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Solvability of a Resonant Hadamard Fractional
Boundary Value Problem with Infinite Point
Boundary Conditions

Ogbu Famous Imaga, Samuel Azubuike Iyase and Moyosore Oluwabukunmi Agbesuyi

Abstract—In this article, conditions for the existence of
solution for a Hadamard fractional boundary problem with
infinite point boundary value conditions at resonance will
be established using the coincidence degree theorem due to
Mawhin.

Index Terms—Coincidence degree, Hadamard fractional
derivative, infinite point, resonance.

I. INTRODUCTION

In this research article, we study the following Hadamard
fractional boundary value problem (HFBV) with infinite
point boundary condition

ADC u(t) = w(t,u(t)), t €[1,e, (1)
u(l) =" DI 2u(l) = - =1 DYT M Dy(1) = o,
>0 2
Hpeu(e) = 3 B (), @
=1

where Diﬁ, , is the Hadamard fractional derivatives of order
o while # T %% is the Hadamard fractional integral, M —1 <
a<M,1<G<@G< - <G1<@G<-<e0<6<
1, ;i € R, {¢;}32, is a monotone increasing sequence with
lim; 400 G =v, v € [l,€], B; €R, and w : [1,+00) x R2 —
R is a continuous function.

Recently, there has been increased attention paid to re-
search on fractional differential equations as a result of their
wide application in modeling of various processes in different
fields such as in chemistry, physics, biology, mechanical
engineering, economics, biology, system control, etc [4], [5].
There has also been a significant development of the theory
of fractional differential equations. Many researchers have
studied the problem of existence of solutions, oscillation
properties, stability analysis and other qualitative properties
of different types of differential equations. [6]-[13], [15],
[17], [18].

Guo et al [13] studied an infinite point fractional boundary
value problem

{ CDB‘_,_u(t) + f(tv u(t)ﬂ
u(0) = u"(0) =0, w'(1) =

u(t)) =0, te(0,1),
ZJ 11 u(&s),
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where D, is the Caputo fractional derivative of order a,
2<a<3,n200<& << '<€j_1<§j<
- < 1. The authors obtained existence results using the
Avery-Peterson’s fixed point theorem.
In [14], the authors considered the following fractional
differential equation with infinite point boundary conditions

Dy u(t) +q@) f(t,u(?), te(0,1),
u(0) = u/(0) = -+ = u"2)(0) =0,
ul (1) = 3277 aju(§;),
where Dg, is the standard Riemann-Liouville fractional
derivative of order o, « > 2, n—1<a<mn, i€ [1l,n— 2]
is a fixed integer, a;; > 0,0 < & < & <+ <1 < <
-<1(j=1,2,...). They used fixed-point theorem in a
cone to obtain existence and uniqueness results.
Bohner et al. [16] considered the following Hadamard
fractional differential equation at resonance

{ (="DMu)(t) = f(t,u(t), te(le),
u(1) =0, u(e) = [ u(t)dA

where D7 is the Hadamard fractional derivative of order
v, 1 < v < 2, f [16]><R2 — R satisfies the
Caratheodory conditions and f1 t)dA is the Riemann-
Stielejes integration. They obtained ex1stence results using
the coincidence degree theory.

Although many researchers have considered Hadamard
fractional differential equations, the Hadamard fractional
differential equations with infinite point boundary conditions
have nor received much attention in literature. Motivated by
the above results, we study the solvability for a Hadamard
fractional differential equation with infinite point boundary
value conditions. The rest of this article is organized as
follows: in Section 2 of this work, required lemmas, theorem
and definitions will be presented, Section 3 contains condi-
tions for existence of solution. An example will be given in
Section 4 to demonstrate the results obtained.

The HFBV (1) — (2) is said to be at resonance because
its associated homogeneous boundary value problem

ADe u(t) =0, t €[1,e],
a— a—(M-1
=M per2y(1) = ... =1 per MUy =0

e) =Y B uG),
=1

has a nontrivial solution u(t) = c(logt)*~!
We assume the following throughout this paper:

u(1)

9

H 12—«
I %u(

6+a 2

'Ll ¥
<A1)Zﬂ °g5<+a 1
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(Az) there exists functions o, p; € G, i =1,--- M —1
such that Vu € R?, t € [1, ¢]
M-1
w(t, u(t)] < o +ul Y @i 3)

(A3) there exists a constant B > 0 such that for v € dom L,
if |AD{ " u(t)| > B,V t € [1,e], then

ds Bi
o ey
G " )
X / (log ¢; — log s)* 9 1w(s, u(s))% £ 0;
1

(Ay4) there exists My > 0 such that for any u(t) =
co(logt)*~1 € ker L with |co| > Mj, either

© a—1 ds = /81
co [/1 (1 —logs)w (s,co(logt) ) 5 —Zm

i=1

3

X / (log ¢; —log s)*+ 1w (s,co(logt)*1,) cis] <0,
1

(%)

/: (1 —logs)w(s,u(s))

or

Co [/16(1 —log s)w (s, co(log t)*~

oo

M

a+5

Ci
X / (log ¢; — log s)* o~ 1w (s,co(logt)”‘_l,) ds] > 0,
1 S
(6)

(2) has at least one solution in X if

M-—1
)Z lpills > 0. (7

II. PRELIMINARIES

then the HFBV (1) —

R |
1_2<Zrz

In this section, we will give definitions, lemmas and
theorems that will be used in this work. Let us start with
some definitions relating to fractional calculus.

Definition 1. [1] The nth Hadamard fractional order deriva-
tive of a function w : (1, 4+o00) — R is defined by

HD1+w( )

o 1 d\" [* a—n—1 w(S)
“Ta—n <tdt) /1 (logt —log s) S ds,
(®)

where n > 0, n = [a] + 1, and [a] denotes the largest integer
which is less than or equal to a. Similarly, the nth Hadamard
fractional order integral of a function w : (1,4+00) — R is
defined by

HIH“’( )=

1 t e
%/1 (logt — log s) 1@0{3. )

Definition 2. [1] Let n > 0, n = [a] + 1, then

n
A HDm () = w(t) + Z c;j(logt)" ™/ (10)
j=1
Also, if 7D? w(t) = 0, then
t) = Z c;(logt)" ™7 (11)
j=1

where ¢; = 1,2,...,n are some real numbers and n — 1 <
7 <n.

Definition 3. [2] Given a, a, 8 > 0, then

G (717 (logt —loga)” ™) (x)
__T®) _ Bta—1 (12)
~TG+a) (logt —loga) )
(i) # D2, Dﬁw( ) =H Df‘fﬁw(t) where ¥ D = %
(13)

The following are notations about coincidence degree theo-
rem that will be used throughout this work.

Let X and G be real Banach spaces and L : dom L C
X — G be a Fredholm map of index zero. Let the operators
P:X — X and @ : G — G be continuous projectors such
that Im L = ker @, ker P =Im P, X = ker Lé&ker P, G =
Im L ¢ Im Q. Then, the operator L|qom Lnker p : dom L N
ker P — Im L is invertible and its inverse is denoted by
K. Let the set 2 C X be open and bounded, then the map
N is L-compact on Q2 if QN ((2) is bounded and KpoN =
Kp(I — Q)N :Q— X is compact.

Theorem 1. [3] Let the set 2 C X be bounded and open,
L :dom L C X — G be a Fredholm operator of index
zero and N : X — G be L-compact on 2. If the following
conditions are satisfied:
(i) Lu # ANu forevery (u,\) €
(0,1);
(i) Nu ¢ Im L for every u € ker L N 9
(iii) deg(QN|kerr,ker LN Q,0) # 0, where Q : G — G
is a projection such that ker @ = Im L,
Nu has at least one

[(dom L\ ker L)No<] x

then, the operator equation Lu =
solution in dom L N§L

We define the spaces

X = {u(t) :u(t),” DI "u(t) € C[L,¢],
i=1,2,...,M 1},

with norm
a—(M-1

lul| x = |lull, + ||HD1 u|| 4+ 4+ HHD ( ) H
where ||ulloc = supyey ¢ [u(t)| then (X, || - [[x) is a Banach
space.

Let G = L'Yl,e], with the norm |g|l¢ = |glli =
flt lg(t)|%. Then (G, || - ||1) is a Banach space.

We define the operator L : dom L C X — G as

Lu =" D u, (14)

where

domL{ueX D¢u(t) € G,

u(1)

H 22—«
2o

=" D¢ Pu (1) —=..

-3 A |
We also define the operator N : X — G by
w(t, u(t), DY~ Yu(t),? Df‘f2u(t), cee

A per My 1) = o,

Nu=
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Hpo M=y (4)).

Hence, the HFBV (1) —
Lu = Nu.

For easy of computation, for g € G, we define operator A
by

Ag(t) = [ (1= togs)g(o)

(2) is written in abstract form as

= Bi / G s—1 ds
-y — log ¢; — 1 ot —.
;,1 Tla+e) ), (st —loes) 9(s)~
Lemma 1. Let the operator L be as defined in (14), then

ker L = {u(t) € dom L : u(t) = c(logt)®
vVt e [1,e]},

“lceR,

and
ImL={geG:Ag(t)=0}.

Proof: By (10) and (14
obtained as

), the kernel can easily be

ker L = {u(t) € dom L : u(t) = c(logt)* ", c € R} .

Next, we find Im L. Let
9t) = wit,u(t),” DI u(),” DI 2ub), ..
Hpe-M=Dy1)), te1,el,
then (1) can be written as
DY u = g(t) (15)

with u(t) as the solution of (15) subject to (2). By (10), we
obtain from (14)

u(t) =" 1% g(t) + e (log )~ + -+ ex(log t)* M
By u(1) = DY ?u(1) = - =7 DIT V(1) = 0, we
obtain cg = - - - cpr = 0, which implies

u(t) =" 1P g(t) + e1(log )

Let B(d,«) be the beta function, then by Hffjau(e) =
Sy B u((;), we have

H1g(e) + il ()
——j{sz (TI79(G) + endis (log i) )

ds

i 1 _1 a+d5—1 e
T(a+9) / (log ¢; — log s) g(s) .

tqu

i=1
+ Z
=1

> ds

Ci
L at+d—1 we
g [ oG = toge) o g

d
/ (log G — logs)°*(log s)* ' =
S

M

i=1

25261 10gC )ote—2
i=1

/ log s o1 logs \* " ds
- log; log G s
> G ds
L a+d—1 we
;F CET) / (log (i — log s) 9(s)~

+

Bic1(log ¢;)0 T2
+ ; I'(6) B(4,a)
_ - Bi G ' ot ds
=3 Fagsy ), (kG- om0
+ cll“(a).
Therefore,
‘ d
/ (1- logs)g(s)j
1 S
> X Gi p
B Z 1“(04ﬁz+®/1 (log ¢; — 1ogs)(’+5—1g(3)?‘9 —0.
i=1
(16)

On the other hand, suppose (16) holds, let

u(t)

where ¢ is an arbitrary constant, then v € dom L and

= I, () + c(log £)* !

Lu(t) =" D% u(t) = g(t). Hence, g(t) € Im L and
ImL={geG:Ag(t)=0}.
The proof is concluded. ]

Lemma 2. The operator L : dom L. C X — G defined in
(14) is a Fredholm mapping of index zero and the linear
continuous projectors P : X — X and @) : G — G can be
defined as

Pu(t) = F(lodHD‘lﬂlu(l)(logt)a_l, Ve [1,e,
Qg(t) = Q = dAg(?)
-1
where d — <1 - Z %) ,g(t) € G.

In addition, the hnear operator K p:ImL — dom LN
ker P can be defined as Kpg(t) = Iﬁg( )-
Proof: For any ¢(t) € G, we have

Q*g(t) = Qg(t) - dA = Qg(t).
Let g1 = g — Qg then
Agi(t) = Ag(t) — AQ(t) = d~1(Qg(t) — Q*g(t)) = 0,

implying g1 € Im L. Hence, G = Im L + Im Q. Since,
Im LNIm @ = {0}, we have G = Im L& Im Q. Therefore,

dimker L = dimIm @ = codim Im L = 1.

Thus, L is a Fredholm operator of index zero.
For any u € X,

1 " a— a—
P(Pu) =P (Fa) D¢ u(1)(logt) 1)
1 A L
= v) D;)‘_'__ (10gt)a71 = PU
Thus, P? = P.
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For uw € X, we have

1 _ _
[Pullx = mIHDii tu(1)] - [[(log 1)l x
~ e D5 )] - oo
g e

n HHD?II(IOgt)a_(M_l)HOO]
I( logt . o
(Z F(a)> |HD1+ lu(l)’
3 M-l 1 H e,
< ZW*@ O
(17)

=1
From v = v — Pu + Pu, we can see that X = ker P +
ker L. Let u € ker L Nker P, then u = ¢;(logt)*~!. From
Hfolcl(log t)e-t ’t:e = 0, we can obtain ¢; = 0, hence,

X =ker L ® ker P.

Let us define Kp : Im L — dom L Nker P by Kpu =
I u, then for g € Im L, we have

LKpg =" DY HI g(t) = g(t). (18)
Now, for u € dom Lnker P, we have u(1) = D¢ u(1) =
= D?;(N_z)u(l) = 0. By (10), we obtain
DY IR Lu(t) =" DY I, D1+U( )
=" I g(t) + c1(log 1)1 4 -+ + en(log )

where c1,...,cy € R. For v € dom L, the constants
ca,...,cn are all equal to zero, therefore

KpLu="18"D% u(t) = u. (19)

y (18) and (19), we see that Kp = (L|gom LAkerP)
Furthermore, V g € Im L,

IKpgllx = "I gllx = DM I gl +
a—(N— 1
+ DN TVH gl o + 1T gl oo

:’/:g(S)iS

1
Trv o

o0

' M—2 ds
. (logt —logs)™ “g(s)—|  (20)

o

s H / (log — log 5)"g() 22

s
M-1 1

< [

The proof is concluded. ]
Lemma 3. Suppose €2 C X is an open and bounded subset
such that dom LN # (), then the operator N is L-compact
on .

Proof: Since w is continuous, it can be shown that
QN(Q) and Kp(I—Q)N(Q) are bounded. Also, there exists
¢ > 0 such that |(I — Q)Nu| < ¢, Vz €, t € [1,¢]. Thus,
by the Arzela-Ascoli theorem, we require only to prove that
Kp(I —Q)N(Q) C X is equicontinuous.

For 1 < efr <ef2 < e and u €€}, we have

[Kp(I — Q)Nu(e") — Kp(I — Q)Nu(e")]

oo

<

e ds
I‘Eﬁa) / [(logt; —logs)* 1 — (logty — log s)“fl]?

t2
€ d
+ ¢ / [(logts — log s)afl?s

F(Oé) tq
= Fral — 15+ 205 — )
< Tt — 1+ 205 —17)]
) 5% o tq
<rrn ¢ (-3) 2 (-2 |
3019
“D(a+1)

Similarly, we have

D K p(1 — Q)Nu(e) ~ Dy Kp(I — Q)N ueh)|

o [ ds
< —/ [(logt; —logs) ™t — (logty — logs)" 1] —
(@)
o <’ i—1ds
m [(log t2 — IOg S) 1?
¢
= — th + 2(t}
< o [th —th +2(th — 1]
*F(i+1)[2 1+2(t5 — t1)]
¢ th 31
< — 1—— 2h (1 — =
TG+ 1) th + to
3¢t}
“D(a+1)
where 7 = 1,2,..., M — 1. From the uniform continuity of
t* and #* on [1,¢], we can obtain Kp(I — Q)N : Q— G is
compact. The proof is concluded. ]

III. MAIN RESULTS

In this section, we will state and prove conditions for
existence of solution for the HFBV (1) — (2). We start by
stating some lemmas that are required to prove existence of
solutions.

Lemma 4. Let E; {u € dom L\kerL
ANu for some A € [0,1]}, then E; is bounded.

Proof: Let € Eq, then A #£ 0, Lu = ANwu, and Nu €
Im L. Therefore, by Lemma 1 we have

/16(1 —10g8)g(8)%

Lu =

o0

Bi /< PN

SN P [T o — log s)* g ()% = 0.
;F((Hé) | (log i —log )™ g(s)

By (A»), there exists 7 € [1, €] such that [ D¢ u(r)| < B.

Since # D¢ ! is absolutely continuous where u € E1, by

(II) we have HDHDO  u(t) = HD2, u(t), then
ADe (1) = DY u(r) f/ HD u(t)dt.
1
That is
"D}y

1)|=B+|Luly <B+||Null. @)
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Also, for u € Fy and v € dom L\ ker L, we have (I—P)u €
dom L Nker P and LPu = 0, therefore from (20)

17— P)UHx—HKPLI P)ul|

X
M 1 1
< I L(I = P)ul|y
i: INO)! F(a (22)
M—1
1 1
< — |V
- <z_: ') T« ) 1Nl
In addition, by (As)
. M—1 s
INully = / <a+u| Z%>
1
M1 23)

<ol +llullx D leill

i=1
Then by (17), (21), (22) and (23)

ullx = [[Pu+ (I = Pu)lx < [[Pulx +[|(I = Pu)|x

M—1
- (; in)+f(1> (|HD1+ u( )|+||NU||1)

M-1 1 1 M-—1 1
<B<,§_§ m*ru)”(zm
1 M-—1
= | [llollx + [[lullx Z ||%||1] :

T

N——

M-l 1
Setting z = ; m + m, we have

uflx < — B2 F 2l
— M-1
1-22% .7

hence, (7) holds and FE; is bounded. The proof is concluded.
|

Lemma 5. The set B3 = {u € kerL : Nu € Im L} is
bounded if (As) holds.

)
llpillx

Proof: Let u € E», we have u(t) = c(logt)*~ !, c € R
and Nu € Im L. Then
/ (1 —logs)w (s, c(logt)*~ ZI‘aJr(S
! i=1
“ até—1 a1y ds
x (log ¢; —log s) w (s, c(logt) ) e 0.
1

From (A3), we obtain |c| < %. Thus, F5 is bounded. The
proof is concluded. u
Lemma 6. The set B3 = {u € ker L : vAu+ (I — Q)Nu =
0, A €[0,1]} is bounded if (A4) holds where

V= 1
=1L
Proof: Let u € Fs, then u € ker L with

u(t)

if (5) holds,

if (6) holds. 24)

=co(logt)*™, ceR

and
Aveo(logt)>t

+(1— A)d(/e (1—1logs)w (S, c(log t)"‘*l) %
1
Zl (a + 0)
3 ds
1 (25)

If A =0, then |co| < M;. If A = 1, we have ¢y = 0. For
A E (0, 1) and |C()| > My,

vAck(logt)>*

+(1- A)d(/le (1 1og ) cow (5,log )™~

s
B .
= T(a+9)
“ atd-1 a1y dsS
x | (log ¢ —logs)* ™ eqw (s,c(logt)*™!) —= #0 ),
1

which contradicts (25). Therefore, E3 is bounded. The proof
is concluded. ]
Theorem 2. The HFBV (1) — (2) has at least one solution
in X if (A;)-(A4) hold.
Proof: Let E C X be an open and bounded such that

U3 _,E, C E. It follows from Lemma 2 that the operator L
is a Fredholm mapping of index zero while Lemma 3 shows
that the operator NV is L-compact. By Lemmas 4 and 5, we
see that the following conditions of Theorem 1 are satisfied:

(i) Lu # ANu for every (u, \) € [(dom L\ ker L)NO] x

(Oa 1);

(i) Nu ¢ Im L for every u € ker L N 9N

Next, we will verify statement (iii) of Theorem 1. Let

H(u,\) ==+(1 - N)QNu.
By Lemma 6, we see that
H(u,A\)#0, VuedENkerL.
Therefore, by the homotopy property of degree, we obtain
deg(QN|,., ., ENker L,0) = deg(H(-,0), E Nker L,0)
=deg(H(-,1), ENkerL,0)
= deg(£I, ENker L,0) # 0.
Hence, statement (iii) of Theorem 1 is satisfied. Therefore,
since statements (i) — (¢i7) of Theorem 1 are satisfied, the
operator equation Lu = Nu has at lest one solution in

dom L N E, implying that the HFBV (1) — (2) has at least
one solution in X. The proof is concluded. [ |

IV. EXAMPLE

Consider the following Hardamard fractional boundary
value problem for ¢ € [1, e]

sin (9 D}5u(t))

H 3.5 Ly
D7y =1—(logt — D
1+ (logt)? + o7 Pu(t) + o7
17 . cos? u(t)
+ 3*4 D1+ 'Lb(t) + 728 s

(26)
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subject to the boundary conditions

u(1) HD1+“() =" DiPu(1) =0,
_ 27)
H11+25 ZﬁHIHU ),
where, f3; = 25% G = 21-“’21 and § = 1.

Corresponding to HFBV (26) (27) we have o = 3.5, and

w(t,a,byc, f)=1— (1ogbt)2 CO& a4 by osine L then
lw(t,a,b,c, f)| = Ia‘+|‘+||+‘34|.
Taking ¢ = 1%8 V2 % 3 = 171, P4 = 14, then
-2 (Zi:l ( ) %) Zi: [pilli = 1 —0.8262 =
0.1738 > 0.
Sotmarer g ile) |,
F(o+a) = r'(3.5) T
If we choose B = 51 For HDf‘fl > 51, we have
w(t,a,b,c, f) > 55 + 2% 127 2 > 0. Also, if 7D <
—51 then w(t a,b,c, f) +27+f < 0. Therefore
if D¢ > B > 51, then

/1e (1 —logs)w(s, u(s))ﬁ

S

ds
-1

Hence, (A3) is satisfied.
Let u € ker L and u(t) = ¢o© = ¢o(logt)®
|C()| > 0, then

—1 we choose

1-1 Jog £)*~
0[/1( og s)w (s, co(logt) ;FaJﬂs

Gi p
. / (log G —log s)™**~1w (s, co(log 1)) s] > 0.
1 s

HD?IIC()@,HD(IXJ:QC()@,HD?:SC()@) =
o) 4 sin 00(1;(70<)(logt)) + corgi)r((lgsgt)z
) > 1-1+ |00|2F7(oc) + ICo\(2F7(a)) 4 leoll(e)

340(3)
975811¢ . .
sy = W > 0, implying that |c| > 0. Therefore,

condition (Ay) is satisfied. Hence by Theorem 3.1, HFBV
(26) — (27) has at least one solution.

since w (s, O,

1 — (logt)? + COF(
cos? ¢o(logt)* !
28

[co]
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