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Abstract—In this paper, we give the concept of an (inf, sup)-
hesitant fuzzy interior ideals, show that it is a general con-
cept of interval-valued fuzzy interior ideals, and investigate
its related properties. Characterizations of (inf,sup)-hesitant
fuzzy interior ideals are established in terms of sets, fuzzy
sets, interval-valued fuzzy sets, Pythagorean fuzzy sets, and
hesitant fuzzy sets. Moreover, we discuss fuzzy interior ideals,
and Pythagorean fuzzy interior ideals of semigroups in terms
of (inf, sup)-hesitant fuzzy interior ideals and interval-valued
fuzzy interior ideals.

Index Terms—(inf,sup)-hesitant fuzzy interior ideals,
interval-valued fuzzy interior ideals, Hesitant fuzzy interior
ideals, Pythagorean fuzzy interior ideals.

I. INTRODUCTION

FTER the concept of fuzzy sets was proposed by

Zadeh [1], has been widely and successfully applied in
many branches: medical science, theoretical physics, com-
puter science, finite state machine, automata, artificial intel-
ligence, expert, robotics, control engineering and theory of
groups, semigroups, ternary semigroup, BCK/BClI-algebras,
KU-algebra, UP-algebras, etc. Many general, extended and
related concepts of fuzzy sets have been introduced and
studied such as interval-valued fuzzy sets [2], intuitionistic
fuzzy sets [3], Pythagorean fuzzy sets [4], bipolar fuzzy
sets [5], [6], [7] , hesitant fuzzy sets [8] and so forth. In
2016, Muhiuddin et al. [9] introduced inf-hesitant fuzzy
subalgebras and ideals in BCK/BCI-algebras and investigated
their properties. Later, in 2015, Jun et al. [10] studied the
concepts and properties of a hesitant fuzzy subgroupoid (left
ideal, right ideal, and ideal) of a groupoid, a hesitant fuzzy
subgroup (normal subgroup and quotient subgroup) of a
group, and a hesitant fuzzy subring (left ideal, right ideal, and
ideal) of a ring. In 2021, U. Jittburus and P. Julatha [11] used
of inf-hesitant fuzzy set studied properties in semigroup, I'-
semigroup and logical algebra systems. Recently, U. Jittburus
et al. [12] studied inf-hesitant fuzzy ideals and inf-hesitant
fuzzy translations in semigroups. In the same year Chunsee
et al. [13] studied properties of (inf,sup)-hesitant fuzzy
bi-ideals in semigroups. Moreover, Phummee et al. [14]
discussed the concept of a fuzzy interior ideal in semigroup.
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In this paper, we was extended the concept of SUP-hesitant
fuzzy interior ideal to concept an (inf,sup)-hesitant fuzzy
interior ideals, show that it is a general concept of interval-
valued fuzzy interior ideals, and investigate its related prop-
erties. Characterizations of (inf, sup)-hesitant fuzzy interior
ideals are established in terms of sets, fuzzy sets, negative
fuzzy sets, interval-valued fuzzy sets, Pythagorean fuzzy
sets, bipolar fuzzy sets and hesitant fuzzy sets. Moreover,
characterizations of fuzzy interior ideals, and Pythagorean
fuzzy interior ideals of semigroups are discussed in terms of
(inf, sup)-hesitant fuzzy interior ideals and interval-valued
fuzzy interior ideals.

II. PRELIMINARIES

From now on throughout this work, & is represented as a
semigroup and fa nonempty set unless otherwise specified.
An subsemigroup R of S if &2 C £. By an ideal of &
we mean a nonempty subset R of & such that & C R and
RS C A. A interior ideal & of S if & is a subsemigroup
of & and GRS C R. A semigroup S is called a regular if
for each i € &, there exists # € & such that i = @i, A
semigroup & is called a left (right) regular if for each ii € &,
there exists @ € & such that i = @ii2 (resp. U = U 28). A
semigroup S called an intra- regular if for each i € 6 there
exist i, b € & such that i = Gii2h. A semigroup Giscalled a
semisimple if every ideal of S is an idempotent. It is evident
that & is a semisimple if and only if i € (GuG)(GuG)
for every u € &, that is there exist w, Yy, 2 € G such that
i = wugiz.[15].

A fuzzy set (FS) [1] in 2) is an arbitrary function from
9 into [0,1]. A FS § on & is called a fuzzy subsemi-
group (Fss) on S if it satisfies the following conditions:
min{§ (i), 8(3)} < &(aiv) for all i, € &. AFS § on & is
called a fuzzy left ideal (Fli) on & if it satisfies the following
conditions: 6(%) < d(iiv) for all i,o € &. A FS § on &
is called a fuzzy right ideal (Fri) on & if it satisfies the
following conditions: §(ii) < &(iw) for all i,o € &. A
fuzzy ideal (Fi) § on &, if it is both Fli and a Fri of &.
A fuzzy interior ideal (Fii) 6 on S if & is a Fss of & and
8(9) < 6(ivw) for all i, v, w € &.

An intuitionistic fuzzy set (IFS) [3] on 2) is an object
{(u, 8(i1), (i) ‘ i 9 } when the
functions & : 9) — [0,1] denote the degree of membership
and 7 : 9) — [0,1] denote the degree of nonmembership,
and 0 < 0(it) + n(it) < 1 for all i € ). We denote (9, n)
for the PES {(ii,d(ii),n(it)) | i € D}. An IES (6,7) on &
is called a intuitionistic fuzzy subsemigroup (IFss) of S if
min{d(i),6(v)} < 0(id) and max{n (i), n(v)} > n(uv) for
all ii,5 € G. An IFS (6,77) on & is called an intuitionistic
fuzzy left ideal (IFli) of & if 6(¢) < d(ii¥)) and n(d) >

having the form &B =
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(i) for all i, o € &. An IES (§,77) on & is called an
intuitionistic fuzzy right ideal (iFri) of Sif o(it) <6 (wd)
and (i) > n(io) for all i, € &. An IFS (6,m) on & is
called an intuitionistic fuzzy ideal (IFi) of &, if it is both
an IFli and an IFri of &. A PFS (,7) on & is called an
intuitionistic fuzzy interior ideal (IFii) of S if (6,7m) is an
IFss of & and (%) < §(iitw) and n(6) > n(ivw) for all
i, b, 0 € 6.

A Pythagorean fuzzy set (PFS) [16], [4] on @ is an object
{(u, 8(a), (i) ‘u € @} when the
functions & : ) — [0,1] denote the degree of membership
and 77 : 9) — [0, 1] denote the degree of nonmembership, and
0 < (8(ii))% + (n(ii))? < 1 for all @ € ). We denote (8,7)
for the PES {(ii,d(it),n(i1)) | it € }. Then (1+z’ )

(fj_rgj, f:;’j) n (%, 1%) are PFSs in 9) for each FSs ¢

and 7 in 2 and positive integers ¢ and j such that ¢ < j.
Thus, the concept of PFSs is an extension of the concept
from FSs. A PES (,7) on & is called a Pythagorean fuzzy
subsemigroup (PFss) of & if min{d(ii), ()} < &(iit) and
max{n (i), n(0)} > n(iiv) for all i, 5 € &. A PFS (4,7) on
S is called a Pythagorean fuzzy left ideal (PFli) of S if
§(i) < (iiv) and n(¥) > n(iiv) for all i, 4 € &. A PFS
(6,m) on & is called a Pythagorean fuzzy right ideal (PFri)
of & if §(ii) < 6(@id) and n(ii) > n(iiv) for all i, v € S. A
PFS(d,7) on S is called a Pythagorean fuzzy ideal (PFi)
of G, if it is both a PFli and a PFri of &. A PFS (6,7) on &
is called a Pythagorean fuzzy interior ideal (PFii) of S if
(6,m) is a PFss of & and &() < d(iid) and n() > n(iiw)
for all i, ¥, % € &.

By an interval number { we mean an interval [t~,¢T],
where 0 < t= < ¢+ < 1. We denote C([0,1]) for the set
of all interval numbers. For each elements § = [s7,s7],
t = [t=,tT] € C(]0,1]), define the operations 3, =, =, <,
>, rmin and rmax as follows:

having the form ’]3 =

(1) §3fe s <t and st <tt,
(2) §=1< s >t and st >¢F,
(3) §=t< s =t and st =1,
4) §<tes3tand §#1,
(5) 5=t 5=1and 5§ #1,

(6) tmin{5,7} = [min{s~, ¢}, min{s*,t*}],
(7) rmax{3,t} = [max{s—, ¢t~ }, max{st,tT}].

An interval-valued fuzzy set (IVFS) [2] on @ is defined
to be a function # : 9 — C([0,1]), where #(ii) =
[7= (i), 7+ (@1)] for all ii € ), 7~ and 7t are FSs in
Q:j such that 7= < 7+, Thus, the concept of IvFSs is an
extension of the concept of FSs. An IVFS 7 on S is called
an interval-valued fuzzy subsemigroup (IvFss) [17] of S
if rmin{7 (i), 7(4)} < #(aw) for all i, € &. An IVES 7
on G is called an interval-valued fuzzy left ideal (IvFli)
[17] of S if #(v) 2 #(iiv) for all i, € &. An IVFS # on
& is called an interval-valued fuzzy right ideal (IvFri) [17]
of & if # (i) < #(iit) for all i,% € &. An IVFS % on & is
called an interval-valued fuzzy ideal (IVFI) [17] of 6, if it
is both qn IvFli and an IvFri. An IVFS % on & is called an
interval-valued fuzzy bi-ideal (IvFii) [17] of S if # is an
IvEss of & and (%) < (i) for all i, U, € S.

A hesitant fuzzy set (HFS) [8], [18] on ED is defined to
be a function % : ) — p([0,1]) when ([0, 1]) is the set of
all subsets of [0,1]. Then C([0,1]) C p([0,1]) and we see
that every IVFS on Q) is a HFS on @ Thus, the concept of

HEFSs is both a generalization of the concept of IvFSs, and an
extension of the concept of FSs. A HFS k is a hesitant fuzzy
subsemigroup (HFss) [8] of & if & (i) N&(¢) C & (iit) for
all 4,9 € S. A HFS & is a hesitant fuzzy left ideal (HFIi)
8] 0f61f/£( )) C R(ii) for all ii,5 € 6. A HFS & is a
hesitant fuzzy right ideal (HFri) [8] of S if B(v) C R(id)
for all i, v € S. A HFS & is a hesitant fuzzy ideal (HFi)
(8] of & if it is both an HFli and an HFri of &. A HES &
is a hesitant fuzzy interior ideal (HFii) [8] of SifrRisa
HFss of & and %(%) C & (i) for all i, 9,1 € &.

II. (inf,sup)-HESITANT FUZZY INTERIOR IDEALS

In this section, we introduce the concept of (inf,sup)-
hesitant fuzzy bi-ideals of semigroups, investigate its prop-
erties and give its examples. Later, we show that the concept
is a general concept of interval-valued fuzzy bi-ideals of sub-
semigroups. Finally, we investigate characterizations of the
concept of (inf, sup)-hesitant fuzzy bi-ideals of semigroups
in terms of sets, FSs, negative fuzzy sets, PFSs, IvFSs and
HFS:s.

For each element © € ([0, 1]) and HFS % of &, define
elements SUP © and INF © [13], [12] of [0, 1] and a subset
(6,7, 0] of 9 as follows:

_ [sup© if © # 0,
SUPe = { 0 otherwise,
 (inf@ if © £,
INFO = { 0 otherwise,

and
&,%, 0] = {ic&|SUPR(i) >
[6,%,0] = {iic & | INF&(il) >

For # € HFS(R) and © € ¢([0,1]) define the elemets
SUP®© and INFO of [0,1] the subsets [k;O]syp and
[%; ©linr of & of the FS F* of & and the HFS Hsup (.0)
and HinrF (5;0) On £ by

SUP O},
INF ©}.

(1) [%:O)sup = {it € R | SUPR(i) > SUPO} and
[; O]iNF :{UER\INFH( i) > INF ©}.
(2) F¥(ii) = (INF,SUP )&(ii) for all i € 8.

(3) Hsupwe)(i) = {f € © | SUPR(i) > ¢} and
HINF(K,@)( )—{tE@|INFK)( )>t} forallueﬁ

Defind Hgup (%;[0,1]) by HEyp and Hinr (%;[0,1]) by
Hfyp - Then the HE;p and Hiy are elements in IVFS(ﬁ)

Definition 3.1. [/4] A HFS Kk on S is said to be an
(inf, sup)-hesitant fuzzy ideal ((inf, sup)-HFi) of S if the
set [é,:f%,@] is an interior ideal of & for all © € p([0,1])
when [G,k, O] # 0.

Definition 3.2. A HFS % on & is said to be an (inf, sup)-

hesitant fuzzy interior ideal ((inf, sup)-HFii) of S if the set
[6 %, O] is an interior ideal of & for all © € p([0,1]) when
(6,7, 0] # 0.

For any HFS % on 9), define the FSs F* and F; in 9)
by FF(ii) = SUPm( i), and Fz(i) = INFR(id) for all
i €9. A HFS € on ) is called a supremum complement
of % on 9 if SUP&(ii) = (1 — FF)(ii) for all ii €9
and called an infimum complement [13] of K on 2) if
INFE(ii) = (1 — Fz)(ii) for all i € 9. The set of all
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supremum complements of % is denoted by SC(K) and the set
of all infimum complements of k is denoted by IC(N) Define
the HFSs #* and #F on 9) by #* (i) = {(1 — )( i)} and
RF (i) = {(1 — F7)(ii)} for all ii € 9). Then &+ € IC(R)
and KT € SC(K). Moreover, Fz+ = Fz = 1 — Fy for each
e € IC(R) and F*' = FT =1 — F* for each 7 € SC(&).
Next, we investigate characterizations of (inf, sup)-HFbi of
semigroups in terms of S.

Lemma 3.3. Every HFii of & is an (inf,sup)-HFii of 6.

Proof: Suppose that & is a HFii of Sand © € P([0,1])
such that [&,%,0] # 0. Let i, € & and v € [S, 7, O).
Then R(9) C K(idw). Thus,

INF © < INF#(i) < INF & (iiiii).

Similarly, we can show that SUP © < SUP k(o). Hecne,
it € [6,k,0] so [6,K,0] is an interior ideal of &.
Therefore, % is an (inf, sup)-HFii of &. [

Lemma 3.4. Every IvFii of & is an (inf, sup)-HFii of S.

Proof: Suppose that 7 is an IvFii of Gand© € P([0,1])
such that [&,%, 0] # 0. Let i, € & and v € [&,R, O],
Then 7 (¥) =X 7 (tvw). Thus,

INF & < INF
<77 (9)
= min{INF 7 (4iow), INF 7 (d9w)}.
Similarly, we can show that SUP© >

max{SUP# (i), SUP# (i) }. Thus, i € [S,7,O).
Hence, [6,F, 0] is an interior ideal of &. Therefore, ¢ is
an (inf, sup)-HFii of &.

Example 3.5. Consider a semigroup (
following table:

S,-) defined by the

Zlw w Iy
(1) Define a HFS & on & by /i(w) = (0,)Rr(Z) =

[0,1)k(y) = 0 and k(%) = 0. n K is an (inf-
sup)-HFii of & but it is not a HFll of S, since

R = [0,1] ¢ (0.1) = R@) = R(i2).
(2) Define an IVFS & on & by w(w) = [0,1]7(&) =
17r(y) = #(2) = 0. Then % is an (inf —sup)-IVFii

of & but it is not a IvFii of &, since #(i®) =
0,1 3 1= #(#).

For & be a HFS on & and © € P([0,1]), defined
Vinr sup (R, ©) £ — P(0,1]) by V(k,0)(i) =
SUP7(ii) > © and V(& ©)(ii) = INFz(i) > © for all
i € R.

Theorem 3.6. A HFS % on G is an (inf, sup)-HFii of S
if and only if Vinr sup (K, ©) is a HFii of G for all © €
P([0,1]).

Proof: Let ii,i,0 € & and © € P([0,1]).
If Vinrsur(R,©) = 0, then Vinrsup(R,0)(@) C

VINF,SUP(T{,@X’M}?I}) Let ¥ € VINF SUP (/i @)( ) Since

(W) =

v € [F,R(9)] and % is an (inf,sup)-HFii of & we have

W € [R, K(0)].Thus,
INF R(avw) > INFR(D) > 7 € ©
and
SUP k(uvw) > SUPK(0) > 7 € O.
It implies that ¥ € Ving sup (K, O)(idw). Hence,

VINF ,SUP (’/5, @)(’U) C VinNF,sUP (%, @)(uvw) Therefore,
Vinr sup (R, ©) (i) is a HFii of &.

For the converse, let i, € 6,9 € [k, O]
and © € P([O,l]). Then VINF,SUP (E,@)(U) = 0
and Vinr sup (R,©) is a HFii of &. Thus, © C
VINF ,SUP (R, @)(uvw) Hence, INF k(itw) > INF © and
SUP k(uvw) > SUPO so @i € [k, k(¥)]. Therefore,
[%,%(9)] is an interior ideal of &. We conclude that % is
an (inf,sup)-HFii of &. [ |

Lemma 3.7. If # € HFS*(6) is a HFii of &, then & is an
(inf, sup)-HFii of & for all ¢ € 1C(7r).

Proof: Suppose that # € HFS*(S) is a HFii of S
and ¢ € IC(7). Let © € p([0,1]),4,w € 6,9 € [¢,R, O].
Then 7 (¢) C 7 (tuvw). Thus, INF 7(9) < INF 7#(ivw) and
SUP 7(9) > SUP 7 (ti9). It follows that

INF © < INF¢(#)

=1 — INF<(3)
< 1 — INF # (i)
= INF (i)

Hence, INF © < INF ¢(40w). Similarly, we can show that
SUP® > SUP(uvw). Thus, ivw € [<,7,©O]. Hence,
[0,$,0] is an interior ideal of &. Therefore, < is an
(inf, sup)-HFii of &. [

The following theorems we can proved by relationship
between of ideal and interior ideal in semigroup.

Theorem 3.8. In regular, left (right) regular, intra-regular
and semisimple semigroup, the (inf, sup)-HFi and (inf, sup)-
HFii coincide.

Theorem 3.9. In regular, left (right) regular, intra-regular
and semisimple semigroup, the IvFi and (inf,sup)-hesitant
fuzzy interior ideal coincide.

Theorem 3.10. In regular, left (right) regular, intra-regular
and semisimple semigroup, the HFi and (inf, sup)-hesitant
fuzzy interior ideal coincide.

Lemma 3.11. Ler # € HFS(S). Then the following are
equivalent:

(1) & is an (inf,sup)-HFii of S.

(2) Fk is a Fii of 6.

(3) INFk(uvw) > INFE(U) and SUPK(avw) >
SUP&(%) for all ii, v, € &.

INF S(atw) > INF(6), and SUPS(udw) >
SUP &(4) for all ii, v, € & and & € IC(R).

INF&* (i) < INFR(®) and SUPE*(ivw) <
SUP&(%) for all ii, v, € &.

“
&)

Proof: (1) = (3) Let ii, 0,1 € &. Then i is an
element of [K;%(4)inge and [n k(i)]sup, ¥ is an ele-
ment of [K;K(0)|ing and [R; K(0)]sup, @ is an element
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f [r; R(0))ing and [R; RK(w)]sup. Thus, 4w is an el-
ement of [;k(i))ing and [R;R(i)]sup, U4W is an ele-
ment of [K; K; n( ))|sup , Ui is an element
of [k;K(w )]INF and [K; R(D )]SUP Hence, INF k(ivw) >

R(0
INF k() and SUP K(utw)
(3) = (2) and (4) = (5
(2) = (1) Let © € p([0,

%, w e [E, @]SUP . Then

> SUP K(9).
They are obious.

1]), v € & i, w € [K; O)inp and

d
K(9))ine and [R
)

INF R(uvw) = Fz(tuvw) > k(v) = INFR(9) > INFO
and
SUP k(uvw) = Fx(tuvw) > k(v) = SUPK(¢) > SUP ©.

Thus, 4w are elements [K; ©)ing and [K; ©sup. Hence,
[r; O)inF and [R; O]syp are interior ideal of S. Therefore,
R is an (inf, sup)-HFii of &.

(3) = (4) Let i,9,% € & and ¢ € IC(R). Then
INF (iiinp) > INFE(#) and SUP (i) > SUPE(d).
Thus,

INF ¢(9) =1 —INF¢(9) < 1 — INF (ivw) = INF (i)

and

SUP<(9) = 1-SUP¢(9) < 1-SUP ¢(itw) = SUP S(adw).

Hence, INF ¢(ivw)
SUP ¢().

(5) = (3) Let i,9,% € &. Then INFR*(iitw) <
INF K(¢), and SUP &*(49w) < SUP K(%). Thus,

)

> INFS(9) and SUP(uvw) >

INF k(ivw) =1 — (1 — INFR(
=1 — INF R (tw)
> 1 —INFK(9), INF &(w)
=1-—(1-INFk(%))
= INF (D).

Hence, INFK(itw) > INFX(?¥). Similarly, we can show
that SUP (ttw) > SUP K(9). [
The following result is an immediate consequence of

Lemma 3.4 and 3.11.

Theorem 3.12. If an IVFS % of & is an IVFii of &, then
F= is an interior ideal of S.

The following result is an immediate consequence of
Lemma 3.7 and 3.11

Theorem 3.13. If & € HFS” (&) is an HFii of &, then F:
is an interior ideal of & for all ¢ € IC(R).

For PFS (4,7) in & and every element ¢ € P([0,1]),
define the HFS #S, . and the IVFS Z(5, on & by for all

(6,m)
i€ 6.

e L e

and

L+ (3()? 1+<<>>2],

I(5,n) (U) = |: 2 5 2

The following theorems we study the characterizations of a
PFbi (0,7) in a semigroup via HFbi ’H‘gé ;) and the IVFS

Lis.m)-

Theorem 3.14. Let (6,n) be a PFS in é. Then (6,n) is
a PFii of & if and only if,H?((s,n) is a HFii of & for all
¢ e P([0,1]).

Proof: Suppose that (8,7) is a PFii of . Let ii, i, 0 €

S and ¢ € P([0,1]) and w € M5, (). Then w € ¢ and

(6,m)
(5(;))2 > w > m, By assumption, §(¥) < 0(idw)
and n(?) > U(va>

Since §(ivw), (), n(uvw),n(v) € [0, 1]
(0(9))* < (8(it))? and (n(#))* > (n(ivd))?.
1+ (n()

(Gavi)? L+ (o)

we have
Thus,

2 -2 - 2
”Hfé o (@) Therefore, ’Hfé n)(i}) C
”Hfé o (@00). We conclude that ”Hf  is a HFii of S.

For the converse, suppoe that H( ) is a HFii of &

and §(¢) > O(iiw). Then there exist ii, 9,7 € & such
that 6(9) > §(uvw). Since §(uvw),d(v) € [0,1] we have
(6(4))2 > (§(tiin))2.

Choose 7 := L ((8(iii))? + (5(5))2) . Then 2LHZE)

T < % Thus,

Hence, w €

L (OGavi)* 1, 1+ (@) 1,
2 2 2 =2
" ew) (5())
SN2 1 1 14 (6(9))?
5 §§ §+T<f

It implies that § + 7 ¢ HE?S’,;]) ().

By assumptlon 7-{,(5 ;) is a HFii of S. Thus, 1 +ii €

v 1 .. [0,1]
(i) and 5+ € Hisn

HE?S }])(uvw) It is a contradiction. Hence, §(9) < §(uvw).
Similarly, we can show that (¥) > n(ivw). Therefore, (9, 7)
is a PFii of G. [ |

Theorem 3.15. Let (8,1)) be a PFS in &. Then (8,n) is a
PFii ofG if and only if L5, is an IvFii ofG

Proof: Suppose that (d,7) is a PFii of S. Let
i,0,w € 6. Then §(v) < d(uvw) and n(v) >
n(Uvw). Since O (ivw), §(V), n(ivw),n(v) € [0,1] we have
(3% < (B(a0a)? and (5)? > (n(ivd))?. Thus

—O@T o 1) g @) o 1)
Hence s, ,7)( ¥) 23 L5,y (U10). Therefore, Z(s, ) is an IvFii
of G.

For the converse, suppoe that Zs,
S and i, € 6. Then L5 (U
Thus, 1=maxl(6(0)* 1-(@)?

-2
Lomax{(n(®)?  _  1-(m@)?

) is an IvFii of

3 Lis ) (llW).
1-(5(&%))2

~3

= A

5 and

: = . < M Hecne
(0(iiw))? > (6(9))% and (n(ivw))? < (n(9))%. Since
(i), §(v), n(iiiw), n(v) € [0,1] we have o (iiiw) > ()
and 7(iow) < n(9). Thus, (8,7) is a PFii of &. [ |

Corollary 3.16. Let (6,7) is a PFii of &. Then the following
statements hold.
(1) Hf&,n) is an (inf,sup)-HFii of & for all ¢ € P([0,1]).
(2) L5,y is an (inf,sup)-HFii of &

Proof: Tt follows from Lemma 3.4 and 3.7, Theorem

3.14 and 3.15. ]
For HFS % on & and £ € [0, 1] define
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uINF (KZ t) = {u S 6 | INF K(u) > t} Usyup (K t)
{i € & | SUPR(ii) > t} and LN (F; £y ={ieé6 |
SUPFL( ) < t} SSUP(K t) = {U €6 | SUPH( ) < t}

We call the Uiy is a INF-upper t-level subset, call the
Usup is a SUP -upper t-level subset, call the Lin is a INF-
lower t-level subsetand call the £gyp is a SUP -lower t-level
subset [19] of k.

Theorem 3.17. Let h is a HFS on &. Then the following
statements holds.

(1) & is an inf-HFii of & if and only if thinr (K; t) is either
empty of an interior ideal of S for all t € [0,1].
®* is an inf-HFii of & if and only if Linr (K; t) is either
empty of an interior ideal of S for all ¥ € [0, 1].

Proof:

Suppose that % is an inf-HFii of & and f € [0, 1] such
that SN (K;t) # 0. Choose © = {t}. Then &[&, O] =
Uinr (R; 1) # 0. By assumption, we have Ly (R;1) =
S|k, ©] is an interior ideal of &.

For the converse, suppose that Urnr=(K;t) is either
empty of an interior ideal of & for all i € [0,1] and
© € P[0,1] such that §[%, ©] # (). Choose # = INF ©.
Then Uinr (K;t) = Slr, ©] # 0. By assumption, we
have &[h, O] = Uinr (R;1) is an interior ideal of &.
Thus, k is a ©-inf-HFii of S. Hence, k is an inf-HFii
of &.

Suppose that %* is an inf-HFii of & and f € [0,1]
such that £ (K;1) # 0. Choose Y = {1 — t}. Then
S[F*, Y] = Livr (F;t) # 0. By assumption, we have
LINF (/{ t) = &[F*, Y] is an interior ideal of &.

For the converse, suppose that £inr (K; t) is either
empty of an interior ideal of S for all t € [0,1]
and T € P[0,1] such that G[h* Y] # (. Choose
t*lleFT Then EINF(H t) = [ ] #@
By assumption, we have G[r*, Y] = SIN]:(K f) is a
bi-ideal of &. Thus, x* is a Y-inf-HFii of &. Hence,
%* is an inf-HFii of .

@

ey

@)

Corollary 3.18. Let 7 be an IvFii of S. Then, for all t €
[0,1], @ non-empty subset ixr (h);1) of & is an interior
ideal of .

Proof: It follows from Lemma 3.4 and Theorem 3.17.
D). ]

Corollary 3.19. Let & be an HFS*(&) is an HFii of .

Then, for all t € [0,1], a non-empty subset Linp (h); 1) of
S is an interior ideal of G.

Proof: Tt follows from Lemma 3.7 and Theorem 3.17.
(@) |

Theorem 3.20. Let % is a HFS on &. Then the following

statements holds.

(1) % is a sup-HFii of & if and only if Usup (R;1) is either
empty of an interior ideal of & for all t € [0,1].

(2) %*is a sup-HFii of & if and only if Lsup (K; t) is either
empty of an interior ideal of S for all t € [0,1].

Proof: It follows from Theorem 3.17. [ |

Corollary 3.21. Let 7 be an IvFii of S. Then, for all t €
0,1], @ non-empty subset Ssyp(%;1) of & is an interior

ideal of S.

Proof: Tt follows from Lemma 3.4 and Theorem 3.17.
ey u

Corollary 3.22. Let & be an HFS*(&) is a HFbi of &. Then,
for all t € [0,1], a non-empty subset Ssyp(7;1) of S is an
interior ideal of é.

Proof: It follows from Lemma 3.7 and Theorem 3.17.

(2). ]

The following theorem is conditions for a HFS of a
semigroup S is an inf-HFbi via IFs.

Theorem 3.23. Let & be an element in HFS(S). Then
following are equivalent:

(1) & is an inf-HFii of G.

() (Fz, Fz) is an IFii of & for all < € IC(%).

(3) (Fz, F-) is an IFii of S.

Proof: Tt follws from Lemma 3.11. |
The following result is an immediate consequence of
Lemma 3.7 and 3.23.

Corollary 3.24. Let 7 be an IvFii of IvFs &. Then (F, Fs)
is an IFii of G for all § € 1C(%).

The following result is an immediate consequence of
Lemma 3.11 and 3.23.

Corollary 3.25. Let k be elenemt in HFS*u((%) is an HFii of
&. Then (Fy, Fi) is an IFii of & for all § € 1C(7).

Fork € HFS(G) and v € P([0,1]), defind the HFS HinF
and Hgyp on G by

Hinp (R; V(i) = {t € v | INF&(ii) > t} for allii € &
and
Hsup (% V) (i) = {i € v | SUP&(@t) >t} for allii € &

and we denote Hinr (; [0, 1]) by Hixg» Hsup (%;[0,1]) by
HEp - Then the following statemetnd hold:

(1) Hip (i) and Hiyp (i) are subsets v for all i € &.
(2) Hixp (i) and HEp (il) are elenemts IVES(S)

(3) 0 = minHjy (i) < INFHnr(FV)(E) <
INF %(ii) = max Hip (i) and 0 = mmHSUP (i) <
SUP Hgup (k; V) (i) < SUP &(ii) = max Hfyp (i) for
all ii € 6.

Theorem 3.26. Let & be an element of HFS(S). Then the
following are equivalent:
(1) % is an (inf,sup)-HFii of S.
(2) Hinr (R; V) and Hsup (K; V) are HFiis of S for all
v € P([0,1]).
(3) Hixp and Hiyp are HFiis of 6.
(4) Hixp and Hiyp are IvFiis of 6.

Proof: (1) = (2) Let i, 9,0 € &, v e P([0,1])
and ¢ are elments in Hinr (K; V)(9), Hsup (K; V)(9). Then
t € v and {INFE(), ¢ < SUPK(%). By hypothesis
(1) and Lemma 3.11, i < INFR(9) < INF&(igw) and
t < SUPR(%),< SUPFE(iitw). Thus, ¢ are elments in
Hinr (R; V) (46w) and Hgup (R; V) (d00).

Hence, Hinr (R;V)(9) < Hinre (K; V)(iudw) and
Hsup (K; V)(9) C Hsup (k; V) (4dw). Therefore,
Hinr (R; V) and Hgup (K; V) are HFiis of S.
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(2) = (3) Tt is clear. )

(3) = (4) Let ii,i,00 € &. Then INFR(D) €
Hiyp (ii). Similarly SUP%(i) € HEyp (#). By hypothe-
sis (3), Hivp (0) is an element of Hfyp (iii0). Similarly
HEup (V) is an element of HEyp (iit). Thus,

min Hjxp (i) = INFF (ii6w) > INF 7(9) = min Higp (6).

Similarly, we can show that maxH§yp (iitw) >
maXHSUP(") B
Since minHf\p (§) = 0 and minHfyp (§) = 0 for

all & € & we have minHip (i) > minHigg (9)
and  min Hyp (i) > min Hyp (). Thus,
Hine (0) < Hing (@00) and Heyp (6) 3 Heyp (@0w0).
Thus, ”HINF and HEp are IvFiis of G.

(4) = (1) Let i, o, € &. Then Hixp (4) X
and HEyp (9) 3 HEyp (ii6). Thus,

Hip (i)

INF & (i) = max Hixp (010) > max Hip ()
and

SUP R (i) = min Hixp (i01) > min Higp (6).

By Lemma 3.11, % is an (inf, sup)-HFii of &. [ |
The following result is an immediate consequence of

Lemma 3.4 and 3.26.

Corollary 3.27. Let & be an IvFii of S. Then the following

hold:

(1) Hine (7;V) and Hsup (7;V) are HFiis of & for all
v € P([0,1]).

(2) Hiyp and HEyp are both a HFii and an IvFii of é.

The following result is an immediate consequence of
Lemma 3.7 and 3.26.

Corollary 3.28. Let i € HFS*(S) be a HFii of &. Then the
following hold:
(1) Hing ($;V) and Hsup ($;V) are HFiis of & for all
v € P([0,1]) and for all < € IC(R).
) HfNF and ’HgUP are both a HFii and an IvFii of S
for all < € IC(R).

For a subset 8 of & and two elements A,V € P([0,1]),
define the characteristic interval-valued fuzzy set (CIVES)

CI; S — C([O,ul]), the characteristic hesitant fuzzy
set (CHFS) CHy : 6 — P([0,1]) and hesitant fuzzy set
Xﬁ 6—>7>([ 1)) by for all ii € &
. [Tifies,
CL;i) = {0 otherwise,
o f[0,1] if @ e &,
CH (@) _{ () otherwise,

AV A if i € R,
X ) = {V otherwise,

The following theorem we prove characterization of an
interior ideal of a semigroup in terms of a HFS.

Theorem 3.29. Let R be a non- empty subset of S and
A, v € P([0,1]) with INF A < INF V and

SUP A < SUP V. Then R is an interior ideal of & if and
only le ) (inf, sup)-HFii 0f6

Proof: Suppose that £ is an interior ideal of S
and XéA"V) is not an (inf,sup)-HFii of &. Then by
Lemma 3.11, there exists u,9,w € S such that
INFXLSY) (5) > INFALSY) (i) and SUPXL™Y) (5) >
SUPX(A V) (i) Thus, INF {7 (3) = INFv
SUP X(A v)( j) = SUPV. It is a contradiction. Hence,
X;A 0F is an (inf, sup)-HFii of &.

For the converse, let & € R and @, € &. Then
X7 (0) = (A, V). Thus, INF X{> ) (3) = INFV and

SUP X(A v)( j) = SUPV. By assumptlon and Lemma
3.11, INF X&) (i) > INF v and SUP XL (i) >

SUPv.
of 6.

and

Hence it € K. Therefore, A is an interior ideal
| ]

Theorem 3.30. A non-empty subset R of & is an interior
ideal of & if and only if the CIvFs CL is an (inf, sup)-HFii
of G.

Proof: It follows from Theorem 3.29.

Remark 3.31. Ifﬁ is a subset of &, then the CHFS CH
is an (inf,sup)-HFii of &.

Theorem 3.32. Let R be an non-empty subset of S. Then
the following are equivalent:

(D) R is an interior ideal of S.

(2) The CIVFS CTy is a (inf,sup)-HFii of 6.

3) X(A V) is an (inf, sup)-HFii of & for all A,V €
P[0, 1]) with INF A < INF ¥ and SUP A < SUP ¥.

IV. (inf, sup)-HESITANT FUZZY TRANSLATIONS

In this section, we defined of (inf,sup)-hesitant fuzzy
translations of (inf, sup)-HFbis of semigroups and discussed
the cencepts of extensions and intensions of (inf,sup)-
HFbis.

For a HES % on &, let &\ := 1 — INF {INF k(i) | i €
G} and RE;p =1 —SUP {SUPK(i) | i € 6}

Let 7 be are elements in [0, &y ] and [0, R%yp]. Then
we say that a HFS ¢ on S is INF -hesitnat fuzzy i+-
traslation (INF -HFT}) of & if INF &(ii) + # for all ii € &

and SUP -hesitnat fuzzy {*-traslation (SUP HFT+) of &

if SUP&(ii) + ¢ for all 4 € & respectively. Then K is an
(inf, sup)-HFT{ of &.

Theorem 4.1. Let k be an (inf, sup)-HFii of S and t be are
elements in [0, Rixp ] and [0, R&yp |. Then every INF -HFT
and SUP —HFTfr of % is an (inf, sup)-HFii of &.

Proof: Suppose that / are INF -HFT} T, SUP-HFT; of
% and let i, 9,7 € &. Then

INF p(iiini) = INF R (i) + > INF () +¢ = INF &(%)

and
SUP p(iiii) = SUP &(iiini)+t > SUP &(9)+t = SUP &(%).
Thus, by Theorem 3.11, § is an (inf, sup)-HFii of &.

Theorem 4.2. Let k be an HFii of S such that it is an INF -
HFT;r is INF -HFii of & for some
t € [0, Ry | Then F is a INF -HFii of G.
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Proof: Suppose that a INF -HFT} j of % is a INF -HFii
of & when i € [0, &y |. Then for all i, U, € G,
INF 7 (i) = INF j(iiii)

—1 > INF j(i) — = INF p(#).

Thus, by Theorem 3.11, & is an INF -HFii of &. n

Theorem 4.3. Let k be a HFii ofé such that it is an SUP -
HFT"' is SUP -HFii ofG for some

te [O REup |- Then % is a SUP -HFii of &.
Proof: Tt follows from Theorem 4.2. ]

Theorem 4.4. Let & be a HFS on G and t € [0, Ry |-
Then an INF -HFT;-F of k is an INF -HFii of S if and only
if inw (R; 1 — 1) either empty or an interior ideal of & for
all m € [t, 1].

Proof: (=) By Theorem 3.17. (1).

(<) Let p be an INF—HFTZF of % and i, 9,0 € G.
Choose 7 := INF p(%). Then 1 —t = INF j(3) — ¢ =
INF %(%). Thus, © € $hnr (R; 77 —1). By assumption, i €
Nk (R;m — t). Hence, INF p(iiini) = INF & (i) + ¢ >
7, = INF j5(9). By Theorem 3.11, % is an INF -HFii of &.

|

Theorem 4.5. Let % be a HFS on G and t € [0, Ry |-
Then an INF HFTF of K is an INF -HFii of6 lfand only

if Linr (R — 1) ezther empty or an interior ideal of & for
all 1 € [t, 1).

Proof: (=) By Theorem 3.17. (2).
(<) It follow from Theorem 4.4. [ |

Theorem 4.6. Let % be a HFS on G and i € [0, Ry). Then
a SUP HFT1r of b is a SUP -HFii of S if and only if

Usyp(R;m — t) either empty or an interior ideal of S for
all m € [t,1].

Proof: (=) By Theorem 3.20. (1).
(<) Let p be a SUP -HFT; of % and i, o, € &. Choose
= INF p(%). Then 7 — t = SUP p(9) — £ = SUP ().
Thus, ¥ € Usup (K;7 — £). By assumption, iiind €
Usup (K; 1 —t). Hence, SUP p(iii) = SUP & (i) +1 >
7 = SUP j(©). By Theorem 3.11, & is a SUP -HFii of &.
|

Theorem 4.7. Let % be a HFS on & and i € [0, Ry]. Then
a SZ/{P-HFT;r of % is a SUP-HFii of & if and only if
Lsup (F;m — 1) either empty or an interior ideal of & for
all 1 € [£,1).

Proof: (=) By Theorem 3.20. (2).

(<) It follow from Theorem 4.6. [ |

For a HES % on & define T& := SUP {INF (i) | ii € &}
and +& = INF {SUP %(@1) | ii € &}.

For  are element of [0, F%] a HFS g of & is said to
be INF -hesitant fuzzy ¢~ -translation (INF-HFT;_) of % if
INF p(ii) = INF % (i) — i for all i € . Then % is an INF -
HFT,_ of &.

For ¢ are element of [0,+%] a HFS g of & is said to
be SUP -hesitant fuzzy ¢~ -translation (SUP-HFT;_) of k
if SUP p(ii) = SUP&(ii) — f for all i € &. Then % is a
SUP -HFT,- of &.

Theorem 4.8. Let % be an (inf, sup)-HFii of & and t be
are elements in [0, FK] and [0, =K]. Then every INF -HFT;_
and SUP -HFT;_ of ¥ is an (inf, sup)-HFii of 6.

Proof: Tt follows from Theorem 4.1. |

Theorem 4.9. Let k be a HFS on & such that its INF -
HFT;_ is an INF -HFii of & for some t € [0, FK]. Then &
is an INF -HFii of G

Proof: Tt follows from Theorem 4.2. ]

Theorem 4.10. Let k be a HFS on & such that its SUP -
HFT; is a SUP -HFii of & for some t € [0, +F]. Then ¥ is
a SUP -HFii of &

Proof: It follows from Theorem 4.3. [ ]

V. CONCLUSION

In the present paper, we have introduce the concept of
(inf, sup)-HFiis, which is generalal concept of IvFi in a
semigroup, and discuss its so properties. As important study
results, (inf, sup)-HFiis have been characterized in terms of
sets, FSs, HFSs, IvFSs, NFSs, PFSs and BFSs. Furthermore,
we use concepts of (inf, sup)-HFiis and IvFiis to investigate
characterizations of interior ideals and Fiis.

In our future study of BCK/BCI-algebras and other alge-
bras, the following objectives considered:

(1) to introduce and study (inf,sup)-type of HFSs based
on H-ideals and p-ideals of BCK/BCl-algebras,

to introduce and study (inf, sup)-type of HFSs based
on ideals, interior ideals and bi-ideals of ternary semi-
groups, I'-semigroups and LA-semigroups,

to introduce and study (inf, sup)-type of HFSs baded on
substructures of BE-algebras KU-algebras, JU-algebras
and IUP-algebras.

@)
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