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Abstract—This paper explores common fixed points for gen-
eralized weak contractive mappings in cone b-metric spaces
over Banach algebras. It extends classical fixed point theorems
to these spaces, where distances are defined using cones in
Banach algebras rather than real numbers. The work gives
necessary and sufficient criteria for the presence of common
fixed points by proposing a new class of generalised weak
contractive mappings. The methodology integrates functional
analysis and topology, utilizing the unique properties of cone b-
metric spaces and Banach algebras. Key findings illustrate the
broader applicability of these results in fields like differential
equations, optimization, and dynamical systems. Examples and
potential future research directions are also presented, showcas-
ing the practical relevance and theoretical advancements offered
by this work in fixed point theory.

Index Terms—Cauchy sequence, contractive mappings, cone b-
metric spaces, fixed point, Banach spaces.

I. INTRODUCTION

F IXED point theory plays a fundamental role in analysis
and topology. It has a range of applications in different

domains of mathematics such as in the theory of ODEs,
PDEs, integral equations and so forth. Banach Contraction
Principle [1] act as the base for majority of the results
obtained so far in fixed point theory. Later on, many authors
have obtained its several generalisations in different ways
[2], [3].
Cone metric space is a generalisation of conventional metric
space that Huang and Zhang [7] presented in 2007. Instead
of using the usual real line, a vector on an ordered Banach
space defines the distance d(q, r) between q and r. They
demonstrated that in these kinds of spaces, the well-known
Banach contraction principle is valid. Since then, a lot of
papers have addressed how the findings on cone metric
spaces are the same as the results on ordinary metric spaces
(see [5], [6], [8]–[14], [16]–[19], [21], [25]–[28]).
By substituting Banach space with Banach algebra, Liu and
Xu [20] postulated the concept of a cone metric space over
Banach algebra and presented many fixed point theorems
for generalised Lipschitz mappings that include weaker and
inherent limitations on the generalised Lipschitz constant.
Subsequently, without assuming normality, Xu and Raden-
ovic [22] provided certain fixed point theorems of generalised
Lipschitz mappings in the new environment. These theorems
differ from metric spaces in that they do not imply the
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presence of the mappings fixed points. Cone b-metric spaces
over Banach algebras were first described by Huang and
Radenovic [23], [24]. In addition, they tackled the problem of
the lack of equivalence between cone b-metric spaces and b-
metric spaces considering the existence of fixed points in the
corresponding mappings. Many authors established a number
of other common fixed point theorems satisfying certain
contractive condition in certain spaces (see [29]–[36]).
The objective of this research is to provide a common fixed
point theorem for four self-mappings that satisfy a gener-
alised weak contractive condition in cone b-metric spaces
over Banach algebra.

II. PRELIMINARIES

Definition 1. [7] Let E be a real Banach space and P ⊆
E. Then, P is called a cone iff (i)

1) P is closed, non-empty and P ̸= 0;
2) µ, χ ∈ R, µ, χ ≥ 0, q, r ∈ P ⇒ µq + χr ∈ P ;
3) P ∩ (−P ) = 0.

For a given cone P ⊂ E, let ≤ be a partial ordering with
respect to P written as q ≤ r if and only if r− q ∈ P . Also
let q < r to indicate that q ≤ r but q ̸= r, while q ≪ r will
stand for r− q ∈ IntP , where IntP denotes the interior of
the set P . If IntP ̸= ϕ then P is a solid cone. The cone
P is considered normal if ∃ a number ζ > 0 such that, ∀
q, r ∈ E,

0 ≤ q ≤ r ⇒ ||q|| ≤ ζ||r||.

The least positive number fulfilling above is considered the
normal constant of P .

Definition 2. [7] Let X be a non-empty set. Let the mapping
d: X × X → E satisfies: (a)

1) 0 < d(q, r) ∀ q, r in X and d(q, r) = 0 iff q = r;
2) d(q, r) = d(r, q) ∀ q, r in X;
3) d(q, r) ≤ d(q, s) + d(s, r) ∀ q, r, s in X .

Then, (X, d) is called a cone metric space and d is called a
cone metric on X .

Example 3. [7] Suppose

E = R2, P = {(q, r) ∈ E : q, r ≥ 0} ⊂ R2, X = R

and d : X ×X → E defined by

d(q, r) = (|q − r|, ζ|q − r|), ζ ≥ 0

is a constant. Then (X, d) is a cone metric space.

Definition 4. [20] A Banach algebra A is a real Banach
space where a multiplication operation is specified ∀ q, r, s
in A, and ζ in R satisfying the following criteria. (i)

1) (qr)s = q(rs);
2) q(r + s) = qr + qs and (q + r)s = qs+ qs;
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3) ζ(qr) = (ζq)r = q(ζr);
4) ||qr|| ≤ ||q|| ||r||.

A subset B ⊆ A is said to be cone if (a)
1) B is non-empty, closed and {θ, e} ⊂ B;
2) µB + χB ⊂ B ∀ µ, χ > 0;
3) B2 = BB ⊂ B;
4) B ∩ (−B) = {0};

where e and θ denote the unit and zero elements of A
respectively. For a given cone B ⊂ A, we write s ≤ r iff
r− s ∈ B, where ≤ is a partial order relation defined on B.
Also, q ≪ r will stand for r−q ∈ intB, where intB denotes
the interior of B. If intB ̸= ϕ, then B is called a solid cone.
The cone B is considered normal if ∃ is a number ζ > 0
such that, ∀ q, r ∈ A,

0 ≤ q ≤ r ⇒ ||q|| ≤ ζ||r||.

The least positive number fulfilling above is considered the
normal constant of B.

Definition 5. [15] A cone b-metric on a nonempty set X is
a function d : X × X → R+ such that for all q, r, s ∈ X
and a constant s ≥ 1 the following conditions hold:

1) 0 < d(q, r) with q ̸= r and d(q, r) = 0 ⇔ q = r,
2) d(q, r) = d(r, q),
3) d(q, r) ≤ s[(q, s) + d(s, r)].

The pair (X, d) is called a cone b-metric space.

Remark 6. [15] Given that every cone metric space is
always a cone b-metric space, the class of cone b-metric
spaces is more extensive than the class of cone metric
spaces. Thus, it is evident that cone b-metric spaces serve
as a generalisation of both b-metric spaces and cone metric
spaces. In this paper, we provide examples that demonstrate
the significance of introducing a cone b-metric space instead
of a cone metric space. This is because there are cone b-
metric spaces that do not form cone metric spaces.

Example 7. [15] Let E = R2, P = {(q, r) ∈ E : q, r ≥ 0}
⊂ E, X = R and d : X × X → E such that d(q, r) =
(|q−r|s, ζ|q−r|s), where ζ ≥ 0 and s > 1 are two constants.
Then (X, d) is a cone b-metric space.

Definition 8. [23] A cone b-metric on a nonempty set X is
a function d : X ×X → A such that for all q, r, s ∈ X and
a constant s ≥ 1 the following conditions hold:

1) 0 < d(q, r) with q ̸= r and d(q, r) = 0 ⇔ q = r,
2) d(q, r) = d(r, q),
3) d(q, r) ≤ s[d(q, s) + d(s, r)].

The pair (X, d) is called a cone b-metric space over Banach
algebra A.

Example 9. Suppose

A =Mm(R) = {q = (qrs)m×m : ars ∈ R ∀ 1 ≤ r, s ≤ m}

be the algebra of all n-square real matrices, and define the
norm

||q|| = Σ1≤r,s≤m|qrs|.

Thus, A is a real Banach algebra with the unity e. Suppose
B = {q = (qrs)m×m : qrs ≥ 0 ∀ 1 ≤ r, s ≤ m}. Then, B
⊂ A is a normal cone with normal constant ζ = 1. Let X =
Mm(R+) and define the metric

d : X ×X → A

by

d(q, p) = d((qrs)m×m(prs)m×m)

=
(
(max(qrs, prs))

2
)
m×m

∈ A.

Then, (X, d) is a cone b-metric space over Banach algebra
A with constant s = 2.

Definition 10. [4] Consider two self-maps, g and h defined
on a nonempty set X . If t = gq = hq are given for some q
in X , then q is referred to as the coincidence point of g and
h, where t is the point of coincidence of g and h.

Definition 11. [4] Consider two self-maps g and h defined
on a finite set X . Then, g, h are considered weakly compat-
ible if they commute at every point of coincidence.

III. MAIN THEOREMS

Definition 12. Let (X,≤) be an ordered set and g : X → X
be a mapping. Then elements q, r ∈ X are comparable, if
q ≤ r or r ≤ q holds.

Definition 13. The triplet (X, d,≤) is called an ordered cone
b-metric space on a non-empty set X iff d is a cone b-metric
on an ordered set (X,≤).

A subset B of an ordered set X is said to be well-ordered if
any two elements within B are comparable.

Definition 14. Suppose (X,≤) be an ordered set. Mapping
g is considered dominating if q ≤ fq for each q ∈ X .

Definition 15. Suppose (X,≤) be an ordered set. Mapping
g is called dominated if gq ≤ q for each q ∈ X.

Example 16. Suppose X = [0, 1] with usual ordering and
g : X → X be defined as gq = 4

√
q. For

q ≤ q
1
4 = gq∀ q ∈ X.

Thus, g is a dominating map.

Example 17. Suppose X = [0, 1] with usual ordering and
g : X → X be defined by gq = qm for some m ∈ N. Since,

gq = qm ≤ q∀q ∈ X.

Thus, g is dominated map.

Definition 18. [24] Suppose (X,d) be a cone b-metric space
over Banach algebra A, q ∈ X, {qm} a sequence in X and
{rm} a sequence in A. Then

1) {qm} converges to q whenever for every t ≫ 0 ∃ N ∈
N such that d(qm, q) ≪ t∀ m ≥ N and denoted by
limm→∞ qm = q or qm → q(m→ ∞);

2) {qm} is a Cauchy sequence whenever for each t ≫
0 ∃ N ∈ N such that d(qm, qn) ≪ t∀ m,n ≥ N ;

3) (X,d) is complete if every Cauchy sequence in X is
convergent;

4) {rm} is a c-sequence if for each t≫ 0,∃ N ∈ N such
that rm ≪ t∀ m ≥ N .

Definition 19. Suppose (X, d,A) be a cone b-metric space
over Banach algebra. Then, the pair {g, h} is considered
compatible iff

lim
m→∞

d(ghqm, hgqm) = 0,
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whenever {qm} is a sequence in X so that

lim
m→∞

gqm = limm→∞hqm = t

for some t in X .

Theorem 20. Suppose (X, d,A) be a complete cone b-metric
space over Banach algebra and let g, h : X → X be two
self-mappings so that

ψ(d(gq, hr)) ≤ ψ(M(q, r))− ϕ(M(q, r)), (1)

∀ q, r ∈ X where (c1)
1) ψ : [0,∞) → [0,∞) is a continuous monotone non-

decreasing function with ψ(t) = 0 iff t = 0,
2) ϕ : [0,∞) → [0,∞) is a lower semi-continuous

function with ϕ(t) = 0 iff t = 0,
3) M(q, r) = max

{
d(q, r), d(q, gq), d(r, gr),

1
2 [d(q, hr) + d(r, gq)]

}
.

Then, ∃ a unique point u in X such that u = gu = hu.

Proof: Let q0 ∈ X . Construct a sequence {qm} for
m ≥ 0 as

q2m = gq2m+1, q2m+1 = hq2m (2)

and prove that d(qm, qm−1) → 0 as m → ∞. Suppose now
that m is an odd number. Substituting q = qm and r = rm−1

in (1) and using properties of functions ψ and ϕ, we obtain

ψ(d(qm+1, qm)) =ψ(gqm, hqm−1)

≤ψ(M(qm, qm−1))− ϕ(M(qm, qm−1))

≤ψ(M(qm, qm−1))

implies
d(qm+1, qm) ≤M(qm, qm−1).

Now, from the triangle inequality for d, we have

M(qm, qm−1) =max

{
d(qm, qm−1), d(qm+1, qm),

d(qm, qm−1),
1

2
(d(qm−1, qm+1)

+ d(qm, qm))

}
=max

{
d(qm, qm−1), d(qm+1, qm),

1

2
(d(qm−1, qm+1))

}
≤max

{
d(qm, qm−1), d(qm+1, qm),

1

2
[d(qm−1, qm) + d(qm, qm+1)]

}
.

For d(qm+1, qm) > d(qm, qm−1) implies

M(qm, qm−1) = d(qm+1, qm) > 0.

It furthermore implies

ψ(d(qm+1, qm)) ≤ ψ(d(qm+1, qm))− ϕ(d(qm+1, qm))

which is a contradiction. Therefore,

d(qm+1, qm) ≤M(qm, qm+1) ≤ d(qm, qm−1). (3)

Similarly, we can obtain inequalities (3) also in the case when
m is an even number. Thus, the sequence {d(qm+1, qm)} is
monotone non-increasing and bounded. So,

lim
m→∞

d(qm+1, qm) = limm→∞M(qm, qm−1) = v ≥ 0.

Letting n→ ∞ in inequality

ψ(d(qm+1, qm)) ≤ ψ(M(qm, qm−1))− ϕ(M(qm, qm−1))

we obtain, ψ(v) ≤ ψ(v) − ϕ(v) which is a contradiction
unless v = 0. Hence,

lim
m→∞

d(qm, qm+1) = 0. (4)

Next, we prove that {qm} is a Cauchy sequence. From (4), it
is sufficient to show that the subsequence {q2m} is a Cauchy
sequence. On the contrary, suppose {q2m} is not a Cauchy
sequence. Then, ∃ ϵ > 0 for which we can find subsequences
{q2nk

} and {q2mk
} of {q2m} such that mk is the smallest

index for which

mk > nk > k, d(q2nk
, q2mk

) ≥ ϵ.

implies
d(q2nk

, q2mk−2) < ϵ. (5)

Using (5), we obtain

ϵ ≤d(q2nk
, q2mk

)

≤d(q2nk
, q2mk−2) + d(q2mk−2, q2mk−1)+

d(q2mk−1, q2mk
)

≤ϵ+ d(q2mk−2, q2mk−1) + d(q2mk−1, q2mk
).

Letting k → ∞ and using (4), we obtain

lim
m→∞

d(q2nk
, q2mk

) = ϵ. (6)

Moreover,

|d(q2nk
, q2mk+1)− d(q2nk

, q2mk
)| ≤ d(q2mk

, q2mk+1)

|d(q2nk−1, q2mk
)− d(q2nk

, q2mk
)| ≤ d(q2nk

, q2nk−1).

Using (4) and (6), we get

lim
m→∞

d(q2nk−1, q2mk
) = limm→∞d(q2nk

, q2mk+1)

= ϵ
(7)

Also,

|d(q2nk−1, q2mk+1)− d(q2nk−1, q2mk
)| ≤ d(q2mk

, q2mk+1).

Using (4) and (7), we get

lim
m→∞

d(q2nk−1, q2mk+1) = ϵ. (8)

Also, from the definition of M (condition (c3)) and from
(4), (6), (7) and (8), we have

lim
m→∞

M(q2nk−1, q2mk
) = ϵ (9)

Putting q = q2nk−1, r = q2mk
in (1), we have

ψ(d(q2nk
, q2mk+1)) =ψ(d(gq2nk−1, hq2mk

))

≤ψ(M(q2nk−1, q2mk
))−

ϕ(M(q2nk−1, q2mk
)).

Letting k → ∞ and using (7) and (8), we get

ψ(ϵ) ≤ ψ(ϵ)− ϕ(ϵ) (10)
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which is a contradiction with ϵ > 0. Therefore, {q2m} is a
Cauchy sequence and hence {qm} is a Cauchy sequence. In
complete metric space X there exists u such that qm → u
as m → ∞. Let us now prove that u is the fixed point for
g and h. Suppose u ̸= gu, then for d(u, gu) > 0,∃ N1 ∈ N
such that for any m > N1,

d(q2m+1, u) <
1

2
d(u, gu),

d(q2m, u) <
1

2
d(u, gu),

d(q2m, q2m+1) <
1

2
d(u, gu).

Accordingly,

d(u, gu) ≤M(u, q2m)

=max

{
d(u, q2m), d(u, gu), d(q2m, q2m+1),

1

2
[d(u, q2m+1) + d(q2m, gu)]

}
≤max

{
1

2
d(u, gu), d(u, gu),

1

2
d(u, gu),

1

2

[
1

2
d(u, gu) +

1

2
d(u, gu) + d(u, gu)

]}
=d(u, gu),

that is M(u, q2m) = d(u, gu). Since,

ψ(d(gu, q2m+1)) = ψ(d(gu, hq2m))

≤ ψ(M(u, q2m))− ϕ(M(u, q2m)).

Letting m→ ∞, we obtain

ψ(d(gu, u)) ≤ ψ(d(gu, u))− ϕ(d(gu, u)),

which implies that ψ(d(gu, u)) = 0. Hence, d(gu, u) = 0 or
gu = u. Using that u is the fixed point of g, we get

ψ(d(u, hu)) =ψ(d(gu, hu))

≤ψ(M(u, u))− ϕ(M(u, u))

=ψ(d(u, hu))− ϕ(d(u, hu))

and using an argument similar to the above, we conclude
that d(u, hu) = 0 or u = hu.
Uniqueness: Let u1 ∈ X be another fixed point, then from

ψ(d(u, u1)) =ψ(d(gu, hu1))

≤ψ(M(u, u1))− ϕ(M(u, u1))

=ψ(d(u, u1))− ϕ(d(u, u1))

we conclude that u = u1.

Example 21. Suppose X = [0, 1] endowed cone b-metric
d(q, r) = |q − r| where s = 1 and let gq = 1

4q and hq = 0
for each q ∈ X . Then,

d(gq, gr) =
1

4
q

and

M(q, r) = max

{
|q − r|, 3

4
q, r,

1

2

(
|r − 1

4
q|+ q

)}

=


q − r, 0 ≤ r ≤ 1

4q

3
4q,

1
4q ≤ r ≤ 3

4q

r, 3
4q ≤ r ≤ 1.

For ψ(t) = 4t and ϕ(t) = t, we have

ψ(d(gq, hr)) = q

and

ψ(M(q, r))− ϕ(M(q, r)) =


3q − 3r, 0 ≤ r ≤ 1

4q

9
4q,

1
4q ≤ r ≤ 3

4q

3r, 3
4q ≤ r ≤ 1.

Now we easily conclude that mappings g and h satisfy
relation (1) and has 0 as the unique fixed point.

Lemma 22. Suppose (X, d,A) be a cone b-metric space
over Banach algebra with s ≥ 1, assume {qm} and {rm}
are b-convergent to q, r respectively. Then,

1

s2
d(q, r) ≤ lim

m→∞
inf d(qm, rm)

≤ lim
m→∞

sup d(qm, rm)

≤ s2d(q, r).

For q = r, then

lim
m→∞

d(qm, rm) = 0.

Further, for each w in X , we get

1

s
d(q, w) ≤ lim

m→∞
inf d(qm, w)

≤ lim
m→∞

sup d(qm, w)

≤ sd(q, w).

Proof: Using the triangle inequality in a cone b-metric
space over Banach algebra A, we have

d(q, r) ≤ sd(q, qm) + s2d(qm, rm) + s2d(rn, r), (11)

and

d(qm, rm) ≤ sd(qm, q) + s2d(q, r) + s2d(r, rm). (12)

The initial desired outcome is achieved by utilising lower
limit as m → ∞ in (11) and upper limit as m → ∞ in (12).
In the same way, the final assertion is derived by utilising
the triangle inequality once more.

The primary outcome of this section is now presented.

Theorem 23. Suppose (X, d,A) be a complete cone b-
metric space over Banach algebra. Suppose g, h, J and K
be self-mappings on X , {J,K} and {g, h} be dominating
and dominated maps respectively with gX ⊆ KX and hX
⊆ JX . Let ψ and ϕ be control functions such that

ψ : [0,∞) → [0,∞)

is a continuous monotone non-decreasing function with ψ(b)
= 0 ⇔ b = 0,

ϕ : [0,∞) → [0,∞)

is a lower semi-continuous function with ϕ(t) = 0 iff t = 0,
and for every two comparable elements q, r ∈ X ,

ψ(s4d(gq, hr)) ≤ ψ(Ns(q, r))− ϕ(Ns(q, r)), (13)
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where

Ns(q, r) =max

{
d(Jq,Kr), d(gq, Jq), d(hr,Kr),

d(Jq, hr) + d(gq,Kr)

2s

}
,

(14)

for each non-increasing sequence {qm} and a sequence
{rm} such that rm ≤ qm∀ m and rm → u, we have u ≤ qm
and either (d1)

1) g or J is continuous, {g, J} are compatible and
{h,K} is weakly compatible or

2) h or K is continuous, {g, J} is weakly compatible and
{h,K} are compatible,

then, g, h, J and K have a common fixed point. Further, the
common fixed points of g, h, J and K is well ordered iff
g, h, J and K have unique common fixed point.

Proof: Suppose q0 ∈ X . Since, gX ⊆ KX and hX ⊆
JX , define {qm} and {rm} ∈ X as

r2m+1 = gq2m = Kq2m+1,

r2m+2 = hq2m+1 = Jq2m+2, m = 0, 1, 2, · · · .

By given assumptions,

q2m+1 ≤ Kq2m+1 = gq2m ≤ q2m

and
q2m ≤ Jq2m = hq2m−1 ≤ q2m−1.

Therefore, we get

qm+1 ≤ qm∀ m ≥ 0.

Suppose that d(r2m, r2m+1) > 0 for each m. If not, then for
some

k, r2k+1 = r2k,

and from (13), we get

ψ(d(r2k+1, r2k+2)) ≤ψ(s4d(r2k+1, r2k+2))

=ψ(s4d(gq2k, hq2k+1))

≤ψ(Ns(q2k, q2k+1))−
ϕ(Ns(q2k, q2k+1)).

(15)

Here,

Ns(q2k, q2k+1) = max

{
d(Jq2k,Kq2k+1), d(gq2k, Jq2k),

d(gq2k+1,Kq2k+1),

1

2s
[d(Jq2k, hq2k+1)+

d(gq2k,Kq2k+1)]

}
=max

{
d(r2k, r2k+1), d(r2k+1, r2k),

d(r2k+2, r2k+1),

d(r2k, r2k+2) + d(r2k+1, r2k+1)

2s

}
=max

{
0, 0, d(r2k+2, r2k+1),

d(r2k+1, r2k+2)

2s

}
=d(r2k+1, r2k+2).

(16)

Now, from (15) and (16), we get

ψ(d(r2k+1, r2k+2)) ≤ψ(d(r2k+1, r2k+2))−
ϕ(d(r2k+1, r2k+2)),

which gives
ϕ(d(r2k+1, r2k+2)) ≤ 0

and so r2k+1 = r2k+2 which further implies that r2k+2 =
r2k+3. Therefore, r2k is a common fixed point of g, h, J and
K.
Now, let d(r2m, r2m+1) > 0 for each m. Since, q2m and
q2m+1 are comparable, from (13), we get

ψ(d(r2m+1, r2m+2)) ≤ψ(s4d(r2m+1, r2m+2))

=ψ(s4d(gq2m, hq2m+1))

≤ψ(Ns(q2m, q2m+1))−
ϕ(Ns(q2m, q2m+1))

≤ψ(Ns(q2m, q2m+1)).

(17)

Therefore,

d(r2m+1, r2m+2) ≤ Ns(q2m, q2m+1), (18)

where

Ns(q2m, q2m+1) =max

{
d(Jq2m,Kq2m+1), d(gq2m, Jq2m),

d(hq2m+1,Kq2m+1),

1

2s
[d(Jq2m, hq2m+1)+

d(gq2m,Kq2m+1)]

}
=max

{
d(r2m, r2m+1), d(r2m+1, r2m),

d(r2m+2, r2m+1),

1

2s
[d(r2m, r2m+2)+

d(r2m+1, r2m+1)]

}
≤max

{
d(r2m+1, r2m), d(r2m+2, r2m+1),

1

2s
[sd(r2m, r2m+1)+

sd(r2m+1, r2m+2)]

}
=max

{
d(r2m+1, r2m), d(r2m+2, r2m+1),

1

2
[d(r2m, r2m+1)+

d(r2m+1, r2m+2)]

}
=max{d((r2m+1, r2m), d(r2m+2, r2m+1)}.

If for some

m, d(r2m+2, r2m+1) ≥ d(r2m+1, r2m) > 0,

then from (18)

Ns(q2m, q2m+1) = d(r2m+2, r2m+1)
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and using (13), we get

ψ(d(r2m+2, r2m+1)) ≤ψ(s4d(r2m+2, r2m+1))

≤ψ(Ns(q2m, q2m+1))−
ϕ(Ns(q2m, q2m+1))

=ψ(d(r2m+2, r2m+1))−
ϕ(d(r2m+2, r2m+1)),

and ϕ(d(r2m+2, r2m+1)) ≤ 0 or equivalently
d(r2m+2, r2m+1) = 0, a contradiction.
Thus,

Ns(q2m, q2m+1) ≤ d(r2m+1, r2m).

Since,
Ns(q2m, q2m+1) ≥ d(r2m+1, r2m),

thus,

d(r2m+2, r2m+1) ≤ Ns(q2m, q2m+1) = d(r2m+1, r2m).

Similarly, we get

d(r2m+3, r2m+2) ≤ Ns(q2m+2, q2m+1) = d(r2m+2, r2m+1).
(19)

Therefore, {db(yn, yn+1)} is a non-decreasing sequence and
∃ w ≥ 0 so that

lim
m→∞

d(rm−1, rm) = limm→∞Ns(qm, qm+1) = w.

Assume w > 0. Then,

ψ(d(r2m+2, r2m+1)) ≤ψ(s4d(r2m+2, r2m+1))

≤ψ(Ns(q2m, q2m+1))−
ϕ(Ns(q2m, q2m+1)).

Then, taking the upper limit as m → ∞ implies that

ψ(w) ≤ψ(w)− lim
m→∞

infϕ(Ns(q2m, q2m+1))

=ψ(w)− ϕ( lim
m→∞

infMs(q2m, q2m+1))

=ψ(w)− ϕ(w),

a contradiction. Thus,

lim
m→∞

d(rm−1, rm) = 0. (20)

We now prove {rm} is a Cauchy sequence. It’s sufficient to
prove subsequence {r2m} is Cauchy in X . Assume {r2m}
is not a Cauchy sequence. Then, ∃ ϵ > 0 for which we can
find subsequences {r2nk

} and {r2mk
} of {r2m} such that

mk is the smallest index for which 2mk > 2nk > k,

d(r2nk
, r2mk

) ≥ ϵ (21)

and
d(r2nk−2, r2mk

) < ϵ (22)

By applying the triangle inequality in a cone b-metric space
over a Banach algebra along with equation (22), we obtain

ϵ ≤d(r2nk−2, r2mk
)

≤sd(r2nk−2, r2mk
) + s2d(r2nk−1, r2mk−2)+

s2d(r2nk
, r2mk−1)

<ϵs+ s2d(r2nk−1, r2mk−2) + s2d(r2nk
, r2mk−1).

As k → ∞ and from (20), we get

ϵ ≤ lim
k→∞

supd(r2nk
, r2mk

) ≤ ϵs. (23)

Also,

ϵ ≤ d(r2nk
, r2mk

) ≤ sd(r2nk
, r2nk−1) + sd(r2nk−1, r2nk

).

Thus,
ϵ

s
≤ lim

k→∞
supd(r2nk−1, r2mk

).

Further, we get

d(r2nk−1, r2mk
) ≤ sd(r2nk−1, r2nk

) + sd(r2nk
, r2mk

).

So, from (20) and (23), we have

lim
k→∞

sup d(r2nk−1, r2mk
)

≤s lim
k→∞

sup d(r2nk
, r2mk

)

≤ϵs2.

As a result,
ϵ

s
≤ lim

k→∞
sup d(r2nk−1, r2mk

) ≤ ϵs2, (24)

and
ϵ

s2
≤ lim

k→∞
sup d(r2mk+1, r2nk−1) ≤ ϵs3. (25)

ϵ

s
≤ lim

k→∞
sup d(r2mk+1, r2nk

). (26)

Using (23), (24) and (25), we get

ϵ

2s
+

ϵ

2s3
=min

{
ϵ

s
,
ϵ+ ϵ

s2

2s

}
≤max

{
lim
k→∞

sup d(r2mk
, r2nk−1),

1

2s
[ lim
k→∞

sup d(r2nk
, r2mk

)+

lim
k→∞

sup d(r2mk+1, r2nk−1)]

}
≤max

{
ϵs2,

ϵs+ ϵs3

2s

}
= ϵs2.

(27)

Using Ns(q, r) and from (20) and (27), we get

ϵ

2s
+

ϵ

2s3
≤ lim

k→∞
sup Ns(q2mk

, q2nk−1) ≤ ϵs2. (28)

Indeed, we have

Ns(q2mk
, q2nk−1) =max

{
d(Jq2mk

,Kq2nk−1),

d(gq2mk
, Jq2mk

),

d(hq2nk−1,Kq2nk−1),

1

2s
[d(Jq2mk

, hq2nk−1)+

d(gq2mk
,Kq2nk−1)]

}
=max

{
d(r2mk

, r2nk−1),

d(r2mk+1, r2mk
),

d(r2nk
, r2nk−1),

1

2s
[d(r2mk

, r2nk
)+

d(r2mk+1, r2nk−1)]

}
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Taking the upper limit as m → ∞, and using (20) and (27),
we obtain

ϵ

2s
+

ϵ

2s3
≤ lim

k→∞
sup Ns(q2mk

, q2nk−1)

=max

{
lim
k→∞

sup d(r2mk
, r2nk−1), 0, 0,

1

2s
[ lim
k→∞

sup d(r2nk
, r2mk

)+

lim
k→∞

sup d(r2mk+1, r2nk−1)]

}
≤ϵs2.

Similarly, we obtain

ϵ

2s
+

ϵ

2s3
≤ lim

k→∞
inf Ns(q2mk

, q2nk−1) ≤ ϵs2. (29)

As,

ψ(s4d(r2mk+1, r2nk
)) =ψ(s4d(gq2mk

, hq2nk−1))

≤ψ(Ns(q2mk
, q2nk−1))−

ϕ(Ns(q2mk
, q2nk−1)),

for k → ∞, and from (26) and (28), we get

ψ(ϵs3) ≤ψ
(
s4 lim

k→∞
sup d(r2mk+1, r2nk

)

)
≤ψ

(
lim
k→∞

sup Ns(q2mk
, q2nk−1)

)
−

lim
k→∞

inf ϕ(Ns(q2mk
, q2nk−1))

≤ψ(ϵs2)− ϕ

(
lim
k→∞

inf Ns(q2mk
, q2nk−1)

)
≤ψ(ϵs3)− ϕ

(
lim
k→∞

inf Ns(q2mk
, q2nk−1)

)
implies

ϕ

(
lim
k→∞

inf Ns(q2mk
, q2nk−1)

)
= 0

implies lim inf Ns(q2mk
, q2nk−1) = 0, a contradiction to

(29). Thus, {r2m} is a Cauchy sequence in X . Since X
is complete, ∃ r in X such that

lim
m→∞

gq2m = lim
m→∞

Kq2m+1

= lim
m→∞

hq2m+1

= lim
m→∞

Jq2m+2 = r.

Next, we prove that g, h, J and K has a common fixed point
r.
As, J is continuous

lim
m→∞

J2q2m+2 = Jr, limm→∞Jgq2m = Jr.

Also,

d(gJq2m, Jr) ≤ s(d(gJqm, Jgqm) + d(Jgq2m, Jr)).

As, {g, J} is compatible,

lim
m→∞

d(gJqm, Jgqm) = 0.

Taking m→ ∞, we get

lim
m→∞

sup d(gJq2m, Jr))

≤s
(

lim
m→∞

sup d(gJqm, Jgqm)

+ lim
m→∞

sup d(Jgq2m, Jr)

)
= 0.

Thus,
limm→∞gJq2m = Jr.

As, Jq2m+2 = hq2m+1 ≤ q2m+1, so from (13), we get

ψ(s4d(gJq2m+2, hq2m+1)) ≤ψ(Ns(Jq2m+2, q2m+1))−
ϕ(Ns(Jq2m+2, q2m+1)),

(30)

where

Ns(Jq2m+2, q2m+1) =max

{
d(J2q2m+2,Kq2m+1),

d(gJq2m+2, J
2q2m+2),

d(hq2m+1,Kq2m+1),

1

2s
[d(J2q2m+2, hq2m+1)+

d(gJq2m+2,Kq2m+1)]

}
.

From lemma 22, we have

limm→∞sup Ns(Jq2m+2, q2m+1)

≤ max

{
s2d(Jr, r), 0, 0,

s2d(Jr, r) + s2d(Jr, r)

2s

}
= s2d(Jr, r).

Thus, by taking limit in (30) and using lemma 22, we get

ψ(s2d(Jr, r)) ≤ ψ(s2d(Jr, r))− ϕ(s2d(Jr, r)),

which gives ϕ(s2d(Jr, r)) ≤ 0 or equivalently Jr = r.
Since, hq2m+1 ≤ q2m+1 and hq2m+1 → r as m → ∞,
then r ≤ q2m+1 and from (13), we get

ψ(s4d(gr, hq2m+1)) ≤ ψ(Ns(r, q2m+1))−ϕ(Ns(r, q2m+1)),
(31)

where

Ns(r, q2m+1) =max

{
d(Jr,Kq2m+1), d(gr, Jr),

d(hq2m+1,Kq2m+1),

d(Jr, hq2m+1) + d(gr,Kq2m+1)

2s

}
.

As m → ∞ in (31) and from lemma 22, we get

ψ(s3d(gr, r)) =ψ(s4
1

s
d(gr, r))

≤ψ(d(gr, r))− ϕ(d(gr, r))

≤ψ(s3d(gr, r))− ϕ(d(gr, r))

which implies that ϕ(d(gr, r)) ≤ 0 implies gr = r. Since,
g(X) ⊆ K(X), ∃ a point υ in X so that gr = Kυ. Let hυ
̸= Kυ. Since, υ ≤ Kυ = gr ≤ r, from (13), we get

ψ(d(Kυ, hυ)) = ψ(d(gr, hυ)) ≤ ψ(Ns(r, υ))−ϕ(Ns(r, υ)),
(32)
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where

Ns(r, υ) =max

{
d(Jr,Kυ), d(gr, Jr), d(hυ,Kυ),

d(Jr, hυ) + d(gr,Kυ)

2s

}
=d(hυ,Kυ).

From (32), we get

ψ(d(Kυ, hυ)) ≤ ψ(d(hυ,Kυ))− ϕ(d(hυ,Kυ)),

a contradiction. Thus, hυ = Kυ. Since, the pair {h,K} is
weakly compatible, hr = hgr = hKυ = Khυ = Kgr =
Kr and r is the coincidence point of h and K. Since,
Jq2m ≤ q2m and Jq2m → r as m → ∞ implies r ≤ q2m
and from 13,we get

ψ(s4d(gq2m, hr)) ≤ ψ(Ns(q2m, r))−ϕ(Ns(q2m, r)), (33)

where

Ns(q2m, r) =max

{
d(Jq2m,Kr), d(gq2m, Jq2m), d(hr,Kr),

d(Jq2m, hr) + d(gq2m,Kr)

2s

}
.

For m → ∞ in (33) and using lemma 22, we get

ψ(s3d(r, hr)) =ψ(s4
1

s
d(r, hr))

≤ψ(d(r, hr))− ϕ(d(r, hr))

≤ψ(s3d(r, hr))− ϕ(d(r, hr))

which implies that r = hr. Thus, gr = hr = Jr = Kr = r.
Similarly, the result follows when g is continuous and (d2)
holds.
Let the common points of g, h, J and K be well ordered.
Now, we prove the mappings have a unique common fixed
point. Suppose gu = hu = Ju = Ku = u and gu1 = hu1 =
Ju1 = Ku1 = u1 but u ̸= u1. Then, applying (13), we get

ψ(d(u, u1)) =ψ(d(gu, hu1)) ≤ ψ(s4d(gu, hu1))

≤ψ(Ns(u, u1))− ϕ(Ns(u, u1)),

where

Ns(u, u1) =max

{
d(Ju,Ku1), d(gu, Ju), d(hu1,Ku1),

d(Ju, hu1) + d(gu,Ku1)

2s

}
=max

{
d(u, u1), 0, 0,

d(u, u1) + d(u, u1)

2s

}
=d(u, u1).

Thus,

ψ(d(u, u1)) ≤ ψ(d(u, u1))− ϕ(d(u, u1)),

a contradiction. Hence, u = u1. The converse is obvious.

Example 24. Suppose X = [0, 1] be endowed with cone
b-metric d(q, r) = |q − r|, where s = 1.
Let g, h, J and K on X be self-mappings such that

g(q) =

{
0, if q ≤ 1

2

1
3 , if q ∈ ( 12 , 1].

h(q) = 0, ∀ q in X.

J(q) =


0, if q = 0

2
5 , if q ∈ (0, 12 ]

1, if q ∈ ( 12 , 1].

K(q) =


0, if q = 0

1
2 , if q ∈ (0, 12 ]

1, if q ∈ ( 12 , 1].

Thus, g, h are dominated and J,K are dominating maps for
g(X) ⊆ K(X) and h(X) ⊆ J(X), that is,

g is dominated h is dominated
for each q in X gq ≤ q hq ≤ q

q = 0 g(0) = 0 h(0) = 0
q ∈ (0, 12 ] gq = 0 < q hq = 0 < q
q ∈ ( 12 , 1] gq = 1

3 < q hq = 0 < q

J is dominating K is dominating
for each q in X q ≤ Jq q ≤ Kq

q = 0 0 = J(0) 0 = K(0)
q ∈ (0, 12 ] q ≤ 3

5 = J(q) q ≤ 1
2 = K(q)

q ∈ ( 12 , 1] q ≤ 1 = J(q) q ≤ 1 = K(q)

Further, h is continuous, {g, J} is weakly compatible and
{h,K} is compatible.
Define ψ, ϕ : [0,∞) → [0,∞) as

ψ(b) =
3

2
(b)

and
ϕ(b) =

1

2
(b)∀ b ∈ [0,∞).

We now prove that g, h, J and K fulfil (13). The following
cases arises:
(i) For q ∈ [0, 12 ] and r ∈ [0, 1], then

d(gq, hr) = 0

and (13) is fulfilled.
(ii) For q ∈ ( 12 , 1] and r = 0, then

ψ(s4d(gq, hr)) = ψ(d(gq, hr)) = ψ(
1

3
) =

1

2
< 1

= d(Jq,Kr) ≤M1(q, r)

= ψ(M1(q, r))− ϕ(M1(q, r)).

(iii) For q ∈ ( 12 , 1] and r ∈ (0, 12 ],

ψ(s4d(gq, hr)) = ψ(d(gq, hr)) = ψ(
1

3
) =

1

2
≤ 1

2
≤ d(Jq,Kr) ≤M1(q, r)

= ψ(M1(q, r))− ϕ(M1(q, r)).

(iv) For q ∈ ( 12 , 1] and r ∈ ( 12 , 1],

ψ(s4d(gq, hr)) = ψ(d(gq, hr)) = ψ(
1

3
) =

1

2
< 1

= d(hr,Kr) ≤M1(q, r)

= ψ(M1(q, r))− ϕ(M1(q, r)).

Therefore, (13) is fulfilled ∀ q, r ∈ X . Hence, all conditions
of above theorem are fulfilled. Further, g, h, J and K have
0 as the unique common fixed point.
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Corollary 25. Suppose (X, d,A) be a complete cone b-
metric space over Banach algebra. Suppose g, h be dom-
inated self-maps on X . Let ψ and ϕ be control functions
such that for every two comparable elements q, r in X ,

ψ(s4d(gq, hr)) ≤ ψ(Ns(q, r))− ϕ(Ns(q, r)), (34)

is satisfied where

Ns(q, r) = max

{
d(q, r), d(gq, q), d(hr, r),

d(q, hr) + d(gq, r)

2s

}
.

(35)

If for every decreasing sequence {qm} and a sequence {rm}
with rm ≤ qm ∀ m and rm → u we get u ≤ qm, then g, h
have a common fixed point. Further, the set of common fixed
points of g, h is well ordered iff g, h have unique common
fixed point.

Proof: The result holds from the above theorem by
taking K and J as the identity maps on X .

Corollary 26. Suppose (X, d,A) be a complete cone b-
metric space over Banach algebra. Suppose g, h be domi-
nated self-maps on X . Let ϕ : [0,∞) → [0,∞) be a lower
semi-continuous function with ϕ(b) = 0 ⇔ b = 0 and for
each two comparable elements q, r in X ,

s4d(gq, hr) ≤ Ns(q, r)−Ns(q, r), (36)

is satisfied where

Ns(q, r) = max

{
d(q, r), d(gq, q), d(hr, r),

d(q, hr) + d(gq, r)

2s

}
.

(37)

If for every decreasing sequence {qm} and a sequence {rm}
with rm ≤ qm ∀ m and rm → u we get u ≤ qm, then g, h
have a common fixed point. Further, the set of common fixed
points of g, h is well ordered iff g, h have unique common
fixed point.

Proof: The results holds from the above theorem by
taking K and J as identity maps on X where ψ(b) = b for
b ∈ [0,∞).

IV. CONCLUSION

In this paper, we have successfully established the existence
of common fixed points for generalized weak contractive
mappings within the framework of cone b-metric spaces over
Banach algebras. This study extends and enriches the current
body of knowledge in fixed point theory by broadening the
scope of contractive mappings and exploring their properties
in a more generalized setting. Our results provide a deeper
understanding of how cone b-metric spaces and Banach
algebras can be leveraged to achieve significant fixed point
theorems, which are pivotal in various mathematical and
applied disciplines. Through rigorous theoretical analysis and
illustrative examples, we have demonstrated the practical
implications and broad applicability of our findings, thereby
contributing valuable insights to the field. Building on the
foundation laid by this research, several avenues for future
exploration are evident. Firstly, further studies can investigate
the existence of common fixed points for other classes of

contractive mappings in cone b-metric spaces over Banach
algebras. Additionally, exploring the dynamic behavior and
stability of iterative processes in these spaces could provide
deeper insights into their practical applications. Extending
the current results to multivalued mappings and investigat-
ing their fixed points presents another promising direction.
Moreover, applying the established theoretical results to
real-world problems in differential equations, optimization,
and dynamical systems could enhance the practical utility
of this research. Finally, the development of computational
methods and algorithms to approximate fixed points in these
generalized spaces could bridge the gap between theoretical
advancements and their practical implementation.
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