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A Modified Liu and Story Algorithm for Solving
System of Convex-constrained Monotone
Nonlinear Equations with Applications to Signal
Recovery
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Abstract—The Liu and Story (LS) conjugate gradient (CG)
parameter 3-° (J. Optim, Theory and Appl., 69:129-137,
(1991)) is among the classical CG parameters with remarkable
numerical performance. However, its global convergence is not
always guaranteed. This paper presents a modified LS scheme
for solving constrained monotone nonlinear equations with
application to compressive sensing. Using eigenvalue analysis,
it has been shown that the symmetrized direction matrix of the
modified scheme is positive-definite and descent. By incorporat-
ing the proposed algorithm with Solodov & Svaiter’s projection
algorithm (1999), some convex-constrained monotone systems of
nonlinear equations were solved with impressive performance.
Using appropriate assumptions, the global convergence of the
new scheme was proved, and the numerical performance
as compared with some recent algorithms in the literature
indicates its robustness and effectiveness. Furthermore, the new
algorithm performed better than the compared algorithm in
restoring some signal problems in compressed sensing.
Keywords: Liu & Story CG parameter, Eigenvalue analysis,
Convex constraints, Compressed sensing, Search direction ma-
trix, Positive definite matrix.

Index Terms—Liu & Story CG parameter, Eigenvalue anal-
ysis, Convex constraints, Compressed sensing, Search direction
matrix, Positive definite matrix.

I. INTRODUCTION
C ONSIDER the system:

F(z) =0, €. (1)

Here, F' : R — R"™ is continuous and monotone mapping.
1» C R™ is a non-empty, closed, and convex set. F' being
monotone satisfies the following

(F(z) - F@)" (x—y)>0 Vo,yeR". (2

In this paper, R” and ||.|| refer to the real n-dimensional
space and Euclidean norm, respectively, while F'(xy) = F.
The above system is present in sciences and engineering;
many scientific formulations often ended up to systems of
nonlinear equations. They appeared in mathematical research
fields such as differential equations, optimization theory,
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and integral equations. They are useful in the generalized
proximal algorithms with Bregman distances as subprob-
lems [4]. They are applied in chemistry when determining
chemical equilibrium points. Similarly, the equilibrium in
an economic analysis is determined in the same way [5].
Some variational inequalities are converted to monotone
systems before solving [6]. Furthermore, they are applicable
in compressed sensing for signal reconstruction and image
deblurring [9], [10], [5], [8]. They play an essential role in
optimal power flow equations [7]. They are helpful in the ra-
dioactive transfer process by discretizing the Chandrasekhar
integral equation [5]. They appeared in financial institutions
for forecasting mechanizing [21].

Dozens of methods and/or techniques have been inves-
tigated, designed, and analyzed for finding the solutions
of system (1). The most popular among them is Newton’s
methods and their improved versions [11], [13]. Steepest
descent was investigated in the past, but it was neglected
due to its low convergence rate [14]. Levenberg-Marquardt’s
approach is also a good alternative for solving system (1)
[15], [16].

Due to the presence of a large-scale system, researchers’
attention turned to CG methods. Being derivative-free, they
have the capacity of solving large-scale systems with less
CPU time [17].

The CG methods are iterative, i.e., given any starting point,
T, it generates the next iterative point x4, via

Trt1 = Tk + ogdy, k=0,1,2,..., (3)

where ay, is the step length and dj, is the search direction.
The d;, = for the CG methods is represented by the following
expression:

_F if k=0
dp=4 F By ’ )
Iy + Brsp—1, if kE>1,

Sk—1 = Tk — Tk—1, and Py is the CG parameter.
This CG parameter [, is of different expression and
format based on the way they have been formed; for example,

T

s Fpyr—

k - )
ijlldk—l

®)

is called a conjugate descent (CD) CG parameter [43].

The parameter () is considered the most critical part of
any CG direction, as different CG parameters bring about
different CG directions with unique convergence properties
and numerical performance. Although some CG parameters
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are computationally excellent, some often do not satisfy the
inequality below, an essential ingredient for global conver-
gence [5].

Eld, < —71||Fe||?, 7>0, (6)

The conjugate descent (CD) parameter B,?D belongs to
the class of classical CGs with good convergence attributes
but weak numerical performance. In an effort to address
the above challenge, Yang et al., [18] hybridized Liu-story
(LS) and CD parameters using Wolfe’s line search strategy.
The algorithm they produced was an efficient one. Kaelo et
al. [19] hybridized Liu-Story LS, Hestenes-Steifel (HS), and
Dai-Yuan (DY) CG parameters and produced an algorithm
that satisfied (6), an ingredient for global convergence. Using
strong Wolfe’s line search strategy, the proposed algorithm
converged globally. Similarly, Snezana & Djordjevic [20]
proposed a new hybrid of CD and LS, with a hybrid
parameter generated in a way that (6) is satisfied. Liu et
al. [22] presented a scheme that satisfies condition (6) and
presented an LS-type CG parameter for solving the system
(1) by applying Powell’s strategy on the LS-type scheme
[23]. Motivated by the method presented in [24], Wang et al.
[25] presented a three-term CG algorithm for the solution to
the system (1). Similarly, Li wang, in [26], based on FR-type
CG iterative scheme, proposed an algorithm for symmetric
system by improving the method of Zhang et al. [27]. The
method satisfies (6) and converges globally. Furthermore, in
their effort to come up with a better algorithm that solve
(1), Liu and Li [28] updated the scheme of Yu et al. [29]
and presented a multivariate spectral algorithm for solving
the system of the form (1). Motivated by the fact that
the numerical performance of the classical CD method is
weak, Zhang et al., [30] proposed a three-term CG direction
that satisfies the (6) and trust-region property. The proposed
method’s convergence was achieved by a modified Weak
Wolf-Powell (MWWP) line search strategy coupled with
the projection algorithm. The numerical results outperformed
most of the available algorithms.

Originally, classical conjugate gradient methods were de-
signed for solving systems of the form

min f(z), z€R", @)

such that f : R®™ — R is nonlinear and continuous mapping
and the second derivative exists. Considering their nice prop-
erties and the fact that the first-order optimality condition for
(7) i.e,Vf(x) = 0 is the same as (1) whenever, Vf = F},
is the first derivative of some nonlinear functions, all the
methods applied to (7), can be extended to tackle the problem
of the form (1).

II. MOTIVATION AND DERIVATION

To modify an existing or to produce a new successful CG
parameter, two factors must be considered:

o The new modified CG parameter must satisfy (6), which
will give way to global convergence.

o It must outperform the existing methods computation-
ally by carrying out numerical comparisons with the
relevant existing methods in the literature.

In [31], Yu and Guan presented a modified version of the
DY CG parameter as follows:

DDY _ pDY

b|| Fy||?

(df_lyk,l)

In the effort to prove the convergence of the method, they
showed that (6) is satisfied for 7 = 1 — 4%) and b > %.
motivated by Guan’s scheme; Yu et al. [29] proposed a spec-
tral DY of the method in [31] and presented the following

direction )
di, = aFk + BPIPY dj_y, &)

where
IFel®> blIF?
5k(d{f1yk71) 5k(d£71yk71)

Both the schemes in [31] and [29] satisfy (6) for b > i ie.,
b e (i, o0). Moreover, Yu and Guan presented a modified
Liu-Storey CG parameter in [31] for solving unconstrained
optimization problems. They presented the following

By = ~di_1Fi.. (10)

T 2
MLS 95 Yk—1 blye—1ll* 7 1
=" - Gp—1dr—1, b>—.
* df gk (dF_1gk-1)? ol (ill)

They showed that the scheme with modified LS satisfied
equation (6) for b € (i,oo) only. However, the main
challenge with the scheme (11) is that the parameter b is
not mathematically derived but is randomly selected in the
interval (§,00),, and the scheme will not satisfy (6) for
b> 0.

Motivated by the above and the fact that the modified LS
scheme for the system of nonlinear equations is limited in
the literature, the following modification is proposed:
bre[|yr—1 >

_S (FkTskfl)7

MLS _ _¢ Flyra
(Fi_ys6-1)

k - T
Fy 18561

£>0,

(12)
and by > 0 is a parameter to be determined.
The notable features of the new scheme are
o The inequality (6) is satisfied throughout the interval
(0, 00).
o The value of the positive parameter by, is not fixed, but
it is mathematically derived.

Then by (4) and (12), we have

Flys bellyr—1 1P B sk
dpy=—Fp — 622 g ) — k —1.
k 2 gsg,leq Sk—1—§ (T Fo1)? Sk—1
13)
By Perry’s idea in [33], (13) can be written as
dp = —QrFy. (14)

Here @ is called the search direction matrix, which is
expressed as

billyr—1 [ (sk—155_1)
(B sk-1)?

@1, non-symmetric; it shall be symmetrized as follows:

T
Sk—1Yj—1

T
Fr18k—1

Qe=1+¢ +¢ (15)

bellyr—1lPsk—15}_4
(Fyysk-1)?

16)

T T
Sk—1Yj—1 T Yk—1S_1
FE s

Hp=1+¢ +¢
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Then (14) becomes

dp = —HyFy, (17)
where Hj, is the symmetric version of Q) in (14).
Theorem 1. Hj defined in (16), has eigenvalues )\;, Ap
and 1 (n — 2) times where,

A= ! [(2 + 28pr + Ebrar)

2 (18)
+ \/(fbquc + 26pr)? + 483 (qk — pi)]
1
Ay = B} {(2 + 2&pi + Ebrqr)
(19)
- \/(fbk(Jk + 28pr)? + 482 (qr — Pi)}
with
oh = Vi 15k-1 _ ye-1lPllse—1] 20)
B se-1’ (FLy51-1)

Moreover, the eigenvalues are real and positive.

Proof: Let’s assume the function Fj_; and s;_; are
not zero unless the solution is reached; hence, Fg Sp—1 > 0.
Let V be a vector space spanned by {Fjy_1,s,_1}. Then
the dimension of V' and its orthogonal complement V-, are
dim(V) < 2 and dim (V1) > n—2, respectively. Let a set of
mutually orthogonal vectors be {ti ,}7~2 C V' satisfying

FF i =sb b =0, i=1,..n—2. (1)
Using (16) and (21) we get
Hyty, y = tj,_4, (22)

The above equation is an eigenvector equation, and ¢} _,
for e =1,2,..n — 2 is an eigenvector with a corresponding
eigenvalue of 1 up to (n — 2) times.

Let the remaining eigenvalue be /\kF and A\, .

Furthermore, (16) can also be written as

(23)
¢ billye—1l?sk—1 + Yi_15k-1Fk \ o
(Fy_ys1-1)2 .

It is clear that (23) is a rank-2 update matrix; therefore, from
theorem 1.2.16 of [34], the relation

det(I + ara3 +asay ) = (1+afas)(1+ ajas)
— (a?a;;) (agag),
where the vectors a1, as, as, and a4 are defined as:

Sk—1
FkTASk—l

(24)

ap =§ , a2 = Yk—1,

billye—1l1?sk—1 + F 1 sk—1 + yr—1

as = € Ay = Sk—1-
(Fyl_ysk-1)? ,

can be used to get the determinant matrix of Ay as

(3/1{7151«—1)

billys—1ll*llsk—1l*
(Fyys1-1)

(Fiysk-1)?

2
det(Hk) = <§ + 1> + &
2 lye—112llse—1?
(Fysk-1)?
(25)

Furthermore, it is known that the trace of (16) is equivalent
to the total number of its eigenvalues; hence we have

trace(Hy) =1+ 14+ 14+Af + Ay
——

(n—2)times

(26)
=n+2¢ Yi18k-1 n fb’f”yk—1||2H$k—1H2
Fg—lsk—l (Fg—13k—1)2
and consequently,
T ) )
— Yp—15k—1 bellyre—1 1 |lsk—1]]
A X =242 +¢ . @7
k Flzllskfl (F]zllskfl>2

Then by (20), (25) and (27), we get

Ne— (24 26pn + €brar) Mt ((€pk + 1) + €(br — Eax) = 0.
(28)
Then using the quadratic equations formula we obtain

1
Ao = B [(2 + 2&pr + Ebrar)E

\/(fbkCIk +26p1)? + 462(qk — p3) (29)
This gives (18) and (19).

Next is to show that A{" and )\, are real and positive. The
discriminant is positive, since g > pi. Therefore we need
to have

bk”ﬂk—lHQHSk’—l”Z
(Fg—lsk*1)2

T
Yie—15k—1

2+2
gFg—lskfl

> 0.

+¢

(30)

A{ is real and positive when

(ygflsk—l)(Flzlﬁk—l) (Flzlﬁk—l)z

b > —2 — .
lyre—1l?llse-11l? §Hyk—1|\2||3k—1||(231

)

For A\, to be real and positive, we require equation (28) to
be greater than zero, i.e., (19) to be greater than zero.
After algebraic simplification, we get

b > € — <\/g(yleSk—1) n

lyx—1lllsk—1ll

T
Fy_ 1561

2
. (32
mymns“) 2

Now (32) can be written as

b, =& <\/€(y,{15k_1) .

lyk—1llllsk—1l]

T
Fi_1sk-1

2
. (33
¢z||yk1||||sk1||> Gy

with £ > 0 and ¢ < 0.
Defining \,, = € (0,1) and multiplying (17) with Fj,, we
have

Fdy, = —F,HyFy, < —n|| Fy||? < 0. (34)

Hence (6) is satisfied with by > 0 Vk [ |
To further improve the boundedness and convergence of
the proposed algorithm, we employed Waziri et.al. idea [35]

and present the following
dy = —Fp + B M P sp1, (35)

where

ﬂlg]JVILS _ _gHFkH2 _ gbk”yk—l”Q(FkTSk—l)

. (36
o, % (36)

@y = max{F_ 1551, & yr—1lllsk-1l},
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and

_ \/Z(ylzi_lskfl) Flzﬂ—lskfl 2
bk£¢< 0. W > 37)

£>0,

» <0.
U = max{||yx—1llllsn—1l; €1 F%—1 llsu -1},

Vie = max{|| Fr—1[ll|sk—1ll, €| Frllllsk—11}-

Let us define Solodov’s projection mapping here.

Definition 1. Let v C R"™ not empty, be convex, and closed.
For © € R, its projection onto 1) is given by

Py =argmin{||z —y| : y € ¥} (38)
The above mapping is a projection map that satisfies

1Py () = Py ()] < [lz - yll,

and finally,

called nonexpensive, (39)

1Py () =yl < [le—yll,Vy € ¢ (40)

Algorithm 1 Updated Modified (UMLS)

Given xg € ¥, dg = —Fp, p € (0,1), 0 > 0, e = 107°, and
¢>0,setk=0.

Step i: find Fy. If || F| < € stop, otherwise go to Step ii.
Step ii: Let o, = (p™*, where my, is the least positive
integer m such that

—F(z + Oékdk)Tdk > oag||F(xg + Otkdk)HHdkHQ. 41

Step iii: Set

2k = T + apdg. (42)

Step iv: If 2, € ¢ and ||[F(21)|| < ¢, stop; else, go to Step
V.
Step v: Solve for x4 by

Th41 = Pw [(Ek — )\kF(Zk)], (43)

(zr — 21)" F(z1)

. | F(ze) 1>

Step vi: Get the new djy11 using (35), (36) and (37).
Step vii: Update £ = k + 1 and repeat Step ii.

where, A\, =

III. CONVERGENCE RESULTS

This part presents the analysis of the proposed algorithm
UMLS and some certain preassumptions.

Assumption 1. The map F is Lipschitz continuous; that is,
there is a constant L > 0 such that

|F(z) — F(y)|| < Ll|lx —y|| holds for any xz,y € R™.

(44)

Assumption 2. F' is strongly monotone, i.e., ¥ x,y € R"
there exists ¢ > 0 such that

(@—y)" (F(z) = F(y)) > cle —yl? for all z,yeR"

(45)

Assumption 3. Let S, nonempty, be the solution set of (1)

Lemma 1. Let the assumptions hold, and {x}, {zx} are
sequences defined by UMLS algorithm, then {xi}, {21} are
bounded and

ldi|l < M. (46)
lim ||z — 2| = 0. (47)
k— o0
lim ||zk41 — k|| = 0. (48)
k— o0

Proof: Let T € S be a solution of (1), using (45) we
have

(xr — )T F(2) > (zp — 2) T F(21). (49)
By (41) and definition of zj
(zr — 21) T F(21) > oo || di || > 0. (50)
And from (43) we have
lwpr1 = Z|* = llax — AeF (21) — 7|
= [lzx — Z)1* = 2Xk (2 — )T F(2)
+ARIF (2|7
<k — Z|1* = 20 (zp — 21) T F(2) 1)
+ AR (i) [P
e — a2 — ((zx — 2) " F(2))?
1 (ze) 12
< Jlaw — 2|
Hence,
[@r1 = 2| < llok — 2| (52)

Repeatedly, ||z, — Z| < ||lzo — Z|| k.
This means that {x; —Z} is decreasing and {z} is bounded.
Furthermore, by (1)-(3) and (52), we get

1kl = [|Fr = Fi(2)|| < Lllek — 7| < [lzo — 2. (53)

Hence

| Fx|| < N7 for (54)

Then from (37)
2
€— o (ﬁ(y;f_18k1) n (FE_lskn)

Nl = HZL’O —i’”

b
|br| i 7

VElwealllseall | I lllsa]l\®
<
_I£+|w‘< lllsetll, WFieall
2
_ _ Fi_ _
<e+lyl (\/Eyk e n [ Fre—1lllsk 1||)
lyk—1lllsk—1l] [ Fe—1llllsk—1l
2
=+l (VE+1) .
(55)
This implies
2
bl <A for A=&+lpl (VE+T) . (56)
And from (35), (36), (37), (54) and (56), we arrive
Idill = ||—Fr + BEMES s |
EFLyr—1)  Ehllye—1|P(F sk—1)
= —F — _
H k+( Py o7 okt
F _ _ bi| || F 1 1Pllsp—1 ]
< ”FkH+|£H| ol [l =1l yw 1||+|€|| all k\lllyk2 11 lls—1l
o, o2

1 1
< FR] 4 [ Fll + E)‘HFkH <(2+ EA)NL (57)
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Let M = (2 + %)\)Nl, (46) is proved.

Since {dy}, {x)} are bounded sequences, from (42) we have
that {z;} is bounded. Using the same argument as in (53)
we have

|F(zx)|| <€, £ is a positive constant. (58)
From (51),
2 _ _
((we — 2)"F(21))” < 1Fell? (lew — 2l|° = opgr — 2)7) -
(59
From (41), we get
oa|ldel|* < o (F(z1)" di). (60)

By (51) and (58), we have
aajlldell* < |F ) (loe = 2l = 2241 — 2]%), ©61)

{z) — Z} converged and {F'(zx)} is bounded, we can apply
limit on (59) to get

o? lim af|/dx||* < 0. (62)
k—o00
and hence
lim aygd, = 0. (63)
k—oo

(61) and (42) indicates that (47) is true. We can, however,
deduce from the definition of \; that

k41 — wl| = lok — AeF (21) — k]
= |IxeF'(2x)|| (64)
< llor — 2ell-
This means (48) is proved. ]

Theorem 2. Lets assumptions (1)-(3) be true and {xy} be

a sequence defined by UMLS algorithm, then
lim inf || Fy|| = 0. (65)
k—o0

Proof: Let us starts by contradicting the above assump-
tions i.e., (65) not true, then

|Fkll > €0 is truevk > 0. (66)
Let ||dg| # unless when || F}|| = 0, then there exists
61 > 0 such that
l[dil| = 1. (67)

If oy, # &, then oy, p~'ay does not agrees (41)
i.e.,

—F(zpt+p tawdy) dy < op™ o ||F(zi+p tagdy)||||dil

(68)
Using (68) and (6) yields
T||Fil® < —Fy d
= (F(zx + ptondy) — Fk:)Tdk
— Fy (g + p tandy) " dy (69)
< Lp~ oyl d||” + op™ |y |2
= a||di||(L + o)p™ |||
And from (69) we get
2
i | > 75— THZ“” > LT o)
Equation (70) contradicts (63). Hence (65) is true. This
completes the proof. ]

IV. NUMERICAL EXPERIMENTS

This section is divided into two parts, the first and the
second. In this part, numerical results of the proposed method
is presented to highlight the development achieved by the
proposed algorithm. The following algorithms were used for
the comparisons:

« MDDYM (2021) Algorithm proposed in [35].

« DTCGI (2020) Algorithm proposed in [9].

In the second part, UMLS Algorithm is applied to solve
problems arising in compressive sensing. The Algorithm is
compared with CHCG Algorithm for signal reconstruction
and recovery. Below are the parameters used for the
UMLS Algorithm: The codes are written in MaTlab
8.3.0 (R2014a) and run on a laptop computer with the
following specifications: 1.80 GHz, processor (CPU), and
8 RAM (GB). However, the parameters of MDDYM and
DTCG1 Algorithms, were chosen as in [35] and [9], while
the parameters for UMLS were chosen to be ¢ = 1,
o= ¢ = 10"% and p = ¢ = 0.9. The iterations of
all the three algorithms were stop when || Fj| < 1076,
|F(z)]] < 1075, or the number of iterations exceed
2000 but stopping criteria is not satisfied. The numerical
experiments of the three methods were carried out using the
following ten test problems (T1-T6), and with the following
initial points:

x4 = (0.01,0.01,...,0.01)T, 23 = (0.25,0.25,...,0.25)%,

23 = (04,04,..,047, 2 = (0.5,05,..,05)T,
@) = (1.25,1.25,..,1.25)T, 2§ = (0.3,0.3,...,0.3)7,
zy=(1,1,..,1)T, and 2§ = (0.1,0.1,...,0.1)T.
T1 [9]
Fl(l‘) =e"t —1,
Fiz)=¢€¢"4+z;_1 -1, i=2,3,4,...,n—1,
where 1) = R’}
T2 [10]
Fi(z) =log(xi +1) = %, i=2,3,...,n—1,
n
where ¢ = {x € R : le <n,z; > -1,
i=1

i=1,2,3,...,n}.

T3 [35]

Fi(z) =2x; —sin|z;|, i=1,2,3,...,n,
where ¢ = R}

T4[10]

Fi(x)=cosz; +x; — 1. i=1,23,...,n,
where 1) = R’}

T5 [9]

Fi(z)=e" -1, i=1,2,3,...,n,

where 1) = R’}

Té6 [35]

Fi(z) = =221 — 29 + €™ — 1,

Fl(m) = —x;_1 +2x; — Tir1 + eri — 1,

Fo(z) = —tn_1 42z, + €™ —1, i=2,3,4,...,n—1,
n

where v = {z € R" : le < n,z; >0, 1 =
i=1

1,2,3,...,n}.
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Fig. 2: Performance profile for the function evaluations.

Tables II-IV display the performance of the proposed
algorithm (UMLS) in comparison with recent CG algorithms;
MDDYM [35] and DTCG1 [9]. In the tables, the terms IP,
Iter, and Fval refer to the initial point, number of iterations,
and function evaluations respectively. Also, Time(s) and
| Fx|| refers to CPU time and norm of residual functions
respectively.

To be just a comparison, the two algorithms were run with
the same initial starting point. The large dimension, i.e.,
(100,000), indicates the proposed algorithm’s applicability
to practical problems.

As it is observable from the tables, the UMLS algorithm
solves all the test functions with the least number of
iterations, least CPU time, and least number of function
evaluations as compared to the DTCGl and MDDYM
algorithms. Based on the above, the UMLS algorithm
outperformed the compared algorithms and can be used for
practical purposes where large-scale systems are involved.

Furthermore, using Dolan and Moré [36] performance
profile, data of tables II-IV were used to plot Figures 1-
3. Each Figure compares the proposed method with that

Fig. 3: Performance profile for the CPU Time (in seconds).

of MYYDM and DTCGTI algorithms based on the selected
metric.

Figure 1 displays the comparison based on the number of
iterations. In this Figure, it is clear that the UMLS algorithm
wins over MYYDM algorithm in about 80% of the entire
experiment. The same thing happened with Figure 2 where
UMLS algorithm wins over MYYDM algorithm in about
53% of the entire experiment based on function evaluations.
The same trend with Figure 3. Therefore, based on the
above, the proposed algorithm (UMLS) could be relied on
for solving system (1) and extending to compressive sensing.
Furthermore, using Dolan and Moré performance profile, the
data in tables II-IV were used to plot figures 1-3. Each
figure displays the performance based on the criteria used
i.e., number of iterations, CPU and number of function
evaluations.

A. Application of UMLS Algorithm to signal recovery

Among the applications of constrained monotone nonlin-
ear systems of equations is signal and image recovery in com-
pressive sensing (CS). Compressing sensing or compressed
sensing, concerns with the reconstruction of a sparse signal
from incoherent measurements. It asserts that some signals
in real applications have a better representation in a specific
domain after transformation while the remaining ones are
insignificant or zeros. It replaces the traditional sampling
technique, thereby reducing the number of samples for better
signal sampling and reconstruction. The technique depends
mainly on mathematical algorithms, especially derivative-
free based algorithms that need less storage facility and
a high chance of solving large-scale systems. Therefore,
optimization procedures that aim at the sparsest solution in
a suitable representation will be a good candidate for the
job. The CS theorem is present in biological engineering,
medical sciences, sciences and engineering [37], [38]. It uses

the following linear equation to recover the sparse signal
¢ =Nz, (71)

x €R™ ¢ € R™, N € R™" (m << n) is a linear operator.
The popular method for solving the sparse solution is to
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Fig. 4: Displays, from top to bottom, the original signal, the measurement, and the recovery signals recovered by the UMLS

and CHCG algorithms.

minimize the relation below

min 2|6 — Nal}3 + 7l 72
T is a positive parameter (regularized).

Equation (72) is a non-smooth due to the presence of /;-norm
therefore, derivative-free algorithms can not be applied to
solve it. As such, gradient projection for sparse reconstruc-
tion (GPSR) proposed by Figueredo et al. [39] is among
the best approach for solving (72). In [39], problem (72) is
written as

r=u—v, u>0, v>0, u,veR? (73)
u; = (zi)4, and v; = (—x;)4 for ¢ = 1,2,...,n, where
(.)+ denotes positive-part operator, which is defined as
()4 = max{0,z}. Using ¢;-norm definition, it implies

Izl = eTu + elv, with e, = (1,1,..,1)7 € R™ and
problem (72) become

1
min §H(Z5 —~ N —v)|3+7elu+7relv, w,0>0. (74)

Figueredo et al., [39] demonstrates how to express problem
(74) in a more formal bound quadratic programming problem
as

1
min izTHz + cTz, st z22>0, (75)

wherez<z>,0762n+( _bb >,bNT(,z5,

BB -B'B

-BTB BTB

The matrix H is a positive semi-definite. Equation (75) can
be transformed to a linear variable inequality (LVT), which
is the same thing to

H =

F(z) =min{z,Hz + ¢} = 0. (76)

The function Fj, in (75) is a vector-valued function, it was
shown to be Lipschitz continuous and monotone in Lemma
3 of [40] and Lemma 2.2 of [41]. Hence, our proposed
algorithm, UMLS algorithm, could be a good choice for
solving it.

Numerical comparison is carried out in comparison with
CHCG algorithm in signal reconstruction and recovery. The
size of the signal is considered to be n = 2'2 with k = 210,
The Error, termed as means square error (MSE) is used to
assess the quality of the restoration process, it is measured
by

1
MSE = —||& — z||?, (77)
n

where 2 refers to the original signal, and 7 is the recovered
signal. The experiment starts by initializing o = N7 ¢,
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Fig. 5: Compares UMLS and CHCG Algorithm in signal
recovery experiment. In above figure, x-axes represent the
number of iterations, y-axes represent MSE, and the number
of function evaluations.
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conducting ten (10) trials recording the data of interest for

each trial. It set to stop when If"f_ifi"l’lll <1072,

[ fre

where f(z) = 2||Nz — ¢||3 + 7|[|1 is a merit function.
The following information is recorded:

As seen from the Figures and the table, both algorithms
performed well in recovering the signals with a reasonable
degree of accuracy. But considering the number of iterations
(ITER) and the TIMES (CPU times), the proposed algorithm
is faster and more efficient than the compared algorithm.
Then it is evident that UMLS algorithm is an excellent
algorithm to be applied to ¢;-norm minimization and signal

recovery.

V. CONCLUSION

This paper presented a modified Liu and Storey algo-
rithm for the constrained monotone nonlinear equation. The
algorithm satisfied the descent condition by conducting an
eigenvalue analysis of the search direction matrix. Unlike
methods presented by Yu and Guan [31], and YU et al.
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Fig. 6: Compares UMLS and CHCG Algorithm in signal

recovery experiment. In above figure, x-axes represent CPU

time (seconds), and y-axes represent MSE and the number

of function evaluations.

0 50

200

TABLE I: Ten trials recorded of UMLS and CHCG
signal’s recovery with ¢;-norm regularization

UMLS CHCG
MSE ITER  TIMEC(s) MSE ITER  TIME(s)
2.13E-04 91 2.76 2.30E-05 137 2.06
8.16E-06 92 2.52 1.96E-05 141 2.06
8.11E-06 89 2.6 2.38E-05 121 3.55
2.09E-04 91 2.52 2.38E-05 135 2.98
4.62E-05 84 2.34 1.62E-05 140 3.09
7.70E-06 96 2.88 1.85E-05 125 3.77
2.72E-05 87 2.72 4.31E-05 135 3.16
1.09E-05 84 2.53 1.94E-05 147 3.17
0.74E-05 75 225 2.10E-04 108 0.41
1.19E-05 72 2.53 2.71E-05 122 4.53

AVERAGE  3.62E-05  92.8 2.556 4.24E-05 132 2.878

[32], which assured global convergence only for C' € (i, 00)
interval, the proposed method converges globally in the set
C € (0,00). The impact of this development is clearer in
the comparison section. Being fast and robust, the proposed
algorithm is extended and outperforms the CHCG algorithm
in signal recovery in compressive sensing. In the future, more
classical CGs’ should be utilized, analyzed in similar fashion
and prove the global convergence.

Volume 55, Issue 6, June 2025, Pages 1454-1465



TAENG International Journal of Applied Mathematics

TABLE II: Numerical of UMLS, MDDYM & DTCGI1 methods for problems 1 and 2

UMLS MDDYM DTCGl
Problem Dimension IP  Iter Fval  Time(s) | Fr || Iter Fval  Time(s) [ Fr || Iter  Fval  Time(s) | Fr ||
1 1000 =y 4 6 002721 16510797 15 47 005013 1.85x10707 - - - -
3 5 7 001554 1.85x10797 12 37 0.02560 1.65x107°7 - - - -
3 5 7 001107 237x10797 14 44 001818 1.65x10707 37 181  0.05749  6.96x10~°7
zg 6 8 001787 9.07x10797 14 46 001873 1.65x107°7 18 133  0.03628 0
5 7 001478  1.65x107°7 16 51  0.02003 1.65x10707 29 321  0.07102 0
5 5 7 001571  1.65x10797 13 43 001832 1.65x10707 29 318  0.04908 0
zf 5 7 001673  1.65x10797 11 33 001508 1.65x10707 - - - -
6 7 001700 1.65x107°7 18 58  0.02026 6.96x10797 8 46  0.01811 0
10,000 zf 4 6 006954 1.65x107°7 14 43 0.08175 8.65x107°7 103 1155 1.09874 0
w2 6 7 006813 1.65x10797 13 42 008544 1.72x10707 32 284  0.27656 0
3 6 7 007684 472x107°7 6 15 003590 4.90x107°7 16 122 0.14851 0
zg 6 7 007881 7.14x107°7 6 15 003468 1.65x10797 92 1015 1.17238 0
3 6 8 009135 555x107°% 11 33 007394 299x10707 25 45  0.10508 9.34x107°7
5 6 7 006874 545x10707 10 28  0.05651 2.13x10797 92 1030  1.09964 0
i 6 8 00820 472x107°7 8 23 005284 854x107°7 9 60 0.09466 0
6 7 007325 1.65x10797 17 61  0.10574 9.75x10797 - - - -
100,000 zf 4 6 040163 9.07x107°7 16 46  0.60481 4.68x10797 30 199  1.86071 0
w2 6 8 055833  7.15x107°7 10 27 042738 1.28x10707 28 286  2.22426 0
3 6 8 061761 6.96x10797 7 17 027876 1.13x107°7 101 1163  8.61800 0
zg 6 7 051188  7.15x107°7 6 15 025381 9.96x107°7 26 43 0.6409 8.31x10707
3 6 8 059577 1.65x10797 10 31 042040 5.01x107°7 29 72 0.86860 7.15x10°7
x5 6 8 054648  7.15x107°7 8 21 034679  4.92x107°7 27 68  0.81840 5.14x10797
zr 6 8 057418 1.49x10797 8 23 035909 9.48x107°7 29 71  0.84687 5.14x1077
s 6 7 048058 1.91x107°7 11 34 045743 7.74x107°7 9 58 051423 0
2 1000 z§ 2 4 000658 1.54x107°7 5 11 001064 895x107°7 18 20  0.01990 6.96x10~07
w2 3 5 000831 1.16x10797 7 15 001153 1.74x107°97 23 25  0.03049 6.96x10797
=3 3 5 000732 1.07x107°7 6 12001029 9.99x107°7 24 26  0.02492 5.14x107°7
w3 5 000802 3.71x10797 14 38 001838 9.56x107°7 24 26  0.02431 7.58x10707
=5 4 6 000754 1.80x107°97 9 18 001394 1.10x107°97 26 28  0.03217 8.44x107°7
z§ 3 5 000730 25810797 10 26 001591 872x107°7 23 25  0.02636 7.58x10707
zf 4 6 000921 290x107°7 14 30 001793 7.75x107°7 26 28  0.02475 5.14x107%7
= 2 4 000655 443x107°7 9 25 001563 540x10797 21 23 0.02674 8.44x107°7
10,000 z} 1 3 001447 6.61x10797 5 11 003786 2.71x107°7 19 21  0.10785 9.45x10~°7
z3 3 5 002728 5.76x10797 7 15 004710 5.14x107°7 24 26 0.14158 9.45x10707
3 5 7 004079 1.85x107°97 7 13 004656 8.67x107°7 25 27  0.12629 8.44x10~°7
x5 7 003502 871x107°7 14 38 0.10976 1.68x107°7 26 28  0.14233 5.86x10707
3 6 8 005201 3.53x10797 9 18 005696 4.65x107°7 28 30  0.14684  6.96x10~°7
z§ 4 6 003174 227x107°7 11 27  0.07181 7.88x10797 25 27 0.12188  5.86x107°7
x5 7 003385 2.68x107°7 15 32 009280 3.92x107°7 27 29  0.14370 8.68x107°7
5 7 004305 1.09x107°7 12 32 0.08737 556x107°7 23 25  0.12935 6.96x107°7
100,000 zf 5 7 027125 1.56x107°7 5 11 026042 8.52x107°7 21 23 071941 7.62x10~°7
2 3 5 019059 7.89x10797 8 16 038236 272x107°7 26 28  0.86779 7.62x107°7
3 5 7 024291  5.19x10797 7 13031723 2.70x107°97 27 29  0.89661  6.96x10797
g 6 8 028945 261x10797 17 45 0.80638 5.08x10707 27 29 090785 9.36x10707
=5 7 9 032860 1.03x107°7 10 19 043548 3.93x107°7 30 32 101914 5.86x107°7
=5 4 6 021091 5.14x107°7 11 27 054315 247x107°7 26 28  0.87760 9.36x107°7
CT 7 023726 696x107°7 15 32 0.65560 2.94x10797 29 31 097489 6.96x10797
5 7 028842 329x10797 12 32 062117 1.73x107°7 25 27  0.84362 5.86x1077
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TABLE III: Numerical of UMLS, MDDYM & DTCG1 methods for problems 3 and 4

UMLS MDDYM DTCG!

Problem Dimension IP  Iter Fval  Time(s) | E% || Iter  Fval  Time(s) | E% || Iter  Fval  Time(s) | E% ||
3 1000 5 5 7 000853 3.14x107°7 5 11 000963 7.68x107°7 18 20  0.01455 6.03x107%7
2 6 8 000937 7.10x10797 4 6 000599 522x10707 22 24 001911 9.29x107°7

3 6 8 001021 9.55x10797 4 6 000669 1.27x107°7 23 25  0.01698 7.28x107°7

zd 6 8 000938 9.86x10797 4 6 000663 271x107°7 23 25  0.01919 8.92x107°7

x5 7 9 000968 3.66x10707 9 21 001272 3.02x10797 24 26 0.02035 8.51x107°7

x5 6 8 000941 8.14x10797 4 6 000621 9.44x107°7 23 25  0.01856 5.54x10707

zy 7 9 000957 1.92x10797 9 23 001211  488x107°7 24 26 001970 7.63x10707

5 6 8  0.00856 3.09x10797 3 5 000596 3.80x107°7 21 23  0.02028 7.52x107°7

10000 z§ 5 7 003517 993x107°7 5 11002923 243x107°7 19 21 0.06630 9.54x10~07
2 7 9 0.04194 224x107°7 4 6 002085 1.65x107°7 24 26  0.09151 7.35x107°7

3 7 9 003727 3.01x10707 4 6 002221 4.02x10707 25 27 0.08422 5.75x10707

zy 7 9 003848 3.11x10707 4 6 002084 856x107°7 25 27  0.08742 7.05x107°7

¥ 8 10 004967 115x10707 9 21  0.04244 9.55x107°7 26 28  0.08726 6.73x107%7

z§ 7 9 003930 2.57x107°7 4 6 002077 2.99x107°7 24 26  0.07492 8.76x10~°7

x5 7 9 004167 6.07x107°7 10 24 005214 5.62x107°7 26 28  0.08787 6.03x10707
6 8 004243 9.77x10797 3 5 001828 120x107°97 23 25  0.07662 5.95x10707
100,000 z} 6 8 021705 3.14x10797 5 11 018513  7.68x107°7 21 23 047274 7.54x107°7
z2 7 9 029739 7.09x107°7 4 6 012993 522x107°7 26 28  0.53435 5.81x107°7

z3 7 9 026404 9.53x107°7 5 7 014596 334x107°7 26 28  0.55658 9.10x10707

zy 7 9 028047 9.85x10707 4 6 012700 2.71x107°7 27 29  0.55989 5.58x10707

z¥ 8 10 029058 3.65x10707 10 22 0.35633 9.62x107°7 28 30 056943 532x107%7

5 7 9 030547 8.13x10707 4 6 03119 944x107°7 26 28  0.56150 6.93x107°7

zf 8 10 027400 1.92x107°7 10 24 035296 1.78x107°7 27 29 055055 9.53x107%7
7 9 027023 3.08x107°97 3 5 011902 3.80x107°7 24 26 052348 9.40x10~°7

4 1000 5 4 6 000751 1.57x107°7 5 11  0.00890 851x107°7 18 20  0.01677 6.09x107%7
2 3 5 000582 1.88x107°7 10 26  0.01336 3.96x107°7 23 25 001723 6.12x107%7

z3 5 7 000778 1.40x10797 8 16 001060 154x107°7 24 26  0.02026 5.79x10797

zy 5 7 000854 847x107°7 14 32 001575 9.25x107°7 24 26  0.02279 8.15x10797

z5 4 6 000695 427x107°7 13 29 001548 3.14x107°7 27 29  0.02235 7.33x107°7

z§ 4 6  0.00750 1.18x107°7 6 12 0.00807 1.16x107°7 23 25 001842 7.76x10797

zy 6 8 000896 431x10797 13 30 001455 536x107°7 26 28  0.02169 7.95x10707

=5 4 6 000739 3.74x107°7 10 26  0.01308 6.07x107°7 21 23  0.02000 8.35x10707

10000 zf 4 6  0.02468 4.98x107°7 5 11002726 2.69x107°7 19 21  0.07851 9.63x107°7
z2 3 5 002131 596x107°7 11 27 0.06135 9.78x107°7 24 26  0.08885 9.67x10~°7

z3 5 7 002761 4.42x107°7 8 16 004121 487x107°7 25 27  0.08508 9.16x107°7

zd 6 8 003326 26810797 14 32 006539 293x107°7 26 28  0.09025 6.44x10°7

z3 5 7 002637 1.35x107°7 13 29 0.06477 9.93x107°7 29 31  0.10635 5.79x10797

z§ 4 6 002229 3.74x107°7 6 12 003515 3.67x107°7 25 27 007623 6.13x10797

x5 7 9 004239 136x107°7 13 30 007940 1.70x10=°7 28 30  0.09822 6.28x10~07
5 7 002730 1.18x107°7 10 26  0.05617 1.92x107°7 23 25  0.10240 6.60x10~°7
100,000 x5 7 019552 1.57x10797 5 11 018691 851x107°7 21 23 0444838 7.62x10707
z2 4 6  0.15867 1.88x107°7 11 27 039970 3.09x107°7 26 28  0.57424 7.65x10707

z3 6 8 020061 1.39x10797 9 17 031194 259x107°7 27 29 0.56037 7.24x10707

zd 6 8 019384 846x107°7 14 32 048130 9.25x107°7 28 30  0.60149  5.09x107°7

3 5 7 016203 426x107°7 13 29 047761 3.14x107°7 30 32 0.61837 9.16x107%7

5 5 7 019897 1.18x107°7 7 13 025444 503x107°7 26 28 057032 9.70x107%7

zy 7 9 025124 430x107°7 13 30 042969 5.36x107°7 29 31  0.61943 9.94x107%7
5 7 018047 3.73x107°7 10 26 037194 6.07x107°7 25 27 052880 5.22x10797
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TABLE IV: Numerical of UMLS, MDDYM & DTCGI1 methods for problems 5 and 6

UMLS MDDYM DTCG1
Problem  Dimension IP  Iter Fval  Time(s) [ F || Iter Fval  Time(s) 1 E% || Iter Fval  Time(s) 1% ||
5 1000 x5 7 0.00836 2.98x10~97 3 5 000616 1.13x107°% 18 20  0.01372 5.97x107°7
2 6 8  0.00978 5.64x107°7 5 9  0.00638 1.50x107°% 22 24  0.01689 7.30x10707
3 5 7 0.00925 5.05x107°7 8 18 0.00929 3.65x10708 22 24  0.01649 9.94x10797
T 6 8  0.00992 7.36x107°7 21 62 002099 5.63x1079% 23 25  0.01779 5.54x10797
3 7 9 000951 1.31x10797 9 22 001093 1.03x1079% 18 20  0.01682 5.80x10797
x5 6 8 000898 4.78x10797 7 15 000815 1.46x107°8 22 24 001617 8.31x10707
zy 7 9 0.00961  1.58x10~97 10 21 0.01099 4.14x1079% 22 24  0.01651 9.21x10~°7
s 6 8  0.00917 1.63x107°7 2 4 000593 2.99x1079% 2] 23 001836 6.82x10707
10,000 x5 7 002735 9.44x107°7 3 5 001613 357x107°% 19 21  0.06026 9.44x10707
3 7 9 003485 1.78x10797 5 9  0.02478 4.76x107°% 24 26  0.06837 5.77x10707
3 6 8 003216 1.60x107°7 8 18 0.04011 1.16x107°7 24 26  0.07163 7.86x1097
g 7 9 0.03838  2.32x10797 22 65  0.09848 9.08x10~97 24 26  0.08265 8.76x10~°7
zy 7 9  0.04040 4.16x107°7 9 22 004017 327x1079% 19 21 0.05703 9.17x10797
x5 7 9 003701 1.51x10797 7 15 003766 4.62x107°8 24 26  0.07164 6.57x10797
zy 7 9 003967 5.00x107°7 10 21  0.04598 131x107°7 24 26  0.07879 7.28x10797
5 6 8  0.03002 5.16x107°7 2 4 001291 9.45x1079% 23 25  0.07202 5.39x10797
100,000  z§ 6 8 021126 298x107°7 3 5 0.08105 1.13x10797 21 23 035696  7.46x10707
3 7 9 0.23062  5.63x10~97 5 9 0.12459  1.50x10=°7 25 27 042356 9.13x10~°7
3 6 8 020330 5.05x10797 8 18 024486 3.65x107°7 26 28 043346 6.21x10797
g 7 9 024566 7.35x10797 23 67  0.69782 2.67x10708 26 28 042764 6.93x10707
3 8 10 026866 1.31x107°7 9 22 036473 1.03x10797 21 23 035811  7.25x10707
x5 7 9 0.23379  4.78x10~97 7 15 020453  146x10797 26 28  0.54513  5.20x10797
zy 8 10 027548 1.58x10797 10 21 030392  4.14x10797 26 28 043737 5.76x10707
s 7 9 022293  1.63x10797 2 4 0.06697 2.99x10~°7 24 26 041946 8.52x10~97
6 1000 ry 4 5 0.01323 0 46 338 0.11266 0 5 17 0.01536 0
2 6 7 0.02358 0 - - - - 4 27 0.01580 0
3 4 0.01376 0 - - - - 4 28 0.01618 0
zd 3 4 0.01430 0 152 980 0.21840 9.03x107°7 4 30 0.01213 0
) 3 0.01126 0 7 56 0.02595 0 2 15 0.01031 0
5 5 6  0.01809 0 34 239 0.08493 0 4 27 0.01598 0
x4 5 0.01829 0 140 908  0.25018 9.46x107°7 3 26 0.01242 0
6 7 0.02376 0 33 245 0.11966 0 4 27 0.01382 0
10,000 3 4 0.04679 0 10 73 0.14656 0 4 27 0.06608 0
2 3 4 0.05887 0 8 57 0.13372 0 3 15 0.04217 0
3 4 5 0.06621 0 9 65  0.12308 0 3 15 0.03669 0
ry 2 3 0.03632 0 11 76 0.15159 0 4 27 0.07693 0
) 3 0.04617 0 4 35 0.07066 0 2 14 0.03100 0
5 3 4 0.05115 0 8 62 0.13624 0 3 15 0.03967 0
) 3 0.03956 0 8 66  0.16883 0 2 14 0.03868 0
s 4 5 0.06691 0 14 94 021110 0 3 15 0.03861 0
100,000 =z} 3 4 037248 0 11 76 1.24016 0 3 15 0.30455 0
2 3 4 043502 0 5 39 0.63866 0 3 15 0.27900 0
3 2 3 0.26978 0 20 047312 0 3 15 0.27563 0
zy 2 3 0.28419 0 10 80  1.26866 0 3 15 0.26904 0
) 3 0.31900 0 3 24 0.39598 0 2 14 0.27089 0
5 4 5 0.61536 0 4 20 0.47028 0 3 15  0.26858 0
) 3 031410 0 6 48 0.77552 0 2 14 0.24513 0
3 4 0.38979 0 9 73 1.16449 0 3 15 0.27406 0
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