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Solutions of Higher Order Difference Equations
Involving Discrete Exponential Function

Iruthayaraj S, John Borg S, Britto Antony Xavier G, Geethalakshmi S, Saraswathi D and Divya Bharathi S

Abstract—The main focus of this paper is to develop
the solutions for the higher order difference equations with
factorials and discrete exponential functions. Using these
concept, we get the unique solution for the trigonometric
exponential function for the initial valued problem. These
results are verified using the numerical calculations.

Index Terms—Difference equation, exponential function,
trignometric exponential function, characteristic equations.

I. INTRODUCTION

IGHER-order difference equations play a vital role

in discrete modeling, capturing the dynamics of
systems that progress in distinct steps. Incorporating discrete
exponential functions into these equations provides an
effective framework for representing exponential growth
and decay in such systems. The author [1] studies the
finite-time stability of fractional delay difference equations
with a discrete Mittag-Leffler kernel. First, a new generalized
Gronwall inequality is established in the sense of the
Atangana-Baleanu fractional difference sum operator. Then,
using this inequality and the method of steps, the author
derives finite-time stability criteria and illustrates the
results with examples. The author[2] develops fundamental
theorems for higher-order difference equations using g,
¢'®), and h symmetric difference operators. While most
existing works focus on summation forms, the author
emphasizes closed-form solutions, which offer improved
accuracy and computational efficiency. The results are
validated through examples and graphical analysis to
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demonstrate the stability of the proposed methods.The author
[3] introduce a generalized difference operator of the n'”
kind, Ay, ¢,,... ¢, extending traditional difference operators.
They derive discrete analogues of classical results like
Leibnizs rule and Newtons formula. Applications are given
in summation formulas, polynomial factorials, and number
theory.

The author [4] extend the theory of the generalized
difference operator of the n!" kind and apply it
to number-theoretic problems, deriving new summation
formulas and relationships between generalized factorials
and algebraic polynomials. They establish discrete analogues
of classical identities and novel results in additive number
theory. Numerous examples illustrate the applicability and
effectiveness of these new operators. The difference operator
is defined as Ay(k) = ya+1 — Yo in the theory of difference
equations, where N denotes the set of natural numbers. The
potential outcomes on the generalized difference operator A,
were proposed by numerous writers [S], [6], [Z], [9l, [12],
[13]], [14]. Basic features of Ay, including the product and
quotient rules of Ay, were established by the generalized
difference operator A,. Throughout this paper, we use the
notation N, and N’ as

N, ={a,a+4l,a+20---s—{,s,s+0,s+20---}
Nb ={a,a+l,a+20--5s—0,5,5+0,5s+20(---b}

where a,b € R and b —a € N.

The generalized Leibnitz theorem and Binomial theorem
obtained by the generalized difference operators of the
second, third, and n!" kinds, are represented as Ay,
Ay, 05,05, a0d Ap, g, 4o . g, , Tespectively. Newton’s formula,
the inverse of the generalized operator Ay, ¢, ¢.... ¢,, and
Stirling numbers of second kind are used to determine
the sum of the general partial sums of the n'" powers
of an arithmetic and arithmetical-geometric progressions,
respectively. In addition to the delta operators, the authors
in [8], [10], [L1] developed certain difference operator such
as alpha-delta operator. This paper focuses on constructing
and solving higher-order difference equations involving
discrete exponential functions, offering analytical tools
and identities that enhance the understanding of discrete
dynamical behaviors. We constructed some identities with
delta trigonometric exponential functions in this research
and used the higher order difference equations to solve the
exponential functions.

II. PRELIMINARIES

The fundamental definitions of the delta operator, falling
factorial functions, sine and their cosine functions, and more
are developed in this section.
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Definition II.1. Assume f : N> — R and if / € R and
b > a, the forward difference operator Ay is then defined by

Agf(w) = fw+£) — f(w) for w € No7%, (1)

Definition II.2. The falling polynomial factorial function for
any positive integer 'n’ can be defined as

wﬁn):w(w—é)(w—%)...(w—n—i—é), (2)

where ¢ € R and wéo) =1.

Lemma IL.3. For an real number ¢ and positive integer n,
then we have Ay we = nfwgn_l)

Proof: Agwén) (w+10), (n) wén), n=123---
Using the Definitions [[I 1) and [I[1.2] we get the result. [

Lemma I14. Let f,g: N! — R and ¢ € R. Then,

A{f(w)g(w)} = f(w)Aeg(w) + g(w + O)Arf(w). (3)

Proof: The proof  completes by taking
f(w) = f(w)g(w) in (1) and then adding and subtracting
the term f(w)g(w + £). |

Theorem IL5. Let {,n >0 € N and « € R. Then
Ag(w + a)é Q- =nl(w + a)(n 2
Ao — w)én) =nl(a — w)énfl)

Proof: Using Lemma we have
Ag(w +a)2") = (w +a+’)én) (w+a)(")
:(w+a+£)(w+a)"'(w+a—(n—Q)E)
_[(w+a)(w+a_g)...(w+a_(n_l)g)]
zné(w+a)( n-l
Aga— )(N) (Oéwaré)(n) - (a—w)gn)
=(a—w+L)(a—w) - (a—w—(n—2))
—(a—w)a—w—"0)-(a—w—(n—1)0)]
= n@(a—w)é"il) -

Corollary IL.6. Let {,n >0 € N and o € R. Then

“)
&)

(n)
+ a)
A (n-1) _ (Wt ),
Hw + )y ) (6)
A (- wp ) = =W )
¢ nt
Proof: By using Theorem [IL.3 we find (@), (7). [ |

III. DELTA EXPONENTIAL FUNCTION

In discrete calculus on N,, where the exponential function
efw, j € R, where j is constant, and x(w) = /¥ is the
unique solution to the IVP, the A, exponential function is
essential.

' = jx, z(0) = 1.
The regressive function is,
R ={j: Ny = R such that 1 + j(w) # 0 for w € N, }.
The A, exponential function j € R, based at s € N, to be
the solution exists e;(w, s), of the IVP

Agz(w) = j(w)az(w) ®)
z(s) =1 )

Theorem IIL1. If j € R and y(w) = ce;j(w,a), then its
solution can be generalized by

Agy(w) = j(w)y(w) (10)

for w € N, where c is arbitrary constant.

w—s 1
Proof: Let y(w) = ZH (14j(s+7L)) where w € Ny,

=0
then by Deﬁnmon we have
= ,
1/,
Agy(w) =TI

7=0

Using the Definition we get

Agy(w) = (143N +5(s + )1 +5(s + 20)) -
w—s 1

Do)~ o,

w—s _q

(145 (s+76))— EEO

(1+j4(s+74))

w—s _

1) l))

<1+J(S+(

(143 + (== — (1+4(s + 7))

w—s _4

Apy(w) = II M
T7=0

A+iGs+70) (1+36+(
w—s _ 4

z
- I
0

=

- 1) 2))

1+ (s +78)

w—s

1;[0 (L4+5(s+70) (§(s + (2= —1) 0) — 1)

Apy(w) =

which implies

Agy(w) = y(w)j(w).
For w € N, y(w) is a general solution of equation (10).
-l s=toa
Let y(w)= [I 1+ jw+7)"" where w e N,

7=0

y(w) = (L +5(w) ™ L+ 5w +0)7 o (L G(w+ (552 = 1)) 7!

Now, replacing w by (w + {), we get the above equation as
the form of
s=(wtt) )
yw+0)= [I Q+jw+e+70)"
7=0
yw+0) =(1+jw+0)"" (1+jw+L+0)""
(14w + e+ (2=t —1)e) "
Now, multiplying and dividing the term (1+j(w)), we obtain
y(w+0) = (14 j(w)) (14 j(w)) ™ (1 45w + 0)"
(1+j(w+ (552 - 1) 0)
which can be written in the form of
y(w+0) = (14 j(w))y(w) = y(w) + j(w)y(w).
Ay(w) = y(w + €) —y(w) = j(w)y(w). Hence y(w) is

general solution of equation (10) for w € Na ) . [ |

Theorem IIL.2. For @& on R by j @k := j + k + jk, then
(R, ®) is an abelian group.
Proof: We claim that (R, @) is an abelian group.
i) Closure: If j, k € R, then 1+ j(w) # 0 and
1+ k(w) # 0 for w € N, follows that
1+ (G ® k) (w) = 1+ [j() + k(w) + j(w)k(w)]
=1+ j(w)][1+ k(w)] # 0 for w € N,.
Hence, j ® k € R.
ii) Associative: If j, k,t € R, then (j® k) ®t
= j+k+ jk+t+jt+kt+ jkt
=j® (k&t). Hence, j & (kdt) € R
Identity: Here the 0 € R as 1+ 0=1# 0.
Also, 00 j=04+7405=7
for all j € R. Hence, 0 @ j € R.
iv) Inverse: If j(w), k(w) € R, then 1+ k(w)
Zilw

iii)

=1+ - = - 0, for w € N,.
N A RO R
. . —J . —J —J
So, j@k=j—=7+—-+ -=0
J J 1+ J 1+5 14

k is the additive inverse of j.
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v) Commutative: If j,k € R, then j® k= j + k + jk
=k@jehR
Hence, (R, @) is abelian group on R. ]

Theorem IIL3. If j, k € R and e;(w,a) = ex(w,a), then
3=k forweN,.

Proof: Let j, k € R and j(w)e;j(w,a) = k(w)er(w, a)
where w € N,,.
Hence the proof completes by ej(w,a) = ex(w, a). |
Definition II1.4. The definition of the circle minus scalar
multiplication © on R is
I
145

Definition IIL.5. The definition of the circle dot scalar
multiplication ® on R is

©J= an

a®j= (1451

Theorem 1IIL6. (RT,®,.) is a vector space, as
demonstrated by the set of positively regressive functions
R with ® and scalar multiplication ©.

Proof: To prove (RT, &) is Abelian.

i) Closure: If j,k € RT, then j Dk =7+ k+ jk
= jiokecRt.

ii) Associative: If j, k,t € R, then (j ® k) Dt
=j®k+t+ (k)
=j4+k+t+ijk+G+Ek+jk)t=7 (k).

This implies (j ® k) &t € RT.

iii) Identity: The zero function 0 € R" as 1+ 0(¢) >0
for t € N, then 0@ j.
=0+j+0=j€eR

iv) Inverse: Let ©j be the additive inverse of j. Therefore

12)

. —j —J
Of = —1 € Rt and j @ [6f] = j+ —2 + ——
]14_. ][]]]1+] T4 7
= 71 =0.
=it [1+ ]
v) Commutative: Ifj,kG?R*, then j® k=j+k+ jk
=k®djeR".

Hence (RT,®) is an abelian group.
Now, claim that (RT,®,.) is a vector space.
i) Let a«,f € Rand j € R, then e(oyp)0;(w,a)

_ _a+p

=e; "(w,a) = ef(w, a)ef(w, a)

= eanj(w,a)esoj(w,a) = ewojaBo)(w,a)

Thus,
(a+B)oj=(aoj)e(B6))

ii) Let oo € R and j,k € R, then eqo(jor) (w,a)
= e?‘®k(w, a) = ejo»‘(w, a)eg(w, a)

= eqn; (W, a)eank (W, a) = eapsack (W, a).
Thus,

OUek)=a0ij®adk
Hence (R*,®,.) is distributive.
iii) Let e10j(w,a) = ej(w,a), then 1© j = j € R

iv) Here, eqo(poj)(w,a) = efo;(w,a) = eapo;(w,a).
This gives

a®(Boj)=afoj
Hence (R*,®,.) is a vector space. [ |

Theorem IIL7. If j,k € R and t,s,w € N, then
i) eo(w,s) =1 and ej(w,w) =1

ii) ej(w,s) #0 for w e Ny
iii) if 147 >0, then e;(w,s) > 0
v) ef(w,s) = e;(o(w),s)
14+j(s+ (a(wz—s — 1> K)) ej(w, s)
v) ej(w,s)ej(s,t) =ej(w,t)
vi) ej(w, s)ex(w, s) = ejer(w, s)

vii) egj(w,s) =

ej(w,s)
viii) ZEZUU: i; = ejelk(w,s)
ix) ej(w,s) = o (o)
YAGE)

w=s_ 1

[

[T (A+44(s+7L)) for w € N,.
7=0

i) The proof of (i) completes by taking 7 =0 and s = w.
ii) Since 1+ j(w) # 0, so that

w—s _q

Proof: Let ej(w, s) =

[

ej(w,s) = [l (1+j(s+7L)) #0 where w € N,.
=0

iii) Since 1+ j(w) > 0, so that
wos 4

£

ej(w,s) = [I (1+j(s+7L)) >0 where w € N,.
7=0

gw)—s 4
iv) Let ej(o(w),s) = H

(I+4(s+7L),weN,
= (14+5(s)) (1 +4( s+£ (1+](S+(Uw) Sfl)é))

(1+](s+ ("(“’) s 1)) ) 771 (1+ (s + 70))
ej(o(w),s) = (1 +j(s+ (U(we) 2 ) )ej(w s)
v) Holds only t < s < w.

w—s s—t
Let ¢;(w.s)e;(s.) = TL (a4 Znolu +it+T0)
Since ej(w,s) and eTj(s,t) is commutative, the above
equation can be written as
o5, 5)e; (5,1) = e5(5, e 1, )
=t g wos_g

= o) T (+is+70)

7=0
=€ (w, t)
w—s _ 4

vi) Let ej(w, s)ey(w,s) = ZH
=0

w—s

(144(s+70) TI

-1

(14+k(s+72))

w—s 4

14
ej(w, s)ex(w,s) = [1

1+4(s+710))(1+ k(s+ 7))

w—s
w=s g

4
ej(w, s)eg (w, s)= go (1 +j(s+78) + k(s + 7€) + j(s + 70 k(s + 7))

By Theorem we obtain

w—s_1q
[
ej(w,s)ep(w,s) = [I (1+j(s+70)®k(s+71L))
7=0
=ejgpr(w, s).
vii) Let eg(w,s) = ] (1+6j(s+ 1Y)
7=0
R (Ch .00
s 14 (s +70)
1
eo(w,s) = — -
Gt 1
L1 o))
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_ 1 _ 1
Comoeg - ej(w,s)
[T (+j(s+70)
7=0
viii) Let ekEZ)J 2 = e;(w, s) Lk(w s)} By (vii), we have
S ws)ees 1:5) = esafen (0:5)

=ejor(w, s).
ix) From (v), we can easily find
ej(w, s)ej(s,w) = ej(w,w) = 1.

Therefore ej(w, s) = (o 0)

|
Definition IIL.8. The hyperbolic sine and cosine functions
are defined as follows, assuming +p € R.

cosh;(w,a) = ej(w, a) + e,j(w,a)’

€—j (’LU, a)

ej(w,a) —

2
Theorem IIL9. Let +j € R and w € N,. Next, the
hyperbolic sine and cosine functions for delta are provided
by

sinhj(w,a) = for w € Ng.

Aycoshj(w, a) = j(w)sinh;(w, a)
Agsinhj(w, a)

13)

= j(w)coshj(w, a). (14)

Proof: The proof completes by using the Definition

and Theorem by taking y(w) = sinh;j(w,a) and

y(w) = coshj(w, a). [ |

Definition IIL.10. Suppose that +ij € R. The sine and
cosine functions are defined as follows:

eij(w,a) +e_i;(w,a)

cosj(w,a) = 5 )

sinj(w,a) = eij (w, @) ;ie_ij(w,a) for w € N,,.

Theorem IIL.11. Let +ij € R and w € N,. Then,
Aycosj(w,a) = —j(w)sin;(w, a) (15)
Aysing(w, a) = j(w)cos;(w, a) (16)

Proof: The proof is similar to Theorem by taking
y(w) = sin;(w, a) and y(w) = cos;(w, a). [ |

Theorem IIL.12. Assume +j € R and w € N, then

i) cosh;(a, )fland sinhj(a,a) = 0.

ii) cosh?(w a) fsmhj (w, a) =e_j2(w,a).

iii) Agcoshj(w,a) = j(w)sinh;(w, a).

iv) Aysinhj(w,a) = j(w)coshj(w, a).

v) cosh_;(w,a) = coshj(w, a).

vi) sinh_j(w,a) = —sinh;(w,a).
vii) ej(w,a) = cosh;(w,a) + sinh;(w, a).

Proof: Let +j € R and by Definition we have

ej(a,a) +e_j(a,a)

i) coshj(a,a) = =1,
sinhj(a,a) = ela,0) —ey(aa) 0.
ii) coshi(w,a) — sinh?(w,a)
ej(w,a) +e;(a,0)]” [ej(w’a) —e_j(a,0)]
2 2 ’

which implies that

Jles(w,a)e5(w,0)] = ejopj(w,@) = e_j2(w,0).

iii) Agcosh;(w,a) = Agej(w,a) +Aee,j(w7a)

Theorem [[I1} we obtain Agcosh (w,a)
_ jw)ej(w,a) — j(w)e—;(w, a)

. Then by

= j(w)sinh;(w, a).

2
iv) The proof is similar to (iii).
e_j(w,a)+ej(w,a)

v) cosh_j(w,a) = = coshj(w, a).
vi) sinh_j;(w,a) = ej(w,a) —e_j(w,a)
= —sinh;(w,a).
vii) cosh;(w,a) + sinh;(w, a)
_eilw,a) +ejwa) + *e,0) ~ ey )
= ¢j(w, a).
||

Theorem II1.13. Assume +ij € R and w € N, then
i) cosj(a,a) =1 and sinj(a,a) = 0.
ii) cos?(w,a) + sin3(w,a) = ej2(w,a).
iii) Agcosj(w,a) = —j(w)sin(w,a).
iv) Agsing(w,a) = j(w)cos;j(w, a).
v) cos_;(w,a) = cos;(w,a).
vi) sin_j(w,a) = —sin;(w, a).
vii) e;j(w,a) = cosj(w,a) + isin;(w, a).

Proof: Then the proof is similar to Theorem using
the Definition [ |
Theorem II1.14. Assume +j € R for w € N, then

i) sini;(w,a) = isinh;(w, a).
ii) cos;j(w,a) = coshj(w,a).
iii) sinh;j(w,a) = isin;(w,a).
iv) coshi;(w,a) = cos;(w,a).

Proof: Using the Definition and Definition

we get

e—j(w,a) —

21
ej(w,a) +e_j(w,a)

ej(w,a)

i) sing;(w,a) = = isinh;(w, a).

ii) cos;j(w,a) = = cosh;(w, a).

2
i(eij(w, a) _'e—ij(wv a))
= isin;(w, a). 2

a
eij(w,a) + e_;j(w,a)
2

iii) sinh;;j(w,a) =

iv) coshij(w,a) = = cosj(w, a).

A. Higher Order Difference equations

The non homogeneous higher order difference equations
is defined by

Afy(w) +j(w) Agy(w) + k(w)y(w) = f(w),w € Ng (17)
We assume that j(w) # k(w) + 1 for w € N,.

Afy(w) + jAw(w) + ky(w) = 0,w €N, (18)

where we assume the constants j, k € R satisfy j # 1 + k.

Theorem IIL.15. Assume that j, k, f : N, = R,

j(w) # 1+ k(w) and A, B € R, then the solution of the

IVP will be of the form

AZy(w) + j(w)Asy(w) + k(w)y(w) = f(w),
y(wo) = A, y(wo + £) =

has a unique solution y(w) on w € N,.

19)
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Proof: From Definition we find
Apy(w) = y(w + £) — y(w) and also
A2y(w) = y(w + 2¢) — 2y(w + £) + y(w). Substituting the
Apy(w) and AZy(w) values in equation (I7), we obtain

y(w+20) = 2—j(w)]y(w+0)—[1=j(w)+k(w)]y(w)+f (w)

(20)
and j(w) # 1+ k(w), w € N,.
Now, equation can be rewritten in the form of
() = Ty +0)
T T k) .
w
T kw0 T T ) vk @Y

If we take w = wqg in @, then equation @) holds at
w = wy if and only if

y(wo +2¢) = [2— j(wo)] B —[1 — j(wo) + k(wo)] A+ f(wo).

Thus the solution is reached at w + 2{. However, using
(20) evaluated at w = wy + £, we can see that y(wy + )
and y(wo + 20) determines the values of wo + 3¢. We can
determine that IVP (19) is unique on Ny,,. In contrast, if
wo > a, then w = wy — £ with @) is used. Therefore

1
1 —j(wg — £) + k(wg — £)

The IVP (19) solution is thus uniquely found at wy — /.
Proceeding in this manner (19) is uniquely determined on
Nwo, ]

y(wo +£) =

[(2 = j(wg —0)A — B — f(wg — )]

Theorem II1.16. Let j # 1+ k. If the characteristic equation
of (I8 is N2+ jA+k = 0 and \; # X2 are distinct solutions
of (18), then the general solution is

y(w) = C1€), (’LU, a) + C2€N, (U}, a) (22)

Proof: Let us assume that
AZy(w) + jAy(w) + ky(w) =0 and w € N,
wos_q
[
IT 1+ X(7)) where A(7),w € N,, then
T7=0

y(w) = (1+3) 7).

Both sides of the equation 23) can be solved by applying
the Ay operator, yielding

) (1407 = 0T ().

(24)
Returning to the equation 24) and using the A, operator
on both sides, we Olffﬂ’_’s

Ay(w) = (1+ 1)

Taking y(w) =

(23)

w4l—s

Agy(w) = (1427

w—s

) — (14 1)

)(\)

— 1+ )T, (25)
From equation 24) and equation 23), we obtain

M 4id+k=0. (26)
Taking A = m in equation (26), we get

m? 4+ jm+k=0. 27

If my1,mo are roots of 7)), then \y = my and Ny = mo
are the roots of (26).

Hence, y(w) = ciey, (w,a) + coex,(w,a) is the general

solution of (18). ]

Theorem IIL.17. In the event when the characteristic values
are \ = a+if, > 0 and o # —1, then equation (18)’s

general solution is provided by

y(w) = creq(w, a)cos,(w, a) + caeq(w, a)sin, (w, a),
(28)

where v =

1+a
Proof: Taking j = =20, k= o>+ p2and 1+k—3j #0

in equation (18), we get

Afy(w) = 20Amy(w) + (o + )y(w) = 0. (29)
The characteristic equation of @9) is
M =20\ + (o + %) = 0. (30)

The roots of the equation 0) is A = a £ if3.
Let y(w) = eqtig(w,a) is complex valued solution using
a+if=adi T+ra
= eamiy(W,a) = eq(w, a)eiy (w, a).
By Euler’s formula, y(w) = eq(w, a)e;(w, a)
= eq(w, a)cosy(w, a) + isin, (w,a)]. Thus

= a+iy, we get y(w) = eqtig(w, a)

y(w) = y1(w) +iy2(w).
To prove yi(w) = eq(w, a)cos,(w,a) is a general solution
of equation 29), so that

_ Cin (w,a) + C—in (w,a)
() = ealw, 0 :

_ Camiy(W,a) + eam—iy(w,a)

2
Apr(w) = @ P aria D+ (0 = 1) cacisl)
(€29)
A2y, (w) = (a+if)earip(w, a) 42» (o — iB)%ea—is(w, a)
(32)

[AZ — 2, + (a? + B%)cos, (w,a)leq(w, a)
= eip(w,a)5l(a+ip)* - 2a(a+if) +a® + 57

Fe_ip(w, a)g[(0—iB)2~2a(a—if)+a?+57)
which gives
eipl(a+iB)((a +iB) — 2a) + a® + §?]
+e_iglla—iB)((a—if) —2a)+a?+ 3] = 0.
So, y1(w) is a solution of @29). Similarly, we can find yz(w)
is solution of 29).

Hence y(w) is general solution of equation 29). [ |

Example I11.18. For w € N, solve the difference equation

Afy(w) — 2Ay(w) 4 2y(w) = 0. (33)

The characteristic equation is, \> —2\+2 = 0. Consequently,
the traits that are present are A = 1 £ 4. Now, by using the
Theorem (L17), we get

y(w) = crer(w, a)cosi (w, a) + cze1(w, a)siny (w,a) is a
general solution of (33) on N,.

Theorem IIL.19. If —1 £ if3, is the characteristic value of
@, and 8 > 0, w € Ny, is the general solution of @, then
w — a
>sin (17(11) — a))
2 14

y(w) = 01,3( ¢

w — a

oo (=Y (7
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Proof: By Theorem(UL.17), we assume —1 + i3 is a
characteristic root of (18).

Let y(w) = e_118(w,a) is a complex valued solution of

(18], then

E w—a
y(w) = e_1yip(w,a) = (i) = (e 28

The above equation can be written as

w—a

e_1qig(w,a) =8\ ¢ cos (g$>+m< )

w— a

) _ (71' (wfa))
sin —_

2 14

w—a

It follows that, y(w) = B( ¢

Jon (5)

l

l

w—a

y2<w>ﬂ< t

are the solutions of equation (18).
Given that these solutions on N, are linearly independent,

w—a

y(w) = clﬁ( L

,G)Sin <g(w,a)>

) (%
cos (g(w[ﬁ) +e2B\ ¢ 7
is a general solution of (I8). [ |

Example II1.20. For w € Ny, resolve the linear difference
equation for delta,

AZy(w) + 2Ay(w) + 5y(w) = 0. (34)

The characteristic equation is A2+ 20 +5=0,

So, A = —1 =+ 2i.

y(w) = c12%cos (gw) + c22Y¥sin (gw) is a general
solution on Ny.

Theorem IIL.21. Assume \y = Ay =t and j # 1+ k is the
characteristic equation (I8)’s double root. Then, the general
solution is

(35)

y(w) = crey(w,a) + ca(w — a)ey (w, a).

Proof: If Ay = t is the characteristic value, then the
solution of (18) is

y1(w) = er(w, a). (36)

If \y = Ay = t, then the characteristic equation for is

A=1)2 =X =2\ +1*>=0. (37)

To prove ys(w) = (w — a)es(w, a) is solution of equation
(18).

Applying the Ay on yo(w), we arrive that

Agya(w) = Adl(w — a)er(1,0)] = Adler(w, a)(w — a)).
Now, using the uv method, one can easily find

Apya(w) = er(w, a)Ay(w,a) + (w+ £ — a)Aser(w, a)

=les(w,a) + (w+ £ — a)tes(w, a). (38)
A2ys(w) = LAger(w, a) + tA)(w + £ — a)er(w, a)
= e;(w,a)[2t0 + (w + 20 — a)t?]. (39)

From equations (38)) and (39), we have

(A2 — 26D, + Py (w)

= 2+ (t+20—a)t* = 2t({+ (w+L—a)t)+t*(w—a)) = 0.
So, y1(w) and ya(w) are the solutions of equation (I8).
Hence the proof completes. [ |

IV. CONCLUSION

In this research work, we explores the solutions
of higher-order difference equations involving discrete
exponential functions, emphasizing their effectiveness in
modeling discrete dynamical systems. By employing the
delta operator, we developed new identities and applied
them to trigonometric exponential functions, enriching the
theoretical framework. Several illustrative examples confirm
the validity and applicability of the proposed methods.
Overall, this study contributes to the advancement of discrete
analysis by combining delta operators with exponential
functions for solving complex difference equations.
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