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Abstract— In many places, there may emerge a situation in
which a certain group of individuals or components need to be
partitioned into many groups in order to meet certain
requirements. To investigate the characteristics and nature of a
network, our mathematicians create a variety of partitioning
techniques. Usage of graph theoretical method simplifies the
partitioning procedure. On the vertex set of graph G, we define
a partition m;, consisting of k partition classes. m; is said to be a
similar degree partition of G if the absolute difference of the sum
of the degrees of all vertices between any two partition classes is
at most 1. The largest value k across all the similar degree
partition of the graph G is defined to be the degree partition
number of G and is denoted by 1 (G). This partition suits the
need for partitioning any resource into groups of almost equal
strength. In this paper we have established some interesting
facts and theorems regarding the degree partition nhumber of
some derived graphs.

Index Terms— Degree Partition

Partitioning, Partitions of sets.

Number, Graph

I. INTRODUCTION

n this paper, we consider finite, undirected simple graphs.

Graphs serve as mathematical models to analyse many

concrete real-world problems. For the basic definitions and
notations of graph theory, we refer the text book by Harary
[5]. The vertex set and edge set of G are denoted by V(G) and
E(G) respectively. A graph G of order p and size q is referred
toasa (p,q) graph. (1,0) graph is called trivial graph.

For a vertex v, the number of vertices adjacentto v in G is
called its degree and is denoted by deg;(v) or simply
deg(v). A vertex v of G with deg(v) = 1 is a pendant
vertex. If v is a vertex of degree 0, then v is called an isolated
vertex. A graph G is called r — regular if deg(v) = r for
eachv € V (G).The graphis known to be (r, k) — biregular
if any vertex of G is of degree either r or k. The minimum
and maximum degree among the vertices of G is denoted by
6(G) and A(G) respectively. A graph of order n is said to be
complete if 6(G) = A(G) = n — 1 and it is denoted by K,,.

The set of vertices adjacent to v is called the open
neighbourhood of v. It is denoted by N(v). The set N(v) U
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{v} is called the closed neighbourhood of v which is denoted

by N[v]. A closed path is called a cycle. The path and cycle
with n vertices are denoted by B, and C,, respectively.

The join of two graphs G and H, denoted by GvH is
obtained by joining each vertex of G to every other vertices
of H by means of edges. The wheel graph W, (n = 4) is
nothing but K;vC,_;.

The cartesian product of two graphs G and H denoted by
GoH is defined such that V(GoH) = V(G) X V(H) and the
two vertices (uq, u,) and (v,, v,) are adjacent if u;, = v, and
u, isadjacent to v, in H or u, is adjacentto v, in G and u, =
V.
The subdivision of an edge e = {u, v} in the graph G is
nothing but the replacement of the edge e with a path of
length 2. The graph obtained by subdividing all edges of G is
called the subdivision graph of G.

The splitting graph S,,(G) of a graph ¢ is obtained from G
by adding a new vertex v’ for each vertex v of G such that v’
is adjacent to all the vertices in N(v).

Let I, (n = 4) denote the irregular most graph on n
vertices  with degree  sequence n—1,n-—

2, .., EJ , EJ ,...,2,1. That is, only two vertices have same

degree in I, and all the other vertices have distinct degrees.
The Kneser graph K(n, k) is the graph whose vertices

correspond to the k — element subsets of a set of n elements

whose two vertices are adjacent if and only if the two

corresponding sets are disjoint. K(n, k) isa (n ; k) —regular

graph of order (Z)

The n — hypercube graph Q,, is the cartesian product of
n — path graphs. It is a n —regular graph of order 2.

Graph partitioning is a process of reducing a graph to
smaller graphs by partitioning its vertex set/ edge set into
mutually incompatible groups. There are numerous research
concepts in the literature that are based on partitioning the
vertex and edge sets of a graph [2],[3].[4].[50.[7],
[10],[11],[12],[23].

A Barbell partition of a graph G is a partition of V(G) into
three disjoint parts {R, W;, W,} such that

1. R is allowed to be an empty set, but W; # ¢ for i =

1,2.

2. there are no edges between vertices in W; and W,

3.foreachv € R, [IN;(v) N W;| # 1fori = 1,2.

For more details on this partitioning, one can refer [1].

This paper deals a kind of partitioning in graphs which
aims at having smaller groups of vertices with almost same
degree sum.

Let , (k = 2) be a partition of the vertex set V(G) with
the partition classes V;,V,, ..., V,. The degree sum of the
vertex class V; is defined as the sum of the degrees of the
vertices in the class V; which is denoted by D (V;). m; is called
a similar degree partition if the absolute difference between
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the degree sum of any two classes is at most 1, that is, if
D) —D(V;)| <1for1<i,j<k.

. is called a perfect similar degree partition if the degree
sum of the vertex classes are the same. m; is said to be a
maximum similar degree partition if we cannot find a similar
degree partition 7; such that [ > k and such k is defined to
be the degree partition number of the graph G which is
denoted by ¥, (G).

Here, we denote the n disjoint copies of a graph G by nG.

For interesting results on this parameter, one can refer
[81,[9]. In this paper, we establish degree partition number of
some subdivision graphs, spanning subgraphs and some
family of derived graphs. Also, we present a family of graphs
for which the maximum similar degree partition as well as the
barbell partition are one and the same.

Il. MAIN RESULTS

In this section, we present some interesting facts and
theorems on the degree partition number. We first recall the
following results proved in [9] which are useful in
determining the degree partition number of various graph
families.
Theorem 1 [9] ¥, (G) = |V(G)] if and only if G is either a
regular graph or a (r,r + 1) — biregular graph. mi

Theorem 2 [9] 1 < ¥, (G) < %J

Proof Let G be a graph with n vertices. Let m, =
{Vvi,V,,...,V,.} be a maximal similar degree partition of G.
Then Y, (G) = k.

Clearly, there exists at least one partition say V; such that
Suer, deg vi 2 A.

Also, Zvievj degv;=2A—1forj=23,..k.

Adding the above k inequalities, we get

degv; = A+ (k—1)(A-1).

v;EV(G)
kg Zuendegui=8 _zvevldegvi -8,
A-1 1
=k < ZleVl deg Vi —
5 - A-1
vievy d
Hence, k < levl—egV’J since K is an integer.
Always k > 1.
11 d L
Thus 1 < ¥, (G) < 127“’1 9y J o

Theorem 3 [9] If G has the vertices even degree only, then
1<yp(6) < IZUEV(GAﬂJ

Proof Let G be a graph with n vertices and degree of each
vertex be even.
Let m, ={V,V,,...,Vi} be a maximal similar degree
partition of G. Then ¢, (G) =
Since degree of each vertex be even, m;, should be a perfect
similar degree partition of G.
Then, ZviEVj degv; = Aforallj =1,23,.. k.
Adding the above k inequalities, we get
deg v; = kA.
v;eV(G)
Z'U i€V1
~ k< Hence, k < l—
integer.

Always k = 1. Thus 1 < ¢ (G) < l

Yv: deg
% J since k is an

2y eV1 deg v; J

We also note the following facts which are vacuously true.
Fact 4 There does not exist a graph of order n, 2 <n < 4

such that Y, (G) = 1. o
Fact 5 There does not exist a graph of order 3 such that
Yp(G) = 2. o

Fact 6 Forn > 3, ¥, (K;vK,,) = 1.
Proof The degree sequence of the graph K; vK,, ,, is given by
((n+ 1), 2n).
We cannot find any similar degree partition for Ky vK, ,.
Hence v, (KyvKy,) = 1forn > 3. o
Fact 7 Y, (W,) = nforn = 4,5.
Proof As W, is 3 —regular and W; is (3,4)- biregular,
Yp(W,) =nforn =4,5. o
Theorem 8 For any wheel graph W, = K;vC,_;,

4 if n =1(mod 3)

Yp(W,) =13 if n = 3,8(mod 9)

1 ifn=0256(mod9)
Proof Let V(W,) = {v,, vz, o, Up} With degv; =n—1and
degv; =3 fori =2,3,.

It can be seen that le =4,

~Yp(W,) < 4forn = 6.
Case iLety,(W,) =4
In this case {v;} should be a partition class in our degree
partition whose degree sumisn — 1.
Since the degree of remaining vertices are the same, the
degree sum of the other classes should be the same.
This is possible only when n — 1 is a multiple of 3. That is
n—1=0(mod 3) orn = 1(mod 3).
Case ii Lety,(W,) =3
Let V; = {vy, vy, ..., v} be a partition class in our maximum
similar degree partition.
We may see that D(V;) =(n—1)+3(k—1) =n+ 3k —
4.
As we have seen above, the degree sum of the remaining two
partition classes should be the same and that may be n +
3k—3orn+3k—4orn+3k—5.
Since the sum of all the degree of vertices of W}, is 4(n — 1),
the degree of the other two partition classes should be

forn>6

4(n-1)-(n+3k-4)_ 3n-3k

2 T2
If 2 =n+3k-3, then 3n—3k=2n+6k—6=
n—9%+6=0

= n = —6(mod 9) orn = 3(mod 9)
Suppose that =3 = 5 + 3k — 4, then 3n— 3k =2n +

6k — 8=>n—9k+8=0
= n = —8(mod 9) orn = 1(mod 9), which leads to Case i.

Next if 22— 5 + 3k —5, then 3n — 3k = 2n + 6k —

10=>n—-9k+10=0

= n = —1(mod 9) orn = 8(mod 9)

Hence v, (W,,) = 3 only when n = 3,8(mod 9).

Case iii Letyp,(W,) = 2

Let V;, = {vy,v,, ..., v} be a partition class in our maximum
similar degree partition with

D(V,) =n + 3k — 4.

Again, the degree sum of the other partition class may be n +
3k—3orn+3k—4orn+ 3k —>5 and the degree sum of
the partition classes should be 3n — 3k.

If 3n—-3k=n+3k—3, then 2n=6k—-3, a
contradiction.

Therefore, 3n — 3k # n+ 3k —3. Similarly, 3n—3k #
n+ 3k —5.
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Thus 3n—3k=n+3k—4. This forces that
1(mod 3) which leads to Case i.

Hence Yy, (W,) # 2.

For all the remaining n i.e.,n=0,2,56(mod?9),

Yp(Wp) = 1. =

n=

Proposition 9 Consider the family of graphs E, defined as
n—2
Kiv (Kl U (T) K2> if nis even

n- n—1
Ko ()
Then Y, (E,) = 3 whenn > 4.
Proof For n =4, a maximum similar degree partition is
shown in the Fig 1.

if nisodd

T

prafiar

Fig 1. The graph F,

Forn=5,¢y,(F) <3+ é < 3 by Theorem 2.
Let V(E,) = {vy, V3, ..., Vp_q, Up} With
degv, =n—1, degv;=2 for i=12,..,n—2 and
degv,_; = 2 or 1 according as n is odd or even.
When n is odd,

Ty = {{vn}, {vl, Vg, e UnT—:I.},{UnT—l+1, UnT—1+2, ) Vn—1} }
forms a perfect similar degree partition with the degree sum
n — 1 and hence ¥, (F,) = 3.
When n is even,
Ty = {{vn}, {vl,vz, Un_—z}{l?n_ﬂ Un+3, ...,vn_z,vn_l}}

2 2 2
forms a maximum similar degree partition with degree sum
asn —1,n —2,n— 1 respectively implying Y, (F,) = 3. ©
Theorem 10 For any given positive integer n > 5, there
exists a graph of order n whose barbell partition and the
similar degree partition are the same.
Proof Consider the family of graphs H,, defined as H, =

Kv (2P, UK U (S2)K,) if n=0 (mod 4)
n-1
kv () Ko
n-2
kv (K0 () ko)
Kv (2P U (B0)K,)  if n=3(mod4)
By Theorem 2, we can easily verify that ¢, (H,,) < 3 forn >
5.
Let V(H,) = {v1, V3, .., 1 }-
Casei Letn = 0 (mod 4)
In this case, H, has one vertex of degree n — 1, one vertex of
degree 1, two vertices of degree 3 and n — 4 vertices of
degree 2.
Letdegv, =2fori=12,..,n—4,
degv; =3forj=n—-3,n—2,degv,_; = 1anddegv, =
n—1.
Now, 13 = {V,V,, V3} where V; = {v,},

v, = {vl,vz, v, Un-4, vn_g} and
2

if n=1(mod 4)
if n=2(mod4)

Vs = {Un_—4+1, Un=4 o, Vn_gy Vn—2, Un—1} forms a
2 2

maximum similar degree partition for H,, with the degree sum

asn — 1,n — 1, n respectively.

Caseii Letn = 1 (mod 4)

Here, H, consists of one vertex of degree n —1 andn—1
vertices of degree 2.

Letdegv; =2fori =1,2,..,n—1and

degv, =n—1.

Consider w3 = {V;,V,, V5} where V; = {v,},

V2 = {171, Uy, ...,Un_—l} and
2

V; = {Un_—1+1, Un-1 ...,vn_l} which forms a maximum
2 2

perfect similar degree partition for H,, with the degree sum as

n—1.

Case iii Letn = 2 (mod 4)

Itis clear that H, has one vertex of degree n — 1, one vertex

of degree 1, and n — 2 vertices of degree 2.

Let degv; =2 for i=1,2,..,n—2, degv,_; =1 and

degv, =n-—1.

Theﬂ, T3 = {Vli Vz, V3} Where Vl = {Un},

V, = vy, vy, Un_—Z} and
2

Vs = {vn_—z
2

maximum similar degree partitions for H,, with the degree

sumasn —1,n — 2,n — 1 respectively.

Case iv Let n = 3 (mod 4)

Note that H,, has one vertex of degree n — 1, two vertices of

degree 3 and n — 3 vertices of degree 2.

Letdegv, =2fori=1,2,..,n—3, degv; =3 forj=n-—

2,n—1landdegv, =n—1.

The partition w3 = {V;, V5, V} with V; = {v,,},

v, = {vl,vz, we, Un-3, vn_z} and
2

o vnT—2+2, vy Up_a, vn_l} is one of the required

V; = {vnT—s+1, UnT—3>+2, vy Uns, vn_l} serves as a maximum
similar degree partition for H, with the degree sum as n —
1, n, n respectively.

Hence ¢, (H,) = 3 forn > 5.

If we take W =V, R, =V, and R, = V5, then in each case,
the partition 5 constitutes a barbell partition for H,,. o
As an illustration, the maximum similar degree partitions as
well as the barbell partitions of Hg, Hg and H, are given in Fig

[>=) ([

(a) The graph Hg (b) The graph Hg
/]
N/
/N
(c) The graph H,

Fig 2. Family of Graphs having the maximum similar
degree partition as same as the barbell partition

Fact 11 The degree partition number of the subdivision graph
of K, ; is 3 and that of K; ,, is 5 for n = 2,3,4. o
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Notation If there are three conditions say A, A,, A5 such that
ay if A;

f(x) =1a, if A; but not A, ,
as if A; but not both A, and A,

we use to denote
a, if A,

fx) =15a, else if A, O
as else if As

Theorem 12 Let G be the graph obtained from K, ,,n = 5,

by subdividing k edges. Then

n—1

2 if1< k<[T]

¥p(G7) = 3 elseifk<n-2
4 elseifk<n

Proof Let V'={v} and V" ={v,, v, ..,v,} be the

bipartition of K;, and U = {uy, u,, ..., u;} be the vertices

obtained by subdividing k edges of K ,,.

We may notice that degg: v=n, degg v; =1 and

degg- uj=2foralll<i<nand1<j<k.
Yvev(gr)degv—1 _ n+2k+n(1)-1 _ 2n+2k-1 _

Now, =
A-1 n-1 n-1
2Rk 5 9y 3 ask—1<n—1
h nl degv-1 4n-1
So, vev(aA)_1 <4+ — and hence Y, (G*) < 4 forn =
5

To find the maximum similar degree partition of G*, we
initiate by considering a single vertex partition class {v} as a
class in our similar degree partition.

Then V" may form another partition class in the above
considered similar degree partition.

Now, the possibility of getting 4 partitions will be achieved
when U can be partitioned into two classes of degree sum
eithernorn — 1. (n + 1 is not possible as k < n.

So, for k = n — 1 or n, we consider two cases.

Whenever k is even

— U n
Ty = {V,V ,{ul,uz, ...,ug},{ugﬂ, u§+2,
required maximum similar degree partition of degree sum
n,n, k, k respectively.
And whenever k is odd,

Ty = {V" V- {171, UZ} u {uk}'

,uk}} forms our

{ul,uz,...,uk—1,U1},{Uk—1 , Uk-1 ,...,uk_l,vz} forms
= =t 2

our required maximum similar degree partition of degree sum
n,n, k, k respectively.

Hence, Yp(G*) =4ifn—1<k <n.

For k <n—1, we can have the maximum of 3 partition
classes in any similar degree partition.

Now, 3 = {V',V", U} will form a maximum similar degree
partition if D(U) = norn — 1 (n + 1 is not possible).
ie,2k=norn—1=k=2 or "T_l provided k is an
integer.

Next, we consider the similar degree partition with more than
one vertex in all the partition classes.

In this case, first we observe that D(V;) > n fori = 1,2,3.

As ZveV(G*) degv=2n+2k,2k>n=k> E] as k is an
integer.

Let W, = {ul, Uy, ,uEJ } and W, = {uEJJrl,uEJ”, ,uk}.

It is evident that the sum of the degrees of the vertices in W,
isn or n — 1 according as n is even or odd.

Now, if |W,| = 3t wheret = k — EJ then W, can be divided

into 3 partitions say X,, X,, X5 of same cardinality t.

Then 3 = {V' U X, V" UX,, W, U X3} will be a maximum
similar degree partition with the degree sum as n + 2t each
when n is even and the degree sum as n + 2t,n + 2t,n +
2t — 1 respectively when n is odd.

Next, if |W,| =3t +1 where t = k — EJ then W, can be

divided into 3 partitions say X;,X,, X5 such that |X;| =
t,|X;]=t+1and |X;| =t.

Then 3 ={V' UX, V"= {v;}UX, W, U{v;}UX} is a
maximum similar degree partition with the degree sumas n +
2t,n+ 2t + 1,n + 2t + 1 respectively when n is even and
the degree sum as n+ 2t,n + 2t + 1,n + 2t respectively
when n is odd.

Suppose |W,| = 3t + 2 where t = k — EJ then W, can be

divided into 3 partitions say X;,X,, X5 such that |X;| =
t,|X;]=t+1and |X;| =t + 1.

In this case,m; = {V' U {v;}J U X, V"= {v;} U X, W; U X3}
is a maximum similar degree partition with the degree sum as
n+2t+1,n+2t+1,n+ 2t + 2 respectively when n is
even and the degree sum as n + 2t + 1 each when n is odd.

Hence, ¥, (G*) = 3 if [nT_l] <k<n-2.

In the remaining cases, i. e., for k < ["T_l]

let W, = {ul,uz, ,uEJ } and w, = {ul§J+1, uEJ_ﬂ, ...,uk}.
If k is even, m, ={V'UW,,V"UW,} forms a perfect
maximum similar degree partition for G* with the degree sum
n+k.

If kisodd, m, = {V' U {v;} U W, V" —{v;}UW,} forms a
perfect maximum similar degree partition for G* with the
degree sumn + k.

Hence, Yp(G*) =2if1 <k < ["T_ll o
Theorem 13 Let G be a regular graph of odd degree r > 4

and order n. Let G* be a graph obtained by subdividing k
edges of G, then

Yp (G7)
2k
n+r_1 ikaEO(mod(r—l))
+ 2k Ise if 2k = 0 (mod (r + 1))
n —— elseif 2k = 0 (mod (r
n 2k
max {n,— + 7} else if k = 0 (modn)
- and k = 0(mod r)
n else if k = 0 (modn)
n 2k Ise if k = 0(mod
St elseif k = 0(modr)
1 otherwise

Proof Observe that n is even as r is odd.

Yp(G*) is the maximized partition number with the
difference in their degree sums never exceeding 1.

G* is a graph with degree sequence (r™, 2¥) where 1 < k <
nr

.
Let V(G)={v,u/1<i<n1<j<k} such that
degv; = rand degu; = 2.
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To achieve the optimality in partition number, we start of
considering the possibilities of having a partition class as
{v;},forany 1 <i <n.

As r is mentioned to be odd, there is no possibility of perfect
similar degree partition with vertices u;’s

Therefore, they must be classified into partition classes with
degree sum to be either r — 1 or r + 1 but not both.

In this case, we have

(n+r2—k ikaEO(mOd(T_l))]
Yp(GY) = n+% if 2k % 0 (mod (r — 1))

and 2k =0 (mod (r+ 1))
Next, we think of the possibility of having a partition class
with both v;s and u;s.
At this time, we may get a chance of having both k =
0(mod r) and k = 0(mod n), the degree sum may be r +

% or 2r.
Hence, Yp(G*) = max {n,g + %} if k=
0(mod ) and k = 0(mod n).

But when k = 0 (mod n) but k # 0(mod r), considering

optimality, the degree sum of the partition class must be r +
2k

n

Hence, ¥, (G*) = n if 2k # 0 (mod (r £ 1)) and if k =
0 (mod n) provided k # 0(mod r)

Finally, we discuss on the probability of having partition class
with at least two v;'s

It must be noted that the partition, if possible, with
vis and ujs is maximum only when there are at most two
v;'s in a partition class.

Hence, the partition class degree sum is optimum when it is
2r.

This gives us that, 1, (G*) = 24— % if

k =0(modr) but k #0(modn)and 2k 0 (mod (r+
1)).

All the other possible partitions will not be maximum as they

are covered by any one of the above said cases. Hence, we
conclude that

Yp (G7)
2k
n+r_ ikaEO(mod(r—l))
+ 2k Ise if 2k = 0 (mod (r + 1))
n —— else if 2k = 0 (mod (r
n 2k
max {n,E + 7} elseif k = 0 (mod n)
B and k = 0(mod r)
n else if k = 0 (mod n)
n Lk Ise if k = 0(mod
St elseif k = 0(modr)
1 otherwise

O

Theorem 14 Let G be regular graph of even degree r = 4 and
order n. Let G* be a graph obtained by subdividing k edges of
G, then

n+% if 2k =0 (modr)
¢D(G*) = r

n else if k =0 (mod n)
1 otherwise

Proof Since all vertices are of even degree, only perfect
similar degree partition exists if any.

We know ¢, (G*) < le (Theorem 3)
=>yYp(G)<n+ %

Also, no two vertices of G can be in a same partition class of
any maximum similar degree partition (if such partition
exists), otherwise the maximum cannot be achieved.

Hence the degree sum of every partition class in a similar
degree partition must be either r or r + 21 if such partition
exists.

Case i Let the degree sum of the partition class be 7.

In this case, every single vertex of G should form a partition
class and the newly added vertices should form 2k partition
classes.

This is possible only when 2k = 0(mod r).

S0, Y (6*) = n + 2% if 2k = 0(mod 1.
Case ii Let the degree sum of the partition class be r + 2L.
As discussed in the above theorem, this is possible only when

|l = % i.e.,k =0(modn).
In all the remaining cases ¥, (G*) = 1. o

Corollary 15 Let G be a graph obtained from K, by
subdividing k edges. Then

if 2k = 0 (mod (n — 2))
2k

n—

2k

n+-—
n

n 2k
max{n e —} else if k = 0 (mod n),

2 -1
n = 0(mod 2)and
k =0(mod (n — 1))

n+ elseif 2k=0 (mod (n— 1))

else if 2k = 0 (mod n)

lpD(G) =

n else if k = 0 (mod n)
n 2k L
0 + 1 elseif k= O(mod (n-— 1))
and n = 0 (mod 2)
1 otherwise

O

Corollary 16 Let G be a graph obtained from Kneser graph
K(n, k) by subdividing ¢ edges. Then for k <, whenever

(" . "‘) is odd.
Yp (G)
if 2t = 0 (mod k)

elseif 2t =0 (mod (k + 2))

max{( ) () ) k“] etse if £ =0 (mod (1))

andt = O(mod (k + 1))

(Z) elseif t=0 (mod (Z))
(o), 2 .
7+k_+1 elseif t = O(mod (k+1))
1 otherwise
And whenever (n ; k) is even,
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() +% ir2¢ =0 (moa (n;k))]

(x) elseif t =0 (mod (Z))

1 otherwise

~/

Proof It may be noted that K (n, k) is a null graph whenever
k>Z.
; k
n —
Let (") be odd.
We know that (rrl) isodd iff r =n — 1 and n is odd.

(" ") isoddiff n—k)~k=1=n=2k+1andn-

k
- _ n—k\_ (k+1\ _
klsodd.So,n—k—k+1and( K )—( K )—k+
1.
~Pp (6)
n .
(k) +? if 2t = 0 (mod k)
(Z)+m else if 2t = 0 (mod (k + 2))

n
{8 ez )

and t = 0(mod (k + 1))

(Z) elseift=0 (mod (Z))
n
(2_)+kz% else if t = 0(mod (k + 1))

1 otherwise

n—k

The result is obvious when ( K

) is even. ]

Corollary 17 Let G be a graph obtained from Q, by
subdividing k edges. Then

Yp (G)
2k
2”+m if 2k = 0 (mod (n — 1))
2k
2”+7 else if 2k = 0 (mod n)
n ; —
2 +n+1 else if 2k _O(mod(n+1))
2k
_ Jmax {2", 2n-1 4 7} else if k = 0(mod n),
k =0 (mod 2™)
and n = 0 (mod 2)
2" else if k = 0(mod 2™)
2k
21 4+ — else if k = 0(mod n)
andn = 0 (mod 2)

1 otherwise
O

Theorem 18 Let G be a regular graph of degree r > 2 and
order n. If G* is a graph obtained from G by removing 2 edges
incident with the same vertex, then

n—1 ifr=23
n—1
¥ (G ={ 3 ifn=1(mod2)andr =4
3 ifn=6
1 otherwise

Proof The degree sequence of G* is (r — 2, (r — 1)%,7"73).
Let V(G*) ={vy, vy ..., } with degg vy =71—2,
degg v, =degrv; =r—1landdegg v; =rfor 4 <i<
n. Also, Y ey degv = nr — 4.

To have a maximum similar degree partition, we start with
the possibility of having a partition class to be a singleton set
{fv;}forany i, 4,<i<n.

The only possibility of partitioning vertices {v,,v,} occurs
when2r—3=r—-1=>r=2o0r2r—-3=r=>r=3.l.e,
Giscycle or 3 —regular.

Hence, whenr = 2 or 3,

13(G*) = {{vy, v}, {vs}, (v} /4 <i<n} is s maximum
similar degree partition for G* implying that ¥, (G*) =n —
1.

Nest we consider the partition class of the form V, =
{vi,vj},l <iL,j<n

Case i Let the degree sum of V; = 2r

Then all other partition class must have degree sum 2r or
2r £+ 1, which could be possible when there is a partition
class V, = {vy,v,, v3}

ie, when 3r—4=2r—1=r=3,
contradiction.

3r—4=2r=r=4and
3r—4=2r+1=>r=>5

Hence, when r = 4 or 5 the remaining vertices must form
partition class among themselves contributing two in each
class.

i.e.,, when n — 3 is even or n is odd.

Since n is odd, r cannot be 5.
-~ we conclude that Y, (G*) =
n =1 (mod 2) and r = 4.
Case ii Let the degree sum of V; = 2r — 1

Then all the other partition classes must be of degree sum
2r — 2 or 2r — 1 otherwise 2r — 1 or 2r.

The case of having 2r is discussed in Case i.

It can be noted that the perfect similar degree sum cannot be
2r—1, as even a partition class Vi = {vy,v,,v;},j > 4
matches up to 2r—1, 3r—3=2r—1=1r=4), the
remaining vertices cannot form a partition class of degree
sum 2r.

Therefore, we restrict to the possibility of having a partition
class of degree sum 2r — 2.

Hence, there is a partition 1}, = {vl, vj},j >4,

By definition of ¥, (G™), all other partition classes must of
degree sum 2r — 2, which is possible whenn = 6

i.e., when n = 6,m; = {{vy, v}, {(v5, vs}, {v3, v4}} forms a
partition class in this case.

Case iii Let the degree sum of V; = 2r — 2

Then all the partition classes must be of degree sum 2r — 3
or 2r — 2 otherwise 2r — 2 or 2r — 1.

The latter case is discussed in Case ii.

The former case is possible only when there are two partition
classes in the similar degree partition say V; and V, with
D(V,) =2r —2and D(V,) = 2r — 3. So, V; = {v,,v,} and
V, = {v,, v3}. Hence, the considered graph is a graph of order
4,

which is a

n-3 n-1.
2 2
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That is, r < 4, which has been discussed already.

All the other possible partitions will not be maximum as they
are covered any one of the above said cases.

Hence in all the remaining cases, Y, (G*) = 1 m

Proposition 19 Let G* be a graph obtained from a complete
graph K, (n = 4) by removing n — 2 edges incident with a
vertex. Then Y, (G*) =n — 1.

Proof The degree sequence of G* is ((n — 1), (n — 2)"7 1, 1).
Let deggv; =n—1, degg=v;=n—2 for 2<i<n-
1 and degg- v,, = 1. It is noticeable that ¥, (G*) < n.

So, mp_y = {{v}, {v,, v,,}} forms a maximum similar degree
partition for G* with degree sum as n — 1 and n — 2 where
i=134,..,n—1. O

Theorem 20 Let V(K,) ={vy,v,, ..,v,}. For k=
1,2,. H — 1, define a family G(k) of graphs as follows: Set
6 =K, v(c?) =v(K, and E(GY)=E(GEY)\
{Vzk-IVZI' V2k_1V2k+] /1 S 1 S k 1 1 S ] S 1’1-21(}
{Vak1Vai Va1 Vaksj/1 S 1< k-1,1 < j < n-2Kk}.
¥ (6G7) =n—k.

Proof The degree sequence of G,(lk) is (n—kk n—-—k-
1)n—2k 1k)

n G,(lk), degG(k) v y=n—k fori1<t<k
degGT(Lk) Vypp =1for1 <t <kand
degcék)vs =n—k—1for2k+1<s<n.
Zoev (o) 487!

n

Then

It can be easily verified that
2k-1
n—k-1'

=Mn-k+

A-1

n n—3 ifniseven
Asksl—J—le—lS{n_4 ifnisodd}'
So, 2= <I=<lasn>4 - Pp(G) <n—k.

Tt = {{vx}, {v2t_1, Vn_t41}} Where x =24, ..,2k, 2k +
1,..,n—kand 1<t <k forms a maximum similar degree
partition for G™.

“p(G4) sn—k. 0

Theorem 21 [8] Y (I,,) = EJ + 1.

Proof LetV(I,) = {v,,v,, ... ,vp}andd(v;) =ifor1 <i <
n

n—landd(v,) = IEJ

In the case when n is even, ”§+1 = {Vl, Vs, ""V§+1} where

Vi ={w,vn3} Vo ={va,vpsl e, Vo, =

52

{vg_z,vg},]/g_l = {v;_l, vn},Vg ={v,-4} and Vg+1 =

{v,_,} forms a similar degree partition with all classes having

degree sumn — 2 except Vn and Vn_, have degree sumasn —
2

2
1.
Hence Y, (I,) = §+ 1 when n is even.
As in the above case, when n is odd, 7Tn+1 = {Vl, Vs, Vn_+1}
2 2
where V; = {vy,v,_5},
V, ={vy,vp_3}, . , Va3 = {vn_—a, Un_ﬂ},Vn_—l =
2 2

2 2

{w_—l, vn} and Vn1 = {v,_,} serves as a perfect similar
2 2

degree partition with degree sum of all classes being n-1 and
also forcing ¥, (I,,) = nTH
Therefore, we conclude that ¥, (I,,) = EJ +1. O

Theorem 22 9, (S,(P,)) = n+ || forn > 3.

Proof Assumen = 3. LetV(B,) = {v,v,, ..., v, } and
%4 (Sp(Pn)) = {v1, Uy, o) Up, Wi, Wo, oo, Wy )

We know degv; = 4where 2 < i <n-—1,degy; =
2wherej =1,n,degw; = 2where 2 <i <n-—1and
degw; = 1where j = 1,n.

Now any degree partition of S, (B,) must have the degree
sum atleast 3.

To maximize Y, (Sp(Pn)), the degree sum is either 3 or 4.
LetV; ={v,w},V,={y}for2<i<n-1V, =

, -2 . .
{Vn, wn} and Vi, = {waj,wyjp f for 1< j < ==ifnis
even.

ThenV,1<j<n + 222 forms a degree partition of S, (P,),

which gives ¥, (Sp(Pn)) =n+ T 2 when n is even.

If nis odd, let the partition class be V; =

Wn_pwwp b, Vi={vlfor2<isn-—1, V., =

{waj Wy} for1 < j <™and Vsfr2) = (v1, v} which
2

gives Y (Sp(Pn)) =n+ l"T_ZJ when n is odd. o

Theorem 23 Let G be a r — regular graph with r > 2.
Then

n .
n+-if n=0 (mod 2)
%@mﬂ{ ;I }
n ifn=1(mod?2)
Proof Let G be a regular graph of order n.
Let V(G) = {vy, vy ..., v} and V (sp(a)) =
{vi, Vg or, Up, Wi, Wy, o, Wy b
Thendegv; = 2randdegw; =rfor1 <i <n.
If n is even, the partition classes are given as V; = {v,} for
1< i<n Voyj = {wy,wp;} for 1 < j < ~which gives
n
to Y, (sp (G)) =n+2
Ifnisodd, letV; = {v;,w; /1 <i <n}. Then V,,V,, ..., V,
forms a degree partition of S, ().

Therefore, Y, (S,,(G)) =nifnis odd. o

Theorem 24 For any n > 2,1, (Sp (Kl,n)) = 3.

Proof Let V(Klyn) ={v,v1,v,, .., }suchthatdegv = n
anddegv; =1forl <i<ninkKy,.

Now V (Sp(Kl,n)) = {V,Vq, Vg, oo, Up, W, Wy, Wy, ... Wy, }
where degv = 2n,degv; =2for1 <i <n,degw =n
and degw; = 1for 1 < i < nin S,(Ky,).

Let the partition classes of S, (K, ,) be given as V; =
{w,w;},V, = {v}and V5 = {v;} where 1 < i < n which
gives ¥, (Sp(l(lyn)) > 3.

Also, by theorem 2,

6n —
o (S (K“) lZn - 1J lZn i - 1J'
So, for n > 2,9, (S,(Kia)) < 3.
Hence the theorem. ]
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