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Some Results on Fs-Binary Relations of Different
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Gudivada Srinivasa Rao, Vaddiparthi Yogeswara and Biswajit Rath

Abstract— Y. Vaddiparthi et al. introduced Fs-binary rela-
tions on a pair of Fs-sets in a research article, ‘“Some Modifica-
tions on Binary Relations on Fs-sets-Consequences,” and proved
the collection of all Fs-binary relations with suitable partial
orders is an infinitely distributive lattice. In this paper, we
introduce various Kkinds of Fs-binary relations, viz. increasing
Fs-binary relation, decreasing Fs-binary relation and preserving
Fs-binary relation and prove any non-empty collection of all
increasing (decreasing) Fs-binary relations on a pair of Fs-sets
is a V-complete lattice (\-complete lattice) with the same partial
order and also prove that the collection of all preserving Fs-
binary relations with the same partial order is an infinitely
distributive sublattice of the infinitely distributive lattice of
all Fs-binary relations on the same pair of Fs-sets with the
same partial order. Also, lastly, we define composition between
suitable Fs-binary relations and introduce (1) a category of Fs-
binary relations. (2) a category of increasing Fs-binary relations
(3) a category of decreasing Fs-binary relations and (4) a
category of preserving Fs-binary relations and prove some
related results.

Index Terms—Fs-set, Fs-subset, Fs-objects, Fs-binary rela-
tion,composition of Fs-binary relations, category of Fs-binary
relations.

1. INTRODUCTION

uzzy relations were introduced in the pioneering work on

fuzzy sets by L. Zadeh [21]. Several mathematicians as
well as computer scientists in later years extensively studied
[0, 1] valued fuzzy relations. Vaddiparthi Yogeswara et al.
[9] introduced a kind of fuzzy set which is called an Fs-set in
the year 2013. An Fs-set is a four tuple in which the first two
components are crisp sets such that the second component
is a subset of the first component. The fourth component
is a complete Boolean algebra, and the third component
is a function with the domain as its second component
and the co-domain as its fourth component. As well as
the third component is a combination of two subcomponent
functions which are written in brackets preceded by the
third component. The first and the second components are
respectively, domains of the first subcomponent function and
the second subcomponent function, and the fourth component
is a co-domain of both the subcomponent functions. Also,
the first subcomponent function, whenever it is restricted to
the second component, the resultant is more valued than
the second subcomponent function. The third component,
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which is the combination of two subcomponents, is called
the membership function of the given Fs-set. The way
of writing the membership function as a combination of
more sub-functions helps to study the introduced theory
more accurately [[1], [2]. Based on this definition of Fs-set,
Vaddiparthi Yogeswara et al. [9] introduced the theory of Fs-
sets and the theory of Fs-binary relations [20] on a pair of Fs-
sets [10] and proved the collection of all Fs-binary relations
with a suitable partial order is an infinitely distributive
lattice. In this paper, we introduce various kinds of Fs-binary
relations, viz. increasing Fs-binary relations, decreasing Fs-
binary relations and preserving Fs-binary relations, and prove
that the collection of all increasing (decreasing) Fs-binary
relations on a pair of Fs-sets is a V-complete lattice (A-
complete lattice) with a suitable partial order and also prove
that the collection of all preserving Fs-binary relations with
the same partial order is an infinitely distributive sublattice
of the infinitely distributive lattice of all Fs-binary relations
[19] on the same pair of Fs-sets with the same partial
order. The necessary examples wherever needed are also
given. Lastly, we define the composition between suitable
Fs-binary relations and introduce (1) a category of Fs-binary
relations, (2) a category of increasing Fs-binary relations,
(3) a category of decreasing Fs-binary relations and (4)
a category of preserving Fs-binary relations [4] and prove
some related results. The necessary information for smooth
reading of this paper is given in Section III of this paper.

The necessary information for smooth reading of this paper
is given in section-III of this paper.

Let & = (Al,A,Z(ulAhugA),L) be an universal Fs-set
[9] where L is a complete Boolean algebra.

II. Fs-BINARY RELATION

Let Lp, and L¢, be complete sub algebras of L.

Definition IIL.1.

Let o = (B1o, Bo, Bo(11B10,12B, ), LB, ), €0 = (Cho,
Co, Co(H1040, 4200 )s LCO) be a pair of Fs-subsets [9] of ..
A triplet § = (g1,9,¢) with g C g1 (Crisp sub set sense)is
said to be an Fs-binary relation from % into %(,denoted by
g C Py x 6y if, and only if there exist two objects, call Fs-
objects ’%}L: (Bll,Bl,Bl(u13117M231),L30) and 61 =
(011, Y, Cl(ﬂlCll,M201)a LCO) such that

(@) Bo € By € By1 € B19,Cp € C1 € Cy1 € Crouptap,, €
Bi1 x L, {pic,, € Ci1 X Le, b2, € B1 x L, {p2c,
CCyx Loy} and pip,,b{uic,,c} exists means there
exists &« € Lp, (B € Lg,),c1 € Cy1(by € By1) such that
(b,@) € pip,, {(c,B) € picy, } and (b,c1) € gi{(b1, c)€
g1} (here C stands in crisp set sense). Similarly, for uop, b
{pac, ¢} exists means there exists « € L, (8 € L¢,) such

that (b, @) € pap, {(c,B) € pac, } and (b,c1) € g {(b1,c)
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€ g}. Also pop,b C pip,, b,where b is such that (b,a) €
pap, for some oo € Lp, and (b, c) € g for some ¢ € C;.
Similarly, psc, ¢ C pic,, c,Where c is such that (¢, 3) €
Hac, for some B € Le, and (b,¢) € g for some b € By.
(b) g1 ={(b,c)/b € By1,c € Ci11} € Byg x Cyo(Crisp
subset of).

Here By; = domain of g; and C7; = Co— domain of ¢,
and By x (77 is such that g1 C By x Cq;.

Here on words, we write domain of ¢g; and Co-domain of
g1 as domg; and Codg; respectively.

Note that if there exist X x Y such that g C X xY C
By1 x Cq1 then X x Y = By x Cq; Here, we can easily
observe B1; x (11 is the least or smallest cartesian product
containing ¢ .

(©) g={(b,c)/b € By,c € C1} 2 By x Cy(Crisp subset of).

Here By = domain of g and C; = Co-domain of g and
By x Cy is such that g C By x Cf.

Similarly, as in (b) we can easily observe that By x C is
the least cartesian product containing g.

Whenever By; C By or C11 € Cy or pip,,b < pap, b for
at least one b € By; with (b,¢) € gy for some ¢ € Cy; or
1oy, € < pac,c for at least one ¢ € Cpy with (b,¢) € ¢
for some b € Bj1, we assume g is Fs-empty binary relation,
denoted by ), here C denote proper subset (crips set sense)
symbol.

Also, for (b,c) € By1 x Cy3we can observe ¢ € {g1b} or

c & {gib}.
(d) (p1B,y/B11) = Vuip,,ie., for each b € By; such that
(b,c) € g1 for some ¢ € C11 , p11B,,b Z V(b,0)eg, 1H1B,, 0} -
Here ¢ € C4; varies . It can also be denoted by ui1p,,b
z v {:u’lBub} .

And (p10,,/C11) 2 Vpie,,ie., for each ¢ € Cyq such

that (b,c) € g1 for some b € By, pi0,,¢ =
V(b,e)eg: tH1c,, ¢} - Here b € By variesIt can also be
denoted by p10,,¢ 2 V{u1c,y, ¢}
() pop, = V(u2p,/Bo) ie., for each b € By
such that (b,c) € g for some ¢ € Cy, pap,b <
V(b,e)eBox CoCg 1128, b} . Here ¢ € Cp may vary. It can also
be denoted by pap,b < V {p2p,b}.

And poc, £ V(p2c,/Co) ie., for each ¢ € Cy such
that (b,c) € By x Cp for some b € By, pac,c =
V(b,e)eBoxCo {120, €} -

Here b € By may vary. It can also be denoted by. pa2c,c <
N {IU‘QCl C} .

(f) ¢: Lp, = L¢, is a complete Boolean algebra homomo-
rphism.

(g) Whenever #; = @, = The Fs-empty set or 47 = @
then the corresponding Fs-binary relation is called Fs-empty
binary relation, denoted by (. This ) is considered same as
given in IL.1(c).

(h) We can denote g with Fs-objects #; and %1 by
(g, %1,¢1) also.

Remarks IL2. Observe Vg b= Vi, band Ve b <
\//ilcnb'

Remarks IL3. (g;,%;,%¢;) in general we mean, g, =
(glhgzﬁgol <@Z = (BliaBivBi(ulB11:,/J’QBi)7L) and % =

(Cli7 Oi7 Ci(lulcliwu“QCi)? M)

Remarks IL4. Whenever By, Cy1, Biand C; all are non-
empty and (41 3,,, 41Cq;, H2B, and poc, exist and are defined

for every element and unique then Fs-objects %4, and %, are
usual Fs-subsets[9].

Remarks IL.5. A part of the diagrammatic representation of
Fs- binary relation is as in below

B o, Cn By LN C1

MlBuJ/ J/Mlcu M2B1J/ J{l’L?Cl

LB() T) LCO LB[) T) LCU

Fig. 1. Partial diagrammatic representation of Fs-binary relation

Example I1.6. Example of an Fs-binary relation
Consider § = (91,9, ¢), G11 = {a1,a2},G1 = {az},H11 =
{1, b2},

Hy = {bs}.

g1 ={(a1,b1),(a1,b2) , (az,b1), (az,b2)}, 9 = {(az,b2)}

L:a<> B=M

0
Fig. 2. Complete Boolean Algebra
H1G,, 01 = O, H1G,,02 = «, Hag,a2 = 0 1e., pi1g,,02 >
H2G, a2
Hia, b1 = B, pim, b2 = B, pom, by = B ie., pig, by >
Hom, ba

Define ¢ : L — M as p(a) = B,0(8) = a,p(0) =
0, (1) = 1 then ¢ is a Boolean algebra homomorphism and
g is a Fs-binary relation from (G11, G1, G1 (1164, 26, ), L)
into (Huy1, Hy, Hy(pamyy 2, ), M).

Proposition I1.1. Suppose #B,¢ C o/ and ¢ : Lg, — L¢,
is a complete Boolean algebra homomorphism. Then the
following are true
(a) \//ilCll (91|B1) ; Ve, (g)
(b) \ (30 O H1By,y |Bl) g \/(90 © .[1“231)
(©) ¢ o (Vhgp,b)* = (V(p o uap,))  for any b € B.
Proof of (a): For gb = {¢;}icr, 910 = {¢;i }icrU{cj}jes
We have
Voo, ci = Ve, ¢, Vi€ 1
= Vier (Viac, i) = Vier (Ve ¢i)
S (Vier (Ve 6i)) V (Vies V e, ;)
= Ve, (glb)
ie. Viac, (9b) = Vpac, (910). u
Proof of (b): We have By C By;.

For any b € By assume pop,b = {a;}ier and pip,, b =

{aitier V4{aj}jes
we have

Vieray = (Viera;) V (Ve ) ,ie.
Vi, b < Vg, b
= ¢ (Vp2p,b) = ¢ (Viap,,0) = V(po pip,,b)

= V(popu2p,b) =V (popup,b),Vbe By
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ie. V(popap,) = \/(4,00M1311|Bl)- u
Proof of (c) :

LHS=¢po (VugBlb)c

= ¢ o (A (u2B,0)%)
= Alpo (u2p,b)]
Al(p o p2p,b)‘]
[ (¢ 0 p2p,b)]” = RHS
ie. po(Vuyp b)° = (V(popugp,)) foranybe By. W

Definition I1.7.

Two non-empty Fs-binary relations (g, %1,%1)
(Go, B2, 62) are said to be equal if, and only if

N @ g11 =912

(®) g1 =92
(2) (a) For pyp,, € By1 X L, p1p,, € B2 x L,

Viip,b = Vuip,b for each b € Bii= Bio
whenever p15,,b and p15,,b exist.

(b) For pic,, € Ci1 x M, pic,, € Ciz x M,
Vo, ¢ = Viic,,c for each ¢ € Cii=Cia
whenever f11¢,, ¢ and ¢y, exist.

For pop, € By % L7M232 C Bs x L,\/,ugBlb =

Viuap,b for each b € By= By whenever pop, b

and pop,b exist.

(b) For pzc, € C1 X M, pac, € Cy x M,Vysc,c =
Vuac, ¢ for each ¢ € C1= Cs whenever pac, ¢
and pi2c,C exist .

and

3 @

Example I1.8. The following example shows equality of two
Fs-binary relations (g;, %1, %1) and (g4, B2, €2) .
Here §, = (g, $1,%1), Bi1 = {b,¢,d} , By = {b,c}, L is
the same coomplete Boolean Algebra as in Example
By, b= {a, B}, p2p,b={a,0} , B, c = {a, 1},
uap, ¢ = {a,0}.
Vg, b=1,Vusp b=a,Vug c=1,Viyg c=a
Cy1 ={b,¢,d},Cy = {b,c}.
o, b =4{a, 1}, pec,b =0,
picy, ¢ = {B}, pac, ¢ = {0}
Vi, b=1,Vise, b= 0,V e, c
g ={(0,¢),(c,0)}, 91 = {(b,0)}
Ga = (99, $2,2), Brz = {b,c, f}, By = {b}
p1B,2b = {a, 1}, p2p,b = {o, 0}
Vi p,b=1,Viop,b =«
Cia =1{b,¢c,f},Cy ={c}
piic,o¢ = {B,0}, pac,c = {0}
Vi oy, ¢ = B, Vige,c =0
g12 ={(b,c),(c,;b)}, 92 = {(b,c)} .
Remarks I1.9. We can easily observe from (1)(a), domg;1 =

domgi2 and codgyy = codgy2 (or) Bii= Bia, C11 = Cha.
Similarly, that in (2)(a).

= /Ba\/H'ZCc: 0

Theorem I1.10. The Collection of all Fs-binary relations
from an Fs-subset 9B, into another Fs-subset 6, denoted
by R%(%By, %) is an infinitely distributive lattice [8|] with
partial order < defined for (g,,%1,%1) and (G, P, €) in
R2 ('%03 CKO)

(917‘%17%1) (927‘%27(52) lf and Only lf

g11 € 912,91 2 92,

\/,ulBll § \//LlBlzv\/.ulcu § \//Llcm and
Vo, 2 Vpap, Vo, 2 Ve,

Remarks II.11. For supremum (V) and infimum (A) of any
family of Fs-binary relations, one can refer [19]].

III. Fs-BINARY RELATIONS OF DIFFERENT KINDS

Definition ITL.1. An Fs-binary relation g = (g1,9,¢) €
R?(%y,6y) is said to be an increasing Fs-binary relation,
from %, into %), denoted by (g 1, $1,%1) C By x € or
simply g T, if, and only if (from figure),

B L Cn By L’ C1

M1BHJ = JMCH MzBll < l/@c

L——M L——™M
P P

Fig. 3. Increasing Fs-binary Relation
1) If both V (p1104,910) and ¢ o(Vp1p,,b), exist for any
b € Bip then V (Nlcuglb) > ® O(\/ulBllb),
2) If both V(uac, gb) and po(Vuzp,b), exist for any b €
By then V(p2c, gb) < po(Vpzp,b),
For some b, if any of the above four expressions does not
exist, then the corresponding inequality is not tenable.

For an example of an increasing Fs-binary relation one
can see Example [[TL.3]

Theorem II1.2. The Collection of all increasing Fs-binary
relations, denoted by R? (%o, 6o) with partial order < given
in R%(%o,6y) [19] is a V-Complete lattice.

Proof: Initially let us prove this theorem for two increas-
ing Fs-binary relations and then we can generalize it to any
arbitrary family of increasing Fs-binary relations.

In general,we will have g; = (g1, g, ©) (Remarkwith
Fs-objects %; and ;.

Given g1 T and g2 T . Assuming all relevant expression
are existing, we have for g; T,

g11 g1
By —— Ci B, —— ()

#1311J/ 2 J/:ulcu M231J/ § j{/"LZCH

L——™mM L——™M
P P

Fig. 4. Increasing Fs-binary Relation
DV (1cy,9110) 2 0 o(Vis,,b), for b € Biy
2) V(pac,91b) £ ¢ o(Vusp,b), for b € By,
g1 with Fs-objects %, and %1
where domgi1 = Bi1, codgi1 = Ci1,domgy = Bh,
codgy = Ch, gy, € B x L,pic,, € Cii x M,
e, € Bi1 X L, poc, € Ci x M and similarly,
for go T ,we have
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912 92
Big —— Ch2 By —— (s

#1312J/ 2 J/:ulclz /‘LQBzJ/ § j{uQCz

L——mM L——™M
P P

Fig. 5. Increasing Fs-binary Relaton

3) V(p1c,9120) 2 ¢ o(Vpp,,b), for b€ By

4) V(p2c,920) £ ¢ o(Vuaep,b), for b € Ba,
go with Fs-objects %, and %5
where domgy2 = Bi2, codgis = Cha2,domgs = B,
COde = CZalulBlQ C Bz X Ln“’lCm C Ci2 % Ma
top, € Ba X L,psc, € Co x M.
Suppose g1 V g2 = g3 with Fs-objects %3 and %3
Need to show
gs is an increasing Fs-binary relation.
Sufficient to show whenever all the relevant expressions
exist, then we have to show with the help of the
following diagram

g13 gs
Blg —_— 013 B3 —_— 03

H1By3 J = J/Mlclg H2B; J < j{p‘2C3

L——M L——™M
14 P
Fig. 6. Increasing Fs-binary Relaton

5) V(1c15913b) 2 po(Viurp, b), for b € Bis
6) V(pac,g3b) = wo(Vuap,b), for b € Bs
where g13 = g11 U g12

domgy3 = dom (g11 U g12) = domgi1 U domgia
= B11 U Bija

codgiz = cod (g11 U g12) = codgyy U codgro
=C11UCs

93 =9g1M gz

dom g3 = dom(g; N g2) C domgi N domgs
=B N By

cod g3 = cod(g, N g2) € codgy N codgs
=CiN Cy

For p11p,, C€B13 X L,Vu1p,,b is defined by,
\ /~L1313b = {(vﬂlBu) \ (\/:u’lBlz)} (b)

For p1c,, CCis X M,Vpic,,c is defined by,
V H1C,5C = {(vulcn) N (v:ulclz)} (C)

For pop, C BsxL,Vyusp,b is defined by,
V p2B,b = (Vpzp,b) A (Vizp,b)

For poc, C CsxM,Vusc,c is defined by,

V pzcsc = (Vpao,¢) A (Vuze,c).

Proof(5):
Case 1.

v <M1C13913b) = (vulcuglgb) \ (VM1012913b> [191
(assuming g¢13b is in both domains
of H1icy, and :u‘lclz)

= [Viicy, (9110 U g12b)]
V [V, (9110 U gi2b)]
(assuming b is in both domains of
g11 and g12)
=[V (1cy, 9110 U pric,, 9190)]
V[V (H101,9110 U p101,91590)]
(assuming both g11b and
g12b are in all domains of
H1C1q and /’Llcw)
2 (VM1011911b) \ (VM1012912b)
z {Lpo(vulBub)} \ {900(\//“”312[7)}
from (1) and (3)
=@ O{(vulBub) \% (\/HlBlzb)}
=po (v:uleb)
so that V (p10,59130) = ¢ o(Vp1B,,b).
Case 2. Suppose (b,*) € g11 and (b, %) ¢ g12

Then, it follows b ¢ Bis = dom pi1p,,-
Hence,

V (p10,59130) = V{10, (911 U g12) ()}
=V (t10,3911b)
={(Vuic,,) vV (Vpicy,)} (911b)
2 V(picy,911b)
Z ¢ o(Vup,,b)
=@ o(VuiB,,b)
(Vb ={(Vup.,) V (Viis,,)} (D)

so that V (M1013913b) z 2 O(\/,U1313b).

Case 3. Suppose (b,*) ¢ g11 and (b, %) € g12
Then, it follows b ¢ Bi1 = dom pip,,-
Hence,

V (1013913b) = V{pic., (911 U g12) (D)}

=V (f1¢15912b)
{(Veen) V (Viies,)} (g12b)
V (104,912b)
© 0(Vi1B,b) = ¢ 0 (Vip,,b)
(o Vugsb = {(Vps,, ) V (Vias,,) (b))

v v

so that V (p10,59130) = @ o(Vp1p,,b). [ |
Proof(6):
V (p2cs93b) = (Vpzc,g5b) A (Vipac,g5b) [19]

= [Viae, (916N gab)]

A [Vitae, (9100 g20)]
< (Vuzc,91b) A (Vpac,g,b)
< (¢ o(Vu2p,b)) A (¢ o(Vuap,b))
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from (2) and (4)
@ o((Vhzp,b) A (Vuzp,b))
= (\/N’QBs )
so that V (u203ggb) < p o(Vuzpsb).
Given a family {g;},., with g; 1 for each i € I

914

9i
By —— Clz g > C;

luw

— M
¥

<.

MlBhl > Julcu H2B;

Ne— ™

L——M
P

Fig. 7. Increasing Fs-binary Relaton

7) V(p1cy,01ib) = @ o(Vpap,,b), for b € By for each
el

8) Alpac,g:b) £  o(Ausp,b), forb € B, foreach i € T
Suppose Vier g; = g.We use notations as in [19]
Here g; C #; x €i, 9 C Vier(%i x €;).
Now g with Fs-objects & and &
Here g = (g1, 9, ¢),where
91 = Uierg1i € Uier (B x Chy),

9= Niergi € Nicr(B; x Cy)
For pt1p, € D1 X L,Vui1p,b is defined by
\/Mlle = V (vﬂlBlib ) (IIL.1)
(b,*)EVicr 914
For p1g, C Eq X M,V g, c is defined by
V c= V vV c 1.2
Mg, (+.0)€User gus ( Koy, ) ( )
For pop € D x LV uspb is defined by
Apopb = A (\//JQBib) (IIL.3)
(b1*)€mi61 gi
For pop C E X M,Vusgc is defined by
Apagc = A (\/uQCi c) (I11.4)

(x,c)€Nier gi
Need to show
9) V (t1g,g10) 2 ¢ o(Mu1p,b), for b € Dy
10) A(p2pgb) = ¢ o(Auzpb), for b€ D

Proof(9):
\% b) = V \% b
(11E,910) (10Ut ons ( Hicy, 91 )
=V V ,ulcuglb[19J

1€l (x,91b)€g1:

V vV
1€1 (%,915b)Eg1j

) b
H1Cy; (J.LGJIQU )

\/ |:U /’[’1C1L gljb}

el

1\

i\e/l [ (l’[’lcliglib)]

v

\E/I [on(vﬂlBlib)]

® L\G/I \/MlBub:|

= V V b

g |:i€I (b,*x)Eg1i H1B1; :|

( here \/:ulBlib: v :ulBub)
(b,*)€g14

= vV \Y b
(b7*)€Uielg1i( et )
:wo(\/ILLlle
so that,V (u1g,g10) = @o(Vuip,b). [
Proof(10):

A b) = A Vilge gb
(pomgb) = A (Viac,gb)
= AV pusc,gb (19

1€l (x,gb)€g;

= A V
i€l (x,9;b)€g; a

20, <j2] 9j b>

N b
icl |:j€I'UQC 9i :|

A

A, IV (ke gib)]
é\z [po(Vuap,b)] from(8)

A

=p|A \/MQBib:|
el

= AV b
v Li€1 (b,x)€Eg: H2B; }

(.- here Viuop. b=V  u2p.b)
(bv*)egi

L(b,*)ENicr gi

= @o(Ap2pb)

so that, A (u2ggb) < wo(Auapd). |
Hence the theorem. [ |

(Vuzp,b )]

Example IIL.3. A collection of all increasing Fs-binary
relations, denoted by R? (%, Cy) with partial order < given
in R? (%, %p) is not a A - Complete lattice.

Here g, and g, are increasing Fs-binary relations but g; A gy
is not an increasing Fs-binary relation. g, = (g, %1,%1),
with g11 = {(ahbl) ,(a1,b2) , (az,b1), (a27b2)} g1 =
{(az,b2)}

By = domgi = {a1,a2} , By = domgy = {az},

Ci1 = COdgn = {bl,bg},cl = COdgl = {bg}, L is the
same complete Boolean Algebra as in Example .
Define ¢ : L — M as p(a) = B,0(B) = a,p(0) =

0,p(1) = 1.

B, 01 = lpipaz = 1, uepas = 1 de, g, a2 2
H2B, A2

pic,bi = a,pic,, by = B,pec by = Bie.,pic, b 2
H2e, b2 o

G2 = (G2, $2,€2), with g12 = {(a1,b1), (a1, b2),

(az,b1), (az,02)}, g2 = {(az,b2)}

Biy = {a1,a2}, By = {az},C11 = {b1, b2}, C1 = {b2}.
KB, = 1,02 = 1, pep,a2 = 0 e, pip,,a2 2
H2B, 02

Mlcmbl = Onulcmb? = ]-nu?CQbZ =0 i'e'vﬂlcmb? 2
H20,ba.

Definition III.4. An Fs-binary relation § = (¢1,9,p) €

R?(%, %) is said to be a decreasing Fs-binary relation,
from %, into %, , denoted by (g |, %1,%1) C By X 6, or
simply g J,if, and only if (from Fig 8)

1) If both V (p1cy,910) and ¢ o(Vpqp,, b), exist for any
b€ B then V (u10y,910) < ¢ o(Vuip,,b),
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g1 g
By —— Ci B, —— ()

#1311J/ § J/:ulcn MZBIJ/ 2 JVMQCI

L——mM L——™M
P P

Fig. 8. Decreasing Fs-binary Relation

2) If both V(uac, gb) and wo(Vusap,b), exist for any b €
By then V(p2c,9b) = @o(Vpzp,b),
For some b, if any of the above four expressions does not
exist, then the corresponding inequality is not tenable.

For an example of an decreasing Fs-binary relation one
can see Example [ITL.6]

Theorem IILS. The Collection of all decreasing Fs-binary
relations, denoted by R? (%o, 6y) with partial order < given
in R%(%By,6y) [19] is a N-Complete lattice.

Proof: Initially let us prove this theorem for two de-
creasing Fs-binary relations and then we can generalize it to
any arbitrary family of decreasing Fs-binary relations.

In general, we have g; with Fs-objects 4; and %;.
Given g; | and g2 | . Assuming all relevant expression
are existing, we have for g; J,

g11 g1
By —— Cui B, —— ()

#1311J/ § J/:ulcn MZBIJ/ 2 JVMQCI

L——™mM L——™M
P P

Fig. 9. Decreasing Fs-binary relation
D) V(picy,9110) < ¢ o(Vpp,,b), for b€ By
2) \/([Lgclglb) > © O(\/[LQBlb), for b € By,
g1 with Fs-objects %, and %1
where domgi; = Bi1, codgi; = Ch1,
domgy = By, codgy = C1, p1p,, € B x L,
picy, © Ciix M, puz2p, € By x L,
oo, € C1 x M and
Similarly, for g5 | ,we have

912 g2
By —— Cq2 By —— G,

H1By2 J < luwm 2B, J > luzcz

L——M L——™M
P ¥

Fig. 10. Decreasing Fs-binary Relation

3) V(1c129120) = ¢ o(Vuip,,b), for b € Bio

4) \/(/J,chggb) z © O(Vungb), for b € Bs,
g2 with Fs-objects %> and %5
where domglg = Blg, COdglg = 012, dO’ITLQQ = BQ,
codgy = Ca, 1B, © Bia X Loy, € Cra X M,
p2p, © Ba X L poc, € Co x M
Suppose g1 A go be with Fs-objects %4 and 6,
Need to show

ga 1s decreasing Fs-binary relation.

Sufficient to show whenever all the relevant expressions
exist, then we have to show with the help of the
following diagram.

g14 94
By —— Cu By, —— Cy

MlB14J/ § J/,ulC'M M2B4J/ z j{/[zQCLL

L——M L——™M
P P

Fig. 11. Decreasing Fs-binary Relation

5) V(p10y,9140) < @ o(Mpap,,b), for b € By
6) V(pac,g4b) = ¢ o(Vusp,b), for b € By
where g14 = g11 N g12

domgia = dom (g11 N g12) € domgii N domga

=B N B2
codgia = cod (g11 N g12) C codgyry N codgra = C11 N Cho
g4 = g1 U g2
dom g, = dom(g, U g2) = domgy U domgs
=B U By
cod g, = COd(91 U g2) = codgy U codgs
=Ci1U Cs

For pip,, € Bia x L,Vuip,,b is defined by,

\/NlBMb = { (\//141311) A (\//1‘1312) }(b)

For p1c,, € Cia X M,Vuic,,c is defined by,
Ve, e = {(Vime,) A (Vie,,) }e)
For piop, € By x L,Vusp,b is defined by,
Vpep,b = (Viep,b) V (VieBs,b)
For pac, € Cy x M,Vusc,c is defined by,
Vo, = (Vuae,c) V (Vpaee,c)
Proof(5):

\ (/’[‘1014914b) = (vl’l’lc11gl4b) A (\/Mlclzgmb) [19]
= [\/Mcu (gr1bN 912b)}
A [Vie,, (91100 gi2b)]
g (\//“Cngllb) A (\/M1012912b)
é ((,OO(\/,LLlBub)) A ((pO(VILLlBIL’b))
from (1) and (3)
= (PO((\/Manb) A (vﬂlBlzb))
= @O (\/[1,13141))
so that, V (11¢0,,9140) < wo(Vu1p,,b). |
Proof(6): Case 1.

V (p2c,94b) = (Vpac, 9ab) V (Vpzc, g4b) [19]
(assuming g4b is in both domains of usc, and pac,)
= [Vitae, (916U gob)]

V [Vitac, (910U g2b)]
(assuming b is in both domains of g; and g2)

= [V (t2c, 910 U piac, g5b)]
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Fig. 1
7)

8)

V[V (20,910 U piac, g,b)]
(assuming both g1b and gob are in all domains of
p2c, and e, )
Z (Vpze,916) V (Vi2c,95b)
Z (po(Vpzp, b)) V (po(Vpu2p,b))
from (2) and (4)
@o((Vizp,b) V (Vpzp,b))
= o (Vuzp,b)

(
so that, V (u2c,94b) = @o(Vuap,b).
Case 2. Suppose (b, x) € g1 and (b, *) ¢ g2
Then, it follows b ¢ By = dom psp,
Hence V (pi2c, 94b) =V {p2c, (91 U g2) (b)}
=V (p20,91b)
={(Vuac,) V (Vpac,)} (910)
V (p2c,910)
©o (Vp2p, b)
= @o (Vuap,b) (" Vuap,b
={(Vuzp,) vV (Vyzp,)} (b))

so that V (p2c,94b) 2 po(Viap,b).

Case 3. Suppose (b, *) ¢ g1 and (b, *) € go
Then, it follows b ¢ By = dom psp,

v v

Hence V (1120, 94b) = V {p2c, (91 U g2) (b)}

=V (2c, 92b)

={(Vpac,) V (Viac,)} (g2b)
V (p2c,92b)
(Vp2p,b)
(Vuap,b) (- Vuap,b
{(Vpzp,) VvV (Vuzp,)} (b))

so that,V (p2c,94b) = wo(Vuzp,b). [ |
Given a family {g;},.; with g; | for each i € I

IV 11V

@Yo
Yo

g1i gi
By —— Cy; i —— O}

B
H1By; l < JNICU H2B; J > Hac;

2. Decreasing Fs-binary Relation

A(p1cy;91i0) = @ o(Apip,,b), for b € By, for each
1€l

V(p20,9ib) 2 ¢ o(Vuap,b), forb € B;, foreach i € T
Suppose Ajes g; = h.-We use notations as in [19]
Here §; C %Bi X €;,h C Nier (Bi x €) .

Now h is with Fs-objects & and #

Here h = (hy, h, p),where hy = Nier g1

C Nier (Bri x C14) Jh =Uier gi € User (Bi x Cj)
For p1q, € G1 x LVpia,b is defined by

Vg, b= A (Vuip,,b) (111.5)
(b,x)ENicr 914
For p1p, € Hy X MV, c is defined by
Vit g, ¢ = A (\/ulc”c) (I11.6)

(*,¢)€ENiecr g1i

For pog € G x L,V usgb is defined by

Viagh = (Vizp,b)

(b,x)EVier gi
For popr € H X M,Vuspc is defined by

Vuggc = \

\Y c
(*,¢)€Vier gi ( Hac; )

Need to show
9 A (1, h1d) £ wo(Apig,b), for b € Gy
10) V(uthb) > QDO(\/,[LQGZ)), for b € G.
Proof(9):

A hib) = A \Y h1b
(MlHl ! ) (*,h1b)ENiecr 914 ( Iulcli ! )
= A V picy; hib

el (*,hlb)Ggu

= A V
1€l (x,91;b)€g1;

) )
iQI |:ng”1011 915 ]

D [V (p10,:91:0)]

A

A

i/e\I [900(\/:“'1311‘, b)]

2 |:zé\1 \/lu’lBub]

— A V b

v L’el(b,*)egumB“ }

(. here Vyuip,b= V. puip,b)
(b,x)€g14

= A
4 |:(bv*)€mi61 g1i

so that A (p1, h1b) = wo(Apia,b).
Proof(10):

v (paihb) = Y Viiye, hb
(p2rrhb) . (Viigc, hb)
=V Vo hb

i€l (x,hb)Eg;

V V | Ug:i b
€T (%,g;b)€g; Hac. (je]gj )

i\e/l ng H20; gjb}
i\e/l [V (12c,9:b)]

A [po(Vi2p,b)]

vl

1\

@ |V Vuap, b]
_zEI

= V V b
v Li€T (bx)€Eg; H2B }
(" here V pop b=V

b
(ba*)EQi MZBI )

=
L (b,*)€EVier gi

so that,V (u2mhb) = wo(Vuaah).
Hence the theorem.

|l N g1 b
Hicy; <j€191] )

(I11.7)

(111.8)

(Vi b )} — o(Ae,b)

(Vi) | = polviach

Example IIL.6. A collection of all decreasing Fs-binary
relations, denoted by R2 (%, Co) with partial order < given

as in R? (%o, o) is not a VV - Complete lattice.

Here g, and g, are decreasing Fs-binary relations but g, Vg,
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is not an decreasing Fs-binary relation.

91 = (g1, %$1,%1), with g11 = {(a1,b1) , (a1, b2) ,

(az,b1), (az,b2)}, 91 = {(az,b2)}

By = {01,02}731 = {a2},011 = {b17b2},01 = {bz}, L
is the same coomplete Boolean Algebra as in Example
Define o : L — M as ¢(a) = B,90(8) = a,¢(0) =

0,p(1)=1.

H1B,, 01 = Q, 1By, 02 = Q, 2, a2 = 0 d.e.,u1p, a2 2
H2B, 2

picy, b1 = Bypic,, b2 = Bpec by = B e, pio,, b 2
M201b2

Go = (Go, B2, ), with g15 = {(a1,b1), (a1,b2),
(az,b1), (az,b2)}, g2 = {(az,b2)}
Bis = {a1, a2}, By = {az},C11 = {b1,b2},C1 = {b2}.

P1B1,01 = O, [1B,,02 = O, figB,as = 0 i.e., 1,00 2
H2B,02
pic,bt = 1 pic,be = B pac,be = 0 i pio,be 2
H2c,ba.

Definition IIL7. An Fs-binary relation § = (g1,9,¢) €
R?(%y, %) is said to be an preserving Fs-binary relation,
from %, into %y, denoted by g C By x €, or (g, $B1,%1)
or simply g,if, and only if (from figure),

g1 g
By —— Cni B, —— ()

N’lBuJ/ = J/:ulcu IuQBlJ/ = J{uQCl

L——™mM L——™M
12 P

Fig. 13. Preserving Fs-binary Realtin
1) If both V (u1¢,,91b) and ¢ o(Vu1p,,b), exist for any

be Bu then V (u1c,,910) = ¢ 0 (Vi b),
2) If both V(uac, gb) and wo(Vuzp,b), exist for any b €

By then V(pac, gb) = po(Vuzp, b).

For some b, if any of the above four expressions does not
exist, then the corresponding equality is not tenable.

Theorem IIL.8. The Collection of all preserving Fs-binary
relations, denoted by R (%, 6) is an infinitely distributive
sub lattice of (R2 (%o, 60) , §)[19].

Proof follows from (II1.2) and (IIL.5).

Remarks IIL9. we can observe that R?2 (%o, %) is a sub
poset of both R? (%, o) and R2 (%o, 6)) -

Remarks IIL.10. R? (%, %,) and R? (%, o) both are sub
posets of (RQ(%’O,%O), §)

IV. COMPOSITION BETWEEN SUITABLE FS-BINARY RELATIONS

Definition IV.1. Given any two Fs-binary relations f =
(f,%,€) and g = (§,¢,2), with f = (fi,f,¢1) and
g = (g1,9,92), we define Composition between them,
denoted by g o f is given by go f = (go f,%,9) =
((gloflagofﬂOQO@l)W@w@)'

We can easily verify the following two theorems.

Theorem 1IV.2.

(a) composition of increasing Fs-binary relations is an
increasing Fs-binary relation.

(b) composition of decreasing Fs-binary relations is a
decreasing Fs-binary relation.

(c) composition of preserving Fs-binary relations is a
preserving Fs-binary relation.

Theorem IV.3.

(@) The class of all Fs-sets together with sets of mor-
phisms: given by Fs-binary relations on Fs-sets, is a
category, denoted by FSBR.

(b) The class of all Fs-sets together with sets of mor-
phisms: given by increasing Fs-binary relations on Fs-
sets, is a category, denoted by FSBR,;.

(¢c) The class of all Fs-sets together with sets of mor-
phisms: given by decreasing Fs-binary relations on Fs-
sets, is a category, denoted by FSBR,.

(d) The class of all Fs-sets together with sets of mor-
phisms: given by preserving Fs-binary relations on Fs-
sets, is a category, denoted by FSBR,,.

V. ConcLusioNs AND FUTURE WoORK

We defined in this research paper an increasing Fs-binary
relation, a decreasing Fs-binary relation and a preserving
Fs-binary relation between any two Fs-subsets of an Fs-
set. Also, we introduced the category of Fs-sets (increasing,
decreasing and preserving) and proved some results.
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