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Positive Solutions for Fractional Switched System
with Integral Boundary Conditions

Hui Xu*, Baiyan Xu

Abstract—In this article, We find positive functions which
satisfy fractional order systems with integrals in the boundary
conditions. We first equivalently transform the fractional-
order switched system into an integral operator equation. Next
we discuss the equivalent integral equation. We present the
properties of Green’s function for the above problem. Finally,
as an application of Green’s function, we discuss the above
problem have positive solutions under certain conditions. Our
results extend the existing results. The tool we use is the fixed
point theorem about mixed monotone operator theory.

Index Terms—Switched fractional differential equation; Posi-
tive solution; Mixed monotone operator theory; Integral bound-
ary conditions.

I. INTRODUCTION

RACTIONAL calculus theory can effectively analyze
many phenomena in engineering and natural sciences.
Many physical problems, like earthquakes, electrodynamics
of complex media, and measurements are related to fractional
calculus theory [1-7,24].
Recently, problems with integral boundaries have become
popular among scholars (see [8-10]). In [8], authors consid-
ered the following problems earliest

CD&u(r) + f(ryu(r)) =0, 0<r<1,

1
u(l) = )\/ u(e)de, u(0) =u'(0)=0.
0
In [9], authors considered the

Dg.u(r) + Af(ryu(r),u(r) =0, 0<r<1,

u(l) = /0 q(r)u(r)dr, u(0) =u'(0) =0.

As we all know, the switched systems consist of a switch-
ing signal and many subsystems. Many issues in the applica-
tion fields may include switched systems. For example, the
electric power system in the literature (Shtessel, Raznopolov,
Ozerov, [11]), the Robotic system in the literature [12], the
model of HIV infection in the literature [13] and multi-
vehicle system in the literature (Zhang et al. [14]). The
study of determining whether solutions exist is the most
fundamental and important issue in switched systems. In
[15], the authors verify that the solutions not only exist but
are also unique of switched Hamiltonian systems. Positive
functions which satisfy a class of fractional switched systems
are considered by Lv et al. (2014)[16]. The conclusion that
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coupled implicit -Hilfer switched systems which is fractional
order have solution has been proven by Ahmad, Zada, and
Wang (2020) [17]. Under some time-varying switching law,
in paper [18], it is shown that the solution of an on-off
nonlinear switched system exists and is unique. For uncertain
nonlinear switched systems, Luo et al. (2024) [19] presented
event-triggered prescribed performance control.

Li and Liu [20] studied the following issues

$H(T) + fa(r)(ra $<T)) =0,

z(1) = /0 a(e)z(e)de, x(0) =0.

The  switching  signal  o(r)
M which is the interval {1,2,---, N}.
In [21], Guo discussed the following issues

DD u(r)) = f(ry (r u(r), Dyu(r)),
r € J is the interval [0, 1],
kDG u(n) = DS u(0),

r € J denotes interval [0, 1],

maps J to

“/o w(e)de + () = u(0), &n e [0,1].

Lv and Chen [16] gave positive functions which satisfied
the following issues

CD(‘)ﬁu(r) + fg'(T‘) (T7 U(T)) + ga(r)(rv 'LL(?")) =0,

r € J denotes interval [0, 1],

u(l) :/0 u(e)de, u”(0) =0, u(0)=0.

But one noticed eigenvalue of p-Laplacian fractional-order
switched systems had not been studied. In light of the above
research content, we analyze issues below in this paper

D§+¢P(D3+¢(t)) + /\p_lfo'(t) (ta ¢(t)7 ¢(t)) = 07 (1)
teJ=10,1],

1

D§0(0) = 0. 1) = [ k()o(ds, 6(0) =0, @)
here Dg+, D§, represent the fractional derivatives of
Riemann-Liouville style, 0 < 8 < 1, 1 < a < 2, p,(s) is
the p-Laplacian operator, o(t) is a piecewise function, o (t)
maps J to {1,2,---, N}, and each segment is a constant
about ¢. Considering the discussed switching signal o (), we
construct

{(%0,t0), -+, (35, t5), -, (ik, tx)|i,; belongs to the set {1,2,---, N}},

here the value of j ranges from 0 to k. We first construct an
iterative sequence, and then apply the theorem of monotonic
operators with forcing terms to obtain the existence results
to the studied problem.
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II. THE PRELIMINARY LEMMAS

(H1) k maps [0,1] to [0,00) and k is a L' function defined
on the interval from 0 to 1. Let w = fol 5% k(s)ds < 1.
Definition 2.1 [16]

1 /t .

=—=— [ (t=p)* h(p)dp,
I'(a) Jo

We call the above expression R-L fractional integral of h.
Definition 2.2 [16]

Feht) = Ty ()" [ = o o)

We call the above expression R-L fractional derivative of h.

We denote P is a cone of Banach space F, order relation
generated by the cone P likes P C E,i.e.,v—p € P if and
onlyif p <wv.wewritev > porpu <wv,if p#vand p <w.
We define P to be a normal cone, if there exists a positive
number N satisfies ||u|| < N||v|| for all u, v belong to the
set £, 0 < p < v. We define the order interval between
vy and v to be the set [v1,10] = {v € Elr; < v < 1n}
for v1,vy € E. The operator 1" maps the set E to the set
E, If p < v, we say T is increasing (decreasing), if Ty <
Tv (Tp>Tv).

We define ;1 ~ v to be an equivalence relation, if two
positive numbers A\ and ¢ satisfy Ay < v < du, for u,v
belong to the set E. We define P, tobe P, = {ys € E|u ~ I},
in which [ > 6. Clearly, P, C P and AP, = P, for all A > 0.

Definition 2.3 [23] If we choose p;, v;(i = 1,2) in P and
w1 < o, v1 > v, we say 1T is mixed monotone operator
T: PxP — Pif T(Ml, 1/1) < T(‘ug, 1/2). At this
point, we also say 7' being monotonically increasing in p
and monotonically decreasing in v. If p belongs to P and
satisfies u = T'(u, i), we call T has a fixed point .

Theorem 2.4 [23] We use P to stand for a normal cone.
Let 7" maps the set P x P to the set P, mixed monotone
operator T satisfies the relations below:

(Ay) there is [ € P, [ > 6 satisfying T'(1,1) € P;

(A3) for any p,v belong to the set P and ~ belongs
to the interval (0,1), there is w(y) € (t,1] satisfying
T(yp, v~ ') > w()Ta(p,v).

Then there has a unique function p* € P, satisfying the
expression p = T'(u, ). Moreover, for given pug,vy € P,
we construct a set of equations

Ig.h(t)

i = T (Wm—1,Vm—1), m can take values of 1,2, - -,
VUm =T ¥m—1, bm—1), m can take values of 1,2, - -

then when m — oo, we have p,, — p* and v, — u*.
Lemma 2.5 [22] Given a continuous function h, the
unique expression ¢(t) satisfies the fractional sysytem

D§io(t)+h(t) =0, 0<t<1, I1<a<2, (3
1
o(1) = [ kos)ds. (o) =0, @)
0
in which ¢(t) looks like
1
t) = H(t,s)h(s)ds, 5
)= [ Hh)as )
here
H(t,s) = Hi(t,s) + Ha(t, s), (6)

+ 1(1 _ S) 1 _ (t _ s)a—l’
1 0<s<t<l,
Hl(tvs) - Ta) to 1(1 5)04717
0<t<s<l,
@)
Hy(t,s) = T)dT. (8)

Lemma 2.6 [22] The expression Hy(t,s) given by (7)
meets the relationship below

=11 ‘3(2()1 “ < s < M v
Vi, sel0,1].
Denote !
5) = /0 Hy(7,s)k(T)dr. (10)

Lemma 2.7 [22] Let k4(s) > 0, s € [0, 1], the expression
H(t,s) given by (6) meets:
(i) The function H(t,s) is continuous on the interval ¢
belongs to the inteval (0,1) and s belongs to the inteval
(0,1);

i) H(t,s) > 0 for each s,t € (0,1) x

(i A LS (0,1);
(iid) H(t,s) <

(

(

———————— for ¢ belongs to the inteval
(1 —w)l(e)

0,1) and s belongs to the inteval (0,1);
+e 1

1—w/H1TS

[07 1]a

H(t,s) >

d =

)
ka(

s)to‘ L for s,t €

cond1t1on (Hy).
Proof: (i), (ii) are easy to prove. Here we will not prove
them. For (i), it is evident by (7) that

here, w is reflected in

ta—l 1— a—1
Hl(t78>§(l_‘(oé)8)f0r s,tE[O,l] (1])
Thus, by (6),(8) and (11), we have
H(tv 5) = Hl(tv S) + HQ(tv 5)
a—1 1
< Hi(t,s) + T Hy(r,s)k(r)dr
(1 _ S)a—ltoz—l
= I(a) (12)
ta—l Ta—l(l _ 8)04—1
—I-l A o) k(r)dr
B tafl(l . S)afl
(1 —-wl(a)

On the other hand, taking into account Lemma 2.5, expres-
sion of H(t,s), one gets

H(t, ) Hl(ts+H2
_kA()
_l—wt
|

Lemma 2.8 There is a unique function ¢(t) satisfying the
fractional switched system

DS op(Dg ¢(1)) + NP7 fy 0 (8, 0(2), 6(1)) = 0,
teJ=10,1],

(14)
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1
D50(0) = 0. 9(0) =0, o(1) = [ k()a()ds. (15
where ¢ is like this
() = )‘fo (t,s) SDq( fo

Jo(r) (Mé( ), d(7 ))dT)ds (16)

the function H (¢, s) is given by relationship (6).
Proof: From the system (14), (15), we get

ep(Dg ot ))
= -t 1fo'(s ( ¢(5)7¢(5))d3+00

" ¢(0) = 0 implies

o ot

Furthermore, the boundary condition D0
that Cy = 0. Thus, we have

@p(Dg+¢( ))

==\ 1 fo _1fcr(s ( ¢( )7¢(S))d87
this is equivalent to
DG ()
Aa (1 St = )77 fo (5, 6(5), 0(s))ds).

(17)
Considering the above equation (17), boundary condition
(15) and Lemma 2.7, one can acquire the result of Lemma
2.8. [ |

III. MAIN RESULTS
Under the standard norm

9]l = max [(£)],

0<t<1

continuous function on the interval [0,1] defined as E is a
Banach space. Mark P the normal cone by

P ={¢ € C[0,1]|¢(t) > 0, ¢ belongs to the interval [0,1]}.

Select any two quantities ¢, ¢ in space C[0, 1], the expression
¢ < 1 is equivalent to ¢(t) < 1(t), when ¢ takes value in
the range of O to 1.

Theorem 3.1 Let (H;) is true and

(Hs) fi = [0,1] x [0,400) x [0,+00) — [0,400) are
continuous, f;(t,$,) is increasing in ¢, when ¢ taking
value in the range of 0 to +oo, for fixed ¢ taking value
in the range of 0 to 1 and ¢ taking value in the range of 0 to
400, decreasing in % taking value in the range of 0 to +o0,
for fixed ¢ taking value in the range of 0 to 1 and ¢ taking
value in the range of 0 to +o00, for the value of ¢ takes value
in the range of 0 to N.

(HS) fi(t’071) 7é 0, fi(taLO) 7&
0, if ¢ belongs to the interval [0,1], for 4 taking value
in the range of 1 to IV;

(H4) choose any « from 0 to 1, there exists a constant
w(7) in the interval from v to 1 meets the relationship

fi(t7 ’Y¢a ’yilw) > (w(’y))pilfi(tv d)a 'l/)),

for all ¢ in the interval [0,1], ¢, in the interval [0, +0c0).
Thus for any positive parameter A, there exists a unique
positive function ¢3 belonging to F;,satisfies the fractional
switched system (1), (2), here () = t*~!, t belongs to the
interval [0, 1]. Moreover, choose any ¢, 1o from the interval
P, denote

nir(t) =N [y Ht,s
fo’(‘r)(T7 ¢7L( )

(P(l)f(s_T)ﬁ !
W(7))dr)ds, n=0,1,2,- -,

—7)f-1
n=0,1,2,---

Y1 (t) =X Jy Ht,5)pq (g vy Jo (5 (
fU(T)(Tv'(/)TL(T) ( )) )

)

there are

¢n (t) converge to @3 (t), 1, (t) converge to @3 (t), (n — o),

we can find H (¢, s) from Lemma 2.5.

Proof: As we know, the expression ¢(t) satisfies the
fractional switched system (1),(2) is equivalent to the fol-
lowing

o) = /\fo (ts ‘Pq(r(,g fo — )t

fo‘ T)(T?¢( ) w( ))dT)dS

we can find H (¢, s) from Lemma 2.5. For any ¢, ) belongs
to set P, we write

Tx(9,¥)(t
Pq (1‘(5) fo

=A fo
1f(T(T)(T ¢( ) ¢(7))d7)d3
(18)
From the condition (H2) and the equation (18), for any i =
2, ¢;,1; belongs to set P, and ¢1 > ¢o, 11 < 1o, there
are

X[V H(t, 5)
Pq E}r(lg) f(; 5= T>6_1fi(7—7 ¢1(7),¢1(7))dT)ds
> )\f?
q(p >fo s — 1)L fi(, (7)o (7))dr) ds,
=1,2,---,N,
so we have

Tx(¢p1,91)(t) = T2, 12)(1),

this equals

Tx(p1,%1) = Ta(p2, P2)-

From this, we can conclude that 7 is a mixed monotone
operator, here T maps the set P x P to the set P..

In fact, T meets all the requirements of the Theorem 2.4.
Next we will prove it, for any ¢, ¥ belong to the set P and
- belongs to the interval (0, 1), one can get

A fgl

%q fo s = 7)P 7 fi(r v (r), v~ (7)) dr) ds

> )\f? H(t s)

<Pq( fo 5_7)5 Hw))P=! filr, ¢(1), (7)) dr)ds,
= )\w f H(t,s)

eq(miay fo TPV fi(r, 6(7), (7)) dr) ds,

here ¢ takes value in the range of 1 to N. so one has

Tr(vo, 7 ) (t) = w(v)Ta (e, ¥)(t),

it means that

TA (7(153 7711/}) Z W(V)TA (¢a 1)[))

for any ¢, 1 belong to the set P and ~ belongs to the interval
(0,1). So, the requirement (As) of Theorem 2.4 can be
satisfied. Then, according to the conditions (Hy), (H2) and
the conclusion of the Lemma 2.7, we can derive

fol H(t,s)s

@q(ﬁ Jo(s— T)ﬁ—lfi(n 1(7),1(7))dr)ds
1 tafl fl kA

@q(p(ﬁ) fo 1f1(7' 0, l)dT)d
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here ¢ takes value in the range of 1 to N. On the contrary,
according to the condition (Hj) and the conclusion of the
Lemma 2.7, for any ¢ takes value in the range of 0 to 1 and
i=1,2,---, N, we can derive

Jy Ht,s)
wq(F(ﬂ) fo
< mf“ 1fo
wq(r(ﬁ) fO (s —7)° 1f1(7-71,0)d7')d57

here ¢ takes value in the range of 1 to IN. For
from 1 to N, let

)= fi (7, 1(T), l(T))dT)ds

)afl

1 taking value

— 1 ! 1— a—1
" Tt fy U 19)
(w7 Ji (s = )P fi(r,1,0)dr) ds,
1 1
g gy ) 20)
‘PQ(F(/R) Jo (s = 7)P7 1 fi(7,0,1)dT)ds.
Conditions f;(¢,0,1) # 0, f;(t,1,0) # 0 imply that
Jy (1= )2, (5
o (s = )P~ fi(r,1,0)dr)ds
> 0,
fOl ka(s ( T(8)
foHW fi(7,0,1)dr)ds 1)
> 0.
Thus,
m; >0, mn; >0, (22)

here the value of ¢ ranges from 1 to N. Set

n = min{n,, here the value of ¢ ranges from 1 to N}
and

m = max{m;, here the value of ¢ ranges from 1 to N},
we have n > 0 and m > 0. Therefore,

Anl(t) < Th(l,1) < Aml(t), (23)

this means that

T)\(l,l) e b. 24)

Then the requirement (A;) of Theorem 2.4 can be satisfied.
Then, from the conclusion of Theorem 2.4, we can find
a unique ¢3 belongs to the set P, here ¢} meets the
relationship Th (¢}, ¢5) = ¢4, we can conclude that the
unique positive function ¢y satisfies the switched system
(1), (2). For the value ¢g, o belongs to the set Pa—1, we
establish the sequence

¢n+1 - T/\(¢nawn)7 n = 07 1723 Tt
¢TL+1 = T)\(wﬂm ¢7L>7 n= 07 17 2a Y

one can derive
¢n, converge to ¢},

1y, converge to ¢y, (n converge to oo),

1.€., ¢n+1( )
_/\fo tS‘Pq(()f()(s_T)ﬂl
fo T)(T? ¢n( ) )

— Pi(t), n —> oo,

'(/}n-‘rl( )
= /\fo (t,s ‘Pq(r(ﬂ) Jo (s =m)P=t
Jo(r (7, %( ), &n(T ))dT)ds,
— 93 (t), n — oo.
This result is proved. u
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