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On the Spectrum of the Harmonic Oscillator on R
Perturbed by a Certain Scalar Potential

Mohamed El Hammaji, Arij Bouzelmate,

Abstract—In this work, we examine the perturbation P = H +
V, where H = % (—% + m2> is the harmonic oscillator in R

and V is a particular scalar potential. The eigenvalues of P
are given by \x = k + % + pr. The main result of this paper
is to give an asymptotic expansion of ., and to connect its
coefficients to a specific transformation of V.

Index Terms—Pseudo-differential operator, Harmonic oscillator,
Perturbation theory, Spectral asymptotics, Averging method.

I. Introduction

HE purpose of this paper is to study the harmonic
oscillator H defined by:

1 d?
H=-(-2 142
2( dx2+x)

It’s a self-adjoint differential operator with a compact
resolvent. Its spectrum is the sequence of simple eigenvalues
{A =k + 5}, We are given an even scalar potential V
that satisfies the following estimate for all x € R:

(D

‘V(’“) (a:)’ <o (14227 s €01 )

The operator P H + V is self-adjoint with a
compact resolvent [1]. Its spectrum consists of the sequence
{Ak + px }),- Our goal is to analyze the asymptotic behavior
of i approaches infinity. Now, we present the main result
demonstrated in this paper.

Theorem 1. The asymptotic behavior of iy, is:

2 /E V (/22 cost)dt + O (A,;“*’”) k= oo
0

He = —
™
@)

wilhnE]O,%[

In [2] Gurarie studies the case of the harmonic oscillator
on IR perturbed by a scalar potential B which admits
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the following asymptotic behavior:

B(z) ~ \x|a2am COS Wi T 4)

Where o > 0, a,, and b,,, are real numbers.
We can cite A. Pushnitski [13], who studied the same
perturbation but with a potential q with compact support:

d2
da?

he proved that u; admits the following series development:

+ 2% +q(x), qe€CFR)
400 i

Mk:zcj‘)\lzz, A — 400
j=1

such that c; are real coefficients, in particular we have:

1 [t
c = 7/ q(z)dz,

Other authors have extended the study by treating the
following superquadratic oscillator:

62:0

2

A:

+ 2P,

 da?
Among them, we can cite R. Imekraz [4], who studied the
following superquadratic oscillator:

p€e N7

such that p is a natural integer > 2 and 7 is a polynomial of
degree < 2, verifying:

inf (2*” +n(z)) >0

We can also cite A. Voros [6], who dealt with the particular
case of the quartic oscillator:

2

d 4

We first recall that the latter is very useful in thermodynamics
and chemistry to describe the interactions between molecules.
Our study argument is the averaging method used by A.
Weinstein [11]. It consists of replacing V in P = H+V
by the average:

1 2w

7

€7itHV€itHdt
27 Jo

It then turns out that the spectrum of P = H + V is
very close to that of /. More precisely P and P are
almost unitarily equivalent and [H , V] = 0. We first study
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the spectrum of P, then move on to that of P. For an
overview of this kind of problem, see [12]. The article
is organized as follows. In the next section, we recall
supplementary information regarding certain properties of
pseudo-differential operators. In section III, we study the
relation between the spectrum P and P. In the section 1V,
we study the asymptotic behavior of pj and in Section V,
we present a concrete example to illustrate and clarify the
application of Theorem 1.

Notes and remarks
N1 I''(m € R,p € [0,1]) designates the symbol
class associated with the weight tempered on R2:
(z,8) — (1 + 22 —1—52)7 [14]. G} is the corresponding
class of pseudodifferential operators (¥ DO) .
R.1 The integral of (3) can be viewed as an V' transform of
Ve
~ 2 (% V(u
V(z) = - /0 ﬁdu

by a change of variable we can write:

sy LT V)
Vm_wévﬁﬁf )

V is none other than the Abel transforma applied to 22 of
the function u — (u)~2V (/u).
R.2 It is possible to extend Theorem 1 to the case of the

operator
» dzr 2

We plan to detail this result in future work.

p,q € N*.

II. Pseudo-differential operators

Definition 2. (see [14]) Let p € [0,1], m € R and n € N*.
A symbol is any function a € C'* (RQ) verifying: Yo, B €
N,3cq,p > 0 such that:

m—p(a+B)
2

10207 a (2,€)| < cap(l+a?+E2)

We denote by S (R) the space of rapidly decreasing functions
on R.

Definition 3. (see [3]) We define a pseudo-differential
operator A as follows: for a € 7 (R3) ( where P
denotes an amplitude space)) m € R, p € [0,1] and

u € S(R)

Auta) = oo [ [ ala,y,uty)dyds

We will employ the standard Weyl quantization of symbols.
In particular, if a € I'}", then for u € S (R) the operator
associated is defined by:

op® (a) u (x)
) . (6
= ﬁ /RXR etl@=v)éy (m ;r y’§> u (y) dyd§ ©

Definition 4. Let a; € '}/, j € N, we suppose that p;
is a decreasing sequence tending towards —oo. We say that
a € C* (R x R) has an asymptotic expansion and we write:

“+o0
a = E Qj,
J=0

r—1
a—ZajEFg’“, Vr > 1.
j=0

Theorem 5. (Calderon-Vaillancourt Theorem)

If a € T then the operator op™ (a) is bounded on L? (R).

Theorem 6. (Compaciness) If a € I'h,p < 0 and p € [0,1],
then the operator op”(a) is compact on L?(R).

III. Comparison of P and P

We use the averaging method. To do this, we first note that
the Hamiltonian flow associated with the symbol

o (5,€) = 5 (a* + &)

of operator H is a one-parameter group whose elements are
square matrices of order 2:
—sint
7
cost @)

cost
Xt =\ sint
Observe that this flow is periodic with a period of 27. To

initiate the averaging method, we introduce the following
operators:

W (t) = e Vet (8)
2m
V= S W (t)dt, ©)
271— 0
— 1 2 t
V- R/o Cwo.wenaa a0

Since H commute with V, the spectrum of P is {\; + 7i;, }.
where fiy, is the k" eigenvalue of V. To compare s, and fiy,
we will need the following lemmas:

Lemma 7. []LW =0

Proof: After we derive W (t), we obtain:

AW 1
& [H, W (t)] (11)

Now, we have:

. 27 .
[EW;A(W@ﬁWW%>W@Hm

dt 2m
Since 2™ = —idy» g, we get W(2m) = W(0)
Finally, we have [H,V] =0. ]
Lemma 8.

i)V e Gy®, i)V e Gyt (13)
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where 1 € ]0, 5|

Proof: i/The Weyl symbol of the operator W (¢) is

ow ) = Voxe (14)
where Y is the flow described in (7).

This result arises because, on the one hand, e**f/ belongs
to the Metaplectic group, and on the other hand, Weyl’s
quantization is invariant under this group ([8],[9]). The
Weyl’s symbol of V is obtained by integrating the symbol of

W (t) uniformly with respect to t.

1

2
oy (x,§) = / V(z cost + £sint)dt. (15)
27

By using (2), we get the following estimate, for o, 8 € N
and z,¢ € R:

=
27 =z

{1+(mcost+§sint) } dt

IN
-
@

IA
-
)

[l
A

[14 (2% + )cos?t]  dt

IN
2
@

(cos t)_sdt> x (1422 +€2)—%

s
2

INA
-
@
_
+
8
(V)
+
M
=

. (16)
’ (cost)™*dt < +o0, if s €]0,1].
i/ Acco(%dirtlg to the previous calculations,
B(t) =
OB(t) checloc

due to
the operator

W (r)dr belongs to G °, its Weyl’s symbole

—S

0 (,8)] < Cap(l+a>+£%)2

a7)

uniformly with respect to t.

Le; us begin by clarifying the class of the operator

W (t)B(t)dt. At this point, we are focusing on the
0
operator W (t)B(t), its Weyl symbol ¢; is given in [14] by:
a(w®) = & [ Toy (o twgtp)
xop) (T + 7, &+ 7)dpdwdrdr.
(18)
(2)

(1) and ¢;”’,

We split the oscillator integral c; into two parts c;
then we use the cutoff functions:

UJ2+p2+T2+T2
wielx, & w, T, 7 = L2 T T | and
aE( a§7 s by 7p) X |:s(1+:x2+§2)12l

W2 = 1- Wi e

where x € C§°(R), x =1 in [-1,1], x = 0 in R\ |-2,2],

R=w?+p*+r?+7% e>0andn € |0, [. Let’s consider

wj,s(xv 57 w,T,T, p)

xow (T +w, &+ p)
xopy(T +7r,§+7)

dj(l’,f,w,’T,’f', ,0) =
(19)

cgl) (resp c§2)) the integral obtained in (18) by replacing the
amplitude by d;y (resp d,)

Study of c£2)

On the support of dp, we have R > (1 + 22 + £2)2.
make an integration by parts using the operator:

n
2. We

M = ﬁ(fpﬁr — 10, + 70y + w0-)

We have for all £k € N
1 )
cgz) = /6_21(”’_‘”) (tM)kdg dp dw dr dr

Then we get for all £ > 0

2) 2, o\
<+

uniformly with respect to ¢ € [0, 27]
Study of cgl) :
On the support of d;, we have

(1) _ 1 /

¢ (z,€) = —

t ( 5) 71.2 R§2E(1+w2+§2)%
X ow (T +w, &+ p)

X opw (2 + 1,& + 7wy dpdwdrdr

e—2z(rp—w7')

(20)

/27r
0

cgl)‘dt < c/ dpdwdrdr
R<2a(1+a;2+£2)2

27
x/ low (@ +w, &+ p)|dt
0
27
></ lop@y (@ +r &+ 7)|dt. (21)
0

On the support of d;, for € small enough and since 1 € ]O, % [,
there are positive constants ¢, ¢’, C, C’ such that:

(0 + )% < (Lt @+ w)’ + (07

1+ (@+w?2+(p+8)2)2 <C(1+a22+£2)2

CA+22+ )3 < (14 (z+1)2+ (1 +£)2)?

(L4 (@472 + (T +6)2)> <C'(L+a?+82)2
Therefore

2m
/ edt < O +a®+€)
0 (22)
></ N dpdwdTdr
R<2e(14+x2+£2)2

Finally

27
/ eVt < (1427 + €27 (23)
0
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In 2the end, by denoting ¢ as the Weyl symbol of the operator
/ W (t)B(t)dt, we have:
0

2m 2m
o] g/ ‘cﬁ”’dm/ H”(dt
0 0

—nk
4

¢ {ﬂ Fa? ) (14?4 £2>SM]

—2s+42n

SC(1+x2+§2) 2

Finally, we deduce that Ve Gy Zst2n [ ]

Lemma 9. There exists a skew-symmetric operator U € G, *
such as the operator (eVPe~Y —P)H*~" is bounded.

The Proof of this Lemma is based on the following
proposition that presents an extension of the symbolic
calculus to boundary classes G*.

Proposition 10. (see [5] )
i)If A € GI"" and B € G then the operator AB €
Gg“"’_mz. Its Weyl symbol admits an asymptotic development:

+oo
C:ch, c; € Tgntm=—J
§=0
where
1 (_1)|6| o nf a of
¢ =5 > Pl (020 a) (050, b)

a+p=j

ii) The commutator [A, B] € G m2~1
iii) If (Bi)ie{1,....ny is the family of operators such as
B; € Gy"". Then the operator

mit---+mn

BBy B,H™ 3

is bounded.

In our work, we use the functional calculus of operators H,
where the function f verifies the following estimates:
Forr € R,k € Nand p € [1,1]

|f® (@)] < Ck(1 + [al)™—"*

Proposition 11. f(H) is a (¥DO) included in GT" 5, _
and its weyl symbol admits the following development

OfH) = Z‘Tf(H)Jj

Jj=0
2 dy :
Of(H),2j = Z ﬁf(k)(UH)y Vi>1
k=2
where
2k—4j 2r—j(6p—2)

djr el , (24)

Tf(H),2j € F1—2(1—p)
in particular
Of(H),0 = flom)

Proof: For studying f(H) we follow the same strategy
in [7], using the Mellin transformation, the latter consists of
the following steps:

(1) We prove by induction that (H — \)"' A € C,is a
(IDO) and its Weyl symbol admits the development by =

+oo
E bj.» where:
j=0

bor = (o — A1,

bajt1x =0,
35
k k+1 2k—47
bojn = > (—1)Fd b, dj e TP,
k=2

(2) We study the operator H® using the Cauchy’s integral
formula

1
HY = — [ X(H—)\)"tax
21 Ja
A is the same domain defined in the article [7]

H? is a (IDO) and its Weyl symbol is
+o00

O = E 0s,2j Where 0,0 = 0%, and
=0

37
s(s=1)-+-(s—k+1) ,_
0o =Y dik 7l oi "
k=2 ’

with
2s—4j3
05,25 € Fl

(3) We study f(H) using the representation formula:

1 o+i00
H)=— M H™%d
£ = g [ M@
o € [0,—r[, » < 0 and M [f] is the Mellin transformation
of f. [ |

Proof of Lemma 9

Proof: Consider the following antisymmetrical operator

U:
U=U; +Us (25)
where . )
7 s
= — 2 —
Uy o7 J, (2m — )W (¢t)dt
-1 27 t
U= 2 [ an—t) / W (1), W ()] drdt
47T 0 0

Using the same calculations as those in Lemma 8, we obtain:
Uy € Gy® and Uy € G >**%" finally U € G *.

Before beginning the proof, we will need the following
relations:

2 (2r — 1) dW (t)

| ~.

[U,H) = dt

dt (26)

[\

™ Jo
-V

<l
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and
Vs, H] — % ng (27 — 1) /0 W), W) Hldrdt
= ﬁ /0%(277 — 1)
X/Ot([W(t),W’(r)} + [ (@), W ()] ) drdt
27)
We set:

On the one hand :

i 2 t

Eio 2(72r7rt)/ [W() ()}drdt

== OQW(W_t [ /W dr}dt
;j (2m = 1) [W (1), V

—*1[U1,V].

on the other hand :

" (21 — 1) /O t [W’ (1), W(r)] drdt

27

(2 — 1) {W/(t), F(t)} dt

(2m—t)— ([ ®), F
2m
s [ e Fol

I :]'J;‘“
o

N = N = N .

c\mc\

= 2(l(2x ) (1)
= —V

Finally, we have :

= 1
[UQ,H]Z—V—i[ULV] (28)
We notice AdU.P = [U, P]. The differential equation:
% = [Uv X] (29)
X0)="P
has a unique solution
X(t) = PV P = tUpe~tU
We deduce, taking into account (26) and (28) that :
PV _P = V41, V]
+1 [0, [0z, V] - 1 {U, V]
AdU "
+ Z U U, Pl
(30)

We now apply Proposition 10, since V' € GS, V € Gy°,

Ui,U € Gy® and Uy, V € G825+2n, we get :
I
[[Uz, VIH=| <C
w77 7| <o
U, Uy, V] H?|| <C (31)
|w e viiaE | <c
o7 e
|45 W w P EE | <cu)”
For the last inequality, we used the following identity
(AdU)" W = Z )P CEUPWU P
From (30) and (31) we deduce that : (eUPer — f)HS*”
is bounded. [ |

We can now compare (i, and fi;,. From lemma 9, we deduce
that there exists a constant ¢ > 0 such that:

—cH (67 < Upe~V (s=m)

—P<cH™
The min-max Theorem ( see [10]) implies that:
=i + O ™),

wherenG]O,%[.

(32)

IV. The asymptotic behavior of 1

We begin by studying the asymptotic behavior of 7, as a
result of using (32 ), we deduce that of p. Let us first recall
that 7, is the k*" eingenvalue of V. In polar coordinates
the identity (15) that presents the symbol of Weyl of V is
written:

1 2w
oy (r,0) = — V(r (cos(t — 0)) dt
27
From the parity of V' we get:
2 [%
oy = ;/ V (rcos(t))dt = f(\/om)
0

where

fla) = 3/2 v (Vazcost) dt

™Jo
b

A direct calculation shows that:
|f(@)] < e(1+ |z|)~2
and

so f is in the class of Hormander S;T By applying the
2

Proposition 11, we have

f(H) € Gg*
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and -
V- f(H) e Gy (33)
By combining the equation (33) and the Proposition 10-iii),

we deduce that "

(V= f(H)H >

is bounded.
Come back to the Proof of Theorem 1. Therefore, there exists
a constant ¢ > 0 such that

—cH "5 <V - f(H)<cH %

According to the min-max Theorem [10], we get:

— (=5
i = 0w +0 (5 ) (34)
By combining the equation (34) and (32) we deduce:
e = F) + OO,
Finaly, we have:
2 [2 (e
L = 7/ 14 (\/2/\k cost) dt + O(/\k( n)),
T Jo
where n € ]O, 5 [
V. Example
In some cases of V, we can further improve
the estimate given by (3) by  determining

sup{p e RI/MNur—0; Ay — +oo}. To do this, it
is sufficient to study the asymptotic behavior of the integral
of (3). As an example, we consider the potential.

1 2

—wx
s€

YW =15

with s €]0, 1] and w > 0.

Since the function = — P(z)e™™*" tends to 0 as x tends to
infinity for any polynomial P we have:

/0’2' V (\/ﬁcost) dt

’ (35)

where € > 0 is near zero.
By Taylor’s formula, we can write:

1> —s .
/ (1 + /2 sin t) e~ w(@Ak) sin® ¢ gy
0

Nl

€ .
= (2)\1@)_5/0 (sin1?)_86_“’(2’\’“)Sin2tdt—l—O()\IZ§ )
(36)
Using Laplace’s method [15], we have:
€
/ (sin t)_s e—w(2)\k) sin? tdt
0 (37)

= o ) o ()

T—s 1—s
2w 2 (2Xg) 2

€ _s ) .
:/ (1+msint) e_“’(2’\’“)smztdt—i—O()\l;OO)

Finally

(38)

/075 1% (mCost) dt B

=L T (i) +0 (N 7))

1—s 1
2w 2 (2Xg)2

and for s €]3,1[ we have:

1 1-s —(s—
_ T +0 (3
ik w2 (22) 2 ( 2 ) b
We can also study the case where the potential admits the

asymptotic behavior given by (4), we can even suppose that
the frequency wy, depends on x.

VI. Conclusion

The perturbed harmonic oscillator is a prominent problem in
spectral theory, largely due to its wide-ranging applications
in physics. While several techniques are available to handle
such problems, we chose to apply the averaging method,
given the periodic nature of the harmonic oscillator’s flow.
Our approach allowed us to describe the asymptotic behavior
of its spectrum. Moving forward, we plan to explore the
application of this method to anharmonic oscillators.
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