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Ordered almost (m, n)-ideals and Fuzzy ordered
almost (m, n)-ideals in Ordered Semigroups

Pannawit Khamrot, Suchada Saekuai, Thawathchai Phongthai, Thiti Gaketem

Abstract—The ordered semigroups are algebraic systems con-
sisting of a nonempty set, an associative binary operation, and
a partial order compatible with this binary operation. Grosek
and Stako studied almost ideals in semigroups in 1980. In 2019,
S. Suebsung et al. studied almost (m,n)-ideals in semigroups.
Later, in 2022, S. Suebsung et al. introduced ordered almost
ideals in ordered semigroups. This paper aims to define ordered
almost (m, n)-ideals and fuzzy ordered almost (m,n)-ideals in
ordered semigroups. We prove the union of ordered almost
(m, n)-ideals, including ordered almost (m, n)-ideals in ordered
semigroups. In class, fuzzifications are the same. We connected
the relation and ordered almost (m,n)-ideals, and the fuzzy
ordered almost (m, n)-ideals in ordered semigroups. Finally, we
study bipolar fuzzy prime almost interior ideals in semigroups.

Index Terms—ordered almost (m,n)-ideals, Fuzzy ordered
almost (m,n)-ideals, Prime ordered almost (m,n)-ideals, Or-
dered semigroups

I. INTRODUCTION

RDERED semigroups are an algebraic structure in a

binary operation satisfying the associative property and
a partial order with compatibility. Dealing with various prob-
lems related to uncertain conditions by fuzzy sets by Zadeh in
1965, [1]. These concepts were applied in many areas, such
as medical science, theoretical physics, robotics, computer
science, control engineering, information science, measure
theory, logic, set theory, and topology. Rosenfeld studied
the concentration of fuzzy subgroups and fuzzy ideals. In
1981, Kuroki studied the types of fuzzy subsemigroups. In
the same year, Satko and Grosek [2] discussed the concept of
an almost-ideal (A-ideal) in a semilattice. And S. Bogdanovic
[3] gave the concept of almost bi-ideals in semigroups. In
2019, S. Suebsung et al. [4] investigated ordered almost
ideals and fuzzy almost ideals in ternary semigroups. In
2020, Chinram et al. [5] discussed almost interior ideals
and weakly almost interior ideals in semigroups and studied
the relationship between almost interior ideals and weakly
almost interior ideals in semigroups. The research on almost
ideals studied in semihypergroups, such that in 2021, P.
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Muangdoo et al. [6] studied almost bi-hyperideals and their
fuzzification of semihypergroups. W. Nakkhasen et al. [7]
discussed fuzzy almost interior hyperideals of semihyper-
groups. in 2022, S. Suebsung et al. [8] introduced ordered
almost ideals in ordered semigroups. In the same year T.
Gaketem and P. Khamrot [9] explored the concept of almost
ideals within the framework of bipolar fuzzy sets, specifically
focusing on bipolar fuzzy almost bi-ideals in semigroups. In
2023, T. Gaketem and P. Khamrot [10] studied bipolar fuzzy
almost interior ideals in semigroups. In 2024, T. Gaketem and
P. Khamrot [11], [12] discussed bipolar fuzzy almost ideals
and quasi ideals in semigroups. In addition, ordered almost
ideal’s work also has many studies, such as ordered almost
ideals in ordered semigroup [13], ordered almost ideals in
semirings [14], ordered almost Ideals in ternary semiring
[15], etc. In 2025, P. Khamrot et al. [16] studied fuzzy
(m,n)-ideals and n-interior ideals in ordered semigroups.
In this paper, we extend the definition of ordered almost
(m,n)-ideals in semigroups to ordered semigroups. We dis-
cussed the union of ordered almost (m, n)-ideals, including
ordered almost (m, n)-ideals in ordered semigroups. In class,
fuzzifications are the same. We connected the relation and
ordered almost (m, n)-ideals, and the fuzzy ordered almost
(m,n)-ideals in ordered semigroups. Finally, we study bipo-
lar fuzzy prime ordered almost interior ideals in semigroups.

II. PRELIMINARIES

Now, we recall the concept of ordered semigroups and
fuzzy sets. Additionally, their preliminary results are pro-
vided.

Definition 2.1. [17]. Let ¥ be a set with a binary opeation

- and a binary opeation relation <. Then (%,-, <) is called

an ordred semigroup if

(1) (%,-) is a semigroup,

(2) (%, <) is a partially ordered set,

(3) for all a,b,c € T, we have a < b then ac < be and
ca < cb.

For a nonempty subset X and ) of ordered semigroup %,
we write
(X]:={a €T |a<b for some b € X} and X9 := {1y |
r€X and ne P}

It is observed that

(1) X C (%],

(2) if X €9, then (X] C (Y],
(3) ((X]) = (],

(4) (X](9] € (221,

(5) (X]]] = (X,

(6) (XUY] = (XU (D

(M) (XNnY] = (XN (D]
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Let (%,-,<) be an ordered semigroup, (§ # K C %) is
called a subsemigroup such that K2 C K. A left (right) ideal
of a ordered semigroup (%, -, <) is a non-empty set K of ¥
such that X C £ (KT C K) and (K]. By an ideal of an
ordered semigroup (¥, -, <), we mean a non-empty set of T
which is both a left and a right ideal of ¥.

Definition 2.2. [18] A subsemigroup K of an ordered semi-

group (%,-, <) is called an (m,n)-ideal of T if K satisfies

the following conditions:

(1) KmZK™ C K.

(2) K = (K], that is for x € K and y € ¥, y < x implies
y € K.

where m,n are non-negative integers.

Definition 2.3. [19] A nonempty subset of I an ordered
semigroup S is called a left ordered almost ideal (LOAI) of
Sif (sZT]NZ #0 forall s € S.

Definition 2.4. [19] A nonempty subset of T an ordered
semigroup S is called a right ordered almost ideal (ROAI)
of Sif (Zs|NT #0 forall s €S.

Definition 2.5. [20] A nonempty set L of an ordered semi-
group S is called an ordered almost n-interior ideal (OA-n-
1) of S if (aZ™D)NZ # 0, for all a,b € S and n € Ny.

For any h; € [0,1], ¢ € F, define
V_h; = h; d A h;:=inf{h;}.
it = supthi} and ARy = dnf {hi}

We see that for any h,r € [0, 1], we have

hVr=max{h,r} and hAr=min{h,r}.

A fuzzy set ¥ in a nonempty set ¥ is a function from
% into the unit closed interval [0,1] of real numbers, i.e.,
¥: % —[0,1].

For any two fuzzy sets ¥ and £ of a non-empty set ¥,
define the symbol as follows:

(1) 9<&<=v(h)<&h) forall he ¥,

(2) ¥=¢o v <&and <,

(3) (W A&(h) = min{d(h),£(h)} = F(h) Ag(h) for all
hef¥,

(4) (9 V E)(h) = max{9(h), &(A)} = V(h) V £(h) for all
he¥,

(5) the support of ¥ instead of supp(¥) = {h € T | d(h) #
0}.
For the symbol ¢ > £, we mean £ < .

If & C X # (), then the characteristic function yg of ¥ is
a function from ¥ into {0, 1} defined as follows:

() = 1 ifrer
X&) = 0 otherwise.

forallzp € ¥

Lemma 2.6. If T and £ are nonempty subsets of an oredred
semigroup %, then the following are true:

(1) xz AXxe = X3ne.
(2) If T C L then xz < xe.
(3) XTOoXe = Xge-

Definition 2.7. Let ¥ be an ordered semigroup and F be a
non-empty subset of %, we define the set F,, by

Fy:={(z,y) e TxT|u < ay}.

Definition 2.8. Let ¥ and n be fuzzy sets of an ordered
semigroup X. The product of fuzzy subsets ¥ and 1 of T
is defined as follow, for all u € T

\V @)} if Fu#0,
(z,y)EF,

0 if

For u € ¥ and t € (0, 1], a fuzzy point z; of a set T is a
fuzzy set of T defined by

(0 on)(u) =
F,=0.

e=u,

() t if
zi(e) =
i 0 otherwise.

Fort e N, let 9" ;=1 odo---01.
n-times

Lemma 2.9. [13] If ¢, v and & are fuzzy sets of an ordered
semigroup S, then the following are true:
(1) If ¢ 2 v, then ™ < V"
(2) If p 2, then po& S vok.
(3) If p X, then pV & v VE
(4) If o 2 v, then p NE SV AE.
()
F

5) If ¢ 2 v, then supp(y) = supp(v).

or a fuzzy set ¢ of an ordered semigroup S, we define
(¢] : S —[0,1] by (p] :=sup ¢(b) for all a € S.
a<b

Lemma 2.10. [13] If @, v and & are fuzzy sets of an ordered
semigroup S, then the following are true:

(1) ¢ = (¢l
(2) If ¢ 2 v, then (¢] = (€.
(3) If ¢ 2w, then (p o] X (vog]and (§op] X (Eov]

Lemma 2.11. [13] If p is a fuzzy set of an ordered semigroup
S, then the following are equivalent.

(1) If a < b, then p(a) < ¢ (b).
2) (¢l = .

Definition 2.12. [13] A fuzzy set § of a semigroup X is said
to be a fuzzy ideal of T if 6(uv) > 6(u)Vi(v) forallu,v € <.

Definition 2.13. [17] A fuzzy subsemigroup § of a ordered
semigroup ¥ is said to be a fuzzy (m,n)-ideal of ¥ if
(1) 5(u1u2---um30102-~-nn) > 5(111) A (5(112) A
A O(ug) A S(v1) A O(b2) A .o A (by,) for all
Up, U9y ey Uy, 01,02, ..., 05,3 € T and m,n € N.
(2) If uy < ug, then §(uy) > d(uz), for all u,uz € <.

Definition 2.14. A fuzzy set ¢ of an ordered semigroup S is

called

(1) a fuzzy subsemigroup (FSG) of S if p(ab) < p(a)Ap(b)
for all a,b € S,

(2) a fuzzy left ideal (FLI) of S if p(ab) < (b) and if
a < b, then p(a) < p(b) for all a,b € S,

(3) a fuzzy right ideal (FRI) of S if p(ab) < ¢(a) and if
a < b, then p(a) < p(b) for all a,b € S,

(4) a fuzzy ideal (FI) of S if it is both a FLI and FRI of S,

(5) a fuzzy left ordered almost ideal (FLOAI) of S if
(1 0 @] A @ # 0 for all fuzzy point rp.
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(6) a fuzzy right ordered almost ideal (FROAI) of S if
(p oz A 0 for all fuzzy point rp.

(7) a fuzzy ordered almost ideal (FOAI) of S if it is both a
FLOAI and FROAI of S,

III. MAIN RESULTS

In this section, we define the ordered almost (m, n)-ideals
and fuzzy ordered almost (m,n)-ideals in an ordered semi-
group. We prove some basic interesting properties of ordered
almost (m, n)-ideals and fuzzy ordered almost (m, n)-ideals
in an ordered semigroup.

Definition 3.1. A non-empty subset B on an ordered semi-
group ¥ is called an ordered almost (m,n)-ideal (OA-
(myn)-Dof T if (B™B"]|NB # O for all t € T where
m,n € {1,2,...,n}.

Example 3.2. (1) An OA-(1,0)-I of an ordered semigroup
T is a ROAI of %.

(2) An OA (0,1)-I of an ordered semigroup ¥ is a LOAI of
T.

(3) Consider the ordered semigroup Zg under the usual
addition and the partial ordered <:= {(a,qd) | @ € Zg}.
We have 2 = {1,4,5} is an OA-(1,0)-1 of Zs.

Theorem 3.3. Every (m,n)-ideal of an ordered semigroup
% is an OA-(m,n)-I of <.

Proof: Assume that 9B is an (m,n)-ideal of ¥ and let
t € T. Then (B™B"] C (B™ITB"] B. Thus (BB" N
B £ (). We conclude that B is an OA-(m,n)-1 of T. |

Theorem 3.4. Let B, and By be two non-empty subsets of

an ordered semigroup ¥ such that B, C Bo. If By is an
OA-(m,n)-I of T, then By is also an OA-(m,n)-I of <.

Proof: Let B is an OA-(m,n)-I of T with B; C B,
and let t € ¥ Then (B7tB7] C (BT tBY] Thus, (BTBL]N
B # (. Hence, Bs is an OA-(m,n)-1 of %. |

Corollary 3.5. Let By and By be OA-(m,n)-Is of an
ordered semigroup T. Thus B1 UBs is also an OA-(m,n)-1
of T.

Proof: Since B and B, are subsets of B U Bs, by
Theorem 3.4, 81 U By is an OA-(m,n)-I of . [ |

Theorem 3.6. Let By and Bo be nonempty subsets of an
ordered semigroup X. If B is an OA-(m,n)-I of X, then
B1 U By is an OA-(m,n)-I of T.

Proof: By Theorem 3.4, and 8; C B; U B,. Thus,
$B1 U By is an OA-(m, n)-I of T. [ |

Corollary 3.7. The finite union of OA-(m,n)-Is of an
ordered semigroup ¥ is an OA-(m,n)-I of .

Example 3.8. Consider the ordered semigroup Zg under the
usual addition and the partial ordered <:= {(a,a) | @ €
Zg}. We have 2 = {1,4,5} and B = {1,2,5} are ordered
almost (1,0)-ideals of Z¢ but A N B = {1,5} is not an
ordered almost (1,0)-ideal of Zs.

Definition 3.9. A fuzzy set ¥ on an ordered semigroup ¥ is
called a fuzzy OA-(m,n)-1 of T if (I™ 0wz 0" AY #£0
for any fuzzy point x; € T where m,n € {1,2,...,n}.

Theorem 3.10. If ¥ is a fuzzy OA-(m,n)-I of an ordered
semigroup T and & is a fuzzy subset of ¥ such that ¥ < ¢,
then £ is a fuzzy OA-(m,n)-I of <.

Proof: Suppose that ¥ is a fuzzy OA-(m,n)-I of ¥ and
¢ is a fuzzy subset of ¥ such that ¢ < £. Then for any fuzzy
points x; € T, we obtain that (9™ o x; 0 9"] A # 0. Thus,

(0o 09| NI < (EMox 0] ANEANO.

Hence, (™ o 2y 0 £"] A€ # 0. Therefore, £ is a fuzzy OA-
(m,n)-I of T. [ |
The following results is an obvious of Theorem 3.10.

Theorem 3.11. Let ¥ and & be fuzzy OA-(m,n)-Is of an
ordered semigroup X. Then YV & is also a fuzzy OA-(m, n)-1
of .

Proof: Since 9 < 9V &, by Theorem 3.10, 9 V £ is also
a fuzzy OA-(m,n)-I of T. [ |

Theorem 3.12. If ¥ fuzzy OA-(m,n)-I of an ordered semi-
group T. and & is a fuzzy set, then YVE is a fuzzy OA-(m, n)-1
of T.

Proof: By Theorem 3.10, and ¥ < 9V &. Thus, 9V £ is
a fuzzy OA-(m,n)-I of T. [ |

Corollary 3.13. Let T be an ordered semigroup. Then the
Sfinite maximum of fuzzy OA-(m,n)-Is of T is a fuzzy OA-
(m,n)-I of T.

Example 3.14. Consider n = 1,m = 0 and the ordered
semigroup 7 under the usual addition and the partial
ordered <:= {(a,q) | a € Z¢}. U : Z¢ — [0, 1] is defined by
¥(0) =0, 9(1) = 0.2, ¥(2) =0, ¥(3) =0, ¥(4) = 0.3,
9(5) = 0.5 and v : Zg — [0,1] is defined by v(0) = 0,
v(1) =08 v(2) =04, v(3)=0.3 v(4) =0, v(5)=0.3.
We have ¥ and v are fuzzy ordered almost (1,0)-ideals of
Zes but Y \v is not a fuzzy ordered almost (1,0)-ideal of Zg.

Lemma 3.15. Let 2 be a subset of T and n € NU{0}. Then
(xa)™ = xan

Theorem 3.16. Let B be a nonempty subset of an ordered
semigroup X. Then B is an OA-(m,n)-I of ¥ if and only if
X5 is a fuzzy OA-(m,n)-I of .

Proof: Suppose that B is an OA-(m,n)-1 of T. Then
(B™B"|NB #£ () forall t € T and m,n € {1,2,...,n}.
Thus there exists ¢ € ¥ such that ¢ € (B™¢B"] and ¢ € B.
Let z; € T and t € (0,1]. Then ((xmm oz 0 xmn])(c) # 0
and xs(c) =1 and m,n € {1,2,...,n}. Thus, (x@m ox; 0
x| A xs(c) = ((xs)™ ozt o (xp)] A xm(c) # 0 and
m,n € {1,2,...,n}. So (xmm oxs o xmn] A xs # 0 and
m,n € {1,2,...,n}. Hence, x is a fuzzy OA-(m,n)-1 of
T

Conversely, suppose that xs is a fuzzy OA-(m,n)-1 of T
and let z; € T and t € (0,1] where m,n € {1,2,...,n}.
Then (xmm o 20 Xssn| A X8 # 0. Thus, there exists ¢ € B
such that ((xymm o 1 o xmn] A xm)(c) # 0. It implies that
(xsmoxioxmn](c) # 0 and x5 (c) # 0. Hence ¢ € B ¢B"
and ¢ € B So (B™B"] NB # 0. We conclude that B is
an OA-(m,n)-I of T. [ |

Theorem 3.17. Let ¢ be a fuzzy subset of an ordered
semigroup T. Then ¥ is a fuzzy OA-(m,n)-I of T if and
only if supp(9) is an OA-(m,n)-I of T.
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Proof: Assume that ¥ is a fuzzy OA-(m,n)-I of ¥ and
let x; € T and ¢ € (0, 1]. Then (9™ oz 0™ A # O for all
m,n € {1,2,...,n}. Thus, there exists 3 € T such that ((J™o
2 09" A Y)(3) #0. So ¥(3) #0 and 3 = aag---a,r =
1b1by--- b, for some ajas---a,,, bi1bs---b, €T such that
O(ar) # 0, I(az) # 0, ,9(am) # 0 J(b1) # 0, I(b2) #
0,---9(b,) # 0. Thus, ajas - a,,, b1bs--- b, € supp(d).
Thus, ((Xsupp(ﬁ)m OItOXsupp(ﬁ)”]/\Xsupp(ﬁ))(z) 7é 0. Hence,
(Xsupp(ﬂ)"" O Xt © X511pp(19)"] A Xsupp(¥9) 7& 0 for all m,n €
{1,2,...,n}. Therefore, Xsupp(9) is a fuzzy OA-(m,n)-I of
%. By Theorem 4.5, supp(1) is an OA-(m,n)-I of T.

Conversely, suppose that supp(#) is an OA-(m,n)-I of
T. By Theorem 4.5, Xsupp(s) is a fuzzy OA-(m,n)-I of ¥.
Then for any fuzzy point z; € T and m,n € {1,2,...,n},
we have (Xsupp(ﬂ)"” SRS Xsupp(ﬂ)"} A Xsupp(9) # 0. Thus,
there exists 3 € T such that ((Xsupp(9)™ © Tt © Xsupp(v)"] A
Xsupp(ﬁ))(ﬁ) 7& 0. Hence, ((197” oIt © 19"] A 19)(3) 7é 0. So
9(3) # 0 and 3 = ayas---a,,r = rbyby--- b, for some
aids -« Oy, b10g--- b, € T such that 19((11) # 0, 19(&2) 35
0,-,9(am) # 0 9(b1) # 0, I(bz) # 0,---J(bn) # 0.
Thus, a1as - @y, 0162+ - b, € supp(d). Thus, (V"™ oy 0
YT AD)(3) # 0. So (9™ o &y 0 9] A # 0. Therefore, ¢ is
a fuzzy OA-(m,n)-I of T. [ |

Next, we investigate the connection between minimal,
maximal OA-(m,n)-Is and minimal, maximal fuzzy OA-
(m,n)-Is of ordered semigroups.

Definition 3.18. An OA-(m,n)-I1 B of an ordered semigroup

T is called

(1) a minimal if for any OA-(m,n)-I R of T if whenever
R C 9B, then R =B,

(2) a maximal if for any OA-(m,n)-I M of T if whenever
B C 4R, then R = B.

Definition 3.19. A fuzzy OA-(m,n)-I1 9 of an ordered semi-

group ¥ is called

(1) a minimal if for any fuzzy OA-(m,n)-I £ of T if whenever
£ <0, then supp(€) = supp(9),

(2) a maximal if for any fuzzy OA-(m,n)-I & of T if
whenever ¥ < &, then supp(§) = supp(¥).

Theorem 3.20. Let B be a nonempty subset of an ordered

semigroup . Then

(1) B is a minimal OA-(m,n)-I of T if and only if xs is a
minimal fuzzy OA-(m,n)-I of .

(2) B is a maximal OA-(m,n)-I of T if and only if x is
a maximal fuzzy OA-(m,n)-I of .

Proof:

Assume that B is a minimal OA-(m, n)-I of ¥. Then ‘B
is an OA-(m,n)-I of ¥. Thus by Theorem 4.5, x is a
fuzzy OA-(m,n)-I of T.

Let £ be a fuzzy OA-(m,n)-1 of ¥ such that £ < yoms.
Then by Theorem 4.6, supp(&) is an OA-(m,n)-I of
% such that supp(§) C supp(xs) = B. Since B
is minimal we have supp(§) = B = supp(xs).
Therefore, xs is minimal.

Conversely, suppose that ys is a minimal fuzzy OA-
(m,n)-I of . Then xs is a fuzzy OA-(m,n)-I of .
Thus by Theorem 4.5, B is an OA-(m,n)-I of T. Let R
be an OA-(m,n)-I of T such that R C B. Then xmn is
a fuzzy OA-(m,n)-I of T such that y, < x. Hence,

(1)

R = supp(xsn) = supp(xs) = B. Therefore, B is
minimal.

Assume that B is a maximal OA-(m,n)-I of T. Then
B is an OA-(m,n)-I of T. Thus by Theorem 4.5, x»
is a fuzzy OA-(m,n)-I of T. Let £ be a fuzzy OA-
(m,n)-I of ¥ such that xyos < & Then by Theorem
4.6, supp(€) is an OA-(m,n)-I of ¥ such that B =
supp(xs) C supp(§). Since B is maximal we have
supp(&) = B = supp(xs ). Therefore, yx is maximal.
Conversely, suppose that yo is a maximal fuzzy OA-
(m,n)-I of T. Then xu is a fuzzy OA-(m,n)-I of <.
By Theorem 4.5, B is an OA-(m, n)-1 of T. Let R be an
OA-(m, n)-I of T such that B C R. Then xu is a fuzzy
OA-(m,n)-1 of T such that xos < ym. Since yo is a
maximal we have R = supp(xsn) = supp(xs) = B.
Therefore, B is maximal.

Corollary 3.21. Let T be an ordered semigroup. Then T has
no proper OA-(m,n)-I if and only if supp(¥) = ¥ for every
fuzzy OA-(m,n)-I 9 of T.

Next, we give definition of prime (resp., semiprime,
strongly prime) OA-(m,n)-Is and prime (resp., semiprime,
strongly prime) fuzzy OA-(m,n)-Is. We study the relation-
ships between prime (resp., semiprime strongly prime) OA-
(m,n)-Is and their fuzzification of ordered semigroups.

Definition 3.22. Let B be an OA-(m,n)-I of an ordered

semigroup ¥. Then we called

(1) B is a prime if for any two OA-(m,n)-Is N and $) of
T such that N$H C B implies that N C B or H C B.

(2) B is a semiprime if for any OA-(m,n)-I N of T such
that N2 C N implies that N C B.

(3) B is a strongly prime if for any OA-(m,n)-Is N and $
of T such that NH N HN C B implies that N C B or
HCB.

Definition 3.23. A fuzzy OA-(m,n)-I ¥ on an ordered

semigroup T. Then we called

(1) ¥ is a prime if for any two fuzzy OA-(m,n)-Is £ and v
of ¥ such that £ ov <1 implies that £ <1 or v < 9.

(2) ¥ is a semiprime if for any fuzzy OA-(m,n)-I £ of T
such that £ o & < & implies that £ < 9.

(3) ¥ is a strongly prime if for any two fuzzy OA-(m,n)-Is
€ and v of T such that (§ov) A (vo&) < o implies that
E<Vorv<a.

It is clearly, every fuzzy strongly prime OA-(m, n)-I of an
ordered semigroup is a fuzzy prime OA-(m,n)-1, and every
fuzzy prime OA-(m, n)-I of an ordered semigroup is a fuzzy
semiprime OA-(m,n)-L

Theorem 3.24. Let B be a nonempty subset of an ordered
semigroup X. Then B is a prime OA-(m,n)-I of ¥ if and
only if xss is a prime fuzzy OA-(m,n)-I of <.

Proof: Suppose that B is a prime OA-(m,n)-I of %.
Then B is an OA-(m,n)-I of . Thus by Theorem 4.5, x3
is a fuzzy OA-(m,n)-I of . Let ¥ and & be fuzzy OA-
(m,n)-Is such that ¥ o £ < x. Assume that ¥ £ xs and
& £ x=. Then there exist h,v € T such that ¥(h) # 0
and &(t) # 0. While xmu(h) = 0 and y@(r) = 0. Thus,
h € supp(?) and v € supp(€), but h,t ¢ B. So supp(?) ¢
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B and supp(§) ¢ B. Since supp(¥ and supp(§) are OA-
(m,n)-Is of T we have supp(¢) supp(§) € B. Thus there
exists m = pq for some p € supp(¥) and q € supp(&) such
that m € 8. Hence x5 (m) = 0 implies that (J o &)(m) = 0.
Since ¥ 0 £ < x. we have p € supp(¥}) and ¢ € supp(§).
Thus ¥(p) # 0, and £(q) # 0. It implies that

@Wo&)m)= \/ {d(p)A@)}#0

(p,q)EFm

It is a contradiction so ¥ < xm or £ < xs. Therefore, xm
is a prime fuzzy OA-(m,n)-I of Z.

Conversely, suppose that x is a prime fuzzy OA-(m, n)-
I of . Then xg is a fuzzy OA-(m,n)-I of T. Thus by
Theorem 4.5, B is an OA-(m, n)-1 of . Let N and $ be OA-
(m, n)-I of ¥ such that 91 C B. Then s and yg, are fuzzy
OA-(m,n)-Is of ¥. By Lemma 2.6 X0 0 X5 = X0t < XB-
By assumption, x; < xs or xg < xs. Thus 91 C ‘B
or § C B. We conclude that ‘B is a prime ordered almost
(m, n)-ideal of ¥. [ |

Theorem 3.25. Let ‘B be a nonempty subset of an ordered
semigroup X. Then B is a semiprime OA-(m,n)-I of T if
and only if xs is a semiprime fuzzy OA-(m,n)-I of .

Proof: Suppose that B is a semiprime OA-(m,n)-1 of
%. Then B is an OA-(m,n)-I of . Thus by Theorem 4.5,
X 18 a fuzzy OA-(m,n)-I of T. Let ¥ be a fuzzy OA-
(m,n)-I such that ¥ o ¥ < yg. Assume that £ xo5. Then
there exist h € ¥ such that ¥(h) # 0. While x5 (h) = 0.
Thus, h € supp(¥d), but h ¢ B. So supp(d) ¢ B. Since
supp(?¥) is an OA-(m,n)-I of T we have supp(d) ¢ B.
Thus, h € supp(¥) such that m € B. Hence, xs(m) = 0
implies that (¢ o 9¥)(m) = 0. Since ¥ o ¥ < x. we have
p € supp(¥). Thus, d(p) # 0. It implies that

Vo {9 Ad(e)) #0

(p,b)EFM

(909)(m) =

It is a contradiction so ¥ < xa. Therefore, yy is a
semiprime fuzzy OA-(m,n)-I of ¥.

Conversely, suppose that s is a semiprime fuzzy OA-
(m,n)-I of T. Then xs is a fuzzy OA-(m,n)-I of T. Thus
by Theorem 4.5, B is an OA-(m,n)-I of T. Let N be an
OA-(m,n)-I of T such that M C B. Then o is a fuzzy
OA-(m,n)-I of T. By Lemma 2.6 X9 © xot = Xoz < XsB-
By assumption, xm < xm. Thus 91 C B. We conclude that
B is a semiprime ordered almost (m,n)-ideal of ¥. [ |

Theorem 3.26. Let B be a nonempty subset of an ordered
semigroup X. Then ‘B is a strongly prime OA-(m,n)-I of ¥
if and only if xs is a fuzzy strongly prime OA-(m,n)-I of
g.

Proof: Suppose that B is a strongly prime OA-(m,n)-1
of . Then B is an OA-(m,n)-I of T. Thus by Theorem 4.5,
X is a fuzzy OA-(m,n)-I of T. Let ¥ and £ be fuzzy OA-
(m,n)-Is of ¥ such that (Yo &) A(§01) < xu. Assume that
¥ £ xo and £ £ xo. Then there exist h,b € T such that
9(h) # 0 and £(b) # 0. While xs(h) = 0 and yss (b) = 0.
Thus, h € supp(¥) and b € supp(§), but h,b ¢ B. So,
supp(¥) € B and supp(§) ¢ B. Hence, there exists m €

[supp(¥) supp(§)] N (supp(¥) supp(§)) such that m ¢ B.
Thus, xo(m) = 0. Since m € supp(?) supp(§) and m €

supp(§) supp(¥) we have m = 9¢ and m = gq for some
0, q € supp(?), and for some €, g € supp(£). we have

Wo&)m) = \/ {9@)AE[®)}#0.

(0,8)EFm

Similarly
(Eod)(m) =

\/ 1€ AV}

(9,9)€EFm

o (Po&)(m)A(£od)(m) #£ 0. It is a contradiction so,
¥ < xm or £ < xm. Therefore, yos is a fuzzy strongly
prime OA-(m,n)-I of .

Conversely, suppose that g is a fuzzy strongly prime
OA-(m,n)-1 of T. Then ys is a fuzzy OA-(m,n)-I of %.
Thus, by Theorem 4.5, B is an OA-(m,n)-I of ¥. Let N
and $) be OA-(m, n)-Is of T such that 9NHNHIT C B. Then
xm and xg are fuzzy OA-(m,n)-Is of T. By Lemma 2.6
Xms = Xm © Xo and Xam = X5 © xor. Thus (xm 0 x¢) A
(X oxm) = Xma AXnm = Xmsnsm < X5. By assumption,
ot < x and xm < xss. Thus 91 C B or H C B. We
conclude that 95 is a strongly prime OA-(m,n)-Iof T. ®H

IV. BIPOLAR FUZZY ALMOST PRIME INTERIOR IDEALS IN
SEMIGROUPS

Before, we will define the bipolar fuzzy almost interior
ideals and bipolar fuzzy almost weakly interior ideals in
semigroups.

An almost interior ideal £ of a semigroup X if tA&rNA # 0
for all ¢, € T. A weakly almost ideal K of a semigroup T
if tARtN & # 0 and for all ¢t € T [5].

Definition 4.1. [2]1] A bipolar fuzzy set (BF set) ¥ on a
non-empty set ¥ is an object having the form

V= A{(h, ﬁp(h),ﬁ"(h)) | h e},
where 9 : ¥ — [0, 1] and 9" : T — [-1,0].
Remark 4.2. For the sake of simplicity we shall use the sym-
bol ¥ = (Z;9?,9"™) for the BF set ¥ = {(h, 9" (h),9¥"(h))
h € E}.
Definition 4.3. [22] A BF set 9 = (%;9P,9") on a
semigroup ‘T is called a BF almost interior ideal of T if
(@f 0P oyh) NP # 0 and (z7 0 9™ o y%) V 9™ # 0 for
any BF point a2}y, z?,y% € <.
Definition 4.4. [22] A BF set ¥ = (%;97,9™) on a
semigroup T is called a BF weakly almost interior ideal of
Tif (@ o9 oal) NP #0 and (z 0o 9™ 0z ) VI™ # 0
for any BF point x},x¥, 2", 27, € T.

It is clarly every BF almost interior ideal of a semigroup
T is a BF weakly almost interior ideal of ¥.

Theorem 4.5. Let 8 be a nonempty subset of a semigroup
<. Then R is an almost interior ideal (weakly almost interior
ideal) of T if and only if xx = (T; X%, X&) is a BF almost
interior ideal (weakly almost interior ideal) of ‘.

Proof: Suppose that K is an almost interior ideal of a
semigroup T. Then xRy N K #  for all z,y € T. Thus there
exists ¢ € T such that c € xRy and c € R. Let z,y € T and
t,t' € (0,1] and s,s" € [—1,0). Then (z} o X'y oy} )(c) # 0,
(% o X oyy)(c) # 0 and xf(c) = 1 and x§(c) = —1.
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Thus, (z o X 0 yp) # 0, (27 o xR oyl) # 0.
Hence, xs = (E; X%, x%) is a BF almost interior ideal of ¥.
Conversely, suppose that xg = (T; X, x%) is a BF almost
interior ideal of ¥ and let x,y € T and ¢,t' € (0,1] and
s,s" € [-1,0). Then (2} ox%oy}) # 0 and (27 oxkoy?) #
0. Thus there exists ¢ € T such that (2} ox%oyl)(c) # 0 and
(zZoxkoy™)(c) # 0. Hence ¢ € zRyN K. So 2Ry N K # .
We conclude that R is an almost interior ideal of ¥. ]

Theorem 4.6. Let ¥ = (T;9P,9™) be a fuzzy subset of a
semigroup X. Then ¥ = (T;97,9™) is a BF almost interior
ideal (weakly almost interior ideal) of T if and only if
supp(9) is an almost interior ideal (weakly almost interior

ideal) of ¥.

Proof: Assume that ¥ = (T;9P,9") is a BF almost
interior ideal of a semigroup ¥ and let z,y € ¥ and ¢,t’ €
(0,1] and s, s’ € [—1,0). Then (2} o ¥ o y},) # 0, (z2 o
9™ o y") # 0. Thus there exists z € T such that (2 o
Poyh)(z) # 0, (2 09" o y”)(z) # 0. So ¥P(z) # 0,
9"(z) # 0 and 9"(2) # 0, 9"(2) # O there exists w € T
such that z = zwy and Y?(w) # 0, and 9" (w) # 0. Thus
(4 © Xgupp(s) © Yr)(2) # 0 and (a7 Ox;i‘pp( 9)°Yer)(2) # 0.
Hence, (xfoxfuppw oyl ) # 0 and (z¥ O Xeipp(9) oy™) # 0.
Therefore, Xfupp( is a BF almost interior ideal of ¥. By
Theorem 4.5, supp(¥) is an almost interior ideal of .

Conversely, suppose that supp(ﬁ) is an almost interior
ideal of €. By Theorem 4.5, Xsupp( 9) is a BF almost interior
ideal of ¥. Then for any BF points 2}, vy, 27, y% € %,
we have (2l o Xfupp(ﬂ) oyp) A xfuppw) # O.and (z" o
Xgupp(ﬂ) oyl) A x:uppw) # 0. Thus there exists ¢ € T
such tl:lat [(«} ixguprg(ﬁ) oyp) A Xsupp(ﬁ)K c) ;é 0 and
[(l’i’oxsupp(ﬁ)Oys/)VXsupp(m]( ¢) # 0. Hence, (z} OXsupp(g)
y2)() = 0.X7, ) () # O and (X", o oy)(e) = 0,
Xeupp () (¢) # 0. Then there exists b € supp(¥) such that c =
xby. Thus 9P (c) # 0,97(b) # 0 and 9™ (c) # 0,9™(b) # 0.
So (2 o9 oyl) # 0, (2 0o 9™ 0 y™) # 0. Therefore, ¥ is
a BF almost interior ideal of . ]

Next, we give definition of prime (resp., semiprime,
strongly prime) almost interior ideals (weakly almost interior
ideals) and prime (resp., semiprime strongly prime) BF al-
most interior ideals (weakly almost interior ideals). We study
the relationships between prime (resp., semiprime strongly
prime) almost interior ideals (weakly almost interior ideals)
and their bipolar fuzzification of semigroups.

Definition 4.7. Let R be an almost ideal of semigroup %.
Then we called

1) R is a prime if for any almost interior ideals M and £
of T such that ML C K implies that M C R or £ C R

2) R is a semiprime if for any almost interior ideal N of
T such that M2 C | implies that M C KA.

3) R is a strongly prime if for any almost interior ideals
M and £ of ¥ such that ML N LM C R implies that
MC Ror LC R

Definition 4.8. A BF almost interior ideal ¥ = (T;97,9")
on a semigroup ¥. Then we called

1) 9 is a prime if for any two BF almost interior ideals
£ = (%67, and v = (&P, v™ of T such taht
EPovP < WP and £ o v™ > 9" implies that £ < P
and £" > 9" or vP < 9P and v™ > 9",

2) 9 is a semiprime if for any BF almost interior ideal § =
(T;€P, €™ of T such taht P o &P < 9P and £ o™ < 9"
implies that &P < 9P or £ > Y™

3) 9 is a strongly prime if for any two BF almost interior
ideals ¢ = (T;€P,&™ and v = (T;vP,v™) of T such
taht (EPovP)A (VP o&P) < 9P and (" ov™)V (1 ol™) <
9" implies that &P C 9P and £" > 9" or vP < VP and
I

It is clarly, every BF strongly prime almost interior ideal of
a semigroup is a BF prime almost interior ideal, and every BF
prime almost interior ideal of a semigroup is a BF semiprime
almost interior ideal.

Theorem 4.9. Let K be a nonempty subset of a semigroup ‘X.
Then R is a prime (resp., semiprime) almost interior ideal
of T if and only if xa = (T; X', X}) is a prime (resp.,
semiprime) BF almost interior ideal of ‘X.

Proof: Suppose that £ is a prime almost interior ideal
of a semigroup . Then K is an almost interior ideal of ¥.
Thus by Theorem 4.5, xg = (T;x%, x%) is a BF almost
interior ideal of T. Let ¥ = (T;0%,9%) and & = (T; &5, £R)
be BF almost interior ideals such that 97 o &# < x% and
9" o§" > X% Assume that 97 £ x% and 9" % X% or
f” % x% and £™ # x%. Then there exist h,r € T such that

97(h) # 0, 0" (h) # 0 and €(r) # 0, € () # 0. While

Xx(h) =0, x%(h) = 0and x%(r) = 0, x'x(r) = 0. Thus h €
supp( ) and r € supp(§), but h,r ¢ K. So supp?) € & and
supp(§) € K. Since supp(¥) and supp(§) are almost interior
ideals of T we have supp(¢) supp(§) € K. Thus there exists
m = de for some d € supp(¥) and e € supp(§) such that
m € K. Hence x}x(m) = 0 and xk(m) = 0 implies that
(9P 0&P)(m) = 0and (9" 0&™)(m) = 0. Since VP 0 £P < X
and 9" o £ < x&. we have d € supp(?) and e € supp(§).
Thus 97(d) # 0, 9"(d) # 0 and €P(e) # 0, £"(e) # 0. It

implies that

(o) (m)=\/ {9°(d) A& (e)} #0
(de)eFy,
and
"o (m)= "\ {9"(d)VE(e)} #0.

(de)eF,,

It is a contradiction so ¥? < xh and 9" > x7% or &7 < x%
and £" > x. Therefore, xg = (T; X%, X}) is a prime BF
almost interior ideal of ¥.

Conversely, suppose that x s = (T; &, X%) is a prime BF
almost interior ideal of T. Then xz = (%;x%, x%) is a BF
almost interior ideal of €. Thus by Theorem 4.5, K is an
almost interior ideal of T. Let 9t and £ be almost interior
ideals of T such that ML C K. Then xon = (5 x5y, X7s)
and xe = (T; ng XZ) are BF almost interior ideals of <. By
Lemma 2.6 x5, o x% = Xhpe < X% and XngX,g = szx
X'x. By assumption, xh, < x% and xg; > x% or x4 < x%
and x'& > x%&. Thus, 9 C & or £ C &. We conclude that £
is a prime almost interior ideal of %. [ |

Theorem 4.10. Let R be a nonempty subset of a semigroup
T. Then R is a strongly prime almost interior ideal of ¥ if
and only if xg = (T; X5, X) is a BF strongly prime almost
interior ideal of X.
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Proof: Suppose that £ is a strongly prime almost interior
ideal of a semigroup €. Then R is an almost interior ideal of
T. Thus by Theorem 4.5, xg = (T; X%, x%) is a BF almost
interior ideal of T. Let ¥ = (T;0%,9%) and & = (T; &R, £R)
be BF almost interior ideals of ¥ such that (97 o £P) A (€P o
9P) < x% and (9" 0&™)V (£"09™) > X'k, Assume that 9P £
X and 9™ Z x% or €P £ % and €™ # x:. Then there exist
h,r € E such that 97(h) # 0, ¥"(h) # 0 and &P(r) # 0,
9™ (h) # 0. While x%(h) =0, xk(h) = 0 and x%(r) = 0,
X%(r) = 0. Thus h 6 supp(¥) and r € supp(xi), but
h,r ¢ R So supp(¥) ¢ £ and supp({) ¢ K. Hence,
there exists m € [supp(?)supp(€)] N [supp(Y) supp(&)]
such that m ¢ K. Thus, x%(m) = 0, x%(m) = 0. Since
m € supp(¥) supp(§) and m € supp(§) supp(d¥) we have
m = die; and m = eads for some di,ds € supp(d) and
for some e, ea € supp(&). we have

(@ o0&y (m)=\/ {9P(d1) A€ (er)} #0
(die1)EFm,
and
@ om(m)= N\ {9"(d) VE ()} #0.
(d1e1)EFm,
Similarly
owr)m)=\/ {&(ex) NP(da)} #0
(e2d2)€Fp,
and
@m0 (m)= N\ {€"(e2) V" (da)} #0.
(ead2)inF,,

So (7 0 &)(m) A (97 0 £P)(m) # 0 and (9" o £")(m) V
(9™ 0 &™) (m) # 0. It is a contradiction

$0 (UP o &P)(m) A (P 0P)(m) = 0 and (9" 0&™)(m)V ({7 o
9¥™)(m) = 0. Hence, ¥ < x% and 9" > x7% or &% < x%
and " > x'k. Therefore xq = (T; xs, X%) is a BF strongly
prime almost interior ideal of ¥.

Conversely, suppose that xz = (T;x%, x%) is a BF
strongly prime almost interior ideal of ¥. Then xg =
(T;x%. x%) is a BF almost interior ideal of ¥. Thus by
Theorem 4.5, K is an almost interior ideal of €. Let 2t and £
be almost interior ideals of T such that 9L N £ < . Then
xom = (T; Xhye, X5) and xe = (T; x5, x%) are BF almost
interior ideals of . By Lemma 2.6 x5, o = Xbr X%, X7 1y =
X © Xy and Xipe = Xip © X% XTa = X%& o x¥y. Thus
(XxomoX2)A(XeoXam) = Xane AXLar = Xirzarm < X and
(X © X8) V (X © Xom) = Xome V XEar = Xirrorm 2 X
By assumption, xh, < x% and x5, > x% or x&% < x’ and
Xe& > X% Thus 9t C K or £ C & We conclude that £ is a
strongly prime almost interior ideal of . ]

V. CONCLUSION

The aim of the paper is to give the concept of almost
(m,n)-ideals in ordered semigroups. The union of two
almost (m,n)-ideals is also an almost (m,n)-ideal in or-
dered semigroups, and the results in class fuzzifications are
the same. In Theorems 4.5, 4.6, 3.20, 3.25, and 3.26, we
prove the relationship between almost (m, n)-ideals and class
fuzzifications. Finally, we study bipolar fuzzy prime almost
interior ideals in semigroups. In future work, we can study
other kinds of almost ideals and their fuzzifications in an
ordered ternary semigroup.
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