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Abstract—Let M™ be a compact submanifold minimally
immersed into the unit sphere S"? with codimension p, and
denote by h the second fundamental form. As our main results,
we first establish two rigidity theorems in terms of the geometric
quantity o(u) = ||h(u,u)||* for any unit vector u tangent to
M™, where || - ||* denotes the squared norm with respect to
the standard metric g on S"*?, Furthermore, we establish an
optimal inequality for the conformally flat minimal Legendrian
submanifolds in S*"* with constant scalar curvature, involving
the normalized scalar curvature and the squared norms of
the traceless Ricci tensor and second fundamental form. In
particular, our first theorem related to the hypersurfaces of
S™*! gives a new characterization of the Clifford torus, whereas
the other theorems are about the Legendrian submanifolds such
that new characterizations of the Calabi torus can be presented.

Index Terms—unit sphere, hypersurface, Legendrian sub-
manifold, Clifford torus, Calabi torus, rigidity theorem.

I. INTRODUCTION

HE study of pinching problems on submanifolds of the

unit sphere, closely related to the rigidity phenomena, is
always an attractive geometric topic and has been extensively
studied by many geometers, under various intrinsic and
extrinsic geometric conditions. For the former, a variety of
characteristic results were established, see e.g. [5], [6], [35],
[36] for pinching of the sectional curvature and [7], [9],
[11], [19] for pinching of the Ricci curvature, respectively.
In particular, by the minimality it is easily seen that the
pinching problem on the scalar curvature of the submanifold
M™ in the unit sphere S"* of codimension p is equivalent to
that on the squared norm .S of the second fundamental form
h of M™ with respect to the standard metric g on S"*P,
Regarding this, Simon [29] obtained the so-called Simons’
formula through calculating the Laplacian of .S, which states
that if 0 < .S < n/(2 —1/p) on M™, then either S = 0 or
S = n/(2 —1/p) =: c. Furthermore, such submanifolds
attaining S = ¢ were completely determined by Lawson
[14] and Chern-do Carmo-Kobayashi [4] and later Li-Li [17]
improved the first pinching constant ¢ to 2n/3.

Let UM™ be the unit tangent bundle on M™ and set
o(u) = ||h(u,u)||?>, v € UM™, where | - ||*> denotes
the squared norm with respect to the standard metric g
on S"*P, It is should be pointed out that there have been
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some papers on studying submanifolds in the unit sphere by
taking into account the geometric quantity o(u), especially
about its pinching problem (cf. [8], [23], [31], [32] and
references therein). Among them, Gauchman [8] investigated
the pinching problem of ¢ (u) and proved the following well-
known extrinsic rigidity theorem:

Theorem A. Let M™ be an n-dimensional compact minimal
submanifold in the unit sphere S"P. Then, it holds that

(1) assuming that p = 1 and n is odd, if o(u) < 1/(1 —
1/n) for any w € UM™, then M™ is totally geodesic
with o(u) = 0;

(2) assuming that p > 2 and n is odd, if o(u) < 1/(3 —
2/n) for any u € UM™, then M™ is totally geodesic
with o(u) = 0;

(3) assuming that p = 1 and n is even, if o(u) < 1
for any uw € UM™, then M™ is totally geodesic with
o(u) = 0, whereas if max,cyprno(u) = 1, then
M" = SY2(\/1/2) x SY2(\/1/2) with o(u) = 1;

(4) assuming that p > 2 and n is even, if o(u) < 1/3
for any uw € UM™, then M™ is totally geodesic with
o(u) = 0, whereas if max,cypno(u) = 1/3, then
M™ is one of the submanifolds with o(u) = 1/3.

Remark L.1. It is known from [8] that such submanifolds in
S"*P with o(u) = 1/3 are the A-isotropic minimal ones with
parallel second fundamental form and \ = 1/~/3, of which
the classification has been obtained by Sakamoto [26].

However, the pinching constant in Theorem A is not opti-
mal if we consider that p > 1 and n is odd. This observation
combining with the above statement further motivates us to
consider the following natural and interesting question:

Question. For n-dimensional compact minimal submanifolds
of the unit sphere S"tP, what is the best possible condition
on the geometric quantity o(u) such that submanifolds next
to the totally geodesic one can be characterized?

One of the purposes of this article is to answer the
Question, restricted to the hypersurface case of S"*! for
p =1 and n > 2 and the Legendrian submanifold case of
S” for p = 4 and n = 3, respectively. For better illustrating
our first result, we review the following compact minimal
hypersurface called the Clifford torus in S**1.

Example L1. (cf. [2]) The Clifford torus Cl ,,_1 in the unit
sphere S™+1,

The Clifford torus

Cly 1 :=S'(+/1/n) x S" 1 (y/(n —1)/n)

in S is a compact minimal hypersurface with two distinct
constant principal curvatures, one of them being simple:

M=tVn—1, a=Xg=- =X =F~ (1)

n—1"
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It follows that the square norm .S of the second fundamental
form h of Cly ,,_; satisfies S = ||h|> = Y7 | A\? = n.

Consider that M™ is a compact minimal hypersurface in
the unit sphere S™*! for n > 2. Then, the unit tangent bundle
is defined by U,M" = {u € T,M" | g(u,u) = 1} for ¢ €
M™, on which there exists a well-defined function given by
fq(w) == g(Anu, u) on U, M™ (cf. [11]), where A denotes
the shape operator of M"™ with respect to the unit normal
vector field NV along M™. Since U, M™ is a compact set, we
have an element e € U,M™ at which it satisfies f,(e) =
maxy ey, mn fg(u). Thus, with the non-empty set

Uy == {u e UM"| fo(u) = fo(e)},
similar to [11], we can define a function ®, on U,M" by
®.(u) := [g(Ane,u)]?, ueUM",

where e is any fixed element in U,,.
Now, the first result of this paper can be stated as follows:

Theorem L1. Let M™ (n > 2) be a compact minimal
hypersurface in the unit sphere S"1. If the squared norm
o(u) satisfies, at any point ¢ € M™,
n(n—2
0<o(u) < A5+ (75_1)2) D (u)
for all w € U;M™ and a fixed e € U, then either

2)

(i) M™ =S" is totally geodesic satisfying o(u) =0, or
(i) M™ = Cly ,,_1 is the Clifford torus satisfying o(u) =
o T e (u)

Remark 1.2. It is clear that the pinching function in (2) is
optimal and therefore we obtain a new characterization of
the Clifford torus Cl, ,,_1 by considering both the case n is
odd and the case n is even. In the latter case, different from
Cl; ,—1, Theorem A characterized the minimal hypersurface

S3(\/172) x §2(\/1]2)

Recall that, as a real hypersurface of the complex Eu-
clidean space C™*!, the unit sphere S>"*! naturally admits
a Sasakian structure (p, &, 1, g) (cf. [30]). Moreover, an m-
dimensional submanifold M™ in S?"*! is said to be C-
totally real (or equivalently, integral) if the contact form
n of S?"*1 vanishes when it is restricted to M™, namely
n(X) = 0 for any X € TM™. In particular, we call
a C-totally real submanifold M™ Legendrian if it meets
the smallest possible codimension, namely m = n (cf.
[33]), and associated with the study of such submanifolds
in S?"*1, there are many important results established in the
last decades, see e.g. [12], [13], [15], [16], [20], [21], [22],
[24], [27], [28], [34], [37].

Before stating the remaining main results, we shall look
at the following Legendrian submanifold in S?"+1.

Example 1.2. (¢f. [5], [11], [18], [23]) The Calabi torus
Cay ,,—1 in the unit sphere S*"1.

Let v = (71,72) : St — S? € C? be a Legendrian curve,

defined by
0= (2T e )@
and ¢ : S"71 — §?"~1 C C" be the totally geodesic

Legendrian sphere for n > 3. Then

flty) =

(71¢7 Ya) : St x §n—t _y §2ntl ~ ontl (4)

is a minimal Legendrian immersion and f(S! x S"~1) is
called the Calabi torus, denoted by Cay ;.

Note from the induced metric of f(¢,y) :
S2n+1 C (Cn+1

fg) = + 785 [(dyn)? + - + (dyn)?]

that f is an isometric immersion, where y = (y1,...,Yn) €
S"~t c R™ and Y}, y? = 1. Adopting the following local
reparametrization

St x §*—1 —

(dt)”

(y1,Y2,..-,Yn) = (sinby,cos by sinbs,.. .,

cos By cosby -+ - cosbp,_ocosb,_1),

we then obtain a local orthonormal frame {e;}" ; on f(S! x
Sn=1) =: M™ with respect to the metric g, satisfying the
relations:

elz_fta €2 = nTHfGU

[n+1 . —1
es =/ Bl cosT 01 fo,, ...,

n—2

/n+1 -1
e, = % H cos™ " O¢ fo, .-
=1

As the unit sphere S?"*! admits a natural Sasakian structure
(p,&,1,9), by definition we see that (e;) =0for1 <i<n
and thus f is a Legendrian immersion.

Denote by h the second fundamental form of f : S! x
Sn—! — §2n+1 Then, direct calculations by using the Gauss
formula show that (cf. [10])

®)

sinf; 1

o Lﬂi 1 1
Ve, €5 = H Cosgke 2<j<i<n,
n+1 Z sm()g 1 <i<
Ve, i =4/ = lcosﬁk 3<1<n,
Ve, e; =0, otherwise,

(6)

where V is the Levi-Civita connection of the metric g, and
h(ei,e1) = %90617 h(e1,ei) = —ﬁg@ei,
h(ei, (ij) =

It is obvious that such an immersion f is a compact minimal
Legendrian submanifold. Combining with (6) and (7), we get
(VEh)(es,ej,ex) =0 for 1 < i, j,k < n, ie., the immersion
f is of C-parallel second fundamental form (cf. Section II).

For the Riemannian curvature tensor of M™, applying (6)
again, we obtain that

R(e1,ei)er = R(e1,ei)e; = R(ej, ej)er =0,

1 . @)
—ﬁéi]«pel, 2<i,j<n.

8
R(ei,ej)er = 2L (65e; — Oine;), 2 <i,j,k <n. ®)
Therefore, by definition we deduce from (8) that
Ric(eq,e1) = Ric(er, e;) =0,
)

Ric(e;, e;) = =25 9 < j<n,

n

Remark 1.3. According to [23], the Calabi torus Ca; ,,—1 in
the unit sphere S 1 can be viewed as the minimal Calabi
product Legendrian immersion of one point and the totally
geodesic Legendrian sphere.

Consider that M3 is a compact minimal Legendrian sub-
manifold in the unit sphere S” with the standard contact
metric structure {¢,&,n,g}. Due to [1], we have such a
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function F,(u) = g(h(u,u),pu) defined on U,M?> for
q € M?3. Similarly, there exists an element e € U, M? such
that Fy;(e) = maxy ey, a8 Fy(u). Hence, we put

Vo = {u € UM? | Fy(u) = Fy(e)},

and according to [11], a well-defined function ¥, on U, M 3
can be obtained by

Ve(u) = [g(h(e, €), pu)®, u € UyM?,

where e is any fixed element in V.
Next, the second result of this paper can be stated as
follows:

Theorem L.2. Let M3 be a compact minimal Legendrian
submanifold in the unit sphere S7. If the squared norm o(u)
satisfies, at any point ¢ € M?3,

0<o(u) <3+3V,(u) (10)

for all uw € U,M? and a fixed e € V,, then either
() M3 =S3 is totally geodesic satisfying o(u) =0, or
(i) M?® = Cay is the Calabi torus satisfying o(u) =
1430, (u).

Remark 1.4. From the view of intrinsic geometry, the char-
acterizations of Calabi torus in ST were presented by Dillen-
Vrancken [5] for pinching of sectional curvature and by Hu-
Xing [11] for pinching of Ricci curvature, respectively. In
this paper, Theorem L2 states that a new characterization of
the Calabi torus can be obtained by considering the pinching
of the extrinsic geometric quantity o(u).

Finally, we can prove the following theorem:

Theorem L3. Let M™ (n > 3) be a conformally flat
minimal Legendrian submanifold in the unit sphere S?"+1
with constant scalar curvature. Then the traceless Ricci
tensor Ric of M™ satisfies

|Ricl|* > =20+ 5y,

an
where S and x are respectively the squared norm | - ||
of the second fundamental form and the normalized scalar
curvature of M™. Moreover, the equality in (11) holds
identically if and only if M™ is locally congruent to one
of the following three examples:

(i) M™ =S" is totally geodesic;

@ii) M™ =T" is the flat Clifford torus;

(iii) M™ = Cay 1 is the Calabi torus.

Remark L5. Recall that the Riemannian manifold (M™, g)
is said to be conformally flat if around each point of
M™ there exists a neighborhood which can be conformally
immersed into the Euclidean space R". When n > 4, it is
known that (M™, g) is conformally flat if and only if its Weyl
curvature tensor vanishes. When n = 3, we should remark
that the Weyl curvature tensor vanishes automatically, and
(M3, g) is conformally flat if and only if its Schouten tensor
is a Codazzi tensor.

Remark 1.6. Recently, the Calabi torus Ca; ,_1 has been
characterized by Luo-Sun-Yin [23] from the view of extrinsic
geometry and by Li-Xing-Yin [18] from the view of intrinsic
geometry. In particular, it was conjectured in [22] that, for

a closed minimal Legendrian submanifold M™ in the unit
sphere S*" 1 if 0 < S < (n+2)(n — 1)/n, then M™ is
either the totally geodesic sphere with S = 0, or the Calabi
torus with S = (n+2)(n—1)/n. It is worth mentioning that
Theorem 1.3 corresponds to Theorem 1.2 of Cheng-Hu [3].

II. PRELIMINARIES

In this section, we briefly review some basic facts on
submanifolds in the unit sphere S"*? with codimension p,
and then present some useful lemmas, associated to the
hypersurface case for p = 1 and n > 2 (cf. [25]) as well
as the Legendrian submanifold case for p = 4 and n = 3
(cf. [11]), which we need in the proofs of Theorems I.1-1.3.

Let M™ be an n-dimensional submanifold in the unit
sphere S"*P equipped with the standard metric g. For
simplicity, we denote also by g the induced metric on M™".
Let V and V be the Levi-Civita connections of M™ and
S™*P, respectively. Then, for the immersion M"™ — S"*P,
we have the Gauss and Weingarten formulas:

VxY =VxY +h(X,Y),

- (12)
VxN=-AyX +VxN

for any tangent vector fields X,Y € T'M™ and normal vector
field N € T+ M"™. Here, V1 denotes the normal connection
in the normal bundle T+M™ and h (resp. Apn) denotes
the second fundamental form (resp. the shape operator with
respect to N) of M™ < S"*+P(1). Applying (12), we derive
the relation:

g(h(X,Y),N) :g(ANX’Y)' (13)

A. Hypersurfaces in the unit sphere S™t!

In this subsection, we always assume that M™ is a minimal
hypersurface in the unit sphere S"*!. For the sake of
simplicity, we adopt the notations of Peng-Terng [25] to give
the well-known result:

Lemma IL.1. Let M™ be a minimal hypersurface in the unit
sphere S"t1, Then it holds that
sAIRIZ = VA + A2 (n = [IR]*). (4
For later’s purpose, by means of (13) we easily derive the
following lemma:

Lemma IL.2. Let M™ be a minimal hypersurface in the
unit sphere S™ 1 with unit normal vector field N. Then,
for any point ¢ € M?", there exists an orthonormal basis
{e1,€a,...,en} of T,M™ and numbers A1, Az, ..., Ay such
that the second fundamental form h of M™ satisfies that

h(ei,e1) = MN, h(em,em) =—AnN, h(e;,e;) =0
(15)
for 2 <m <nand1<1i+# j<n, where there holds

A=) Ap =max{A, =Xy, ..., ~An}
m=2

(16)

= A .
230, 9 (A )
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B. Legendrian submanifolds in the unit sphere S?"+!

In this subsection, we always assume that M " is a minimal
Legendrian submanifold in the unit sphere S?**! admitting
a Sasakian structure (¢, &, 7, g). It is known that, associated
to V and &, a covariant differentiation V¢ can be defined
such that it acts on h as (cf. [13], [18])

(VER)(X,Y, Z) = (Vh)(X,Y, Z)—g(h(Y, Z),pX)¢ (17)

for any vector fields X,Y, Z tangent to M™, where there
holds

(Vh)(X,Y,Z) = Vxh(Y,Z) —

hMVxY,Z)-hY,VxZ).

(18)
In particular, the second fundamental h is called C'-parallel
if it satisfies VEh = 0 on M™.

The Legendre frame {e1,...,en,€1%,...,€nx,€2n11} ON
M™ can be chosen so that, restricted to M ™", the vector fields
ey,...,e, are orthonormal and tangent to M™, whereas
{e1~ = per,...,enx = pen,ea,11 = &} are orthonormal
normal vector fields of M™ in the unit sphere S?"*1. Set
B = ghles,e;).per) and W2 = glh(ei, ;). eanir)
and make the following convention on range of indices:

0,5,k 0=1,...,
LGRS =n+ 1., 2n;

n, a=1,...,n+1,

o =a-+n.

From now on, we assume that n = 3 and it therefore fol-
lows from the notations given in Chern-do Carmo-Kobayashi
[4] and Hu-Yin [13] that (cf. also Lemma 2.1 of [23] or
Lemma 2.3 of [11])

Lemma IL.3. Let M3 be a minimal Legendrian submanifold
in the unit sphere S7. Then, in terms of H; = (h;k) we have
the Laplacian of ||h||* as below:

SAIRIZ = VR +4l|R|* = N(HiH;— HjHi) =y (Si;)*,

) " Y9
where ||[V&h|? = Z” kz(hf;k)Q’ Sij = trace(H;H;) and
N(A) =32, j(ai)? for A= (as;).

Finally, we also need the following three useful lemmas
that were presented in [11].

Lemma IL4. Let M3 be a minimal Legendrian submanifold
in the unit sphere S7. Then, for each point ¢ € M3,
there exists an orthonormal basis {e1, ez, e3} of TqM3 and
numbers {\1, Aa, i1, pio} such that the second fundamental
form h of M3 takes the following form:

h(er,e1) = (A1 + A2)peq,

h(e1,e2) = —A1pes,

h(€17€3) —Aappes, 20)
h(ez,e2) = —A1per + prpes + pzpes,
h(ez,e3) = papes — p1pes,

h(es, e3) = —Aaper — ppes — papes,

where, for Fy(u) =
satisfies that

g(h(u,u), pu) defined on U, M3, it

A+ X2 = max Fy(u) >0,

u€eU, M3 -
AL+ A2 > =2A1, A+ A2 > =29,
—(/\1+)\2)§,u,‘</\1+)\2, 1=1,2.

21

Lemma ILS. If (20) holds, then by the notations of Lemma
1.3, we have

B2 =D (he ) = AT +4N3+ 20 o +4pf +4413. (22)
17,0

Lemma I1.6. If (20) holds, then by the notations of Lemma
1.3, we have

> N(HH; — HiH;) + Y (Si)°

= 24(AT + APA2 + ATAS + M A3+ A3)
— 36X o (i + p3) + 24(pF + pi3)?
+18(AT + M) (uf + 4i3)-

(23)

III. PROOF OF THEOREM 1.1

Let M™ (n > 2) be a compact minimal hypersurface in the
unit sphere S™*!. At an arbitrary point ¢ € M™, choosing
the orthonormal basis {e1,...,e,} of T,M™ as stated in
Lemma II.2, by definition we have

olen) =Xt = (3 An)
m=2
olem) = A2,

2<m<n.
Moreover, by setting e = e¢; € U, and using Lemma II.2,
we obtain from the assumption of Theorem 1.1 that

L e, (u)

n—1)2 ~€1

(24)

0<o(v) < (25)

forallu € U, M", where ®., (e1) = A} and @, (e,,) = O for
2 < m < n. In what follows, we shall divide the remaining
proof of Theorem 1.1 into two cases: n > 3 and n = 2.

Assume that n > 3. Then, combining (24) with (25) and
interchanging e, and eg for 2 < r < s < n if necessary, we
may assume without loss of generality that

)\ng/\nflg"'g)\%
0< M <n—1, (26)
0<A, <15, 2<m<n

Applying the fact [|h]* = 37",
further have

111 (n = [I2{1*)

()3
—(gxf)( ZA,,LHiA,.AS_n).

r<s

hfj and Lemma I1.2, we

27)

In particular, it is easily seen that the following relation holds:

22/\2 +2ZAA

. r<s . (28)
=-n 12 [(n=1)A2, = 1] = > (A = A%
=2 r<s
Consequently, it follows from (26)—(28) that
1]*(n = IA]*) > 0 (29)

where it is obvious that the equality sign in (29) holds if and
only if either \;, =0 for 1 < i < n,or \; =+vn—1 and

Ay =A3 ==\, =+/1/(n—1) such that ||h||* = n.
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Assume that n = 2. It is known from (24) and (25) that
A? = A3 < 1. Therefore, we conclude that in this case (29)
still holds and the corresponding equality sign holds if and
only if either \; = Ay = 0, or \; = Ay = 1 such that
IA]? = 2.

Since M™ is compact, Lemma II.1 and the divergence
theorem show that

[ {iwmie + 1 - ) yavae =0, o
MTL

where dVj;» denotes the volume element of the induced
metric g on M"™. Together with (29) and the arbitrariness
of g € M"™, we get

IVAI[? = [[2]*(n = IR]*) = 0 €20

on M". Finally, according to the well-known results of Law-
son [14] and Chern-do Carmo-Kobayashi [4], we conclude
that either M™ is totally geodesic and M™ = S™, or M™ is
the Clifford torus Cly ,,_1 with ||h||> = n. This completes
the proof of Theorem I.1. [

IV. PROOF OF THEOREM 1.2

Let M3 be a compact minimal Legendrian submanifold in
the unit sphere S7. Then, for an arbitrary point ¢ € M?3, we
can choose the orthonormal basis {e1, e2,e3} of T,M? as in
Lemma IL.4 such that e = e; € V, and {o(e1), 0(e2),0(e3)}
take the following forms:

0'(61) = (/\1 + )\2)2,
olez) = AT+ pi + 3,
olez) = A3 + pif + pij-

(32)

Under the assumption of Theorem 1.2, we deduce from
Lemma I1.4 that, at ¢ € M3, the squared norm o (u) satisfies
that

0<o(u) <5+320, (u) (33)

for all uw € U,M3, where U, (e1) =
V., (e;) =0 for j =2,3.
Then, taking u = e, es and e in (33), respectively, we
easily see from (32) that
(A1 +X2)” < 243\ + A2)?,
A+ uf+ps <3,
M+ pf s < g

(A1 + X2)? and

(34)

Interchanging ey and e3 if necessary, we can assume that
A2 < A2, This combining with (21) and (34) yields that

0§A1§§7 )‘2§>\17 35
— I <, i<t N 53
3AL S A2, py Ty < 3 1

On the other hand, using the compactness of M3, we
can integrate (19) and thus the combination of Lemma IL.5,
Lemma I1.6 and the divergence theorem gives

0= [ {ITBI7 — {2000 X+ XD+ Aha (3 4+ 23)
M3

+18(p3 + p3) (A1 — A2)® + 24(ud + 13)°

—16(p 4+ p2) — 16(AF + A2+ ;xm)}} dVis,
(36)

where dV)s denotes the volume element of the induced
metric g on M?3. Furthermore, according to the proof of
Theorem 1.2 of [11], we can also set

A= 2400 A0+ A2+ MW+ A2
F18(ud + 13) (M — A2)? + 24(pd + pi3)?
— 16(p7 + p15) — 16(AT + A5 + FAiho).

(37

From now on, we assume that M2 is not totally geodesic.
So it is sufficient to consider the point ¢ € M3 at which
h # 0. In this case, it holds that A; > 0. By means of (35)
we obtain that

3A1 45Xz = 3A1 +5(2A1 + A2) > 0, (38)

and moreover the expression of (37) can be rewritten as

A = 24[2(pF + 3) + 277 + Mo + 203 (17 + 13 + AT — §)

—3[2(13 + p3) + 22T + M2 4+ 2X3] (3A1 + 5A2) (A1 — A2)

— 24043 + 13) — 3(A1 — A2)2(2AT + 223 — 3Aihe)

—12(5A7 4 5A3 + 4 i Xa) (u] + p3),

(39)

which together with (35) and (38) implies that A < 0, where
the equality holds if and only if \y = Ay = \/§/3 and
w1 = po = 0. By virtue of the integral identity (36) and the
arbitrariness of ¢ € M3, the fact A < 0 implies that M3 is a
Legendrian submanifold with C-parallel second fundamental
form (i.e., Véh = 0). Consequently, we conclude that either
it is totally geodesic and M3 = S3(1), or by continuity it
satisfies the relations \; = Ay = \/3/3 and pu; = pus =0
such that ||h]|2 = 10/3 hold identically on M3,

In the latter case, with (20) and the Gauss equation, a
direct calculation shows that the Ricci curvature Ric of M3
satisfies the following relation:

Ric(u) > § — W, (u) (40)

for e; € V, and all u € U, M?3, where Ric(u) = trace{X
R(X,u)u}/||ul|*> with R the Riemannian curvature of M3
(cf. [11]). Finally, with the arbitrariness of ¢ € M 8 by
applying Theorem 1.2 of [11] we find that in this case M3
is congruent to the Calabi torus Ca; . This completes the
proof of Theorem 1.2. O

V. PROOF OF THEOREM 1.3

Let M™ (n > 3) be a conformally flat minimal Legendrian
submanifold in the unit sphere S?"*! with constant scalar
curvature. According to Lemma 4.1 of [18], we immediately
have

$AS = ||VER|? - |[Rie|]® — |[Ric|* + n(n® = 1)x, (41)

where ||Rie||? denotes the squared norm of the Riemannian
curvature tensor of M". Under the Legendre frame as in
Section II, we denote R;jre = g(R(ei, ej)ee, ek) and R;; =
>k 9(R(ei,ex)er,e;) for 1 < i, 4, k, ¢ < n. Recall that the
components of the Weyl curvature tensor W of M™ satisfy

Wijke = Rijre + 725 (0indje — diedji)
— L (0irRje + 0j0Rir — 0ie Ry, — 06 Rie),
(42)
and thus it holds that (cf. [18], [33]):

7L2 n—
IRiel|* = [W]|* + 745 | Rie]” — 2520\,

3 43)
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Here, |[Rie||? = 3=, ; . «(Rijie)?, |Ric]|* = 32, ;(Ri;)* and
HW||2 = Zi,j,k,Z(Wijke)2' From Rij = Rij - (’I’L - 1))«5”,
we easily see that

[Ric||* = |Ric||® + n(n — 1)*x*, (44)
where ||Ric||? = Z”(R”)z and Ric is the traceless part of
Ric. Substituting (43) and (44) into (41) immediately gives

3AS = |[VER|* — W] = 225 |Ric|| + (n+ 1)Sx, (45)

where we used the relation n(n — 1)y =n(n—1) — S.
Now, as M™ is conformally flat and  is constant, we can
derive from (45) that

0= ||V5h|* — 2E2|[Ric||* + (n + 1)Sx
> — Z—fg||Ric||2 + (n+1)Sy,

(46)

by which we then obtain (11) and find that the equality holds
identically if and only if V¢h = 0 on M™, i.e., M" is of C-
parallel second fundamental form. Finally, applying Theorem
1.3 of Li-Xing-Yin [18], we can conclude that M™ is locally
congruent to one of the examples (i)—(iii). This completes
the proof of Theorem I.3. O
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