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Incident Vertex P1 Coloring of Corona Product
of Some Graphs: Path with Complete Graph,
Path with Star Graph and Star Graph with Path

Sunil B. Thakare, IAENG, Member, Haribhau R. Bhapkar and Archana Bhange

Abstract—In a graph theory, the Pi coloring of a graph is the
method of assigning colors to its vertices using a power set
colors, ensuring that no repeating pattern occurs. This defines
the function from set X is a collection of subsets of vertices
having some common characteristics or properties to P(C), a
power set of distinct colors C. The minimum number of colors
required for Pi coloring is called the Pi chromatic number of
the graph. A specialized type, Incident Vertex Pi extending this
concept by defining coloring function on pairs of incident
vertices of an edge of graph. This function assigns colors from
a set X is collection of pairs of incident vertices of an edge to
P(C), the power set of distinct colors C and additionally each
ordered pair of an incident vertices receives distinct color. The
minimum number of colors required for Incident Vertex Pi
coloring is called the Incident Vertex Pi chromatic number of a
graph. In this paper, we discussed the Incident Vertex Pi
chromatic number for the Corona Product of various graph
families including P2 with K., P; with Ku, C3 with K, P, with
Sm, Cn With S, Tu with Su, S» with P>.

Index Terms (Key words)— Pi Coloring, Incident Vertex Pi
Coloring, Corona Product, Cycle, Path, Star graph, Complete
graph.

AMS Subject Classification: 05C15, 05C69, 05C70.

I. INTRODUCTION

HE graph G is defined as an order pair (M(G), E(G)),

where vertex set V(G) is a set of points in the plane and
an edge set £(G) is an ordered pair of vertices connected by
a line or a curve in the plane. Graph coloring is one of the
most extensive topics in Graph Theory with significant
global interest due to wide range of realistic applications [2],
[3]. Over the time, mathematicians developed various
coloring techniques to address difficult real-life problems.
For detailed survey of graph coloring methods, refer to [1],
[2], and [3]. Thakare and Bhapkar [5] invented the concept
of Pi-Coloring and Incident Vertex Pi-Coloring in graph
theory. The least number of colors required for Pi-Coloring,
and Incident Vertex Pi-Coloring are known as Pi Chromatic
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number and Incident Vertex Pi Chromatic number
respectively. In this coloring methods, function assigns color
to specific element of a graph based on common properties
in the set X of elements of a graph to the power set P(C) of
distinct colors C, ensuring that each subset receives distinct
color from the power set of available color.

The vertex coloring of Star graph S;, is 2 [1], while its
edge coloring is n [1]. The Total coloring of the Star graph
families S;, is n+1 [9] [10]. Similarly, the Incident Vertex
Pi coloring of Star graph S;, is n+1 [5]. For the Complete
graph (K,), the vertex coloring of is 7, and the edge coloring
is n, if n is an odd or n—1, if n is even. Total coloring of
Complete graph (K,) is n, if n is an odd or n+1, if n is even
[10]. The Incident Vertex Pi coloring of Complete graph
(Ky) is n [5].

In this study, we analyze the Incident Vertex Pi chromatic
number for the Corona product of two graphs selected from
the graph families: Path, Cycle, Star graph, and Complete
graph.

II. DEFINITIONS

In Graph Theory, various types of graph products have
been defined. In this paper, we focused on the Corona
Product graphs as described below and analyze its Incident
Vertex Pi chromatic number. For fundamental definitions,
concepts in Graph Theory and overview of graph coloring
methods, please refer to [1], [2], [3], [13], [14].

Definition 2.1: (Corona product)

Let A and B be two simple connected graphs such that the
size of graph A is n and its vertex set is {v;vs...v,}. The
Corona product of graph 4 and B symbolized by A O B is
graph constructed by taking one copy of graph A and n
copies of B denoted by B;, B>, ... B, and join each vertex u
from copy B; to vertex v; of graph 4, for i = 1, 2...n [4], [6],

(71, [8].

Definition 2.2: (Path graph)

A graph with n vertices {u;...u,} and n — 1 edges
{(unuz),(uz,u3),...(Un-,un)} is known as Path graph
represented by Pj.

Definition 2.3: (Cycle graph)

A graph with n vertices {uy..u,; and n edges
{(ug,u2),(uz,u3), ...(Un-1,un),(unus)} is known as Cycle graph
represented C,,.
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Definition 2.4: (Complete graph)

A complete graph represented by K, is the family of
graphs on n vertices such that each vertex is adjacent to all
other n — 1 vertices. It has n(n — 1)/2 number of edges.

Definition 2.5: (Star graph)

A Star graph represented by S,, it is constructed by
joining n pendent vertices to a single apex vertex. It consists
n + 1 vertices and n edges with the apex vertex having the
maximum degree of 7.

Definition 2.6: (Pi Coloring)

Let G = (V, E) be a simple connected graph where V is
vertex set, £ is edge set, and X is a collection of subsets of
elements of graph G having some common properties. If
there exists a function f : X —P(C), where C is a set of
colors and P(C) is its power set, such that f{X,) # f(X,), for
all p#q, then it is called Pi coloring of graph G [5].

Definition 2.7: (Incident Vertex Pi Coloring)

Let G = (V, E) be a simple connected graph where V is
vertex set, £ is edge set, and X is a collection of order pair
incident vertices of every single edge e in E(G). Define a
function f: X — P(C), where C is set of colors and P(C) is
its power set, such that f{X,) # f(X,), for all p#q, then it is
called Incident Vertex Pi Coloring of graph G [5].

III. MAIN RESULTS

In this section, we discussed the Incident Vertex Pi
coloring number results for Corona Product of graph namely
P> with K,,, P3; with K, C; with K,,, P, with S,,, C, with S,,,
T, with S, S, with P».

3.1 Corona product graph of Path P, with Complete
graph K, and its Incident Vertex Pi Coloring

Theorem 3.1: The Incident Vertex Pi coloring of the
Corona product graph of Path P, with Complete graph K, is
2m+1, form>1.

Proof: Consider Path P, = u;,u; and Complete graph K,
with the vertex set {v;, vz, v3,...vn}. Then, by the definition
of the Corona product graph, we have a graph P, O K, with
its vertex set is V(P2 O Kn) = {us, uz vir, vio, for i:=I
to...m}. It has 2m+2 vertices and m* m + m +1 edges. We
observe that in this graph, there are two vertices of
maximum degree A = d(u;)= d(u;)=m+1.

Incident Vertex Pi coloring is defined as function f: X —
P(C), such that it assigns distinct colors to every edge that is
incident at its two end vertices. Here set X is a collection of
the subset of order pairs of incident vertices of every edge of
the Corona graph P, O K, and C is a set of distinct colors
with its power set is P(C). Now assign distinct colors to
every edge that is incident at its two end vertices as below.

In this Corona product graph P, O K, there are two
copies Complete graph on m+/ vertices each induced by
vertex sets {u;vi} and {uzviz} for izl to..m. By the

definition of Incident Vertex Pi coloring, the Complete
graph on m+/ verities requires m+/ distinct colors for
Incident Vertex Pi coloring [8]. Hence for first copy of
Complete graph sets {u;vi;} for izl to..m requires m+1
distinct colors. However, in the second copy of Complete
graph {u,,v;>}, for i:]1 to...m, we observe that it is possible
to reuse only one color (say color 1 is used for vertex v;»).
So, for second copy we needed m additional new colors.
Thus, the Incident Vertex Pi coloring for vertices of the
Corona product graph P, O Ky, is as below:

vii—= 1L vay— 2, vm—m, u;— m+1,vi;— 1, vo—
m+2, vz > m+3,... vz — 2m and u; — 2m+1.

We notice that this coloring assigns distinct colors to
every edge that is incident at its two end vertices in Corona
product graph P, O Ky, as below.

o 1% copy of Complete graph: AX,) = {(i,)), fori = 1,2,..m
andj =i +1,i+2,..m +1}.

e 2% copy of Complete graph: fAX,) = {(i)), for i = m+1,
m+2,...2m and j = i+1,i+2,..2m+] and (I,m+2),
(I,m=+3),...(1,2m +1)}.

e Path P> =u;u; : f(Xy) = {(m+1,2m+1)}.
Thus, for all distinct p and g, f{X,)#/(X,).
Therefore, IVPI(P> O Kn)=2m+1. Hence the proof.

The Incident Vertex Pi coloring of graph P, O Ky, , for
m=4 is shown in Figure 1.

3.2 Corona product graph of Path P; with Complete
graph K, and its Incident Vertex Pi Coloring

Theorem 3.2: The Incident Vertex Pi coloring of the
Corona product graph of Path P; with Complete graph K, is
3m, form>2.

Proof: Consider Path graph P; = {u;usu;3} and Complete
graph K, with the vertex set {v;,v,...v,}. By the definition
of the Corona product graph, the resulting graph P3; O Kn
has vertex set is V(P3 O Kw) = {us, uz, us, vir, viz, vis, for
i:=1 to...m}. It has 3m+3 vertices and 3m*m+3m—+4 edges.
We observe that in this graph, the maximum degree A is
observed at u» given by d(uy)=m+2.

Incident Vertex Pi coloring is defined as function f: X —
P(C), such that it assigns distinct colors to every edge that is
incident at its two end vertices. Here set X is a collection of
the subset of order pairs of incident vertices of every edge of
the Corona graph P; O K, and C is a set of distinct colors
with its power set is P(C). Now assign distinct colors to
every edge that is incident at its two end vertices as below.

In this Corona product graph P3; O K, there are three
copies Complete graph on m+1/ vertices each induced by
vertex sets {usvir}, {uzvi2} and {usviz} for izl to...m. By
the definition of Incident Vertex Pi coloring, the Complete
graph needed m+/ distinct colors for Incident Vertex Pi
coloring [8]. Hence for first copy of Complete graph sets
{us,vir} fori:1 to...m requires m+1 distinct colors.
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u;=5

V=4 vi=1

vy =3 V=2

V=8 Gt

V=7 V3,=6

Figure 1. Incident Vertex Pi coloring of graph P> O Ky, for m=4.

However, we observe that it is possible to reuse only one
color from the color set of the first copy for the second copy
of the Complete graph {u»vi2}, because all vertices in
Complete graph are adjacent to each other. Hence, we
needed m more new colors for the second copy. Similarly,
for the third copy of the Complete graph on {usviz}, it’s
possible to reuse at most two colors (one from the first copy
and another from the second copy), hence we required m—1
more new colors for third copy. Thus, we needed total
(m+1)tm+(m—1) = 3m colors for Incident Vertex Pi coloring
to the graph P3 O K.

The Incident Vertex Pi coloring for vertices of the Corona
product graph P; O Ky, is as below:

First copy: u;— I, vii— 2, va;— 3, ... v — m+1,

Second copy: u;— m+2, vi;— m+3, vi,— m+4, v —
m=+5,..., V-2 = 2m+1, vi» — 2 and

Third copy: uz — 2m+2, viz— 2m+3, vz — 2m+4, v33 —
2m+35, ..., V-3 — 3M, V-3 — 3, Vuz — m+3.

We notice that this coloring assigns distinct colors to
every edge that is incident at its two end vertices in Corona
product graph P; O K, as below.

o 1% copy of Complete graph: f(X,) = {(i)), fori =1,2,..m
andj=i+1i+t2,..m+1}.

u;=1

e 2% copy of Complete graph: fAX,) = {(i)), for i = m+2,
m+3,.2m and j = i+li+2,.2m+1] and (2,m+2),
(2,m+3),...(2,2m +1)}.

e 3" copy of Complete graph: (X,) = {(i,j), for i = 2m+2,
2m+3,..3m-1 and j = itlit2,..3m; (3,2m+2),
(3,2m+3),...(3,3m) and (m+3,2m+2), (m+3,2m+3),
..(m +3, 3m), (m+3,3)}.

o Path P3; = u; ur uz: X,) = {({,m+2), (m+2,2m+2)}.
Thus, for all distinct p and g, f{X,)#f(X,).
Therefore, IVPI(P3 O K )=3m. Hence the proof.

The Incident Vertex Pi coloring of graph P3 O K, for m=4
is shown in Figure 2.

Theorem 3.3: The Incident Vertex Pi coloring of the
Corona product graph of Cycle C; with Complete graph K,
is 3m, for m > 2.

Proof: By using a similar logic of Theorem 3.2, we will
get this result. We observe that, there is one additional edge
from path P;3 to cycle C; in the Corona product graph C; O
K.

u;=10

=5

Var

vy =4 vy =3 v3,=9

v=11

V=8 V=3

Figure 2. Incident Vertex Pi coloring of graph P3 O Ky, for m=4
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3.3 Corona product graph of Path P., Cycle C. and Tree
T. with Star graph S» and its Incident Vertex Pi
Coloring

Theorem 3.4: The Incident Vertex Pi coloring of the
Corona product graph of Path P, with Star graph S, is
2n+m, for m > 3.

Proof: Consider Path graph P, = {v;v,...va} and Star
graph S,, with the vertex set {u,usuzus,...un}, where u is
central vertex and u; are m pendent vertices. By definition of
the Corona product graph, the resultant graph P, O Sy, has
vertex set is V(Pn O Swm) = {viva...Vn, ti,uis, Uiz, Us3,... Ui}, for i
= 1,2..m and an edge set is E(Pn O Sm) = {(viv2),
(V2,v3).e.(Vi-1vn), (Vi wy),(viuyp),(uju), for j = 1,2..n and i =
1,2...m}. It has n(m + 2) vertices and n(2m+1)—1 edges. We
observe that in this graph, the maximum degree of the
vertices v2,v3,...vn1 1S d(v3) = ... =d(Vy-1) = m+3.

Incident Vertex Pi coloring is defined as function f: X —
P(C), such that it assigns distinct colors to every edge that is
incident at its two end vertices. Here set X is a collection of
the subset of order pairs of incident vertices of every edge of
the Corona graph P, O Sy, and C is a set of distinct colors
with its power set is P(C). Now assign distinct colors to
every edge that is incident at its two end vertices as below.

In P, O S, Corona product graph, there are n copies of the
Diamond graph on (m+2) vertices each induced by vertex
sets {(v, u, uy); i = 1,2,.m}, for j = 1,2,..n. By the
definition of Incident Vertex Pi coloring, the Diamond graph
requires (m+2) distinct colors for Incident Vertex Pi
coloring [8]. So, Incident Vertex Pi coloring for the first
copy of the Diamond graph, we needed (m +2) distinct
colors. However, we notice that it is possible to reuse m
colors assigned to the vertices {u;;} in first copy for
corresponding m vertices in remaining all n—1 copies of the
Diamond graph as well. So, let us we fix the colors for these
m vertices across all n from copies in Diamond graph
{uir},{uiz},...{uin}. Now we only need to color the remaining
vertices {u;v;}, for j = 1,2,.n. We observed that both
vertices are adjacent to each other as well as adjacent to the
set {u;} of m vertices of n copies of the Diamond graph,

hence we need 2n additional colors for Incident Vertex Pi
coloring. Thus, we needed total (2n+m) colors for Incident
Vertex Pi coloring. The Incident Vertex Pi coloring for
vertices of the Corona product graph P, O S, is shown
below:

First copy of Diamond graph: u;; — l,u2;— 2uz;— 3, ...
Umi — mu; — m+1v;— m+2

Second copy of Diamond graph: u;, — 1,u2—2,u3; —3, ...,
Uz — m,uz— m+3,v— m+4, and so on

nth copy of Diamond graph: wu;, — I, uzn— 2, uz, — 3, ...,
Vin —> M, Vy — m+2n,un — m+2n-1.

We notice that this coloring assigns distinct colors to
every edge that is incident at its two end vertices in Corona
product graph P, @ S;;, as below.

o 1% copy of Diamond graph: f(X,)={(i,m+1), (im+2), for
i=1,2,..m and (m+1,m+2)}.

e 2% copy of Diamond graph: AX,)={(im+3), (i,m+4), for
i=1,2,..m and (m+3,m+4)}, and so on

e n'" copy of Diamond graph: f{X,)={(i,m+2n-1), (i,m+2n),
fori=12,.mand(m+2n-1,m+2n)}.

e Path P, = v, vz ... vii fXp) = {(m+2,m+4), (m+4,m+6)...
(m+2n-2,m+2n)}.

Thus, for all distinct p and g, f{X,)#f(X,).
Therefore, IVPI(P, © Sym)=2n+m. Hence the proof.

The Incident Vertex Pi coloring of graph P, © S, for
m=4 and n=3 is shown in Figure 3.

Theorem 3.5: The Incident Vertex Pi coloring of the
Corona product graph of Cycle C, with Star graph S, is
2n+m, for m > 3.

Proof: By using a similar logic of Theorem 3.4, we will
get this result. We observe that, there is one additional edge
from path P, to cycle C, in the Corona product graph C, O
Sm .

7 9
I E 1@4 1'4
8 10

Figure 3. Incident Vertex Pi coloring of graph P, O Sy, for m=4 and n=3.
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Theorem 3.6: The Incident Vertex Pi coloring of the
Corona product graph of Tree 7, with Star graph S, is
2n+m, for m > 3.

Proof: By using a similar logic of Theorem 3.4, we will
get this result.

3.4 Corona product graph of Star graph S, Path P; and
its Incident Vertex Pi Coloring

Theorem 3.7: The Incident Vertex Pi coloring of the
Corona product graph of Star graph S, with Path P, is A+1,
for n >4.

Proof: Consider the Star graph S, with the vertex set {v,,
V2, ...Wui1}, Where v, is central vertex and u, to v,; are n
pendent vertices. Additionally, P> = {u;u,} be the Path
graph with two vertices. By definition of the Corona product
graph, the resulting graph S, O P, has vertex set is V(S, O
P2) = {vi, V2, ... Vuis; unuz, fori=1,2..n+ 1} and an edge
set is E(Sy O Py) = {(vi, w), for i =23..n + 1; (vi, un),( vi,
uz), (urn,uz), for i = 1,2..n+1}. This graph consists of 3n+3
vertices and 4n+3 edges. Moreover, we observe that the
maximum degree (A) of vertex v, is given by d(v;) = nt2.

The Incident Vertex Pi coloring is defined as function f:
X — P(C), such that this function assigns distinct colors to
every edge based on its incident vertices, ensures that no
two incident edges share the same color at their endpoints.
Here set X is a collection of the subset of order pairs of
incident vertices of every edge of the Corona graph S, O P,
and C is a set of distinct colors with its power set
represented as P(C). Now the incident vertex pi coloring is
applied as follows:

In this Corona product graph, there are n + 1 copies of the
cycle graph C; on 3n + 3 vertices, each induced by vertex
sets {(viuz,uz), for i = 1,2,..n+1}. Consider the set X =
{X[,Xz,...Xn,P1,P2,...Pn+1,Q1,Q2,...Q,,+1,R1,R2,...Rn+1}, where
edges of Star graph S, Xi = (v, vi+s), for i = 1,2..n; and
edges of cycle graph C; = PiQiR;: P; = (vi,u1:),0i = (vi,u2),R;

2

= (us,uz), for i =1,2...n +1 The Incident Vertex Pi coloring
for vertices of the Corona product graph S, O P, as below:

First copy of cycle graph C3 = P;Q/R;: vi— 1, u;;—n+2,
uz—n+3,

Second copy of cycle graph Cs = P>QxRz: v2— 2, u; —3,
U —n+2,

Third copy of cycle graph Cs = P3QsR3: vi— 3, u;3—4, uz;
—n+3,

Fourth copy of cycle graph Cs; = P4QuRys: vs— 4, ujs—5,
u2¢—n+4, and so on

(n+1)™ copy of cycle graph C; = Py ;Qn+1Ru+1: Var1 — n+1,
Uiy —2 and uzp+ ) —n+3 if nis even, usp+y) —4 if nis
odd.

We notice that this coloring assigns distinct colors to
every edge that is incident at its two end vertices as below.

 Star graph S, with the vertex set {v;, vz, ...vy+1},
fX) = {(1,2),(1,3)...(1,n + 1)}.
* 1% copy of cycle graph C3 = P;Q;R;:
SX) = {(1,n+2),(1,n+3),(n+2,n+3)}.
2% copy of cycle graph C; = P>02R>:
SX) = {(2,3),(2,n1+2),(3,n +2)}.
3" copy of cycle graph C; = P;Q3R;:
X)) = {(3,4),(3.,n13),(4,n +3)}.
« (n+1)" copy of cycle graph C3 = Py 1Qn+ 1R+ 1:

fXy) = {(n+1,2),(n+1,n+3),(2,n+3)} or {(n+l,2), (2,4),
(nt+1,4)}.

Thus, for all distinct p and ¢, f{X,)#/(X,).
Therefore, IV PI(S, O P2) =n+ 3 = A + 1. Hence the proof.

The Incident Vertex Pi coloring of graph S, O P, is shown
in Figure 4.

6

7

4

Figure 4. Incident Vertex Pi coloring of graph S, O P>
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Corollary 3.8: The Incident Vertex Pi coloring of the
Corona product graph of Star graph S3 with Path P, is A+2.

Proof: The Incident Vertex Pi coloring of the Corona
product graph of Star graph S; with Path P, is shown in the
Figure 5 below.

-
w

~
w

6 4

Figure 5. Incident Vertex Pi coloring of S3 O P,

IV. CONCLUSION

The concept of Incident Vertex Pi coloring for corona
product graph has been explored along with its Chromatic
number. We investigated the Incident Vertex Pi Chromatic
of the Corona product of various graph families, including
P; with K,,, P3 with K,,, C3 with K,,, P, with S, C, with Sy,
T, with Sy, and S, with P;. These results provide s new
insights into the Incident Vertex Pi chromatic number of a
graph. Based on our results, we determined the precise
optimum Incident Vertex Pi chromatic numbers for these
Corona products. Our finding indicates that the Incident
Vertex Pi chromatic number of a graph is different than our
traditional chromatic number.

TABLE I
Chromatic Number and Incident Vertex Pi Chromatic
Number Comparison

Corona Chromatic | Incident Vertex Pi
product graph No. Chromatic No.

P, O Knm m+1 2m+1

P; O Kpy m+1 3m

P, O Sn 3 2n+m

S, O P, 3 n+3

Future study could explore to investigate Incident Vertex
Pi coloring number for more families of corona product
graph. Additionally, new researcher may explore Incident
Vertex Pi coloring number as promising area of study in
graph theory.

REFERENCES

[1] Kubale M., Graph Colorings, Contemporary Mathematics, Vol. 352,
American Mathematical Society, (2004), ISBN: 978-0-8218-3458-9
(print); 978-0-8218-7942-9 (online), DOI: 10.2307/2369235.

[2] Joseph Gallian, A Dynamic Survey of Graph Labeling, Electronic
Journal of Combinatorics, 1(2018), DOL: https: //doi.org/10.37236/27.

[3] Whitney, Hassler, The Coloring of Graphs, Annals of Mathematics,
33(4)(1932), 688-718, DOI: https://doi.org/ 10.2307/1968214.

[4] Harary F., Frucht R. On the Corona of Two Graph, Aequationes
Math., 4(1970), 322-325. DOI: https://doi.org/10. 1007/BF01844162.

[5] Thakare Sunil, Bhapkar H. R., Incident Vertex n-Coloring of Graphs,
Communications in Mathematics and Applications, 14(2)(2023), 591-
604, DOLI: https://doi.org/10.26713/ CMA.v14i2.2215.

[6] BrainJ. S, Liliek S., Dafik and V. Lokesha, On the Study of Rainbow
Antimagics Connection Number of Corona Product of Graphs,
European Journal of Pure and Applied Mathematics, 16(2023), 271-
285. DOL: https://doi.org/10.29020/nybg.ejpam.v16i1.4520.

[7] Bhange A. A., Bhapkar H. R., Perfect Coloring of Corona Product of
Cycle Graph with Path and Null, Advanced in Mathematics:
Scientific Journal, 9(2020), 10839-10844. DOL:
https://doi.org/10.37418/amsj.9.12.68.

[8] Mohan S., Geetha T. and Somsundaram K., Total Coloring of the
Corona Product of Two Graphs, Australian Journal of Combinatorics,
68(1)(2017),15-22.

DOL:https://ajc.maths.uqg.edu.au/pdf/68/ajc_v68 p015.pdf.

[91 Mehdi Behzad, The total chromatic number of a A survey
Combinatorial Mathematics and 1969), its Applications Academic
Press, (Proc. Conf., London, 1971, Oxford, 1-8,
https://scholar.google.com/scholarlookup?title=The+total+
chromatictnumber+of+a+graph%3A+A+survey&author=
Mehdi+Behzad&publication year=1971&pages=1.

[10] Behzad M., G. Chartrand, J. K. Cooper Jr., The Colour Numbers of
Complete graphs, Journal of London Math. Soc., 42(1967), 226-228,
DOIL: https://doi.org/10.1112/jlms/ s1-42.1.226.

[11] Bhange A. A., Bhapkar H. R., Perfect colouring of the graph with its
kinds, J. Phys.. Conf. Ser. 1663(2020), 012024. DOL
https://doi.org/10.1088/1742-6596/1663/1/012024.

[12] Bhapkar H. R., Applications of Planar Graph to Key Cryptography,
International Journal of Pure and Applied Mathematics 120.8 (2018):
89-97. https://acadpubl.eu/hub/ 2018-120-8/1/10.pdf.

[13] Harary F., Graph Theory, Addison-Wesley Publishing Company,
Reading, Massachusetts (1969).

[14] West Douglas B., Introduction to Graph Theory, 2nd edition, Pearson
Education India, 470 pages (2000), ISBN 13: 9780130144003, ISBN:
9788178088303.

[15] A. Sudha Rani, and S. Sindu Devi, "Dihedral Group Divisor Cordial
Labeling for Path, Cycle Graph, Star Graph, Jelly Fish and Wheel
Graphs," IAENG International Journal of Applied Mathematics, vol.
54,m0. 11, pp 2148-2153, 2024

Prof. Dr. Haribhau R. Bhapkar, Head and Associate Professor of
Mathematics at Central University of Kashmir, holds a master’s in
Mathematics (2000) and a Ph.D. in Graph Theory (2016) from the
University of Pune. With over 25 years of teaching experience, he has
published 58 research papers and co-authored 130+ books and chapters
spanning graph theory, COVID-19 modelling, Al, algorithms, and
engineering mathematics. He created his own academic credit system and a
universal CGPA-to-percentage conversion formula. Passionate about
innovation and IPR, he has filed 50 copyrights, and holds 42 Indian and 1
UK design patent. A recognized public educator, he has appeared on TV
and radio over 17 times and authored 20+ newspaper articles. Dr. Bhapkar
embodies the National Education Policy-2020’s multidisciplinary spirit,
committed to enhancing students’ problem-solving, creativity, and
confidence through his teaching and publications. His holistic approach
blends academic rigor with design thinking to nurture capable and
innovative minds.

Prof. Dr. Archana Bhange received her B. Sc. and M.Sc. and M. Phil.
(Mathematics) Degree from Dr. Babasaheb Ambedkar Marathwada
University, Chhatrapati Sambhajinagar. She received Ph. D. from MIT Art
Design and Technology University Pune. Currently she is working as
Assistant Professor in MANET, MIT Art Design and Technology
University Pune. Her research interest includes graph theory, graph
coloring.

Prof. Sunil Bhaskarrao Thakare graduated from University of Pune in
2002 and M.Sc. in 2005 from University of Pune. He is working as
Assistant Professor in Department of mathematics, School of Engineering
and Sciences, MIT Art Design and Technology University Pune. He is
perusing Ph. D. under the guidance of Dr. H. R. Bhapkar and Dr. Archana
Bhange at MIT Art Design and Technology University Pune. His research
interest includes graph theory, graph coloring, Pi coloring and Incident
vertex Pi coloring.

Volume 55, Issue 8, August 2025, Pages 2600-2605


IAENG%20CORONA%20PRODUCT%20P5.doc
https://doi.org/%2010.2307/1968214
https://doi.org/10.%201007/BF01844162
https://doi.org/10.26713/%20CMA.v14i2.2215
https://doi.org/10.29020/nybg.ejpam.v16i1.4520
https://doi.org/10.37418/amsj.9.12.68
https://ajc.maths.uq.edu.au/pdf/68/ajc_v68_p015.pdf
https://scholar.google.com/scholarlookup?title=The+total+%20chromatic+number+of+a+graph%3A+A+survey&author=%20Mehdi+Behzad&publication%20year=1971&pages=1
https://scholar.google.com/scholarlookup?title=The+total+%20chromatic+number+of+a+graph%3A+A+survey&author=%20Mehdi+Behzad&publication%20year=1971&pages=1
https://scholar.google.com/scholarlookup?title=The+total+%20chromatic+number+of+a+graph%3A+A+survey&author=%20Mehdi+Behzad&publication%20year=1971&pages=1
https://doi.org/10.1112/jlms/%20s1-42.1.226
https://doi.org/10.1088/1742-6596/1663/1/012024
https://acadpubl.eu/hub/%202018-120-8/1/10.pdf



