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Abstract—This paper provides some new solutions to
Rhoades’ open problem regarding discontinuity at fixed point
in the context of fixed ellipse in Sp-metric space. Our results
extend some works of Pant et al. and Ozgur et al. in the
framework of Sp-metric space. Suitable examples are provided
in support of our results. Applications are demonstrated for dis-
continuous activation function and Volterra integral equation.
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I. INTRODUCTION

THE fixed point theory is an essential area in nonlinear
analysis. Initially the metric fixed point condition was

provided by Banach in 1922 under which a contraction
mapping on a complete metric space has a unique fixed
point [3]. Rhoades’ work [18] explored around two hundred
and fifty contractive definitions and concluded that, a large
class of these definitions do not require the mapping to
be continuous throughout the entire domain, but they do
maintain continuity at the fixed point. Rhoades [19] posed
an open problem regarding contractive conditions that are
strong enough to ensure the existence of a fixed point but
do not necessarily require the mapping to be continuous at
the fixed point. Pant in [16] provided an answer to Rhoades’
open problem in 1999 and several research work is going on
in this direction.

In [20], Sedghi et al. introduced the concept of S-metric
space and established some fixed point results in such space.
Later on, many other researchers (refer to [5], [8], [11],
[12], [14], [21], [23]) provided different fixed point results in
various metric spaces. The concept of Sb-metric space was
introduced by Souayaha and Mlaiki in their work in [22].
Both these concepts were extended to a larger framework
by the introduction of Sp-metric space by Mustafa et al. [9]
in 2019. After that, the study of fixed point theorem in Sp-
metric space opens up a new area with promising dimension.
As well as the study of geometrical structures of fixed point
sets is taken up by many researchers considering fixed circle
or fixed ellipse results.

In this paper, we study Rhoades’ open problem consider-
ing some fixed ellipse theorems in Sp-metric space. Our work
determines a broader framework for analysing fixed points
in spaces equipped with a generalized metric structure. The
geometrical interpretation of fixed points provided by the
discontinuity points on the ellipse gives an insight into the
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Rhoades’ open problem regarding discontinuity. Our results
also establish a connection between fixed ellipse and discon-
tinuous activation function. In the study of artificial neural
networks, activation functions play an important role shaping
the network’s behaviour and enabling complex mappings
between input and output spaces. In section V, we discuss
the geometric properties exhibited by the fixed point sets of
certain discontinuous activation functions and the last section
of our paper contains an application regarding the existence
and uniqueness of the solution of a Volterra integral equation.

II. PRELIMINARIES

Sedghi et al. in [20], introduced the concept of an
S-metric space as follows:

Definition 2.1 [20] Let X be a non-empty set and
suppose that S : X3 → R+ ∪ {0} be a mapping satisfying
the following conditions:

(S1) S(x,y,z) = 0 if and only if x = y = z;
(S2) S(x,y,z) ≤ S(x,x,a) + S(y,y,a) + S(z,z,a) for all

a,x,y,z ∈ X (rectangle inequality).
Then (X,S) is called an S-metric space.

Mustafa et al. defined Sp-metric space in [9] as follows:

Definition 2.2 [9] Let X be a non-empty set and
Ω : [0,∞) → [0,∞) be a strictly increasing continuous
function such that Ω−1(t) ≤ t ≤ Ω(t) for all t > 0 and
Ω(0) = 0. Suppose that S : X3 → R+ ∪ {0} be a mapping
satisfying the following conditions:

(Sp1) S(x,y,z) = 0 if and only if x = y = z;
(Sp2) S(x,y,z) ≤ Ω(S(x,x,a) + S(y,y,a) + S(z,z,a)) for all

a,x,y,z ∈ X (rectangle inequality).
Then (X,S) is called an Sp-metric space.

Following are some examples of Sp-metric space.

Example 2.3 Let X = N ∪ {0} and define
S : X3 → R+ ∪ {0} by
S(x,y,z) = ln(1 + S(x,y,z)), where

S(x,y,z) =

{
0, x = y = z;

max(x,y,z) otherwise,

with Ω(t) = ln(1 + t), t ∈ [0,∞). Then (X,S) is an
Sp-metric space.

Example 2.4 Let (X,S) be an S-metric space and
S(x,y,z) = sinh(S(x,y,z)); x,y,z ∈ X. Then S is an
Sp-metric with Ω(t) = sinh t, t ∈ [0,∞).

Example 2.5 Let (X,S) be an S-metric space and
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define S : X3 → R+ ∪ {0} by
S(x,y,z) = sec−1(eS(x,y,z)) for all x,y,z ∈ X with
Ω(t) = sec−1(et), t ∈ [0,∞).
Then it can be easily verified that (X,S) is an Sp-metric
space.

Definition 2.6 [9] Let (X,S) be an Sp-metric space.
A sequence {xn} in X is said to be

(i) Sp-convergent to a point p ∈ X if and only if for each
ϵ > 0, there exists a positive integer n0 such that for
all n ≥ n0, S(xn,xn,p) < ϵ.

(ii) Sp-Cauchy if and only if for each ϵ > 0, there exists
a positive integer n0 such that for all m,n ≥ n0,
S(xm,xn,xn) < ϵ.

X is called Sp-complete if and only if every Sp-Cauchy
sequence is Sp-convergent in X.

In [6] Joshi et al. introduced the concept of fixed ellipse
in an S-metric space. In a similar way an ellipse in an
Sp-metric space can be defined.

Definition 2.7 [6] An ellipse having foci at c1 and c2
in an Sp-metric space (X,S) is defined as

E(c1,c2,a) = {x ∈ X : S(c1,c1,x) + S(c2,c2,x) = 2a},
c1,c2 ∈ X, a ∈ [0,∞).

Clearly, for an ellipse, S(c1,c1,c2) < 2a.

Following Caristi [4], the Caristi map in Sp-metric space
can be defined as follows.

Definition 2.8 [4] A self-mapping T on an Sp-metric
space (X,S) is a Caristi map on X if there is a lower semi
continuous function µ : X → R+ ∪ {0} such that

S(x,x,Tx) ≤ µ(x)− µ(Tx) for all x ∈ X. (1)

III. MAIN RESULTS

In this section, we derive some fixed ellipse results
to study the geometry of non unique fixed points in the
framework of Sp-metric space with some examples. In the
next section, some discontinuity results at fixed point and
fixed ellipse are established.

Let (X,S) be a complete Sp-metric space. For x,y,z ∈ X ,
we take

M(x,y,z) = max

{
α(S(x,y,z) + S(Tx,Ty,Tz)),

β

3
(S(x,x,Tx) + S(y,y,Ty) + S(z,z,Tz)),

γ

3
(Ω−1(S(x,Ty,z)) + Ω−1(S(z,Tx,Ty))

+ Ω−1(S(Ty,Tz,Tx)))

}
, (2)

where α,γ ∈ [0, 12 ) and β ∈ [0,1).
Also for x ∈ X, define a mapping µ : X → R+ ∪ {0} by

µ(x) = S(c1,c1,x) + S(c2,c2,x), x ∈ X. (3)

Theorem 3.1 In an Sp-metric space (X,S), let E(c1,c2,a)
be an ellipse for c1,c2 ∈ X, a ∈ [0,∞). Let T be a self-
mapping on X satisfying:
(i) S(x,x,Tx) ≤ µ(x)− µ(Tx), for all x ∈ E(c1,c2,a);

(ii) S(c1,c1,Tx) + S(c2,c2,Tx) ≥ 2a, for all x ∈
E(c1,c2,a).

Then E(c1,c2,a) is a fixed ellipse of T in X. Moreover,
if for some λ ∈ [0,1], T satisfies the following additional
condition:
(iii) S(Tx,Ty,Tz) ≤ λM(x,y,z), for all x,y ∈ E(c1,c2,a)

and z ∈ X \ E(c1,c2,a),
then E(c1,c2,a) is the unique fixed ellipse of T .

Proof: We consider an arbitrary point x in E(c1,c2,a).
Using (1) and (3), we get,

S(x,x,Tx) ≤ S(c1,c1,x) + S(c2,c2,x)− S(c1,c1,Tx)

− S(c2,c2,Tx)

≤ 2a− 2a

= 0.

Hence S(x,x,Tx) = 0 and thus, Tx = x.
This shows that for all x ∈ E(c1,c2,a), x is a fixed point of
T , i.e., T fixes the ellipse E(c1,c2,a).
To show the uniqueness, suppose there exist two fixed
ellipses E(c1,c2,a) and E(c′1,c

′
2,a

′) of T.
Let x ∈ E(c1,c2,a) and y ∈ E(c′1,c

′
2,a

′).
Using condition (iii),

S(x,x,y) (4)

= S(Tx,Tx,Ty) ≤ λM(x,x,y) ≤M(x,x,y)

= max

{
2αS(x,x,y),

β

3
(2S(x,x,Tx) + S(y,y,Ty)),

γ

3
(Ω−1(S(x,Tx,y)) + Ω−1(S(y,Tx,Tx))

+ Ω−1(S(Tx,Ty,Tx)))

}
= max

{
2αS(x,x,y), 0,

γ

3
(Ω−1(S(x,x,y))

+ Ω−1(S(y,x,x)) + Ω−1(S(x,y,x)))

}
(5)

If M(x,x,y) = 2αS(x,x,y), then from (5), we get

S(x,x,y) ≤ 2αS(x,x,y) < S(x,x,y),

which is a contradiction.
If M(x,x,y) = γ

3 (Ω
−1(S(x,x,y)) + Ω−1(S(y,x,x)) +

Ω−1(S(x,y,x))), then

S(x,x,y) ≤ γ

3
(Ω−1(S(x,x,y)) + Ω−1(Ω(2S(x,x,y)))

+ Ω−1(Ω(2S(x,x,y))))

≤ γ

3
(S(x,x,y) + 2S(x,x,y) + 2S(x,x,y))

=
5γ

3
S(x,x,y)

< S(x,x,y), a contradiction.

Thus, M(x,x,y) = 0, i.e., S(x,x,y) = 0 i.e., x = y.
Hence E(c1,c2,a) is the unique fixed ellipse of T .

The following examples exhibit Theorem 3.1.
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Example 3.2 Let X = R and S : X3 → R+ ∪ {0}
be defined by

S(x,y,z) = max{e|x−y|,e|y−z|,e|z−x|} − 1, x,y,z ∈ X.

Then (X,S) is an Sp-metric space with Ω(t) = et − 1,
t ∈ [0,∞).
Now,

E(0, ln 12,
23

3
) = {x ∈ X : S(0,0,x)

+ S(ln 12, ln 12,x) =
46

3
}

= {x ∈ X : max{1,e|0−x|,e|x−0|}

+max{1,e| ln 12−x|,e|x−ln 12|} =
52

3
}

= {ln 3

4
, ln 16}

is an ellipse having foci at c1 = 0 and c2 = ln 12.

Figure 1

As given in the above figure (Figure 1), the points
of intersection of the red coloured curve (i.e., y1 =
max{1,e|0−x|,e|x−0|} + max{1,e| ln 12−x|,e|x−ln 12|} ) and
the blue coloured line (representing y2 = 52

3 ) give the ellipse
E(0, ln 12,233 ).
Define T : X → X by

T (x) =

{
x, x ∈ E(0, ln 12,233 );

0, otherwise.

For x = ln 16, S(ln 16, ln 16, ln 16) = 0 and

µ(x)− µ(Tx) = S(0,0, ln 16) + S(ln 12, ln 12, ln 16)

− S(0,0, ln 16)

− S(ln 12, ln 12, ln 16)

= 0.

So, S(x,x,Tx) = µ(x)− µ(Tx) for x = ln 16.
Thus condition (i) of the Theorem 3.1 is satisfied for
x = ln 16.
Again,

S(0,0, ln 16) + S(ln 12, ln 12, ln 16)

= max{1,,e|0−ln 16|,e| ln 16−0|} − 1

+ max{1,e| ln 12−ln 16|,e| ln 16−ln 12|} − 1

= 16− 1 +
4

3
− 1 =

46

3
.

So, S(c1,c1,Tx) + S(c2,c2,Tx) = 2a, for x = ln 16, i.e.,
satisfies the condition (ii) of the Theorem 3.1.

Similarly, the point x = ln 3
4 also satisfy both the condition

of the Theorem 3.1.
Hence T satisfies the conditions (i) and (ii) of Theorem 3.1
and clearly,
E(0, ln 12,233 ) is a fixed ellipse of T .

Example 3.3 Let X = M2 with M = {1,2,3} and
define an Sp-metric
S : X3 → R+ ∪ {0} by

S(x,y,z) = sinh(S(x1,y1,z1)) + sinh(S(x2,y2,z2)),

x = (x1,x2),y = (y1,y2), z = (z1,z2) ∈ X with Ω(t) =
sinh(t), t ∈ [0,∞), where (M,S) is an S-metric space, where
S :M3 → R+ ∪ {0} is defined by

S(1,1,2) = S(2,2,1) = ln 5,

S(2,2,3) = S(3,3,2) = S(1,1,3) = S(3,3,1) = ln 3,

S(x,y,z) = 0, if x = y = z,

S(x,y,z) = ln 2, otherwise.

Now, for c1 = (2,2), c2 = (3,3) and a = 38
15 , the equation of

the ellipse in (X,S) with foci at (c1,c2) is

E(c1,c2,
38

15
) = {x ∈ X : S(c1,c1,x) + S(c2,c2,x) =

76

15
}

= {x ∈ X : sinh(S(2,2,x1)) + sinh(S(2,2,x2))

+ sinh(S(3,3,x1)) + sinh(S(3,3,x2)) =
76

15
}.

The points of the ellipse are (1,3), (3,1), (2,1) and (1,2).
Define T : X → X by

T (x,y) =

{
(1,y), x < 2;

(x,1), x ≥ 2.

For x = (1,3),
T (1,3) = (1,3), S(x,x,Tx) = 0 and

µ(x)− µ(Tx) = S((2,2),(2,2),(1,3)) + S((3,3),(3,3),(1,3))

− S((2,2),(2,2),(1,3))− S((3,3),(3,3),(1,3))

= 0.

So, S(x,x,Tx) = µ(x)− µ(Tx) for x = (1,3).
Thus condition (i) of the Theorem 3.1 is satisfied for x =
(1,3).
Again,

S((2,2),(2,2),(1,3)) + S((3,3),(3,3),(1,3))

= sinh(S(2,2,1)) + sinh(S(2,2,3)) + sinh(S(3,3,1))

+ sinh(S(3,3,3))

= sinh (ln 5) + sinh (ln 3) + sinh (ln 3)

=
76

15
.

So, S(c1,c1,Tx) + S(c2,c2,Tx) = 2a, i.e., for x = (1,3), T
satisfies the condition (ii) of the Theorem 3.1.
Similarly, at the points (3,1), (2,1), (1,2) both the conditions
of the Theorem 3.1 are satisfied.
Hence by Theorem 3.1, E(c1,c2,

38
15 ) is a fixed ellipse of T .

However, if we define T : X → X as

T (x,y) =

{
(1,1), x < 2;

(x,1), x ≥ 2,
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Then for x = (1,3), T (1,3) = (1,1) and

S(x,x,Tx) = S((1,3),(1,3),(1,1))

= sinh(S(1,1,1)) + sinh(S(3,3,1))

=
4

3
.

Also,

µ(x)− µ(Tx)

= S((2,2),(2,2),(1,3)) + S((3,3),(3,3),(1,3))

− S((2,2),(2,2),(1,1))− S((3,3),(3,3),(1,1))

= sinh(S(2,2,1)) + sinh(S(2,2,3)) + sinh(S(3,3,1))

− 2 sinh(S(2,2,1))− 2 sinh(S(3,3,1))

= − sinh(ln 5)

= −2.4.

So, S(x,x,Tx) > µ(x)− µ(Tx) for x = (1,3).
Thus condition (i) of Theorem 3.1 is not satisfied for
x = (1,3).
But it is seen that T satisfies condition (ii) for all
x ∈ E(c1,c2,

38
15 ). Clearly E(c1,c2,

38
15 ) is not a fixed ellipse

here, although T fixes the points (3,1) and (2,1) of the
ellipse.

Example 3.4 Let X = R2 and define an Sp-metric
S : X3 → R+ ∪ {0} by

S(x,y,z) = e|x1−y1|+|y1−z1|+|x2−y2|+|y2−z2| − 1,

x = (x1,x2), y = (y1,y2), z = (z1,z2) ∈ X with Ω(t) =
et − 1, t ∈ [0,∞). Now, for c1 = (0,0), c2 = (ln 6, ln 6),
a = 19.45, the equation of the ellipse with foci at (c1,c2) is

E(c1,c2,19.45) = {x ∈ X : S(c1,c1,x)

+ S(c2,c2,x) = 38.9}
= {x ∈ X : e|x1|+|x2|

+ e| ln 6−x1|+| ln 6−x2| = 40.9}.

Figure 2

The figure (Figure 2) depicts the ellipse E(c1,c2,19.45).
Define T : X → X by

T (x,y) =

{
(x,y), (x,y) ∈ E(c1,c2,19.45);

(1,1), otherwise.

For any arbitrary point (x,y) ∈ E(c1,c2,19.45), T (x,y) =
(x,y).

So, S(x,x,Tx) = µ(x)− µ(Tx).
Thus condition (i) of the Theorem 3.1 is satisfied for all
(x,y) ∈ E(c1,c2,19.45).
Again,

S(c1,c1,Tx) + S(c2,c2,Tx)

= S((0,0),(0,0),T (x,y)) + S((ln 6, ln 6),(ln 6, ln 6),T (x,y))

= S((0,0),(0,0),(x,y)) + S((ln 6, ln 6),(ln 6, ln 6),(x,y))

= 38.9

So, condition (ii) of the Theorem 3.1 is satisfied for
all the points of the ellipse. Therefore, by Theorem 3.1,
E(c1,c2,19.45) is a fixed ellipse of T .

Example 3.5 Let X = {1,2,3,4} and define an Sp-
metric S : X3 → R+ ∪ {0} by S(x,y,z) = eS(x,y,z) − 1
with Ω(t) = et − 1, t ∈ [0,∞), where (X,S) is an S-metric
space with

S(1,1,4) = S(4,4,1) = S(1,1,2) = S(2,2,1) = 4,

S(2,2,3) = S(3,3,2) = S(4,4,3) = S(3,3,4) = 2,

S(x,y,z) = 0, if x = y = z,

S(x,y,z) = 1, otherwise.

We consider the ellipse

E(1,3,
e4 + e2 − 2

2
)

= {x ∈ X : S(1,1,x) + S(3,3,x) = e4 + e2 − 2}
= {2,4}.

Let T : X → X be defined by

T (x) =

{
1, x = 1;

2, x ̸= 1.

For x = 4, Tx = 2 and S(x,x,Tx) = S(4,4,2) = e− 1.
Also,

µ(x)− µ(Tx)

= S(1,1,4) + S(3,3,4)− S(1,1,2)− S(3,3,2)

= e4 − 1 + e2 − 1− e4 + 1− e2 + 1

= 0.

So, S(x,x,Tx) > µ(x)− µ(Tx) for x = 4.
Thus, condition (i) of the Theorem 3.1 is not satisfied for
x = 4.
It can be verified that condition (ii) is satisfied for x = 2
and x = 4.
Hence T does not satisfy the condition (i) but satisfies the
condition (ii) of the Theorem 3.1. Here, T fixes the point
x = 2 of the ellipse.

In the next result, we use the following mapping
ψa : R+ ∪ {0} → R defined by

ψa(p) =

{
p− a

8 , p > 0;

0, p = 0,
where a ∈ [0,∞).

Theorem 3.6 Let (X,S) be an Sp-metric space and
for c1,c2 ∈ X, a ∈ [0,∞), E(c1,c2,a) be an ellipse on X .
Let T be a self-mapping on X satisfying
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(i) S(c1,c1,Tx) + S(c2,c2,Tx) = 2a for all
x ∈ E(c1,c2,a),

(ii) Ω−1(S(Tx,Ty,Tz)) > a
8 for all x,y,z ∈ E(c1,c2,a)

with x ̸= y ̸= z,

(iii) Ω−1(S(Tx,Ty,Tz)) ≤ Ω−1(S(x,y,z))
− ψa(S(Tx,Tx,x) + S(T 2x,T 2x,x)) for all x,y,z ∈
E(c1,c2,a).

Then E(c1,c2,a) is a fixed ellipse of T .
Proof: Let x ∈ E(c1,c2,a). By (i), Tx ∈ E(c1,c2,a)

and T 2x ∈ E(c1,c2,a).
We assume that x ̸= Tx. Using (ii), for y = Tx, z = T 2x,
we have,

Ω−1(S(Tx,T 2x,T 3x)) >
a

8
. (6)

Now, using (iii), for y = Tx, z = T 2x, we get,

Ω−1(S(Tx,T 2x,T 3x))

≤ Ω−1(S(x,Tx,T 2x))− ψa(S(Tx,Tx,x)

+ S(T 2x,T 2x,x))

= Ω−1(S(x,Tx,T 2x))− S(Tx,Tx,x)− S(T 2x,T 2x,x)

+
a

8
≤ Ω−1(Ω(S(x,x,x) + S(Tx,Tx,x) + S(T 2x,T 2x,x))

− S(Tx,Tx,x)− S(T 2x,T 2x,x) +
a

8
= S(x,x,x) + S(Tx,Tx,x) + S(T 2x,T 2x,x)

− S(Tx,Tx,x)− S(T 2x,T 2x,x) +
a

8

=
a

8
,

which contradicts the inequality (6) . Hence x = Tx.
So, E(c1,c2,a) is a fixed ellipse of T.

We present the following examples to demonstrate the
above Theorem.

Example 3.7 Let X = R+ and define an Sp-metric
S : X3 → R+ ∪ {0} by
S(x,y,z) = | lnx − ln y| + | ln y − ln z| for all x,y,z ∈ X
with Ω(t) = 2t, t ∈ [0,∞).
Then (X,S) is an Sp-metric space. For c1 = e2, c2 =
e5,a = 2.5,

E(e2,e5,2.5) = {x ∈ X : S(e2,e2,x) + S(e5,e5,x) = 5}
= {x ∈ X : |2− lnx|+ |5− lnx| = 5}
= {e,e6}.

We define T : X → X by

T (x) =

{
x, x ∈ E(e2,e5,2.5);

e, otherwise.
Then T satisfies all the conditions of Theorem 3.6 and T
fixes the ellipse E(e2,e5,2.5).

Example 3.8 Let X = {0,2,3,4, ln 6} and define an
Sp-metric
S : X3 → R+ ∪ {0} by S(x,y,z) = sec−1(eS(x,y,z)) with
Ω(t) = sec−1(et), t ∈ [0,∞), where (X,S) is an S-metric
space with

S(0,0,2) = S(2,2,0) = S(ln 6, ln 6,3) = S(3,3, ln 6)

= S(ln 6, ln 6,4) = S(4,4, ln 6) = ln 2;

and

S(0,0,3) = S(3,3,0) = S(0,0,4) = S(4,4,0) = S(ln 6, ln 6,2)

= S(2,2, ln 6) = ln
√
2;

Again,

S(x,y,z) = 0, x = y = z;

S(x,y,z) = ln
2√
3
, otherwise.

Then (X,S) is an Sp-metric space. We consider the following
ellipse:

E(0, ln 6,
7π

24
) = {x ∈ X : S(0,0,x) + S(ln 6, ln 6,x) =

7π

12
}

= {2,3,4}.

Define T : X → X by

T (x) =

{
x, x ∈ E(0, ln 6,7π24 );

e, otherwise.

Obviously, the condition (i) of the Theorem 3.6 is satisfied
for all the points of the ellipse.
Now,

Ω−1(S(Tx,Ty,Tz)) = Ω−1(S(2,3,4))

= Ω−1(sec−1(e
ln 2√

3 ))

= Ω−1(
π

6
)

= ln(sec
π

6
)

= 0.1438 >
7π

192
.

So, Ω−1(S(Tx,Ty,Tz)) > a
8 .

Again,

Ω−1(S(x,y,z)) = Ω−1(S(2,3,4)) = Ω−1(S(Tx,Ty,Tz))

and

ψa(S(Tx,Tx,x) + S(T 2x,T 2x,x)) = ψa(0) = 0.

So,

Ω−1(S(Tx,Ty,Tz)) = Ω−1(S(x,y,z))− ψa(S(Tx,Tx,x)

+ S(T 2x,T 2x,x))

for all x,y,z ∈ E(c1,c2,a).
Thus, T satisfies all the conditions of the Theorem 3.6 and
so, E(0, ln 6,7π24 ) is a fixed ellipse of T .

Remark 3.9 It is seen that the mapping T in Example
3.4 does not satisfy the condition (ii) of the Theorem 3.6
although it has a fixed ellipse. So, the conditions of the
Theorem 3.6 are not necessary for existence of a fixed
ellipse.
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IV. SOME DISCONTINUITY RESULTS AT FIXED POINT AND
FIXED ELLIPSE

It is noteworthy that in all the results of the above section,
the self-mapping T is continuous in the fixed ellipse. In
this context, it is interesting to investigate the discontinuity
of the mapping at the fixed point. Our next results deal
with such situations. Here we assume the Sp-metric S to be
continuous. We consider M(x,y,z) and α,β,γ as defined in
(2).

Theorem 4.1 Let (X,S) be a complete Sp-metric space and
T be a self-mapping on X satisfying the conditions:
(i) there exists a function ϕ : R+ ∪ {0} → R+ ∪ {0} such

that ϕ(t) < t for each t > 0 and

S(Tx,Ty,Tz) ≤ ϕ(M(x,y,z))

for all x,y,z ∈ X ,
(ii) for a given ε > 0, there exists δ = δ(ε) > 0 such that

ε < M(x,y,z) < ε+ δ implies S(Tx,Ty,Tz) ≤ ε for
all x,y,z ∈ X.

Then T has a unique fixed point p ∈ X . Also, T is
discontinuous at p if and only if lim

x→p
M(x,x,p) ̸= 0.

Proof: First, we define a number

η = max

{
α

1− α
,

2β

3− β
,

γ

3− 2γ

}
,

where α,β,γ are as in (2).
Clearly, η < 1.
By (i), there exists ϕ : R+ ∪ {0} → R+ ∪ {0} such that

S(Tx,Ty,Tz) ≤ ϕ(M(x,y,z)) < M(x,y,z), (7)

whenever M(x,y,z) > 0.
For x0 ∈ X with Tx0 ̸= x0, we consider the Picard’s
sequence {xn} as
xn+1 = Txn = Tnx0 for all n ∈ N ∪ {0}.
If xn = xn+1, for some n ∈ N, then xn will be a fixed point
of T . We assume that xn ̸= xn+1, for each n ∈ N.
Now,

S(xn,xn,xn+1)

= S(Txn−1,Txn−1,Txn)

≤ ϕ(M(xn−1,xn−1,xn))

< M(xn−1,xn−1,xn)

= max

{
α(S(xn−1,xn−1,xn) + S(xn,xn,xn+1)),

β

3
(2S(xn−1,xn−1,xn) + S(xn,xn,xn+1)),

γ

3
(Ω−1(S(xn−1,xn,xn)) + Ω−1(S(xn,xn,xn))

+ Ω−1(S(xn,xn+1,xn)))

}
If

M(xn−1,xn−1,xn)

= α(S(xn−1,xn−1,xn) + S(xn,xn,xn+1)),

then

S(xn,xn,xn+1) < α(S(xn−1,xn−1,xn) + S(xn,xn,xn+1)),

which implies, S(xn,xn,xn+1) <
α

1−αS(xn−1,xn−1,xn) ≤
ηS(xn−1,xn−1,xn),

i.e., S(xn,xn,xn+1) < S(xn−1,xn−1,xn). (8)

If

M(xn−1,xn−1,xn) =
β

3
(2S(xn−1,xn−1,xn)

+ S(xn,xn,xn+1)),

then

S(xn,xn,xn+1) <
β

3
(2S(xn−1,xn−1,xn)+S(xn,xn,xn+1)),

which implies, S(xn,xn,xn+1) <
2β
3−βS(xn−1,xn−1,xn) ≤

ηS(xn−1,xn−1,xn),

i.e., S(xn,xn,xn+1) < S(xn−1,xn−1,xn). (9)

If

M(xn−1,xn−1,xn)

=
γ

3
(Ω−1(S(xn−1,xn,xn)) + Ω−1(S(xn,xn,xn))

+ Ω−1(S(xn,xn+1,xn))),

then

S(xn,xn,xn+1) <
γ

3
(Ω−1(S(xn−1,xn,xn))

+ Ω−1(S(xn,xn,xn)) + Ω−1(S(xn,xn+1,xn)))

<
γ

3
(Ω−1(Ω(S(xn−1,xn−1,xn)))

+ Ω−1(Ω(2S(xn,xn,xn+1))))

which implies, S(xn,xn,xn+1) <
γ

3−2γS(xn−1,xn−1,xn) ≤
ηS(xn−1,xn−1,xn),

i.e., S(xn,xn,xn+1) < S(xn−1,xn−1,xn). (10)

If we set ln = S(xn,xn,xn+1), then by (8), (9) and (10), we
have,

ln < ln−1. (11)

Thus, {ln} is a decreasing sequence of positive real numbers
which converges to some l ≥ 0.
Assume l > 0. Then for δ(l) > 0, there exists a positive
integer k ∈ N such that

n ≥ k =⇒ l < ln < l + δ(l). (12)

Now, α(S(xn,xn,xn+1)+S(xn+1,xn+1,xn+2))

< 2αS(xn,xn,xn+1)

< S(xn,xn,xn+1).

Similarly,
β

3
(2S(xn,xn,xn+1) + S(xn+1,xn+1,xn+2))

< βS(xn,xn,xn+1)

< S(xn,xn,xn+1).

Again,
γ

3
(Ω−1(S(xn,xn+1,xn+1)) + Ω−1(S(xn+1,xn+2,xn+1)))

≤ γ

3
(Ω−1(Ω(S(xn,xn,xn+1)))

+ Ω−1(Ω(2S(xn+1,xn+1,xn+2))))

IAENG International Journal of Applied Mathematics

Volume 55, Issue 6, June 2025, Pages 1593-1603

 
______________________________________________________________________________________ 



=
γ

3
(S(xn,xn,xn+1) + 2S(xn+1,xn+1,xn+2))

< γS(xn,xn,xn+1)

< S(xn,xn,xn+1).

Thus, M(xn,xn,xn+1) < S(xn,xn,xn+1) = ln.
Again,

l < ln+1 = S(xn+1,xn+1,xn+2) ≤ ϕ(M(xn,xn,xn+1))

< M(xn,xn,xn+1).

Hence
l < M(xn,xn,xn+1) < l + δ(l). (13)

Using the condition (ii) and inequality (13), we get,

S(Txn,Txn,Txn+1) ≤ l, i.e., S(xn+1,xn+1,xn+2) ≤ l,

i.e., ln+1 ≤ l for n ≥ k, a contradiction to(12).

Therefore, l = 0.
Now, we prove that {xn} is a Cauchy sequence.
We fix ε > 0, and without loss of generality, we take δ < ε.
Since ln → 0, there exists k ∈ N such that S(xn,xn,xn+1) =
ln <

δ
4 for all n ≥ k.

For k < n,

S(xk,xn,xn)

≤ Ω(S(xk,xk,xk+1) + 2S(xn,xn,xk+1))

≤ Ω(S(xk,xk,xk+1) + 2Ω(S(xk+1,xk+1,xk+2)

+ 2S(xn,xn,xk+2)))

≤ Ω(S(xk,xk,xk+1) + 2Ω(S(xk+1,xk+1,xk+2)

+ 2Ω(S(xk+2,xk+2,xk+3) + 2S(xn,xn,xk+3))))

≤ Ω(S(xk,xk,xk+1) + 2Ω(S(xk+1,xk+1,xk+2)

+ 2Ω(S(xk+2,xk+2,xk+3) + 2Ω(S(xk+3,xk+3,xk+4)

+ 2S(xn,xn,xk+4)))))

≤ Ω(S(xk,xk,xk+1) + 2Ω(S(xk+1,xk+1,xk+2)

+ 2Ω(S(xk+2,xk+2,xk+3) + 2Ω(S(xk+3,xk+3,xk+4) + ...

+ 2Ω(S(xn−1,xn−1,xn) + 2S(xn,xn,xn))))))

Thus, when k → ∞, S(xk,xk,xn) → 0.
So, {xn} is a Cauchy sequence in X . Since (X,S) is
complete, there exists p ∈ X such that xn → p.
Now, we prove that p is a fixed point of T.
If Tp ̸= p, then using (i) and the property of ϕ, we obtain,

S(Txn,Txn,Tp)

≤ ϕ(M(xn,xn,p))

< M(xn,xn,p)

= max

{
α(S(xn,xn,p) + S(Txn,Txn,Tp)),

β

3
(2S(xn,xn,Txn) + S(p,p,Tp)),

γ

3
(Ω−1(S(xn,Txn,p))

+ Ω−1(S(p,Txn,Txn)) + Ω−1(S(Txn,Tp,Txn)))

}
.

(14)

If M(xn,xn,p) = α(S(xn,xn,p) + S(Txn,Txn,Tp)), then

S(Txn,Txn,Tp) < α(S(xn,xn,p) + S(Txn,Txn,Tp)).

Taking limit as n → ∞ and using the continuity of S, we
get,

S(p,p,Tp) < αS(p,p,Tp)

i.e., S(p,p,Tp) < S(p,p,Tp). (15)

If M(xn,xn,p) =
β
3 (2S(xn,xn,Txn) + S(p,p,Tp)), then

S(Txn,Txn,Tp) <
β

3
(2S(xn,xn,Txn) + S(p,p,Tp)),

and taking limit as n→ ∞, we get,

S(p,p,Tp) <
β

3
S(p,p,Tp)

i.e., S(p,p,Tp) < S(p,p,Tp). (16)

For

M(xn,xn,p)

=
γ

3
(Ω−1(S(xn,Txn,p)) + Ω−1(S(p,Txn,Txn))

+ Ω−1(S(Txn,Tp,Txn))),

we have,

S(Txn,Txn,Tp)

<
γ

3
(Ω−1(S(xn,Txn,p)) + Ω−1(S(p,Txn,Txn))

+ Ω−1(S(Txn,Tp,Txn)))

≤ γ

3
(S(xn,Txn,p) + S(p,Txn,Txn)

+ Ω−1(Ω(2S(Txn,Txn,Tp))))

=
γ

3
(S(xn,Txn,p) + S(p,Txn,Txn)

+ 2S(Txn,Txn,Tp)).

Taking limit as n→ ∞, we get,

S(p,p,Tp) <
2γ

3
S(p,p,Tp)))

i.e., S(p,p,Tp) < S(p,p,Tp). (17)

So, by (15), (16) and (17), we have a contradiction.
Therefore, Tp = p.
To show the uniqueness, let q be another fixed point of T
such that p ̸= q.
Now,

S(p,p,q) = S(Tp,Tp,Tq) ≤ ϕ(M(p,p,q)) < M(p,p,q)

= max

{
α(S(p,p,q) + S(Tp,Tp,Tq)),

β

3
(2S(p,p,Tp) + S(q,q,T q)),

γ

3
(Ω−1(S(p,Tp,q))

+ Ω−1(S(q,Tp,Tp)) + Ω−1(S(Tp,Tq,Tp)))

}
.

Considering different cases for M(p,p,q), it can be shown
that

S(p,p,q) < S(p,p,q),

a contradiction. Therefore, p = q, i.e., T has a unique fixed
point p ∈ X.
Now, we show that T is continuous at p if and only if
lim

xn→p
M(xn,xn,p) = 0.

Suppose, T is continuous at the fixed point p and xn → p.
So, Txn → Tp = p.
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Now, from (14), it is clear that lim
xn→p

M(xn,xn,p) = 0.

Conversely, we assume that lim
xn→p

M(xn,xn,p) = 0.

Then

lim
xn→p

max

{
α(S(xn,xn,p) + S(Txn,Txn,Tp)),

β

3
(2S(xn,xn,Txn) + S(p,p,Tp)),

γ

3
(Ω−1(S(xn,Txn,p)) + Ω−1(S(p,Txn,Txn))

+ Ω−1(S(Txn,Tp,Txn)))

}
= 0,

and so, S(Txn,Txn,p) → 0 as xn → p, i.e., Txn → p =
Tp.
Hence T is continuous at p.

Considering α = 0 = γ and β = 1
3 with ϕ(t) = 3t

4 , t ≥ 0
in the above theorem, we get the following.

Corollary 4.2 Let (X,S) be a complete Sp-metric space
and T be a self-mapping on X satisfying the conditions:
(i) there exists a function ϕ : R+ ∪ {0} → R+ ∪ {0} such

that ϕ(t) < t for each t > 0 and

S(Tx,Ty,Tz) ≤ 1

12
(S(x,x,Tx)+S(y,y,Ty)+S(z,z,Tz))

for all x,y,z ∈ X ,
(ii) for a given ε > 0, there exists δ = δ(ε) > 0 such that

ε < 1
9 (S(x,x,Tx) + S(y,y,Ty) + S(z,z,Tz)) < ε + δ

implies S(Tx,Ty,Tz) ≤ ε for all x,y,z ∈ X.

Then T has a unique fixed point p ∈ X . Also, T is
discontinuous at p if and only if lim

x→p
M(x,x,p) ̸= 0.

Remark 4.3 Theorem 4.1 can be taken as an extension of
Theorem 2.1 of [17] and Theorem 1 of [11] in the setting
of Sp-metric space.

Example 4.4 Let X = [0,2] and (X,S) be a Sp-metric
space defined as
S(x,y,z) = e|x−y|+|x+y−2z| − 1 for all x,y,z ∈ X with
Ω(t) = et − 1.
Define T : X → X by

T (x) =

{
1, x ≤ 1;

0, x > 1.
Then T has a unique fixed point at x = 1 which is also the
point of discontinuity of T.
We take α = γ = 1

8 and β = 3
4 .

Now

S(Tx,Ty,Tz) = 0 and 0 < M(x,y,z) <
3

4
(e2−1), (18)

when x,y,z ≤ 1.

S(Tx,Ty,Tz) = e2 − 1

and
1

4
(e4 − 1) < M(x,y,z) <

1

4
(e4 + 2e2 − 3), (19)

when x > 1,y,z ≤ 1 or z > 1, x,y ≤ 1 or y > 1,x,z ≤ 1.

S(Tx,Ty,Tz) = e2 − 1

and
1

2
(e4 − 1) < M(x,y,z) <

1

4
(2e4 + e2 − 3), (20)

when x ≤ 1,y,z > 1 or y ≤ 1,x,z > 1 or z ≤ 1,x,y > 1.

S(Tx,Ty,Tz) = 0 and
3

4
(e2−1) < M(x,y,z) <

3

4
(e4−1),

(21)
when x,y,z > 1.
Then T satisfies the condition (i) of Theorem 4.1 with

ϕ(t) =

{
t
2 , t > 1;
t
3 , t ≤ 1.

Again, T satisfies the condition (ii) of Theorem 4.1 with

δ(ε) =

{
3
4 (1− ε)(e2 − 1), ε < 1;
3
4e

2(e2 − 1), ε ≥ 1.
It can be easily seen that lim

x→1
M(x,x,1) ̸= 0.

In the same line as [11], we observe that the following
analogous results also hold in complete Sp-metric space.

Theorem 4.5 Let (X,S) be a complete Sp-metric space
and T be a self-mapping on X satisfying the following
conditions:
(i) S(Tx,Ty,Tz) < M(x,y,z) for any x,y,z ∈ X with

M(x,y,z) > 0;
(ii) There exists a δ = δ(ε) > 0 such that ε < M(x,y,z) <

ε+ δ implies S((Tx,Ty,Tz) < ε for a given ε > 0.

Then T has a unique fixed point p ∈ X. Also, T is
discontinuous at p if and only if lim

x→p
M(x,x,p) ̸= 0.

Theorem 4.6 Let (X,S) be a complete Sp-metric space and
T be a self-mapping on X satisfying the conditions:
(i) There exists a function ϕ : R+ → R+ such that

ϕ(t) < t for each t > 0 and S(Tmx,Tmy,Tmz) ≤
ϕ(M∗(x,y,z)) where

M∗(x,y,z)

= max

{
α(S(x,y,z) + S(Tmx,Tmy,Tmz)),

β

3
(S(x,x,Tmx) + S(y,y,Tmy) + S(z,z,Tmz)),

γ

3
(Ω−1(S(x,Tmy,z)) + Ω−1(S(z,Tmx,Tmy))

+ Ω−1(S(Tmy,Tmz,Tmx)))

}
,

for all x,y,z ∈ X.
(ii) There exists a δ = δ(ε) > 0 such that ε < M∗(x,y,z) <

δ + ε implies S(Tmx,Tmy,Tmz) ≤ ε for a given
ε > 0.

Then, T has a unique fixed point p ∈ X. Also, T is
discontinuous at p if and only if lim

x→p
M∗(x,x,p) ̸= 0.

Proof: By Theorem 4.1, Tm has a unique fixed point p.
So, Tmp = p.
Hence we have, Tp = TTmp = TmTp. So, Tp is another
fixed point of Tm.
From the uniqueness of the fixed point, we have Tp = p.
Consequently, T has a fixed point p. The next part follows
as in Theorem 4.1.

Theorem 4.7 Let E(c1,c2,a); c1,c2 ∈ X; a ∈ [0,∞) be
a fixed ellipse of a self-mapping T in a complete Sp-metric
space (X,S). Then T is discontinuous at E(c1,c2,a) if and
only if lim

x→p
M(x,x,p) ̸= 0.

IAENG International Journal of Applied Mathematics

Volume 55, Issue 6, June 2025, Pages 1593-1603

 
______________________________________________________________________________________ 



The proof follows as in the last part of Theorem 4.1.

In [15], Pant et al. defined k-continuity of a mapping as
a weaker form of continuity. Accordingly, a self-mapping
T on a metric space X is called k-continuous for k ≥ 1
if fkxn → ft whenever {xn} is a sequence in X such
that fk−1xn → t. It is noteworthy that 1-continuity is
equivalent to continuity and continuity =⇒ 2-continuity
=⇒ 3-continuity =⇒ .., but not conversely (refer to [15]).
Here we prove an analogous result as in Theorem 4.1 in
case of a k-continuous mapping.

Theorem 4.8 Let (X,S) be a complete Sp-metric space and
T be a k-continuous self-mapping on X for some k ≥ 1,
satisfying the conditions:
(i) there exists a function ϕ : R+ ∪ {0} → R+ ∪ {0} such

that ϕ(t) < t for each t > 0 and

S(Tx,Ty,Tz) ≤ ϕ(M(x,y,z))

for all x,y,z ∈ X,
(ii) for a given ε > 0, there exists δ = δ(ε) > 0 such that

ε < M(x,y,z) < ε+ δ implies S(Tx,Ty,Tz) ≤ ε for
all x,y,z ∈ X,

Then T has a unique fixed point p ∈ X . Also, T is
discontinuous at p if and only if lim

x→p
M(x,x,p) ̸= 0.

Proof: For x0 ∈ X, as in Theorem 4.1, we can show that
the Picard’s sequence {xn} is a Cauchy sequence. Since X
is complete, there exists p in X such that xn → p. Moreover,
for each integer m ≥ 1, we have Tmxn → p.

Since T k−1xn → p, k-continuity of T implies that
T kxn → Tp. Hence p = Tp and so, p is fixed point of
T .
Uniqueness and discontinuity at fixed point follows as in
Theorem 4.1.

Remark 4.9 Theorem 4.1, Theorem 4.5, Theorem 4.6 and
Theorem 4.8 give a new solution to Rhoades’ open problem
for existence of some new types of contractive mappings
which are discontinuous at fixed point and fixed ellipse in
Sp-metric space.

V. APPLICATION TO DISCONTINUOUS ACTIVATION
FUNCTION

In recent times, neural networks have experienced remark-
able advancement in many areas such as associative mem-
ory, pattern recognition, image processing etc. Due to the
practical relevance, neural networks utilizing discontinuous
activation function have gained much attention in research
(refer to [7], [10]). In [24], Wang et al. investigated the neural
networks with a class of Maxican-hat-type non-monotonic
discontinuous activation function defined as

Ti(x) =


ri, −∞ < x < ai

mi,1x+ ni,1, ai ≤ x ≤ bi

mi,2x+ ni,2, bi < x ≤ ci

si, ci < x < +∞.

(22)

where ai, bi, ci, ri, mi,1, mi,2, ni,1, mi,2 are constants
satisfying

−∞ < ai < bi < ci < +∞,mi,1 > 0,mi,2 < 0,

ri = mi,1ai + ni,1 = mi,2ci + ni,2,

mi,1bi + ni,1 = mi,2bi + ni,2,

si > Tbi, i = 1,2,...,n.

It is found that employing discontinuous activation func-
tions can significantly enhance the storage capacity of neural
networks.

In this section, we give an application of our results
obtained in Section III to discontinuous activation function.

Example 5.1 Let X = {1,3,4,8} and define an Sp-metric
S : X3 → R+ ∪ {0} by S(x,y,z) = eS(x,y,z) − 1 with
Ω(t) = et−1, t ∈ [0,∞), where (X,S) is an S-metric space
with
S(1,1,4) = S(4,4,1) = S(1,1,8) = S(8,8,1) = 5,
S(8,8,3) = S(3,3,8) = S(4,4,3) = S(3,3,4) = 2,
S(x,y,z) = 0, if x = y = z,
S(x,y,z) = 3

2 , otherwise.
We consider the ellipse

E(1,3,
e5 + e2 − 2

2
) = {x ∈ X : S(1,1,x)

+ S(3,3,x) = e5 + e2 − 2}
= {4,8}.

Taking mi,1 = 2, mi,2 = −1, ni,1 = 2, ni,2 = 8, ri =
2, si = 8, ai = 0, bi = 2, ci = 6, we get,

T (x) =


2, −∞ < x < 0;

2x+ 2, 0 ≤ x ≤ 2;

−x+ 8, 2 < x ≤ 6;

8, 6 < x < +∞.

(23)

Figure 3: The discontinuous activation function T
represented by (23).

T satisfies the conditions (i) and (ii) of the
Theorem 3.1 for the ellipse E(1,3, e

5+e2−2
2 ), where

c1 = 1, c2 = 3 and a = e5+e2−2
2 .

Hence, T fixes the ellipse E(1,3, e
5+e2−2

2 ).
We have,
lim
x→4

M(x,x,4) = 0 and lim
x→8

M(x,x,8) = 0.

Clearly, T is continuous at x = 4 and x = 8.

Example 5.2 Let X = N ∪ {0} and define an Sp-metric
S : X3 → R+ ∪ {0} by S(x,y,z) = eS(x,y,z) − 1 with
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Ω(t) = et−1, t ∈ [0,∞), where (X,S) is an S-metric space
as defined in Example 2.3 of [1] as

S(x,y,z) =

{
0, x = y = z;

x+ y + z, otherwise.
(24)

We consider the ellipse

E(0,3,
e7 + e− 2

2
) = {x ∈ X : S(0,0,x)

+ S(3,3,x) = e7 + e− 2}
= {1}.

Taking mi,1 = 6, mi,2 = −4, ni,1 = 25, ni,2 = 5, ri =
1, si = 15, ai = −4, bi = −2, ci = 2, we get,

T (x) =


1, −∞ < x < −4;

6x+ 25, −4 ≤ x ≤ −2;

−4x+ 5, −2 < x ≤ 1;

15, 1 < x < +∞.

(25)

Figure 4: The discontinuous activation function T
represented by (25).

T satisfies the conditions (i) and (ii) of the Theorem
3.1 for the ellipse E(0,3, e

7+e−2
2 ), where c1 = 0, c2 =

3 and a = e7+e−2
2 .

Hence, T fixes the ellipse E(0,3, e
7+e−2

2 ).
We have,
lim
x→1

M(x,x,1) does not exist. Clearly, T is discontinuous at
x = 1.

VI. AN APPLICATION TO EXISTENCE OF
SOLUTION OF AN INTEGRAL EQUATION

In this section, we demonstrate the relevance of Theorem
4.1 to investigate the existence and uniqueness of solution
of the following Volterra integral equation:

x(t) = p(t) +

∫ T

0

λ(t,r)f(r,x(r))dr, (26)

t ∈ [0,T ], where T > 0. Here, f,p : [0,T ] × R → R are
continuous functions and λ : [0,T ] × R → [0,∞) is also
continuous function.
Define a metric S on X = C(I,R) (the set of continuous
function defined on I = [0,T ]) by

S(x,y,z)

= e
sup
t∈I

(|x(t)− y(t)|+ |y(t)− z(t)|+ |z(t)− x(t)|)
− 1,

for all x,y,z ∈ X. Then (X,S) is Sp-metric space with
Ω(t) = et − 1.
We consider the following conditions:

(i) sup
r∈I

|λ(t,r)| ≤ 1

T
.

(ii) |(f(r,x(r))−f(r,y(r)))| < |x(t)−y(t)|+ln
√
a, where

a ∈ [0, 12 ).

Theorem 6.1 Under the assumptions (i) and (ii) equation
(25) has a solution in X .
We define T : X → X by
T (x(t)) = p(t) +

∫ T

0
λ(t,r)f(r,x(r))dr.

Now,

S(Tx,Tx,Ty)

= e
2 sup
t∈I

|Tx(t)− Ty(t)|
− 1

≤ e
2 sup
t∈I

∫ T

0

sup
r∈I

|λ(t,r)||(f(r,x(r))− f(r,y(r)))|dr
− 1

≤ e
2 sup
t∈I

1

T

∫ T

0

|(f(r,x(r))− f(r,y(r)))|dr
− 1

≤ e

2
T sup

t∈I

∫ T

0

(|x(t)− y(t)|+ ln
√
a)dr

− 1

≤ e

2
T sup

t∈I

∫ T

0

(|x(t)− y(t) + ln
√
a|)dr

− 1

≤ e

2
T sup

t∈I
|x(t)− y(t) + ln

√
a|
∫ T

0

dr
− 1

= e
2 sup
t∈I

|x(t)− y(t)|+ ln
√
a
− 1

= ae
2 sup
t∈I

|x(t)− y(t)|
− 1

≤ ae
2 sup
t∈I

|x(t)− y(t)|
− a

= a(e
2 sup
t∈I

|x(t)− y(t)|
− 1)

= aS(x,x,y)

=
1

2
2aS(x,x,y)

≤ 1

2
(aS(x,x,y) + aS(Tx,Tx,Ty))

≤ 1

2
M(x,x,y)

= ϕ(M(x,x,y))

where ϕ(t) = t
2 for all t ∈ R+ ∪ {0}.

Consider

δ(ε) =

{
3aS(x,x,y)− ε, ε ≤ 2aS(x,x,y);

4aS(x,x,y), ε > 2aS(x,x,y).

For, aS(x,x,y) < M(x,x,y) < 3aS(x,x,y)
we have, S(Tx,Tx,Ty) ≤ aS(x,x,y).
So, all the conditions of the Theorem 4.1 is satisfied and
hence T has a unique fixed point which is the unique
solution of the integral equation (25).
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VII. CONCLUSION

In this paper, we derive some fixed ellipse results with
analysis of discontinuity at fixed point and fixed ellipse in
Sp-metric space. An application is given for discontinuous
activation function arising in neural networks. The paper
concludes with an application to integral equation. The
derived results have several motivations considering future
perspective. In 2020, Adewale et al. [2] defined the notion of
Ap-metric space and derived some fixed point results with an
application to nonlinear integral equation. Analogous study
can be done in Ap-metric space using our defined type of
contractive conditions. In 2022, Joshi et al. [6] introduced
an M-class function in S-metric space which is very useful
for finding the existence of a fixed circle and fixed points.
In a similar manner, the contractive conditions derived in
this paper can be modified using M-class functions, and
discontinuity results can be investigated at the fixed point
and fixed ellipse.
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