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Civil Engineering Structures with a Growing
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Abstract—In order to resolve safe running problem of civil
engineering structures in process of crack propagation, a
constraint-based structural integrity assessment method for
civil engineering structures with a growing crack has been
developed based on R6 procedure. The equivalence principle of
stress intensity factor has been developed to represent influence
of crack growth on the structural integrity of cracked
structures. The constraint-based J integral has been proposed
based on the basis of J-A2 solutions. On the basis of option 3 of
R6 procedure, the modified failure assessment diagram (FAD)
for civil engineering structures with a growing crack has been
established considering constraint effect near crack tip and
crack growth. Finite element analysis on process of crack
propagation of a cracked plate has been performed and the
structural integrity has been assessed using modified option 3 of
R6 procedure. The results illustrated that high constraint effect
could occur near the crack tip of the plate subjected to uniaxial
tensile loading, which exhibited significant influence on the J
integral in the process of crack propagation. The constraint
effect and crack growth showed significant influence on the
structural integrity of cracked structures, which demonstrated
the importance of the newly modified R6 criterion and implied
that the integrity assessment results for the structure with a
growing crack could be overestimated based on traditional R6
procedure.

Index Terms—integrity assessment,
constraint effect, modified FAD

growing crack,

1. INTRODUCTION

In practice, crack initiation and propagation could endanger
the integrity of civil engineering structures, leading to
fracture failure [1-3]. Many efforts have been made on the
structural integrity assessment methods to ensure safe
running of cracked structures for various industries. Chen et
al. [4] studied the difference between the reserve factor in the
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R6 procedure and the safety coefficient in the single code and
established the FAD for the reactor pressure vessel. Han et al.
[5] carried out round robin analysis on stress intensity factors
to verify the appropriateness of structural integrity
assessment methods for austenitic stainless steel pipe welds
with circumferential cracks. Kim et al. [6] analyzed the
influence of blunt defects on the structural integrity
assessment of steels based on a series of tests and finite
element simulations. Naib et al. [7] analyzed the suitability of
Vickers hardness mapping to provide a weld engineering
critical assessment for high strength low alloy steel and
suggested an experimental calibration procedure based on
weld metal tensile tests. Lei et al. [8] studied the influence of
various limit load solutions of the defective elbows on the J
integrity predictions to support the structural integrity
assessment of defective elbows using R6 procedure. Arda et
al. [9] developed a shelled UAV system in which structural
inspectors were used perform a close visual inspection of the
bridge. Guo [10] put forward a multi scale analysis method
for crack tip fields considering the influence of micro-cracks
has been proposed. Li et al. [11] proposed a data-driven
machine learning technique to determine the specific failure
assessment curves for full-scale pipeline girth welds based on
the resistance tests and finite element analysis. However, the
current research was concentrated on the integrity assessment
of defective structures with a static crack in which the
influence of crack growth was ignored. Therefore, a
fitness-for-service procedure is urgent required to assess the
structural integrity of civil engineering structures with a
growing crack.

Generally, highly constrained specimens with deep cracks
are used in fracture toughness testing standards [12-14]. As a
result, constraint effect along crack front was used to describe
the dependence of fracture toughness on the external factors,
such as crack configuration and applied loading, which has
extracted much attention from both scholars and engineers.
Qian et al. [15] conducted the structural integrity analysis of a
cracked reactor pressure vessel subjected to pressurized
thermal shocks using K-T approach. Matvienko [16] studied
the influence of in-plane and out-of-plane crack tip constraint
parameters on plastic zone near the crack tip, the fracture
tough-ness and the angle of surface crack growth. Shimodaira
et al. [17] investigated the influence of the cladding on the
plastic constraint and subsequent evaluation of cracked
reactor pressure vessel steel based on three-point bending
fracture toughness tests. Zheng et al. [18] investigated the
constraint characterization and fracture initiation for actual
large scale reactor pressure vessel with semi-elliptical surface
cracks based on finite element analysis. Wang et al. [19]
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studied the influence of constraint conditions on the reverse
plasticity and ratcheting behavior of cracked structures using
compact tension test and central-cracked tension tests under
cyclic loading condition. However, up to now, the studies on
influence of constraint effect on structural integrity were
limited to the reactor pressure vessels and there are few
studies concentrated on the structural integrity of cracked
civil engineering structures considering constraint effect.

Therefore, although many efforts have been made on
fracture problem for cracked civil engineering structures, the
structural integrity assessment problem of cracked civil
engineering structures has not been resolved, especially for
the structures with a growing crack. In this paper, a
constraint-based structural integrity assessment method for
civil engineering structures with a growing crack has been
presented based on R6 criterion. The option 3 of R6 criterion
has been modified in which constraint-based J integral was
proposed considering constraint effect near crack tip. The
equivalence principle of stress intensity factor has been
developed to establish the FAD for cracked civil engineering
structures in the process of crack propagation. Finite element
analysis on process of crack propagation of a cracked plate
has been performed and the structural integrity has been
assessed based on the developed constraint-based assessment
method.

II. THE CONSTRAINT-BASED INTEGRITY ASSESSMENT METHOD
FOR STRUCTURES WITH A GROWING CRACK

This section aimed to develop the constraint-based
integrity assessment method for civil engineering structures
with a growing crack in which three innovative works have
been accomplished. Firstly, the equivalence principle of
stress intensity factor has been established. Secondly, the
constraint-based J integral has been deduced based on J-4»
solutions. Finally, the FAD for civil engineering structures
with a growing crack has been developed considering
constraint effect near crack tip and crack length growth.

A. The Equivalence Principle of Stress Intensity Factor

According to fracture mechanics [20], stress intensity
factor K is an important fracture parameter to describe the
elastic crack tip fields and the K for mode I can be expressed
as:
K, = pYra (1
where p is applied loading, Y is shape factor, a is half of crack
length.

J integral is a path-independent fracture parameter for
elastic-plastic crack tip fields and the relationship between K;
and J for elastic problem can be expressed as:

L

as

2
J= leV K} 2

where F is elastic modulus, vis Poisson's ratio.

For a given applied loading p1, shown as figure 1(a), stress
intensity factor Kj' of the plate with an initial crack length 24,
can be expressed as:

K ]1 =pYra 3)

For an applied loading pi(i=1, 2, 3, ..., nn), shown as figure
1(b), the corresponding stress intensity factor Ki’ of the plate
with a growing crack length 2a; can be expressed as:

Kf =pYyra (i=1,2,3,..,m) 4)

The solutions of stress intensity factor of cracked
structures with different crack length can be equal once the
applied loading satisfies the specific requirements, illustrated
as figure 1. As a result, the equivalence principle of stress
intensity factor can be defined that the solution of stress
intensity factor of a structure with an initial crack under a
constant applied loading can be equal to that of a growing
crack under an effective applied loading. Therefore, the

effective applied loading piwsr (i=1, 2, 3, ..., nn) can be
obtained as:

pieff:plyl/)/i\/al/ai (l:L 2,3,...,}’"’1) (5)
2 pi (i=1,2,3, --,nn)

e ol ol o e e e o o

= 2a, 2a;(i=1, 2, 3,..., nn)
]
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Fig. 1. The equivalence principle of stress intensity factor

B. The Constraint-based J Integral

Constraint effect near crack tip may cause negative
consequences to the integrity of cracked structures. Many
efforts have been made to represent the influence of
constraint effect on fracture behavior of cracked structures.
Yang et al. [21] and Chao et al. [22] put forward J-4»
solutions to describe crack fields in which the constraint
effect level was quantified by 4>. The J-4; solutions were
expressed as:

6-1)

) , nsy+1 , (n—1)s1+sp+1 . (n—1)s1+s3+1
= [—) ﬁ?’(e,n)mz[z] a§2>(9,n>+A§(zj > (0.n)

(6-2)

& . - nsy+1 ~ - (n=1)s1+sp+1 B - (n=1)s1+s3+1 B
L= 4 {[Lj g!(jl)(e,n) + 4, (ZJ 85_2)(9,;7) + A22 Z] 54_(]_3)(9, n)
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Q

O

where #;(0,n) is angular displacement, £;(0,7n) is angular
strain, 6;(6,n) is angular stress distribution function, r is
distance from crack tip, @is crack angle, gj is stress tensor, n
is material exponent, L is the characteristic length, A4, is
constraint parameter, s; (i=1, 2, 3) is the exponent of stress
function.

In order to analyze the influence of constraint effect on
fracture behavior of cracked civil engineering structures, a
constraint-based Ji integral has been deduced to represent the
stress field near crack tip based on the equation (6-3):

J o\ 1650 (6,n) +
Oy =0y| ——— Oy .
ag.o nr Ayr2637(0,n) + A3r7 65 (0,n)
.
[ Ph &5 (0,n)
as,o dnr
(N
1
s = —

Yo+l (8)
The expression of stress field can be rewritten by

substituting the principal stress oy, into the first term of
equation (7):

Ty - [ J ] K
5;0(0)+ 4,2 15,0(0) + (423 6,9(0) \aeoidnr
)

Substituting the principal stress oyy into the second term of
equation (7):
(10

1
O _ | B
~(1) © C\asoglnr

Where f is normalized constraint factor for J integral and it
is expressed as:

[&,}”(0) + A2,

120+ (45, <3)<0>J"”
50

ot e n+
[&i}”(e)mzﬂ 16,3(0)+(4)* 3716, (6)

1
i +1
5" ] (11)
Combining the equations (9) and (10), the constraint-based
Ji integral can be obtained:
J[&y-“’w) + Apr°2715,2)(0) + (4,) 37 &i,-“)(e)}"”
5 (D
B G, (0) (12)
Therefore, the facture failure criterion for elastic-plastic
condition can be obtained considering the constraint effect:
J k <J c (1 3)
where Jc is elastic-plastic fracture toughness.

C. The Modified R6 Procedure

In practice, the safe running of cracked structures is
ensured by structural integrity assessment results using
fitness-for-service procedure. R6 two-criterion procedure has
been widely used to evaluate the integrity of flawed
structures in which FAD is utilized, shown as figure 2.

Jk:

”:A{(J 5. n)+A( j &2, n)+A2( ) 5. n):|

(6-3)
Kr
brittle ‘
fracture failure area g _ 1)
1.0
elastic-plastic
fracture
safe area
plastic fracture
' >
1.0 L

Fig. 2. Schematic diagram of FAD
Three options are available in R6 procedure and the curve
of option 3 in FAD is characterized by vertical axis K; and
horizontal axis Lr:

L=-2
P (14)
JC
K=r()= % 0

In the process of crack propagation, the elastic J. integral
and J. integral should be replaced by Je(a, p) to investigate
the influence of crack length growth. In addition, the J
integral should be replaced by the Jk to consider constraint
effect near crack tip. As a result, the K of option 3 in FAD
can be modified as:
J.(ap)

JK

In practice, the influence of crack length on the structural
integrity cannot be reflected in the FAD based on traditional
R6 procedure. The equivalence principle of stress intensity
factor developed in this paper enables to resolve this problem.
Submitting equation (5) into equation (14), the Lr of option 3
in FAD can be rewritten as:

Y /Y Jala Y
R A o i —%q/a,,/amax (i=1,2,3,...,nn)

- pmax Y /Ymax \)al /amax -
(17)

K = £ (L) (10

III. THE FINITE ELEMENT MODELS

Finite element analysis on process of crack propagation of
a flawed plate has been performed and the structural integrity
has been assessed using modified option 3 of R6 procedure.
The plate was made of Q345 steel and the constitutive law of
Q345 was represented by Ramberg-Osgood equation:

n
& o o
£y Op Oy

where 7 is the strain hardening exponent and « is a material
constant.

On the basis of the test data of the reference [23], the
material parameters were obtained by fitting method, namely
n=5 and o=1. In this study, the yield stress c=385MPa,
Poisson's ratio ¥=0.3 and elastic modulus £=206GPa.

It was assumed that the plate with an initial central crack

(18)

Volume 55, Issue 8, August 2025, Pages 2416-2422



TAENG International Journal of Applied Mathematics

ao=2mm which was subjected to constant uniaxial tensile
stress. Four groups of loading were studied in the simulation,
namely pi(i=1, 2, 3, 4)=100MPa, 125MPa, 150MPa and
175MPa. The width 2B and the height 2/ of the plate were
chosen as 2B=400mm and the height 24=200mm, shown as
figure 1. On the basis of symmetry theory, the one quarter of
the plate was simulated. The element type CPS8 was chosen
in the simulation and symmetric boundary conditions were
applied to the model. To be concise, only the finite element
model of the plate with an initial central crack was shown as
figure 3. The total number of nodes was 4003 and the total
number of units was 1284.

The initial crack and the
propagation direction

|

Local mesh of the crack

Fig. 3. The finite element model of the plate with an initial central crack

The validity of the finite element models was verified by
comparing the theoretical solution of K based on equation (1)
with that extracted from finite element numerical results. For
the condition where p=100MPa and ay=2mm, the theoretical
solution was Ki=251.3MPa.mm'? and the corresponding
numerical result was K=249.7MPa.mm'"?. The relative
difference between the two results was 0.6%, which
demonstrated that the finite element models were reliable.

IV. FINITE ELEMENT NUMERICAL RESULTS AND DISCUSSION

A. Analysis on Constraint Effect near Crack Tip

On the basis of J-4;, solutions and the numerical results,
analysis on constraint effect of the cracked plate in the
process of crack propagation under different loading has been
performed. In this section, 4, was used to represent constraint
effect and the solution was taken at a normalized distance
r/(J/os)=2-5 from the crack tip. The results were illustrated in
figure 4. The conclusions can be drawn based on figure 4:

(1) The value of 4, exhibited great dependence on crack
length growth, which implied that the constraint effect level
could be improved in the process of crack propagation.

(2) The value of 4, increased with increasing of applied
loading and normalized distance, which implied that applied
loading and normalized distance could enhance the constraint
effect near crack tip.

—a— p=100MPa
—eo— p=125MPa
—a&— p=150MPa
—v— p=175MPa

-0.8 4

-1.64

;

2.0
-2.4 T T T T g T T T T T
0 4 8 12 16 20
a/mm
(a) a-4, curves
-0.5+
—&— g=2mm
—&— g=6mm
—A— g=10mm
-1.0 1 —v—a=16mm R
G
<15 //
-2.04
-2.54
T T T T T T T
2.0 2.5 3.0 35 4.0 4.5 5.0

. Jo)

(b) -4, curves
Fig. 4. Constraint variation of the cracked structure

B. The Influence of Constraint Effect on J Integral

In this section, analysis on influence of constraint effect on
J integral under different loading condition has been carried
out. The values of J integral were directly extracted from the
finite element results. On the basis of finite element results,
the constraint-based J integral was calculated using equation
(12). The results were illustrated in figure 5 and the
conclusions can be drawn:

(1) The difference between J integral and constraint-based
J integral increased with increase of crack length, which
demonstrated that the influence of constraint effect on J
integral could become more pronounced in the process of
crack propagation.

(2) The increasing of applied loading level could enlarge
the difference between J integral and constraint-based J
integral.

—a— Jintegral
6 —e— Contraint-based ./ integral

J/ MPa-mm
L] F=
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(a) p=100MPa

- —&— Jintegral
—e— Constraint-based J integral
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E
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£
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(d) p=175MPa

Fig. 5. The distribution of J integral under different loading condition

C. Integrity Assessment for the Cracked Structure in Process
of Crack Propagation

In this section, option 3 of R6 procedure and the modified
constraint-based R6 procedure were chosen to assess
structural integrity of the cracked plate with different crack
length. Note that the FAD using option 3 of R6 procedure
was expressed by equations (14) and (15) and the FAD using
constraint-based R6 procedure was expressed by equations
(14) and (16). It was assumed that the plate failed once the
crack length reaches the 10% of its width, namely the
amax=20mm. Based on the finite element numerical results,
integrity assessment curves of the structure with different
crack length have been provided using the two methods and
comparison between the two kinds of assessment results has
been made, shown as figure 6 and figure 7.

In practice, civil engineering structures usually are
subjected to a constant loading and crack growth could
endanger integrity of cracked structures. However, the
assessment results based on R6 procedure were incapable of
describing the influence of crack growth. Therefore,
structural integrity assessment for the flawed structure with a
growing crack length has been performed using the modified
R6 procedure in which the newly developed FAD was
expressed by equations (16) and (17), shown as figure 8.

—a— R6 assessment curve
—e— Constraint-based R6 assessment curve
1.0 H
. 0.8
0.6
T T T T T T T T T T
0.5 0.6 0.7 0.8 0.9 1.0
Ly
(a) a=2mm
1.2 5
—a&— R6 assessment curve
1 —&— Constraint-based R6 assessment curve
1.0 1
. 0.8
1%
0.6
04 T T T T T T T T T T
0.5 0.6 0.7 0.8 0.9 1.0
L
r
(b) a=4mm
1.2 4
—&— R6 assessment curve
—e— Constraint-based R6 assessment curve
1.04
0.8
i
0.6 1
0.4 T T : - - . .
0.5 0.6 0.7 0.8 0.9 1.0
LI'
(c) a=6mm
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—&— R6 assessement curve
—=e— Constraint-based R6 assessement curve
1.04
. 0.8+
0.6
T T T T T T T
0.5 0.6 0.7 0.8 0.9 1.0
Ly
(d) a=10mm
Fig. 6. Integrity assessment curves of the structure with relatively short
crack length
1.2 4
—=&— R6 assessment curve
—e— Constraint-based R6 assessment curve
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—&— R6 assessment curve
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—®—R6 assessment curve
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0.8 1
&
0.6 -
T T T T T
0.5 0.6 0.7 0.8 0.9 1.0
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(d) a=20mm
Fig. 7. Integrity assessment curves of the structure with relatively long
crack length
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Fig.8. Integrity assessment curves of the structure with a growing crack

The conclusions can be drawn from figures 6-8:

(1) The safe area in FAD based on constraint-based R6
procedure was much smaller than that based on R6 procedure,
which implied that constraint effect could markedly endanger
integrity of cracked structures.

(2) The influence of constraint effect and crack length
growth on the structural integrity of cracked structures in the
process of crack propagation can be presented in the newly
established FAD using modified R6 criterion.

(3) The safe area in FAD based on modified R6 procedure
gradually decreased in process of crack propagation, which
implied that the integrity assessment results based on
traditional R6 procedure for the structure with a growing
crack may be overestimated.
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V.CONCLUSIONS

In order to resolve safe running problem of cracked civil
engineering structures in process of crack propagation, a
constraint-based structural integrity assessment method for
civil engineering structures with a growing crack has been
developed based on R6 criterion. Finite element analysis on
process of crack propagation of a cracked plate has been
performed and the structural integrity has been assessed
using modified option 3 of R6 criterion. The main works and
conclusions were briefly summarized as following:

(1) The equivalence principle of stress intensity factor for
structures with different crack length has been put forward in
which the effective applied loading was derived.

(2) A modified FAD for cracked civil engineering
structures with a growing crack has been established in which
a constraint-based J integral was proposed.

(3) High constraint effect could occur near the crack tip of
the plate subjected to tensile loading, which exhibited
significant influence on the J integral in the process of crack
propagation.

(4) The constraint effect and crack growth showed
significant influence on the structural integrity of cracked
structures, which implied that the integrity assessment results
for the structure with a growing crack could be overestimated
based on traditional R6 procedure.

Furthermore, it is significant to apply the numerical results
and theorical conclusions to real-world solutions. In this
study, the newly developed equivalence principle of stress
intensity factor and the modified constraint-based J integral
enable to resolve the fracture failure problems for the cracked
structures in the process of crack propagation to some degree,
which also support the development of fracture mechanics
discipline. In addition, R6 two-criterion procedure is a
fitness-for-service method which has been widely used to
assess structural integrity of flawed structures using FAD.
This study proposed an innovative method to guarantee the
safe running by establishing a new FAD for cracked
structures with a growing crack.
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