliminated. However,
when Ry is greater than 1, the infection initially spreads before
eventually declining to zero. Therefore, Ry = 1 marks the
critical point between the disease dying out and the potential
for an epidemic [11].

The infection matrix F' describes the new infections in each
infected compartment. Elements Fj; of the matrix represent
the rate at which individuals in compartment ¢ produce new
infections in compartment j. Transition matrix V describes
the rates at which individuals move between compartments
or leave infected compartments due to recovery or death.
Elements V;; of the matrix represent the transition rates
between compartments. We ignore vaccination for adults v for
the calculation of Ry. Based on the compartment in Figure 1,
we have

_|BST _|YWE+oE+4uE
F‘{() ! o1+ pul—oB | ®)
At the DFE matrices I’ and V' are
|0 8BS _|y+o+p O
e B A ASAR o BT
The Next Generation Matrix G is constructed as
G=FV, (7

where, V! represents the inverse of the matrix govern-

ing 1the transitions between infected states. with V! =
Yo+ , we have G as
-0 0+p
BSe  BS
G = |ytotr otpu| | (8
0 0

The basic reproduction number Ry is the spectral radius of
the next generation matrix G. This is the largest absolute value
of the eigenvalues of G. So G has eigenvalues 0 and Ry where

BSo
(0 +p)(0+p)
In the expanded SEIR model, where individuals in the F
compartment are non-infectious, we assume that a fraction p of
people are vaccinated upon entering the susceptible population

through infant immunization programs. Adults also receive
vaccinations at a rate of ~y, ensuring they stay protected. With

€))

Ry =

TABLE I: Parameter value.

Parameter Value Reference
m 0.01241 [1]
o 0.125 [13]
B 0.09091 [1]
¥ 0%:; 10%; 40%; 70% Assumed
P 0% 10%; 40%; 70% Assumed
6 0.14286 [13]

the total population held constant at 1, (1 — p)uN individuals
join the susceptible group S, while pN are directly moved
to the recovered group R due to vaccination. The effective
reproduction number under vaccination referred to as R,,, we
obtain R, as

B(1 - p)o
(y+o+u)0+p)

The result in (10) indicates that to reduce R, below the
critical threshold of one and achieve herd immunity, the
proportion of the population that needs to be vaccinated must
be greater than 1 — 1/ Ry [10].

Rv =

(10)

B. Sensitivity and elasticity

To establish effective control measures, we identify the
key factors influencing disease transmission. By analyzing
the sensitivity of the transmission rate, we determine which
parameters have the strongest impact on the effective R,,. The
sensitivity index of R, with respect to a parameter ¢ is given
by 68110 . Another related measure is the elasticity index, which
represents the normalized sensitivity index and describes the
relative change in R, with respect to ¢. This elasticity index
is denoted by

R, ¢

Il = —
¢ B

. 11
R, (1)

The significance of each parameter in terms of control can
be assessed by calculating the elasticity indices. For equation
1-4 these are

-

i = 12

K Yo+ 12)
=P

i = : 13

p; T (13)

The sign of the elasticity index shows if R, rises (positive
value) or falls (negative value) as the parameter ¢ changes,
while the magnitude indicates how important that parameter
is. These indices can help the design of control strategies by
identifying the key parameters, though practical factors like
cost and feasibility must also be considered [12].

III. SIMULATION RESULTS

To proceed with the simulation using the provided initial
population values S(0) = 100/165, E(0) = 40/165, I(0) =
15/165, R(0) = 10/165 and parameters, we need to adjust the
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TABLE II: Data on the impact of different vaccination strategies.

Adult Child Time to Reach S E I R R, it L
Vaccination Vaccination Equilibrium
0.0 0.0 248.79 0.9500 || 0.0000 || 0.0000 || 0.0500 || 0.54824 || -0.0000 || -0.0000
0.0 0.1 228.57 0.8500 || 0.0000 || 0.0000 || 0.1500 || 0.49342 || -0.0000 || -0.1111
0.0 0.4 119.04 0.5496 || 0.0001 || 0.0001 || 0.4503 || 0.32894 || -0.0000 || -0.6666
0.0 0.7 114.35 0.3492 || 0.0000 || 0.0000 || 0.6507 || 0.16447 || -0.0000 || -2.3333
0.1 0.0 43.79 0.0940 || 0.0001 || 0.0010 || 0.9049 || 0.31495 || -0.4255 || -0.0000
0.1 0.1 43.94 0.0850 || 0.0001 || 0.0009 | 0.9140 || 0.28345 || -0.4255 || -0.1111
0.1 0.4 4437 0.0579 || 0.0001 || 0.0008 | 0.9412 || 0.18897 || -0.4255 || -0.6666
0.1 0.7 44.79 0.0308 || 0.0000 || 0.0007 || 0.9685 || 0.09448 || -0.4255 || -2.3333
0.4 0.0 26.27 0.0244 || 0.0000 || 0.0033 || 0.9723 || 0.13834 || -0.7476 || -0.0000
0.4 0.1 26.27 0.0219 || 0.0000 || 0.0033 || 0.9748 || 0.12450 || -0.7476 || -0.1111
0.4 0.4 26.25 0.0146 || 0.0000 || 0.0033 | 0.9821 || 0.08300 || -0.7476 || -0.6666
0.4 0.7 26.24 0.0073 || 0.0000 || 0.0033 || 0.9894 || 0.04150 || -0.7476 || -2.3333
0.7 0.0 24.55 0.0141 || 0.0000 || 0.0033 | 0.9826 || 0.08863 || -0.8383 || -0.0000
0.7 0.1 24.54 0.0127 || 0.0000 || 0.0033 || 0.9840 || 0.07977 || -0.8383 || -0.1111
0.7 0.4 24.54 0.0084 || 0.0000 || 0.0033 || 0.9883 || 0.05318 || -0.8383 || -0.6666
0.7 0.7 24.53 0.0042 || 0.0000 || 0.0033 || 0.9925 || 0.02659 || -0.8383 || -2.3333

initial conditions and incorporate the parameter values given
in Table I.

The analysis of the impact of vaccination on the dynamics
of measles, as illustrated in Figures 2-5 and supported by the
data in Table II, provides crucial information on the interaction
between the vaccination rates of adults and children. These
figures represent different scenarios of vaccination coverage,
allowing us to examine their influence on infection peaks,
the time required to reach equilibrium, and the proportions of
susceptible, exposed, infected and recovered populations. By
comparing these outcomes, we can understand how targeted
vaccination strategies alter the course of disease spread and
contribute to epidemic control. In the following, each subfigure
is analyzed in detail, highlighting its relationship with the
corresponding numerical values in Table II.

The analysis of Figures 2a, 2b, 2c, and 2d offers significant
insights into the impact of varying child vaccination rates
on measles transmission dynamics in the absence of adult
vaccination. In Figure 2a, where neither children nor adults
are vaccinated (0% for both), the infection peak is observed
at its highest level, and the system takes 248.79 units of
time to stabilize, as presented in Table II. In this scenario,
95% of the population remains susceptible, while only 5%
of the population transitions to the recovered state. This
indicates that the majority of individuals remain vulnerable
to the disease, allowing it to spread rapidly. The reproduction
number is 0.548, which suggests a considerable potential for
the disease to spread within the population. This highlights the
importance of vaccination in mitigating disease transmission,
as the absence of any form of vaccination results in a slow
recovery and high infection rates.

When child vaccination is introduced at a rate of 10%, as
shown in Figure 2b, a slight reduction in the infection peak
is observed. This leads to a faster stabilization of the system,
which now occurs in 228.57 units of time. In this case, 85%

of the population remains susceptible, while 15% transitions
to the recovered state. This results in a reduction in the
susceptible population, which helps reduce the transmission
dynamics. Additionally, the reproduction number decreases to
0.493, reflecting a moderate decrease in the spread of the
disease. Although child vaccination at this level provides a
positive impact, the reduction in infection rates is still not
sufficient to achieve a rapid decline in transmission or prevent
significant outbreaks.

In Figure 2c, with 40% child vaccination, the effect is much
more pronounced. A substantial reduction in the infection
peak is observed, and stabilization is achieved in 119.04
units of time. The proportion of the population that remains
susceptible decreases significantly to 54.96%, while 45.03% of
the population is now in the recovered state. This substantial
shift indicates that a higher vaccination rate substantially
reduces the pool of susceptible individuals, thereby curtailing
the potential for large outbreaks. The reproduction number
decreases further to 0.329, showing a marked reduction in the
disease transmission potential. This demonstrates the impor-
tance of a higher child vaccination rate in significantly altering
the trajectory of the disease and facilitating a faster recovery.

Finally, in Figure 2d, where 70% of children are vaccinated,
the impact on the infection dynamics is striking. Infections are
nearly suppressed, and stabilization occurs in just 114.35 units
of time. Only 34.92% of the population remains susceptible,
while 65.07% are in the recovered state. The reproduction
number is reduced to 0.164, which reflects an almost complete
control over the disease spread. The substantial reduction
in both the susceptible population and the infection rate
demonstrates the effectiveness of high vaccination coverage in
controlling measles transmission and achieving herd immunity.
This indicates that a 70% vaccination rate in children has
a significant and profound effect on the progression of the
disease, ensuring that most of the population is either immune
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Fig. 2: Measles dynamics with 0% adult and varying child vaccination.
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(¢) 10% adult and 40% child vaccination: infections significantly suppressed. (d) 10% adult and 70% child vaccination: infections nearly eliminated.

Fig. 3: Measles dynamics with 10% adult and varying child vaccination.
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(c) 40% adult and 40% child vaccination: infections significantly minimized. (d) 40% adult and 70% child vaccination: near-total suppression of infections.

Fig. 4: Measles dynamics with 40% adult and varying child vaccination.
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(¢) 70% adult and 40% child vaccination: infections minimized with strong (d) 70% adult and 70% child vaccination: complete eradication of infections.
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Fig. 5: Measles dynamics with 70% adult and varying child vaccination.
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or recovered.

Figures 3a, 3b, 3c, and 3d further explore the impact of
adding 10% adult vaccination in conjunction with varying
child vaccination rates. In Figure 3a, where no child vac-
cination is implemented, a lower infection peak is observed
compared to Figure 2a, with stabilization occurring in 43.79
units of time. The susceptible population is reduced to 9.4%,
while 90.49% of the population has recovered. The reproduc-
tion number decreases to 0.314, indicating improved disease
control due to the introduction of adult vaccination. This figure
highlights the effectiveness of even a modest adult vaccination
rate in reducing the infection burden.

When 10% child vaccination is added, as shown in Figure
3b, the stabilization time is slightly accelerated to 43.94 units,
with the susceptible population decreasing to 8.5% and the
recovered population increasing to 91.4%. The reproduction
number decreases further to 0.283, demonstrating that the
combined effect of adult and child vaccination results in
a more effective control of the disease compared to adult
vaccination alone. In Figure 3c, where 40% of children are
vaccinated, stabilization occurs in 44.37 units, with 5.79%
of the population susceptible and 94.12% recovered. The
reproduction number decreases to 0.188, indicating a fur-
ther reduction in transmission potential. This illustrates that
combining moderate levels of adult and child vaccination
accelerates disease control and facilitates a faster return to
stability.

In Figure 3d, with 70% child vaccination and 10% adult
vaccination, infections are nearly suppressed, with stabilization
occurring in 44.79 units of time. Only 3.08% of the population
remains susceptible, while 96.85% have recovered, and the
reproduction number is reduced to 0.094. This combination
results in near-total suppression of infections, indicating that
combining both adult and child vaccination is highly effective
in controlling the disease and minimizing its spread within the
population.

Figures 4a, 4b, 4c, and 4d examine the impact of 40%
adult vaccination combined with varying child vaccination
rates. In Figure 4a, where no child vaccination is applied, the
infection peak is significantly reduced compared to Figures
2a and 3a, and stabilization occurs in 26.27 units of time.
Only 2.44% of the population remains susceptible, while
97.23% are in the recovered state. The reproduction number
is 0.138, demonstrating that 40% adult vaccination provides a
strong control over the disease. This figure shows that adult
vaccination alone can dramatically reduce both the susceptible
population and the infection rate, leading to rapid disease
control.

The addition of 10% child vaccination, as shown in Figure
4b, maintains the stabilization time at 26.27 units. However,
the proportion of susceptible individuals decreases further to
2.19%, while 97.48% of the population is recovered. The
reproduction number decreases to 0.124, reflecting a con-
tinued improvement in disease control. In Figure 4c, where
40% child vaccination is added, stabilization occurs in 26.25
units of time, with 1.46% of the population susceptible and

98.21% recovered. The reproduction number decreases further
to 0.083, indicating that both adult and child vaccinations work
synergistically to reduce the disease transmission potential. In
Figure 4d, where 70% of children are vaccinated, infections
are nearly eliminated, and stabilization is achieved in 26.24
units of time. Only 0.73% of the population remains sus-
ceptible, while 98.94% have recovered, and the reproduction
number is further reduced to 0.041. This demonstrates that
higher adult vaccination rates, combined with significant child
vaccination, result in highly effective disease control.

Figures 5a, 5b, 5c, and 5d explore the outcomes of 70%
adult vaccination combined with varying child vaccination
rates. In Figure 5a, where no child vaccination is implemented,
infections are nearly eradicated, and stabilization occurs in
24.55 units of time. Only 1.41% of the population remains
susceptible, while 98.26% of the population has recovered.
The reproduction number is 0.088, suggesting that high adult
vaccination alone is highly effective in controlling the disease.
The system stabilizes quickly, and the susceptible population
is minimal.

The introduction of 10% child vaccination, as seen in Figure
5b, slightly reduces the proportion of susceptible individuals
to 1.27%, with 98.4% recovered, and the reproduction number
decreases to 0.079. Stabilization still occurs in 24.54 units of
time. In Figure 5c, with 40% child vaccination, stabilization
occurs in 24.54 units of time, with only 0.84% of the pop-
ulation susceptible and 98.83% recovered. The reproduction
number decreases to 0.053, further demonstrating the benefits
of combining high adult vaccination rates with child vacci-
nation. Finally, in Figure 5d, with 70% child vaccination,
infections are entirely suppressed, with stabilization occurring
in 24.53 units of time. Only 0.42% of the population remains
susceptible, while 99.25% have recovered. The reproduction
number is reduced to 0.026, confirming that the combination
of 70% adult and 70% child vaccination leads to the most
effective suppression of infections.

Finally, the results presented in Figures 2-5, alongside the
data from Table II, emphasize the critical role of both adult
and child vaccination in reducing infection rates, accelerating
disease stabilization, and achieving herd immunity. While
each group contributes individually to reducing the susceptible
population and minimizing transmission, their combination is
essential for achieving rapid and sustained control over the
disease. The findings highlight the necessity of implementing
vaccination programs targeting both children and adults to
effectively mitigate the spread of infectious diseases, such as
measles, and ensure long-term public health stability.

IV. CONCLUSION

In this paper, we demonstrate that both adult and child
vaccination are essential in controlling the spread of measles,
as analyzed through the SEIR mathematical model. Our results
show that vaccinating children alone can significantly reduce
infection rates and speed up stabilization. However, combin-
ing adult and child vaccination provides the most effective
control, leading to faster stabilization, fewer infections, and
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stronger immunity in the population. As vaccination coverage
increases, the potential for disease transmission decreases.
When both adult and child vaccination rates reach 70%,
infections are nearly eradicated, highlighting the power of
widespread vaccination in preventing outbreaks.

Our findings, based on the SEIR model, underscore the
importance of implementing comprehensive vaccination pro-
grams that target both adults and children. Achieving high vac-
cination coverage is crucial to preventing future outbreaks and
maintaining public health. In conclusion, this paper empha-
sizes the need for a combined vaccination strategy to reduce
measles transmission and improve long-term public health
outcomes, as demonstrated by the SEIR model’s projections.
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