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Study on the Evolutionary Dynamics of the
Symmetric Sequential Game without Dominant
and Weakly Dominant Strategies

Yunhao Liu, Wei Zhang

Abstract—Assuming that the players with bounded
rationality are randomly selected as the first movers or the
second movers, and neither the first movers nor the second
movers have dominant or weakly dominant strategies. This
paper studied the group evolution dynamics based on
symmetric sequential game with no dominant and weakly
dominant strategies. First, it was found that there are no
internal rest points in this type of evolutionary game, that is, one
or some pure strategies must disappear with evolution, and
every pure strategy has the possibility to eventually disappear.
Then, the stability of these rest points was analyzed. The results
show that when the sequential game has two PNE, there exist
two symmetric PNE of the symmetric sequential game in the set
of ESS, and there is at most one mixed strategy Nash
equilibrium of symmetric sequential game. And when the
sequential game has no PNE, there are no symmetric PNE of
the symmetric sequential game in the set of ESS. Finally,
numerical simulations were performed for the system dynamics
when the sequential game path most favorable to the second
movers is consistent or inconsistent with that most favorable to
first movers in the case where the sequential game has two PNE,
as well as for the system dynamics when the sequential game
path most unfavorable to the second movers is consistent or
inconsistent with that most favorable to the first movers in the
absence case where the sequential game has no PNE.

Index Terms— Symmetric sequential game, Bounded
rationality, Evolutionary game, Dominant and weakly
dominant

1. INTRODUCTION

HE traditional evolutionary game model is often based
on simultaneous games.However, whether in nature or
human society, many games have multiple stages, and the
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identity or game order of the players are often uncertain. For
example, whether an Individual or population of a certain
species will take the initiative to attack other discovered
Individual or population, and how another Individual or
population will react after being attacked or not being
attacked. For instance, it or they may counter - attack to
defend their territory or migrate for the survival. However,
migration also involves risks. It seems that neither side has
dominant or weakly dominant strategy. There are also similar
situations in sociology and economics.

Regarding the research on the sequential game with many
players, Le Roux [1] studied various equilibria in infinite
sequential games with many players and many
outcomes.Regarding the incomplete rational multi-stage
game, Nishimura [2] studied the rational choice behavior of
the players in the complete information sequence game,
without making rational assumptions about other players
participating in the same game. Karwowski et al. [3] studied
sequential Stackelberg games with finite rationality. Brihaye
et al. [4] consider an N-person non-zero-sum game played on
a finite game tree, in which players have the right to
repeatedly update their repeated strategies. Tan et al. [5]
found that in finite repetition games, intra-group punishment
and inter-group conflict weaken intra-group cooperation.
Kurokawa [6] studied repeated N-player games with
malicious and non-malicious strategies with opt-out options.
Battigalli et al. [7] studied belief change, rationality and
strategic reasoning in sequential games.

Evolutionary game model is often used to study imperfect
rational games. Most of the current researches are based on
simultaneous games. Such as the Prisoner's dilemma [8-11],
three-strategy  simultaneous games [12-14] and the
four-strategy cyclic dominance models [15-16]. At present,
there are few researches on evolutionary game models based
on sequential game. The evolutionary game model in this
paper is based on a kind of symmetric sequential game. In
this game, the order of moves of the players is random, and
there are no dominant and weak dominant strategies.

II. BASIC MODEL

This paper considers a symmetric sequential game in
which a pair of players are randomly selected from a large
enough group to play the sequential game, and each player is
randomized with the same probability of 1/2 as the first
mover or the second mover. The first mover’ s set of pure
strategies is §, = {A, B} and the second mover’ s is

S, = {C , D}. And the utility of a player with action order is
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Table I: Symmetric sequential game matrix

Up

Down A-D

A—cC | [ Sule +0.5u5, 0.5u',. +0.5u3, 0.5}, +0.5u’,. 0.5 +0.5u7,
0.5u’. +0.5u',. 0.5u%. +0.5u,, 0.5u;. +0.5u,,. 0.5u;. +0.5u',,

A-D (0 Sul, +0. SuACj 0.5u', +0.5u7, 0.5u,, +0.5u’,. 0.5uy, +0.5u%,
0.5, +0.5u 0.5u>, +0.5u',, 0.5u;, +0.5u,. 0.5u;, +0.5u',,

B_C | [0-5tic+0. Sup. 0.5u,. +0.5u;, 0.5up. +0.5u;, 0.5uy,. +0.5u,,
0.5u7 +0.5u,. 0.5u%. +0.5uy, 0.5u;. +0.5u},. 0.5u;. +0.5u},

3D ﬁ5@D+aw;J 0.5u',, +0.5u2, 0.5uy,, +0.5u;,. 0.5u}, +0.5u;,

2 1

0.5ty +0.5upe ) |\ 0.5u5, +0.5up, ) | | 0.5u, +0.5ul. | | |0.5u2, +0.5ul,

denoted as uj.k ,i=12; jeS,,keS,, when the first mover

and the second mover adopts strategy ;j and the

secondmover adopts strategy k& respectively.
Assume that neither side has dominant or weakly

: 1 1 1 1
dominant strategy. Let Uye DUpe > Uyp <Upp and

1 1 2 2 2 2 .
Uy >Up, - When u) . <upand uy. >uy, , in the case of

given game order, it is not difficult to conclude that the
sequential game has no PNE (Pure Strategy Nash
Equilibrium).When 42 . > 42, and u; . <u,, the sequential
game has two PNE (Pure Strategy Nash Equilibrium) (A, C )
and (B, D) ,one SPNE (Subgame Perfect Nash Equilibrium)
(A, C ) . When the order of the game is uncertain, every player

needs to choose pure strategies for playing different roles,
which makes the sequential game symmetric for players. Let
the players’ set of pure strategies in the symmetric sequential
gamebe S=x_,,S, = { ~kjeS.kes } It is not difficult
to conclude that there are no dominant and weakly dominant
strategies in the symmetric sequential game when the
sequential game has no PNE, and there are four PNE,

namely (4-C,4-C) , (4-D,B-C) , (B-C,A-D)
(B— D,B- D)- The game matrix is shown in Table I, where

the upper and lower elements of the utility vectors correspond
to the expected utilities of the two players respectively.

III. EVOLUTIONARY DYNAMICS
Let the proportion of players who choose strategy j—k in
the population be x,, . At time point t, the population state

can be seen as a mixed strategy, expressed as a vector
x(6)=(x, () x, ,()x, (¢)x, ,(t) € A, where the simplex

Az{xeRf: > ox, =1}.
mexi—y 2 S;

The expected utility of various pure strategies are
expressed respectively:

u(A_Cx):OS( A-C 4c+xAD AD+’xE(, Ac+xBD AD)

(1)
F0.5(x e+, e+ %, 1+ %, 0 )
u(A—D,x) OS(x“uAC+x4D uly, +x, ulo+x, u iw) @
+0.5(xAC wy+x,, +xBCuBD+xBD ED)
u(B—C,x)= .5 (“uB(+x ol X Uy T X, U ) 3)
+0.5(fo€ X U X, U X, U ;C)
(B—Dx) 05(xACuEC+x Uy, +X, U, +xBDuED) 4
+05(x u’ +xADuAD+xBCuBD+'xBDuED) @

The expected utility of the player randomly drawn from the

group is:
u(x, X)Z (5)

The Replicator Dynamics [17] of the group taking the
pure strategy m € x_, S, is expressed as:

dx,, /dt = [u(m, x)—u(x,x)]x,
Possible rest points can be obtained by simultaneous
equations (6): x' =(1,0,0,0), x*=(0,1,0,0), x*=(0,0,1,0),

x4 = (0,0’0’1) , = 0’ LB , FD , LAFC _LEFD N
L,+L, F.+F, (L, +L,\F.+F,)

> xmu(m,x)

meX;_p 1 S;

(6)

L,F,~L,F. F. L,
L +L\F.+F) F.+F L +L,

<[
[ L,F.-L,F, L

O 4 b
F.+ F+F)(L +L) L+L,

L, L,F,~L,F. F,
L,+L, F+F)(L+L)FF+FD

0 F.+L, F,+L,
"F.+F,+L,+L, F.+F,+L, +L,

F.+L,
"CF.+F, +L,+L,

Fptl , , where
FC+FD+LA+LB

1 1 o _
Fc:uAc_ugc > F um) Uyp L “ MAD s

L, =uy, —u,.. F.and F, are positive while L, and L, are

BD
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either both positive or both negative. Four pure strategies can
also berepresented by x', x*, x*, x*.Conclusion 1 canbe
obtained from the above solutions.

Conclusion 1: There is no inner rest points in evolutionary
games based on two-player and two-strategy symmetric
sequential game without dominant and weakly dominant

strategies. And Vmex_ ,S.

1,5, 3x" € A makes limxm(t): 0,
’ =0

Where x° € A indicates the initial state.
ESS set is defined as

AP = {x e A cu(y,y)<ulx,y), Vye f(x), y = x} [18],
where A™ ={x',x*}e A is the symmetric PNE strategies

set, ﬂ*(x) is the optimal response strategies set to the

strategy x .

Conclusion 2: In the evolutionary game based on two-player
and two-strategy symmetric sequential game without
dominant and weakly dominant strategies, when the

sequential game has two PNE, A" < A™ ; when the
sequential game has no PNE, § ¢ A"

Proof: Let x, ,=1-x,.-x,,—x,. , establish a

three-dimensional Jacobian matrix to linearize the system,
and substitute some rest points into the Jacobian matrix to

obtain the eigenvalues as shown in Table II.

Table II: JACOBIAN MATRIX EIGENVALUES AND ASYMPTOTIC STABILITY

ANALYSIS
Eigenvalue
Rest State(Two | State(No
point | 2 A A, PNE) PNE)
L F, L, +F
)c1 - -=< ——4—c ESS Unstable
2 2 2
2 L, F, L,+F,
X - - Unstable Unstable
2 2
F L L, +F
x3 —< — 2 £ Unstable Unstable
2 2 2
E L L,+F
x* —2 el R ik ESS Unstable
2 2 2

Table II shows that when the sequential game has two

PNE, x'and x*are ESS, while x* and x’ are unstable points.

And A" ={xl,x4} , therefore A <A™ . when the

sequential game has no PNE, since there are positive
eigenvalues, none of these four points are ESS.

Conclusion 3: In the evolutionary game based on two-player
and two-strategy symmetric sequential game without
dominant and weakly dominant strategies, when the
sequential game has two PNE, the ESS set contains at most
one mixed strategy, whose support set does not include pure

strategies which are ESS. [, <F, and L,<F, are the

necessary conditions for the existence of the mixed strategy.
Proof: Consider a strategy x € A* and another strategy
y#x,if Cy)cClx), yeA™ [19], where C(z) is the
support set of strategy z and A™ is the set of symmetric
Nash equilibrium strategies. Conversely, if y e A™ , and if
xeA™ and y#x, then C(y)e C(x) When there are two
PNE in the sequential game, 4—C and B— D are ESS, and
A < A 50 A-C,B—D ¢C(x’)={4-D,B-C}.
Therefore, x’ is the only possible mixed strategy which is

ESS. Substituting x’ into the Jacobian matrix concludes

three

2=
AF.+F,+L,+L,)

eigenvalues
F.L,~F,L, . o —FL+FL,
P AR +F,+L,+Ly,)

’

P (Fp+L,NLy ~F¢) . Because A =4}, it is impossible
AR +Fy+L,+L,)

for all three eigenvalues to be negative, If there is no
eigenvalue equal to zero, x’ must be the saddle point. If one
or some of the eigenvalues are zero, according to Lyapunov's
first method, it is not certain whether is stable or not. At this
time, there are three situations: 2’ =2 =0 and ﬂ,g =0 ;
X=x=0and 2 #0; 4 =-4 #0and 2] 0.

When there are two PNE in the sequential game, F,.,
F,, L, and L, are all positive. F L, =F_.L, can be
deduced from 2’ =2 =0 . Substituting F, [, = F,.L, into

=0, L,L,=F.F, can be obtained. Combining

Fyly,=F.L, and L,L,=F.F, , F,=-L, can be
and Z§=0 is

excluded. When 219 = —/IZ #0 and /12 =0, one of ﬂ,f and

obtained. The situation of 1]9 = ,12 =0

lg must be positive. In this case, x’ is definitely not ESS.
When 2= =0 and A %0, if x’ is ESS, 2, <0 then
L, < F,can be obtained. Due to F,L, =F.L,, L, <F,.m

IV. NUMERICAL SIMULATION

Firstly, consider the situation where the initial
sequential game has two PNE. At this time, the two relatively
optimal sequential game paths for the first mover and the
second mover are the same. However, since it is uncertain
whether the optimal sequential game path of the second
mover is consistent with that of the first mover, this situation
will be simulated in inconsistent and consistent cases.

Without loss of generality, let u!, .=5,u, .=3,
u', =2 ,u, ,=4,u’ =4 ,u’,=2,u,.=2. When

u; ) >u

uy, , =5, u,,>u’. , L,>2 can be obtained. And

x5: 092313__1 ’ xb: iylsz90 ’ x7: lsiaoaz ’
521 10°2°5 2100 5
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xt = 3,0,_—1,l X' = O,E,i,() o x'= E,O,O,i ,
5 10 2 99 9 9

Where x’ and x° are not rest points because they have

negative  values, and LF.<L,F, ; When
111
ut =3, oul o<u. , L <2 , x=|0,—,—,—| ,
B-D B-D A-C B 3 2 6

-x6 = __15la£a0 4 X7 = la__laosg 4 xS = lsoalsl ’
6 23 26 3 3762

x’ = 0,3,£,0 , x° = 2,0,0,i ,Where x°and x’ are not
77 7 7

not rest points because they have negative values , and

L,F.>L,F, . In addition, x’ is the saddle point in both

cases.

0.8 ~
0.6 ~
0.4 ~

0.2

Fig. 1. vector fields evolution simulation when the sequential game has two
PNEand u, , >u, .
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o 3 = —
0.2 ~ /_/ = - = — /0
U J‘.IJ i — 0.2
0.4
® o2 06
04 » /0_3 X
¥y ' 1

Fig. 2. vector fields evolution simulation when the sequential game has two
2 2
PNE and Up p <Uy o

In Fig.1 and Fig. 2, x represents the frequency of
strategy A-C, y represents the frequency of strategy B-D, and
z represents the frequency of strategy A-D. And every
circular point represents an initial point, the arrows indicate

the moving directions starting from that point, and the
circular points without arrows are rest points.It is not difficult
to find that the vector fields at different initial positions
mainly converge towards points x' and x*. When x° isa
saddle point, it only attracts the vector fields in some
directions, while the vector fields in the remaining directions

9
move away from X .

= !

- /
0.8 / !
06 4 .

| !

04 /4 o
02 ~

oY

0
02

Fig. 3. vector fields evolution simulation when the sequential game has no
PNEand ;2  >,2 .
B-D A-C

Fig. 4. vector fields evolution simulation when the sequential game has no
PNE and uf;,]) < ujic

In addition, consider a situation where there is no PNE
in the initial sequential game. In this situation, the optimal
sequential game paths of the first mover and the second
mover are inconsistent. This situation will be simulated as
two cases where the second mover’s worst game path is
consistent with and inconsistent with the predator's optimal
game path.

Without loss of generality, let u' =5, u, .=3,

Wyp=2 Upp =4, uic=2, uy,=4,u; =4 Let
a=u’_, take the values of 3 and 1 respectively, so that u} ,

is greater than and less than 4’ . respectively.
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In Fig.3 and Fig. 4,There are vector fields in some

directions converging towards any one of the points X, ,
X,,X; and X, , while there are also vector fields in some
other directions moving away from any one of X;, X,,X;

and X, . So all of these four rest points are unstable at this

time . This is consistent with conclusion 2.

V. CONCLUSION
This paper studied the population evolution dynamics of
symmetric sequential games with no dominant and weakly

dominant strategies. The players with bounded rationality are
randomly selected as the first movers or the second movers
with the same probability of 1/2, and neither the first movers
nor the second movers have dominant or weakly dominant
strategies. Meanwhile, the sequential game path that is most
favorable to the first movers and the strategy that the first
mover should adopt when the second mover's strategy is
given are provided.

The uncertainty of the role makes the sequential game

transformed into a game that determines the strategy of two
stages at the same time. At this time, there is still no dominant
or weakly dominant strategy. It is found that in the
evolutionary game based on the two-stage and two-strategy
sequential game with no dominant and weakly dominant
strategies, there is no internal rest point, that is, at least one
pure strategy will disappear with the evolutionary process,
and every strategy may disappear. In addition, when the
sequential game has two PNE, there exist two symmetric
PNE of the symmetric sequential game in the set of ESS, and
there is at most one mixed strategy Nash equilibrium of
symmetric sequential game. When the sequential game has
no PNE,

sequential game in the set of ESS.

there are no symmetric PNE of the symmetric

Finally, numerical simulations were performed for the
system dynamics when the sequential game path most
favorable to the second movers is consistent or inconsistent
with that most favorable to first movers in the case where the
sequential game has two PNE, as well as for the system
dynamics when the sequential game path most unfavorable to
the second movers is consistent or inconsistent with that most
favorable to the first movers in the absence case where the
sequential game has no PNE.

Considering that the identities of players may be
uncertain in game, in a broad sense, the research framework
of this paper is not only applicable to the sequential game, but
can also be extended to asymmetric evolutionary game or
multi-party evolutionary game with different identities,

which awaits further research.
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