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Square-mean Almost Periodic Solutions in Shifts
Delta(+/-) of Nonautonomous Semilinear
Stochastic Dynamic Equations on Time Scales

Meng Hu, Pingli Xie, Lili Wang

Abstract—In this paper, we first define the square-mean
almost periodic (A— almost periodic) stochastic process in shifts
0+ on time scales, then the existence of square-mean almost
periodic solution in shifts 1+ to a class of nonautonomous
stochastic dynamic equations is studied. Using the theory of
calculus on time scales and the Acquistapace-Terreni conditions,
sufficient conditions for the existence and uniqueness of square-
mean almost periodic mild solution in shifts J+ to those
equations on a real separable Hilbert space are established.
Finally, two examples are given to illustrate the feasibility and
effective of the results.

Index Terms—Stochastic dynamic equation; Square-mean
almost periodic solution; Shift operator; Mild solution; Time
scale.

I. INTRODUCTION

Time scale is a nonempty closed subset of R. In recent

years, with the development of the theory of time scales
(see [1,2]), the existence of almost periodic solutions of
dynamic equations on time scales received many researchers’
special attention; see, for example, [3-6]. In [7], with the aid
of the shift operators d, we studied almost periodic dynamic
equations in shifts d1 on time scales, and established the
existence and uniqueness theorem of almost periodic solution
in shifts J+ on time scales. However, almost periodicity in
shifts d+ of stochastic dynamic equations on time scales has
not been studied so far.

In this paper, we first define the square-mean almost
periodic stochastic process in shifts d+ on time scales,
and then we shall study the existence and uniqueness of
square-mean almost periodic mild solution in shifts é1 of
the following nonautonomous semilinear stochastic dynamic
equations on time scales:

Aclt) = A)a(t)At + f(t,2(t) At
—l—g(hl‘(t))A’lU(t), (D

where ¢t € T, T is an almost periodic time scale in shifts 6 ;
w is a Wiener process.
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II. PRELIMINARIES

The theory of time scales and the theory of dynamic
equations on time scales, see [1].

Assume that (Hy,|| - ||lm,) and (Ho,|| - |lm,) are real
separable Hilbert spaces, (€2, F, P) is a probability space,
and Lo(H;,Hs) is a space of all Hilbert-Schmidt operators
from H; to Hs, equipped with the Hilbert-Schmidt norm
Il Il2-

For a symmetric nonnegative operator () € Lo(H;,Ho)
with finite trace, we assume that {w(t),¢ € T} is a Q-Wiener
process defined on (2, F, P) with values in Hj, and 7 =
o{w(s),s < t}.

The collection of all strongly measurable, square-
integrable H-valued random variables, denoted by L2 (P,H),
and L?(P,H) is a Banach space equipped with the norm
lallzees = (Bl]2)V2

Let Hy = Q'/?K, and LY = L,(H,, H) with respect to
the norm

1212 = 12QV213

Assume that A(t) : D(A(t)) C L?(P;H) — L?*(P;H)
is a family of densely defined closed linear operators on a
common domain D = D(A(t)), which is independent of ¢
and dense in L?(P;H), and F : T x L?(P;H) — L*(P;H)
and G : T x L?(P;H) — L?(P; L) are jointly continuous
functions.

Let T* is a non-empty subset of the time scale T and
to € T* is a fixed number, define operators d4 : [tg, +00) X
T* — T*. The operators ;. and J_ associated with ¢y € T*
(called the initial point) are said to be forward and backward
shift operators on the set T*, respectively. The variable
s € [to, +00)r in d4(s,t) is called the shift size. The value
04 (s,t) and 0_(s,t) in T* indicate s units translation of the
term t € T* to the right and left, respectively. The sets

Dy = {(s,t) €

are the domains of the shift operator §., respectively. Here-
after, T* is the largest subset of the time scale T such that
the shift operators d4 : [tg, +00) x T* — T* exist; see [8].

= Trace(zQz").

[to,—‘roo)'[[‘ x T* : 5i(8,t) S T*}

Definition 1. ([7]) Let T is a time scale with the shift
operators 04 associated with the initial point tog € T*. The
time scale T is said to be almost periodic in shifts d if there
exists p € (to, +00)r~ such that (p,t) € Dy for all t € T,
that is,

{p € (to, +00)+ : (p,t) € Dy, Vt € T*} £ 0.

Let (B, || - ||) is a Banach space.
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Definition 2. A stochastic process x : T — L*(P;B) is said
to be continuous if

. _ 2:
lim E|2(t) — () > = 0.

Definition 3. (Square-mean almost periodic stochastic pro-
cess in shifts 04) Let T is an almost periodic time scale
in shifts 6x+. A continuous stochastic process x : T* —
L?(P;B) is said to be square-mean almost periodic in shifts
04 if the e-translation set of x

E{e,z} = {(p,t) € Dy :
sup Bja(8% (1)) — a(0)? < 2.t € T°)

is a relatively dense set in T* for all € > 0; that is, for any
given € > 0, there exists a constant l(€) > to, (I(€),t) € Dy,
such that in any interval [t, 51(5)@)]([556) (t),t]), there exists
at least a p € E{e,x} such that

sup El|z(64.(1)) — 2(®)]* <e,
teT

where 6% (t) := 61 (p,t), p is called the e-translation number
of x, l(€) is called the inclusion length of E{e,x}.

Definition 4. (square-mean A-almost periodic stochastic
process in shifts 1) Let T is an almost periodic time scale
in shifts 4. A continuous stochastic process x : T* —
L?(P;B) is said to be square-mean A-almost periodic in
shifts 04 if the e-translation set of x

E{e,z} ={(p,t) € Dy :
St’lelTpE||$(5i(t))5ip(t) —z(t)|]* <&Vt € T}

is a relatively dense set in T* for all ¢ > 0; that is, for any
given € > 0, there exists a constant l(e) > to,, (I(¢),t) €
Dy, such that in any interval |t, 6358)(15)]([6%8)(15),15}), there
exists at least a p € E{e, x} such that

ilelTpEIIw(éi(t))ﬁp(t) — ()| <e,

where 64 (t) := 61 (p,t), p is called the e-translation number
of x, l(e) is called the inclusion length of E{e,x}.

The collection of all stochastic processes T —
L?(P;B) which are square-mean almost periodic in shift-
s 01 is then denoted by APS(R;L?(P;B)). The space
APS(R; L?(P;B)) of square-mean almost periodic process-
es in shifts §+ equipped with the norm

l2]loc = sup(Ellz(t)]?)"/?
teT

is a Banach space.

Lemma 1. If x belongs to APS(R; L?>(P;B)), then

(i) the mapping t — E||x(t)||? is uniformly continuous; _

(ii) there exists a constant M > 0 such that E||z(t)||* < M,
forallt eT.

Let (By,| - |]1), (Ba,]|| - |l2) are Banach spaces, and
L?(P;B;), L?*(P;B,) are their corresponding L>2-spaces,
respectively.

Lemma 2. Let f : T x L?>(P;By) — L*(P;By), (t,z) —
f(t,x) is a square-mean almost periodic function in shifts
81 int € T uniformly in x € S (S C L*(P;H) is a compact

subspace). Moreover, there exists a positive constant M > (0
such that

E|f(t,z) — f(t,y)|* < ME||lz —y|}3,

for all x,y € L?>(P;B1), and for each t € T. Then for any
square-mean almost periodic in shifts 6+ process ® : R —
L?(P;B,), the stochastic process t — f(t,®(t)) is square-
mean almost periodic in shifts 0.

Lemma 3. ([1]) Assume that v : T — R is strictly
increasing and T := v(T) is a time scale. If f : T — R
is an rd-continuous function and v is differentiable with rd-
continuous derivative, then for a,b € T,

b v(b)
)2 (s)As = v 1(s))As.
/ag<> (s) /,,@g( (5))

IIT. MAIN RESULTS

In this section, we shall study the existence of mild
solutions of equation (1). Firstly, we make the following
assumptions:

(H;) Assume that the equation
22 (t) = At)x(t),t > s,
x(s) = ¢ € L*(P; H),

has an associated evolution family of operators
{X(t,s) :t > s with t, s € T}, which is uniformly ex-
ponentially stable, that is, there exist positive constants
M, a > 0, such that

X (05(2), 0% (s))]| < Meca(t,o(s)), Vt = s.

The functions f: T x L?(P;H) — L?(P;H), (t,z) —
f(t,z) and g : T x L?(P;H) — L?(P;LY), (t,y) —
g(t,y) are square-mean A-almost periodic functions in
shifts 6+ in ¢t € T uniformly in z € S (S € L?(P;H)
is a compact subspace), and

E|| £ (8% (¢), (8% (£)))627 () — f(t, 2(t))* < m;
E|lg(S%(1), 2(%.(1)))0L7 (1) — g(t, 2(t) 74 < m;

where n — 0 as ¢ — 0. Moreover, there exist positive
constants K1, Ko > 0 such that

sup E|| f(t, 2(1))|1* < K1;
teT
supEllg(t, z(t))[74 < Ko.
teT

The functions f and g which have been defined in (Hs)
are Lipschitz in the sense

E[|f(t,2) = f(t,9)lI> < L/E[x - y]?,
Ellg(t,z) — g(t.y)ll7g < LE[x — g,

for all t € T,z,y € L?*(P;H), and Lf, L9 > 0 are
positive constants.

Lemma 4. Assume that A(t) satisfies the Acquistapace-
Terreni conditions, X (t,s) is exponentially stable, then for
any € > 0, there exists a constant l() > tg (Lo is the initial
point), such that in any interval [t, 518)@)]([566)@), t]), there
exists at least a p € E{e, X} (E{e, X} is a relatively dense
set) such that

[ X (6 (2),0%.(s)) — X (¢, 9)|| < eecg (t,0(s)),
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t—e t
forallt— s> W)+ [ xezose
Theorem 1. Assume that the graininess function p(t) is - te
bounded on time scale T, (Hy) — (Hs) and the conditions —X(t,9)]f(s,2(s))As||.
of Lemma 4 hold, and
\ OM2LS  2ArQM2LO\ X Since (a + b+ c)? < 3a? + 3b? + 3¢2, then
- (BLE L A ,, 2
- , . E[[@xz(5L (1)) — P2 (t)||
where & = inf{—©al|t € T}, then equation (1) has a unique :
square-mean almost periodic mild solution in shifts 61, and < 3E[/ | X (65 (), 0% (s))]]
t — 00
2
= X(t,s)f(s,z(s))As
| xease.a) XS5, (8 ()38 () = F(5,2(5)) A
t
+ X(t,s)g(s,z(s))Aw(s),t € T. t-e
| Xtestatn et +38] [ IXGLO.850) - X(0.0)
Proof: Let x(t) = ®x(t) + Y (t), and 12

x|[f (s, z(s)) || As

oa(t) = | X(t,5)f(s,2(s)A t

/‘:" +3E[ | ez - xws)
\I/a:(t):/ X(t, 5)g(s, 2(5)) Auw(s). e
- x| f(s,2(s))l|As

Now, we prove that &z and Wz are square-mean almost
periodic in shifts 1 whenever z is almost periodic in shifts
0+. We first consider the case of ®x. In fact,

||¢=’E(fp( ) — @x(t)]|
= H/éi(t X(05.(t),8)f(s,2(5))As

/ X(t,s)f(s,z(

Let g(s) = X(0%.(t),0%.(5)) (0% (s), (3% (s))) and v(t) =
6% (t), by Lemma 3

IN

3M2E[/_ eoa(t,a(s))
x| £ (8% (5), (8% (5))) 027 (5) — f(&x(s))”AS}
+352E[/__€ e@g(t,a(s))”f(s,x(s))”As}

2

+3ME| / decalts (D5, 2(:)]s]

Using Cauchy-Schwarz inequality

/_E(t) X)) /(s 2(s)As B[ (5% (1)) — a (1)

_ /_V:)g(y—l(s)ms < 3M2</_tooe@a(t,a(s))As>

= [ s <[ caalt o DRI 202605276

-/ ; X(O(2), 02 ()1 (02 (5), 2(5%()))55" () As. ~Flosa(oNI* s

Theref(|)|r;x B +3¢2 g_[_t(: 69‘5(15,0(3))As>

| s s <| [ eef(uo—(s))Enf(s,x<s>>||2As]
_/ ‘e +12M2(/_Ooe@a(t,a(s))As)

- H/ X (620, 6% (5)) £ (02 (5), (0% (5))) 357 (5 <[ [t
(s (s))As <E|f(s.0(9) s

IA

/ X(92(),02(5)) — X (t,8)]f (s, 2(s)) As 3M2< / e@a@,a(s)ms)z
H / X(08.(8), 6% (5))LF (0% (), (8% ()))627 () x Sup || (9% (), #(0% ())35" () — £ s 2())]

IA

t—e 2
s, a(s))]As ra2( [ eos(to)as) swBlf(s (o)
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+12M2( /t tgeea(t,a(s))As>2
X §2¥E||f(5a$(s))||2

3M? 122K
< d2n+ 22 L 12M22K,,

that is, ®x is square-mean almost periodic in shifts §4.

Next, we consider the case of Ux. Let w(s) = w(d5(t))—
w(s), w is also a Wiener process and has the same distribu-

tion as w. Then
E| Wz (6L (1)) — wa(t)|?

/ X (0%(¢),0% (s

IA
w |
&5
|
Hg

1X(6(0), 5% (5))]

<1982 (5), 2(8% (5)))57 s)
2

—g(sw(s))HAw(s)}
+3E[ [ 16,06 - X(e.9)]
x||g<svx<s>>||mv<s>]
+38] [ IXGL0.04) - X(t.9)]
x||g<s,x<s>>||Aw<s>] |

Using an estimate on the Ito integral,

B[ Wa(6(1)) — Wa(t)]
< :m@[ / X (1), 6% (5)) 2

XE|\g(5% (s), (8% ()05 (s) - g(sax(S))lligAS}

Q)| | Oo IX(B2(1), 62(s)) — X (2,5
XEllg(s, #(5)I125 0]
+30rQ)| / 1X (6% (8), 8% (5)) — X (¢, )
<Elg(s, () 33 A5

< 3trQM2</_tOO e@a(t,a(s))As>
<sup (0 (s),2(6% ()52 (5) — g(s.a(5) 3y

+3tr Q< ( /_ : conlt, U(S))AS)

< sup Elg(s, x(s)) 2
seT

+6trQe? < /t; ecalt, a(s))As)

< sup Ellg(s, z(s)) 2
seT
n 3trQ52K2

3trQM?n
a
that is, Wz is square-mean almost periodic in shifts d..

Define
_ [ X(t,5)f (s, 2(s))A

t
[ Xoglsatsndul).
then I' has a unique fixed point. In fact

[Ta(t) — Ty ()|

= H/ th sac
/ th sx

M/ eoalt,a(s))[f (s, 2(s)) — f(s,y(s))[| As

H/ X(t,8)(g(s,z(

Since (a + b)? < 2a? + 2b?, then
E||[Tz(t) — Ty(1)||?

< 2M2E< | cenltol)lsts.a(s)

+ 6trQe® Ko,

— f(s,y(s)))As

—9(5,9(s))) Aw(s)

IN

= 9(s,y(5)))Aw(s)|.

—f<s,y<s>>||As)2
+2E<H /_;X(t,s)(g(s,x(s))

2
—g(s,y(s)) Aw(s) ) | @

Now, we evaluate the right-hand side of (2). Firstly,

B [ caaltolo)lflsualo) — fls.u(s)s)

e/ ; conttatas) ([ ; eoalt,o(5))

<Uf(ssas) - S5,y 175 ) |

( / ; eea(t,a(s))As> ( / ; con(t.0(5))

<E|| (s, 2(s)) - f(ay(s»n%s)

([t (]

<E|x(s) - y<s>||2As>

Lt ( /_ ; conlt, U(S))As)

x sup El|z(t) — y()]”
teT

Lt ( /_ ; conlt, J(S))AS)

L
eyl

2

IN

IN

IN

eoal(t; 0(s))

2

IN

2
lz = yll%

IN

IN
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Secondly,

:

5| [ ; X (t, (g5, 7(5)) — (s y(s))) Du(s)

t
< wo( [ Ixeo
<Bllg(s, () = 905,05 [y 5
t
< tTQM2L9(/ eoalt, O’(S))AS)
x sup E|z(t) — y(t)[|*
teT
trQM2L9
< |z -yl
Therefore,
E|[z(t) — Ty(t)|?
oM2Lf  2rQM?2L9
— - 2 —ylZ,
Q
and then
[T2(t) — Ty(t)||oo
1
2M?LS  2trQM?L9\ 2
~2 + ~ ||(£ - y”oo
«

Since A < 1, then I' has exactly one fixed point, that is, (1)
has a unique square-mean almost periodic in shifts §1. The
proof is completed. u

1V. EXAMPLES

Example 1. Consider the following stochastic dynamic
system on time scales

Ax(t,n)

= [ Antestman) +eten|stema
SRt n)A 4 Gl st ) Au(), O
i hi(n)ai;(t,n)Ay,z(t,n) =0, 4)
Ve T e o0,

where w is a real valued Brownian motion.
Firstly, we make the following assumptions:

(H4) The coefficient a;; is symmetric, and
aij € CAUT,L*(P,C(Q))) N Cp(T, L*(P,C'(Q))) N
APS(T, L*(P, L*(Q))), i,j = 1,2,~
¢ € CUT,L*(P, LQ(Q)))
APS(T, I2(P, LHQ)):
for some ¢ € (3, 1].

(Hs) There exists 9 > 0 such that

c, Ny

Co(T,L?(P,C(Q))) N

n

> ai(t)G¢ > eol¢l?,
ij=1
where (¢,¢) € T x Q, and ¢ € T".
If (Hy4) — (Hs) hold, then (H;) holds, see [9].

Let H = L?(Q). For each t € T define an operator A(t)
on L?(P; H) by

D(A(t)) = {x € L*(P;HA(Q)) :
S At n) Ayt n) =0,
4,j=1
and A(t)x = A(t,n)x(n) for all x € D(A(t)).

Thus under the assumptions (Hsy) — (Hs), then the system
(3)-(4) has a unique square-mean almost periodic solution in
shifts 0, if M is small enough.

Example 2. Consider the following stochastic cellular
neural networks on time scales

(300)

- (0 )G
(LR et s
" (%3) A0) s)

N ( & sin(t) f1(z1(2) + g 5 cos(t) fa(xa(t)) )
osin(2t) fi(21(t)) + & cos(4t) fa (w2 (1))
x Aw(t),

where fi(x) = fo(z) = 23, I1(t) = cos(t), I>(t) = sin(t),
and w is a real valued Brownian motion.

Choose T such that u(t) is bounded. It is easy to check
that (Hy) — (H3) hold, and if ¢r@ is small enough, then
the system (5) has a unique square-mean almost periodic in
shifts 0.

V. CONCLUSION

This paper aims to explore the almost periodicity of
stochastic dynamic equations on time scales. To this end,
this paper firstly defined the square-mean almost periodic s-
tochastic process in shifts 41 and the square-mean A—almost
periodic stochastic process in shifts d1 on time scales.
On this basis, the existence and uniqueness theorem of
square-mean almost periodic mild solution in shifts §1 of
a nonautonomous semilinear stochastic dynamic equations
on time scales is established. The research in this paper
is a further promotion on the basis of [10]. These theories
are the basic theories for studying the almost periodicity of
stochastic dynamic equations on time scales.

The results of this paper can be applied to study many
other types stochastic dynamics systems on time scales. The
relevant literatures can be referred to [11-32].
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