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Locally D-optimal Design for Sigmoid Model with
Four Parameters

Tatik Widiharih®, Suparti and Moch. Abdul Mukid

Abstract— Locally D-optimal design for a sigmoid model with
four parameters is investigated. D-optimal criterion refers to the
Generalized Equivalence Theorem of Kiefer Wolfowitz.
Determining whether the design is minimally supported design
based on the number of roots of the Tchebycheff system. This is
done by checking the pattern of the standardized variance
function curve whether the maximum value is equal to the
number of parameters and occurring at the design
points.Tchebycheff system and its properties are the main tools
to create D-optimal design. The result in this paper for design
region [a, b], the design is minimally supported and the design
points are a , b, and two others are interior points of [a, b].

Index Terms— D-optimal design, equivalence theorem,
minimally supported design, standardized variance function,
Tcebychev system.

I. INTRODUCTION

N ONLINEAR models were originally used to determine the
growth function. These models includ exponential,

sigmoidal or S curve. The most frequently used for
modelling are the sigmoidal model or S curve including
Logistics, Gompertz, Richards, Brody, Weibull, and Morgan
Mercer Flodin (MMF) models.

Originally the sigmoid models can be applied in many
areas such as biology and animal husbandry sciencie,
pharmacodynamics and pharmacokinetics, chemistry,
agriculture and finance. Some researchers used this model in
animal husbandry and agricultural science such as [1] used
Logistic, Richards, Gompertz and Ontogenetic models for
modeling the growth function of animals and plants. Fang et
al [2] used Gompertz and Logistic models to study an
empirical growth for predicting the growth of tomato in
greenhouse. Ulkalska and Jastrzebowski [3] applied
Richards, Logistic and Gompertz models to studi the
dynamics of epicotyl emergence of pedunculate oak.
Fernandes et al [4] utilized fruit height and diameter data over
time through diphashic sigmoidal models including Brody,
Gompertz and Logistic. Therefore [5] applied the Morgan
Mercer Flodin model for two parameters specific model
which is Michaelis Menten for modelling the effect of
concentration of substrate on the velocity of reaction. Besides
that [6] applied the Morgan Mercer Flodin model with three
parameters which is EMAX for modelling the effect of this
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concentration on the drug. Furthermore, [7] investigated the
Morgan Mercer Flodin model with three parameters. Al-
Rahman et al [8] applied Brody, Logistic, Gompertz and
Weibull models to describe the confirmed cases of COVID-
19 in Egypt. Rochyani et al [9] utilized double sigmoidal
model to investigate the growth of bacteria.

Optimal design is a design that contains design points and
its proportions (replications) so that it meet the predetermined
optimallity criteria. D-optimality criteria is the most
important. The purpose of this criteria is minimizing the
variance of the parameter estimates. Determining the D-
optimal design by maximizing the generalized variance of the
parameter estimates. This also means it can be done by
minimizing the logarithm of the generalized variance of the
parameter estimates ( — log [M(&, 6)]). The main problem of
this paper is determining the formula that used to create the
D-optimal design criterion, including the number of design
points and its proportions.

Minimizing — log [M(&, 0)] is equivalent to maximizing
IM(E, 0)]. The main problem in determining the D-optimal
design is to maximize the determinant of the information
matrix. There are several methods for maximizing the
function. The methods that are often used are the Newto
method [10], Secant method [11], modified regularized
newton raphson to overcome the singular hesian matrix [12].
Modified Newton could be used to find the maximum of
IM(E, 8)| if impossible to maximize [M(&, 0)| analytically [13].
Maximizing |[M(&, 0)| in this paper, we use modified Newton
method because we impossible to maximize |[M(E, 0)]
analytically and this method is generally straightforward and
strong [14]. The algotithm of modified Newton’s method is
presented in appendix 1.

Determination of D-optimal designs for the sigmoid model
with four parameters is very difficult, because the Fisher
information matrix M(&, 0) contains the unknown parameters.
Methods that can be used to solve this problem by the local
optimality approach. Evaluation of optimality criterion
function by assuming the values of parameters. Chernoff [15]
investigated the initial value 6 = 8o as the unknown parameter
vector than maximizing [M(&, 8)|, evaluated it in initial value.
The results obtained is locally optimal design.

Some researchers applied D-optimal designs for growth
curve in different models such as [16] who used polynomials
models, [17] also used sigmoidal growth models especially
model Weibull and Richards. Li and Majummdar [18]
constructed D-optimal design for Logistic models for three
and four parameters, [19] investigated D-optimal design for
Gompertz model, [20] applied regrowth model by double
exponential and LINEX models. Hooghangifar et al [21]
investigated D-optimal design for logistic model based on
more precise approximation. Clarke and Haines [22] studied
the optimal design for Richards model. Zhai et al [23]
investigated the D-optimal design for two variables Logistic
model. Widiharih et al [24] used generalized and weighted
exponential models with two parameters. Furthermore [25]

Volume 55, Issue 6, June 2025, Pages 1903-1908


mailto:widiharih@live.undip.ac.id
mailto:mamukid@live.undip.ac.id

TAENG International Journal of Applied Mathematics

used modified exponential model with three parameters. D-
optimal designs for Morgan Mercer Flodin models without
intercept have been done [26], and D-optimal designs for
Morgan Mercer Flodin models with three parameters have
been studied [27].

In this paper, we create a formula to construst locally D-
optimal designs for sigmoid function with four parameters as
follows:

_ 0;+65x%4

y - 62+x94 +gl 91192!031 64— > lee[a! b] (1)
This model has an inflextion point at x=
02(6,-1)\ /%4 . : .
(ﬁ) and 65 is asymptotic or maximum response.
4

The curve of the model (1) for 6, = 3727.0890, 6, =
590.4906, 0, = 3.4571, 6; = 128, 135, 140, 150, 145 is
presented in figure (1) and the curve of the model (1) for 6,
= 3727.0890, 6, = 590.4906, 6; = 128.2863, 6, =2.50, 2.75
, 3.30, 3.25, 3.45 is presented in figure (2).

140 LT ‘
LT o —— T
| PPt
120 4 T
| s
100 4 Vg
20 F ¥
v
&0
a0
20 4
T T T !
n 5 10 13 20
X
——— theta, 3=128 = = = « d&theta, 3=135 =—— = &theta, 3=140
= = Ftheta, 3=150 = = &theta, 3=145

Fig. 1. Curve of Model (1) for 6, = 3727.0890, 6, = 590.4906, 6, = 3.4571,
at Several Value of 6; = 128, 135, 140, 150, 145

Based on Figure (1) it can be see that for several curve the
inflextion points at x= 5.3448 but asymptotic or maximum are
different.
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Fig. 2. Curve of Model (1) for 6, = 3727.0890, 6, = 590.4906, 6, =
128.2863, at Several Value of 6, =2.50, 2.75, 3.30, 3.25, 3.45

Based on Figure (2) it can be seen that for several curves
the inflextion points are different but the asymptotic or
maximum at y=128.2863.

We organize the paper as follows. Section 2, contains the
basic theory of D-optimal designs for nonlinear model,
Generalized Equivalence Theorem, definition and properties
of Tchebycheff System. Section 3, the mains result is the
formula to construct D-optimal design of sigmoid model as
in equation (1). The D-optimal design has four design points
with the same proportion, the lower bound and the upper
bound of the design region are design points and two others
are interior points of the design region. Section 4, conclusion
of research.

Il. D-oPTIMAL DESIGN FOR NONLINEAR MODEL

In general, nonlinear models can be written as :

E(Y|x) =n(x,0) 2)
Design of p points is denoted by:
X1 Xg . Xp
§= (w1 w; ... wp) ®)

where: w; = % as weight (proportion) of design point x;,

rp; : number of replication or observation of the design point
x;, N : number of all observation, N = Zlerpi and total of

weight is 1. The information matrix for design & in equation
(3) is:

M(§,6) = X7, wih(x; 6) h" (x;,6) “)
_ _ o) _ (on8) ) o'
where : h(x,60) = =2 —( 20, ' 08, ' a6y ) 1

the vector that are partial derivatives of the model in equation
(2) with respect to parameters 6 = (0,,60,,...,08;). A D-
optimal design is obtained by maximizing: |[M (¢, 8)] that is
the determinant of the information matrix. The function of
standardized variance d (&, x) is defined by :

d(§,x) = h"(x, )M~ (£, 0)h(x, 0) (®)

The Generalized Equivalence Theorem is the basic theory
of optimum designs. At first this theory was used for linear
models by [28] , after that [29] extended it for nonlinear.
Principlely of the Generalized Equivalence Theorem,
evaluates whether the value of d (&, x) is less than or equal k.

The Generalized Equivalence Theorem used to prove that
the design is D-optimal design. There are three condition.
Any design ¢* meets one of the conditions then it meets all
three conditions:

(1) ¢* maximizes |[M(&,6)|
(2) ¢* minimizes max,e,d (&, x)
(3) maxye,d(&,x) = k, where k is number of parameters
The Generalized Equivalence Theorem can be simply
written as:
¢* D-optimal design < d(¢*,x) <k (6)

The design is minimally supported if the number of
parameters is same as the number of design points. This
design points have the same weight, ie. w; =

1

In these conditions, maximizing

number of parameters
[M(&,60)| more simply, this function have k variables which
are the design points x4, x,, ... x; . Theorem 1 part 3 of [18]
investigated in a sufficient condition to ensure that the D-
optimal design is minimally supported. Here, we will adopt
this approach.
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Theorem 2.1 (Li and Majumdar, [18]).

For y = [a, b], if VéeH,3e > 0 such that every function in
d(x,&) —k + ¢:0 < ¢ < ¢ has at most 2k-1 roots in y, then
there exist a unique D-optimal design that minimally
supported and at least one of the lower bound or upper bound
as a design point. If d(x,é) —k + ¢: 0 < ¢ < ¢ has at most
2k-2 roots in y then both lower bound and upper bound are
design points of the D-optimal design.

Tchebycheff system used to determine the number of roots
d(x,§). Tchebycheff system was introduced by several
authors including ( [30], [31], [32]), they investigated the
properties and definition of Tchebycheff system.

Definition 2.2. ( Shadrin [31]).
A set of continuous independent functions 6 = v, ..., v, in
K is a Tchebycheff system, if it fulfil the Haar condition:
which any polynomial f = agvy + ... + a,v, Wwith
ay, ..., ay not zero, and have at most n roots. Tchebycheff
space is the (n+1) dimension that U,, spanned by such a ©.

Lemma 2.3. (Shadrin [31])
The following three conditions are equivalent:
1. (vp§ isa Tchebycheff system.
2. For every n+1 different points (x;)i €K, the determinant
which is appropriate the points exist that mean not zero
vo(x0) Vv (x0)

D(xg, n, Xp) =

VO(xn) Vn(xn)

3. If (x;)§ are different points in K and (y;)§ are any
numbers, then the interpolation problem: ayv,(x;) +
+ayv,(x) =y ,i =1,2,..,n hasasingle solution
for the unknown (a;)

Lemma 2.4. (Shadrin [31])
Let {fo, fi, - fu—1,vi}(i=1,2,..,k) be k sequences of
Tchebycheff system, v; are continous independen function,
then {fy, fi, ) fa—1, 2y v} is also a Tchebycheff system.

Il MAIN RESUTS

Consider sigmoid model with four parameters as in
equation (1):
_ 61+63x94
y= 62+x94 t e
with homoscedastic error. Here 6 = (6,,0,,605,0,) is the

parameter of interest.
n(x, 6)=

61+063x%4
92+x94

Partial derivative of n(x,0) with respect to their parameters
is:
1
(6, + x%)
0, + 65x%
on(x,0) (6, + x04)2
N x4
x%1n(x) (6,05 — 6,)
(6, + x04)2

h(x) =

With our result we establish the basic properties of locally
D-optimal design of model (1) in Theorem (3.1).

Theorem 3.1.
D-optimal design of model (1) with design region [a,b] have
four design points denote by x; = a,x,, x5 and x , =
b with same weight for all design points
points that maximize :

IM(&,6)| o

-1
1.e Z xZ,x3 are

A
(92+a94)3(92+xf4)3(92+xf4)3(62+b94)3

+B+C (7)

where:

A=2[A1.A, + A3. A, + As. Ag]

A= 29(2“b94 + fo“ - (xi“ + bg‘*)(xf“ + xg“

Ay = (6, + 93x§4)(91 + 93b94)xf4 In(x,) xg"ln(xz)
(6’1 + 03x1 ) (91 + 9396294)x34 ln(x3)b94 In(b)

(x f“+x3 )(Xz + xy*

A, = (91 + 63x1 )(61 + 93x3 )xz ln(xz)x4 In(x,)
(91 + 03x§4) (91 + 93xf") xle4ln(x1)xg“ln(x3)

Ag = 2x1 x4 + ng“xg4 (xl +x, )(xz + x3

Ag = (6, + 03x1 )(91 + 93x4 )x24ln(x2)x3 In(x;)

Az = 2x1 x3 + 2x2 x4

+ (61 + 03x§") (91 + 93x3g4) xlg“ln(xl)xf" In(xy)
B is sum of 6 part with denominator has a form:
(60, +22) (0, + %) (6, + x2) " (0, + %),
ij,k1=1.234
and numerator: (x{* — xf“)z.N
N = [(91 + 03xlg4) x,f"ln(x4) - (91 + 05 x,f“) xf“ln(xl)]z
C is sum of 12 part with denominator has a form:
04)\2 05\* 05\3 05\3
(92 + xl.“) (92 + x].“) (92 + xk4) (02 + xl‘*) ,

i,j,k1=1234
and numerator:

2 — o[

x%[D +E +F]

where:

D= x.294ln2(xj)(91 +0;x04) (6, + 05x)
E=(6,+ 93x ) xP4n () x ! In(x;)

F=(6,+ 63x94)x94ln(x])[(61 +03x0")x * In(x,) +
(6, + 03x7*) x4 In(x,)]

Xy=a,x,=>b

Proof.

Let m¥ denote (i, j)" elemen of M~1(¢, ), then:

d(x,&) = RT(x)M~(&,6)h(x)
L [Gy+ Gy + Gs + Gy + Gs + Gy

T (6p4x94)"
+G,; + Gg + Go + Gy
where
G, = m' (8, + x%)?
G, = m?*2(6, + 0;x%)?
G5 = m33x?9+(0, + x94)?
Gy = m**x*41n?(x) (6,05 — 6,)?

Gs = 2m'%(0, + x%) (6,65 — 6,)
Gg = 2m™3x%4(0, + x94)?
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G, = 2m'* (0, + x%)x%in(x) (6,05 — 6,)

Gg = 2m*x%4(0, + x%4) (0, + 63x%)

Go = 2m** (0, + x%4) (8, + 05x%4)x%In(x) (0,65 — 6;)
G0 = 2m3* (6, + x9)x%%4In(x) (0,605 — 6,)

We have some Tchebycheff systems:

[EEN

. {1, (92 + x94), (91 + 93x94),x94(82 + x94), x0+In(x), (92 +
x4)(6; + 05x%), (6, + x%)°}

2. {1, (65 + x%), (01 + 03x%4), x94(6, + x+), x%In(x), (6, +
x4)(6; + 05x%), (6; + 0,x%)°}

3. {1, (92 + x94), (91 + 93x94),x94(92 + x94),x94ln(x), (92 +
x04) (8, + B3x%),x204(0, + x%)'}

4. {1,(05 +x%),(6; + 05x%),x0(6, + x%),x%In(x), (6, +
x94)(6; + 05x94), x20:In?(x)}

5. {1, (65 + x%), (01 + 03x94),x04(6, + x0+), x%In(x), (6, +
x04)(6; + 05x%),x204(0; + x%)°}

6. {1, (65 + x%), (01 + 03x94),x04(0, + x0+), x%In(x), (6, +
x94)(91 + 03x94),xe4(92 + x94)21n (x)}

7. {1, (62 + x94), (91 + 03x94),x94(02 + x94),x94ln(x), (02 +
x94)(6; + 05x9), (0, + x%4) (0, + 03x%)x%In(x)}

Let:

v(x) = m'1(6, + x94)2 +m?2(6, + 93x94)2
+m33x204(0, + x0)° + 2m13x04 (0, + x%)°
+m**(0,05 — 6,)%x%%4In?(x)
+2m14(60,05 — 6,)x%%4(8, + x%+) In(x)
+2m?4(6,0; — 6,)(8; + x%4)x%In(x)

ug = Luy = (6, +x%),u, = (6, + 65x%),

uz = x%(0, + x%), u, = x%n(x),

us = (0, + x%) (6, + 0;3x%).

Based on Lemma (2.4) then:

{1, (62 + x94), (61 + 93x94), x0a (62 + x94), xe4(62 + x94),
x%1n(x), (0, + x%)(6; + 65 x%),v(x)} is an Tchebycheff
system. So {d(x,&) — 4+ c} is a linear combination of:
{1,(6; +x%), (6, + 05x%), x%4(6, + x%), x% In(x), (6, +
x%)(6; + 6:x%),v(x)}. Based on Definition (2.2):
{d(x,§) — 4 + c} have 6 = 2k — 2 roots, SO we
conclude by Theorem (2.1) that this design is D-optimal and
minimally supported, x; = a,x, = b are design points. We

have
a xz x3 b
¢={1 1 1 1 (8)
4 4 4 4
Element of the information matrix are:
4 1 1
mll = i=1,, g \2
' 4(92+xf4)
9 2
My, = : 11(91+93—xi 42
T (oeaf)
264
_v4 1 %
mssz = Zi:14(62+x?4)2
1A
ea 127°4n2(x)(0,05-6,)2
My = Lij=17

(62+x24)"

2
m _ 4 191+93Xi4
12 — Li=1 |~ 4 3
+ (6,4x0%)
04
4 1%
M3 = N -———
13 21_14(0 N 94)2
2 xl'
4 1X0%(x)(8,03-67)
Myy = Li=17 0.3
o (b+x]*)

04 64
1x; *(01+03 x;
Myy = Z?:l [__Ml

4 (6420)

i

4 1(02605-61)(81+65 x)*)x*1n(xy)
-7 4
T (e
et 13 (6205-61)
M34 = Li=17" . g3
(62+x*)
Where x; =a ,x, =b
The determinant of information matrix is:

1 A
M, 0)| =— 3
| ({: )I 256 (92+a94)3(92+x294) (92+X364)3(92+b94)3

B+C

A, B, and C as in equation (7). Design points x, and x5 are
maximize of:

A
0433 0433
(024 a%)3(0, + x,*) (65 +x5*) (62 + b94)3

|M(£,0)| +B+C

Determination of D-optimal design needed the information
value of the parameters model. Calculation of design points
for some values of a, 8,, 0, 085, 6,, b, design region [a, b], is
presented in Table (1). The design pointsare x; = a, x, =
b and x,,x; are determined by maximizing |[M (¢, 8)| in
equation (7).

Each design points related to the values of 6,,6,,05,6,
and design region in Table (1) are satisfy the Equivalence
Theorem i.e d(&,x) < 4. Example of the calculations by
taking the case, 0, =2.523684, 6, = 12.371, 6; =
6.318, and 6, = 3.46, the design region is [1,8]. The
curva of this model is presented in figure 3. The inflextion
point in this curva at x=1.4345 and the asymptotic or
maximum response is 6.318. The design points are x; = 1,
x, = 1.7138, x5 = 2.9435, x, = 8.

T T T T T T 1
0 1 2 3 4 & 6 7 8

Fig.3. The Curva of Model (1) with Design Region [1, 8] and
6, = 2.523684, 0, = 12.371, 6; = 6.318, 6, = 3.46
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TABLEI

DESIGN POINTS OF MODEL (1) FOR SOME VALUES OF 6,4, 8,,05,0,4,x € [a, b]
0 6, 05 6, [a, b] X1 X, X3 X4
330.6616 9.441 50.093 1.717 [1, 20] 1.0 6.5645 2.4756 20.0
[3, 25] 3.0 4.5605 9.7772 25.0
[2, 30] 2.0 3.5548 8.6817 30.0
2.5237 12.371 6.318 3.460 [0.5, 10] 0.5 1.5494 2.7961 10.0
[1, 8] 1.0 1.7136 2.9435 8.0
[0.8,9] 0.8 1.6299 2.8726 9.0
41.06462 0.912 429.618 3.952 [0.3,8] 0.3 0.7667 1.2892 8.0
[1.5,7.5] 15 1.7168 2.4515 7.5
[3, 6] 3.0 3.3205 4.2621 6.0
82.8856 1.558 293.486 3.060 [0.2,8] 0.2 0.8299 1.6258 8.0
[2.5, 7.5] 25 2.898970 4.2074 7.5
[3,9] 3.0 3.4650 5.0219 9.0
18383.5449 369.370 25486.460 1.830 [25, 300] 25.0 36.6816 79.8188 300.0
[50, 250] 50.0 64.6909 116.8278 250.0
[75, 200] 75.0 90.4125 135.4200 200.0
22736.6510 484.790 33980.680 1.740 [25, 300] 25.0 40.0799 91.9655 300.0
[50, 250] 50.0 66.8915 123.4853 250.0
[75, 200] 75.0 91.5791 138.2178 200.0

The information matrix is:

M(,0) =
0.008757 -—0.11865 0.03876  0.06089
—0.11865 0.02562 —0.12021 -0.19652
0.03876 —0.12021 1.70075 1.26569
0.06089 —0.19652 1.26569 1.91268

The inverse of information matrix is:

M~(§,0) =
1066.96938 112195444
1121.95444 1367.87310

—10.88156 —13.58559
88.50372 113.80924

—10.88156 88.50372
—13.58559 113.80924
1.29388 —1.90559
—1.90559 10.65920

The standardized variance at x;, x5, X3, x5 are 4.0000. The
graph of the standardized variance function is presented in
Figure (4).

404
324
364
. 344
vatiatce
324
304
284

T T T T T T T 1
1 2 3 4 5 6 7 g
design point

Fig.4. Standardized Variance Function Model (1) for Design Region
[1,8]and 6, = 2.523684, 6, = 12.371, 6; = 6.318, 6, = 3.46

Based on the Figure (4) we conclude that: d(¢,x) < 4,
maximum points at (1, 4.0000), (1.7138, 4.0000),
(2.9435,4.0000) and (8,4.0000). It means that the
maximum value occur on all of design points in this case:
x; =1, x, =1.7138, x5 = 2.9435,x4 = 8 are design
points of D-optimal design of model (1) for 6, =
2.523684,0, = 12.371,6; = 6.318, 6, = 3.46, x €
[1,8].

IV. CONCLUSION

In this paper we have studied D-optimal design for sigmoid
model with four parameters and homoscedastic error. Our
tools to create D-optimal design is derived from the
Generalized Equivalence Theorem of Kiefer-Wolowitz, we
adopt Theorem 1 part 3 of [18], definition and properties of
the Tchebycheff system in ( [30], [31], [32]). The former,
Theorem 3.1 is main result to create D-optimal design for
sigmoid model with four parameters. The D-optimal design
in this paper is a minimally supported design with the lower
bound and upper bound of design region are design points and
two others are interior points of the design region. Therefore,
determination of design points by numerical approach , in
this time we used Modified Newton Methods. Algorithm to
determine the D-optimal designs for sigmoid model with four
parameters is used Maple program in three steps, including a
written formula of determinant of information matrix, the
second maximize this formula to determine the supported
design, information matrix and inverse of information matrix,
the third construct the graph of d(x, &) and to prove that the
design ¢ satisfy the Generalized Equivalence Theorem. The
algorithm to determine D-optimal design is presented in the
appendix 2.

APPENDIX

1. Algorithm of modified Newton’s method.

Let g(x) is a function being optimized, Vg (x) is gradient
vector of g(x) and Hg(x) is Hessian matrix of g(x).
Algorithm for modified Newton’s Method as follows:
i. Select x( as the initial value and tolerance & for the
stoppping iteration and set k=0.
ii. Determine descent direction
d® = ~Hg(x®)17g(x®).
iii. Determine a; = mingg(x® + ad®) .
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iv. Calculate s = (g

v. Calkulate x®*D = x® 4+ g

vi. If |7g(x®*+D)| < & then stop iteration, otherwise
take k = k + 1 and go to step (ii).

2. Algorithm to create D-optimal designs for sigmoid model

(1
[2]

(31

(4]

(5]

(6]

[71

(8]

[

[10]

[11]

[12]

[13]

with four parameters.

a. Define the formula of determinant of information
matrix in equation (7).

b. Initialize value of parameters 6, 6,, 65 and 6,.

c. Determine the design region & = [a,b] wich
appropriate with step (b)

d. Maximizing the formula in step (a) to determine the
design points x4, x,, x5 , and x, by modified Newton’s
method.

e. Determine the elements of information matrix and
than the information matrix can be construct.

f. Determine the inverse of information matrix.

g. Create d(&,x) = hT(x,0)M~1(&,0)h(x,0)
make this curva

h. Evaluated the curva of standardize variance function,
ifd(§,x) < 4, d(&,xi) = 4,i = 1,2,3,4  then
X1,X5, X5 ,and x, in step (d) are supported design of
D-optimal design. otherwise repeat to step (a).

and
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