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Abstract— In this paper, we introduce the concept of minimum
dominating quotient ceil energy of graph, denoted by QpE(G)
and compute this energy for several families of graphs.
Furthermore, we establish bounds for the minimum
dominating quotient ceil energy.

Index Terms: Minimum Dominating Set, Quotient Ceil Energy,
Quotient Ceil Matrix, Dominating Quotient Ceil Matrix

I. INTRODUCTION

Let G = (V,E) be a graph with n nodes and m edges. The
degree of v; written by d(v;) is the number of edges
incident with v;. The maximum node of degree is denoted
by A(G) and the minimum node of degree is denoted by
6(G). The adjacency matrix Ap(G) of G is defined by its
entries as a;; = 1if v;v; € E(G) or v; € D if (i = j) where
D is a dominating set of G and 0 otherwise. The eigenvalues
of graph G are the eigenvalues of its adjacency
matrix4,(G), denoted byA, > 1, = -+ > 4,. Agraph G is
considered singular if it has at least one eigenvalue equal to
zero. In the case of singular graphs, it is clear that det(A) =
0. A graph is considered singular if it has at least one
eigenvalue equal to zero. A graph G is referred to be k-
regular if every node in G has degree k.

The energy of a graph G is defined as E(G) =

L .IA;l. This concept was introduced by I. Gutman in 1978
[3]. Initially, the concept of graph energy went largely
unnoticed by mathematicians. However, once its importance
was recognized, it became a subject of global mathematical
research. Today, similar energy-related quantities are also
being studied for other types of matrices.

In this paper, we are defining a matrix, called the
minimum dominating quotient ceil matrix, denoted by

QpE(G) and we study its eigenvalues and the energy.
Further, we study the mathematical aspects of the minimum
dominating quotient ceil energy of a graph. The graphs we
are considering are assumed to be finite, simple, undirected
having no isolated vertices, and of order at least two.
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For more details in quotient ceil energy of a graph refer

[8].

Theorem 1.1 [9] Let a; and b;, 1 < i < p be positive real
numbers, then

p p
Sl B o
. ' m;m; MM,
i=1 i=1
Where M, = maxlsisp(ai)'MZ = maxlsisp(bi)'ml =

minlsisp(ai) and m, = minlsisp(bi)

Theorem 1.2 [10] Let a; and b;, 1 < i < p are positive real
numbers then

p p p 2 5
p
zaizzbiz - (Z al-bi) < Z(M1M2 —mym,)?

i=1
Where,
minlsisp(ai) and m, = minlsisp(bi)

M, = maxlsisp(ai)'MZ = maxlsisp(bi)'ml =

Theorem 1.3 [10] Let a; and b;, 1 < i < p are positive real
numbers then

p P P
be +tTZai2 < (t+T)<Za,-bi>
i=1

i=1 i-1

To prove our results we make use of the following
inequalities:

(i) Hardy's inequality:

If {x,} is a sequence of positive real numbers, then for every
real number s > 1,

Sy (3)

i=1

(ii) Cauchy's - Schwarz inequality:

S <85

i=1 i=1

I.I. QUOTIENT ENERGY OF GRAPHS

For a graph G, the quotient matrix Q = Q(G) =gq;; is a
p X p matrix defined as
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[d(vi)
qij =y 1d))
0, otherwise

‘, for Vv EE

The characteristic polynomial of Q(G)) isf(G,A) =
det (Q — A 1). The quotient spectrum of the graph G is the
eigenvalues of the matrix Q and is denoted asQ — Spec(G).

1.1 THE MINIMUM DOMINATING ENERGY OF A
GRAPH

Given a simple graph G = (V,E) of ordern, where n
refers to the number of vertices in the graph V(G) =
{vi,va, ... ,Vn} is the set of vertices. Let D € V(G) be a
subset that is said to dominate the graph G if for every
v; (1< i< n)inV —D is connected to some v; in D.
Such a set D with minimum number of vertices is known as
a minimum dominating set.  Corresponding to this we
obtain a matrix for a graph G of order n X n and is denoted
by Ap(G) whose entries are defined as follows:
ad ij

1, if v; and v; are adjacent
=1{ 1, ifv; =vjandv; € D
0, otherwise

The characteristic polynomial of the matrix Ap(G), is
denoted by f,(G,A) = det(Al — Ap(G)). The minimum
dominating eigenvalues of the graph G are the eigenvalues
of Ap(G). Since Ap(G) is real and symmetric, its
eigenvalues are real numbers and are labeled in non-
increasing  orderi, =4, =-->1,. The minimum
dominating energy [7] of G is defined as

n

Bo(@) = ) Il

i=1

Il.  MINIMUM DOMINATING QUOTIENT CEIL ENERGY OF
GRAPH

Let G be simple graph of order n with node set V =
{v,v,,...,v,} edge setE. Let D be the minimum
dominating set of a graph G. The minimum dominating
quotient ceil matrix of G is the n x n matrix defined by
Ay (G) = a;; where
( [d(vi)
| O]

”_<1, if vi=v;and v; €D
kO, if otherwise

The characteristic polynomial of Ag—(G) is indicated
by f(G,A) =det (A1 — A%(G) ). The minimum dominating
quotient ceil eigenvalues of the graph G are the eigenvalues
ong(G). Since Ag(G) is real and symmetric, its
eigenvalues are real numbers and are labeled in non-
increasing orderd; =21, =>...=2 1,. The  minimum
dominating quotient ceil energy of G is defined as

lf 'Ui'l?j EE

WEG = ) Al

i=1

I1. MINIMUM DOMINATING QUOTIENT CEIL ENERGY OF
SOME STANDARD GRAPHS

Theorem 3.1. If K,, is the complete graph with n vertices
then QpE(G) = (n —2) +Vn2 — 2n + 5.

Proof: Let K,, be the complete graph with vertex setV =
{vi,v,,...,v,}. The minimum dominating setD = {v;}.
Then the minimum dominating quotient ceil matrix of K, is
given by
1

A(K,) =

Its characteristic polynomial is
A+ 1172922 = (n - 1A —1].

The minimum dominating quotient Ceil eigenvalues are

1 (n-2)+Vn2-2n+5 (n—-2)-Vn2-2n+s
Spec(Kn) =1 ,._, : 2

The minimum dominating quotient ceil energy for a
complete graph is

OpE(Ky) =1 =11 (n—2) + ("—2)+\/2m

n—2)—+vn?—-2n+5
2

=n-2)+yn?—-2n+5

Theorem 3.2 If K, ,, is the star graph with n + 1 vertices

then Q,E(G) = V1 + 4n2

+

Proof: Let K, be the star graph with vertex setV =
{vi, vy, ..., VU, Vpy1}. The minimum dominating setD =
{v1}. Then the minimum dominating quotient ceil matrix of
K, is given by

nn .. nn

0 0 .. 0O
A2 (K,,) =

0 0 .. 0O

0 0 .. 00
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Its characteristic polynomial is
A=DA2 — 1 —n?].
The minimum dominating quotient ceil eigenvalues are
Spec(Ky)

0 14+ V1 + 4n? 1—+1+4n?
= 2 2
n—1 1 1

The minimum dominating quotient ceil energy for a star
graph is

_ 1+V1+4n2
QpEG) =101 (n—-2)+ -
1—+1+4n?
+f

= 1+ 4n?
Structural formula: P,(NH3),Cl,

Cl, NHj

Ccl” “NH,

Theorem 3.3 The minimum dominating quotient ceil energy
of P.(NH5),Cl, is 8.0622

Proof: The minimum dominating quotient ceil matrix of
P.(NH3),Cl, is given by

A§D(Pt(NH3)2CI2) =

O o o b~ O
N
o o o »~ O
O o o ~ O
O o o ~ O

The characteristic equation is 1> — 1* — 1643 = 0 and the
minimum dominating quotient ceil eigenvalues are A, =
4.5311,1, = 0,43 = =3.5311,4, = 0,45 = 0  Therefore,
the minimum dominating ceil energy is
QpE(P,(NH3),Cl,) = 8.0622.

I\VV. BOUNDS ON MINIMUM DOMINATING QUOTIENT CEIL
ENERGY OF GRAPHS

Proposition 4.1 The first two coefficients of Q,(G,A) are
given as follows:

i ay=1.

(i) a,=IDI.

Theorem 4.1 Let G = (V, E) be any simple (p, q) graph. If
AL Az,..., A, are the minimum dominating quotient ceil

eigenvalues of the matrix, then the following conditions
hold:

@) zp:/L:IDI
= P
(ii) Zai2= |D|+22[d—;l

i<j

Proof: (i) Since sum of the A%(G) is same as the trace of

A5(6)
p p
27\1 =Zaii =D
i=1 1

i=

(i) Since the sum of squares of the spectrum of A2(G) is
Q

the trace of (A5(G) )2 we get
p

p p p P
Z A= ZZ qijdji = Z(qﬁ)z + Z(qﬁq”)z
i=1 j=1 i=1 =1

i=1j

p p p
=2 Z(Qii)z + Z 4;iq; + Z 4,5

i<j i<j i>j
P
= |D| +ZZ 4
= 2|4
i<j
This implies
14
%= |D ZZ -
D A= Ipl+2, [ 7
i= i<j

Theorem 4.2 If {1;}, 1 < i < p is a sequence of absolute
values of Q spectrum and s = 2, then

p
_ d;
QpE(G) < 2p |D|+22[d—fl B
i<j ' 7
2\ 2
Where g = Y0} (—/11+/12: ML)
Proof: Let 1,1 <i <p denote the sequence the of

Qp —spectrum of G. Then, using theorem 1.1, we get

SN T BTN N 4
e EDX
i=1 p i=1
This implies
p-1 2 2
py p p
14
d;
<4 D]+ 22 H
(| d;
i<j
Put

e A\ 2
B = 0 (2 T

_ 2 P
QpE(G) d;
B+< . ) <4 |D|+zZ[d—jl

i<j

_ 2 p
QpE(G) d;
< B ) <4 |D|+22[d—]l B

i<j

Simplifying this, we get
0@ <2p [(I01+ 232, |4])

Theorem 4.3 For a graphG, let A =| Q(G) |. Then
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|D|+zz[ ]+p(p—1)Ap<QDE(G) BEG) = |D|+zz[ ]+p(p—1>Av

i<j 1<Jj

From (4.3) and (4.3.3) we get

P
d;
< [p|ID|+2 [—l)
< ; 4 IDI+ZZ[ ]+p(p—1)AP<QDE(G)

i<j

Proof: Put a; =1,b; =| A4; | in Cauchy's - Schwarz

inequality then, 2 rd.
< p<|D|+22[d—‘l

P 2 i<j '
A
;l il Theorem 4.4. For any (p, q) connected graph G
p P
<(>h (Zw) |D|+ZZ <QoEG) < |p 'D'”Z[ }
i=1 i=1 i<j 1<j
This implies Proof: Put a; =1,b; =|4;| Cauchy's - Schwarz
inequality then,
oaorsegur-a(mF )
i<j
Therefore Zl)\il = Zl ZIMIZ
' i=1 i=1 i=1
This implies
GE@ < [p |D|+22[ ] - —(#3) b
— 2
i<j (0E(®)) <Pz|7\'|2
Consider

(GoE@))° —lel2 —p<|DI+ZZ[ })——(441)
12+ Ny
Z Z’ (@E@®)’ <p<|D|+zZ[ D

<|D|+2;[ D ;'M s (GE(®) < P('D'”Z[ D

) i<j
Where YP_ |\ = <|D| +237 d}])

Therefore,

Consider
Since the geometric mean cannot exceed the arithmetic = 2 2
/ (QE@)" = (Eanl)” = £2,2 = (1D +
mean, we have
1

Bl e 2L fo]) - -142)

S T ] HP\ | %] Which implies

p(p — %

i<j

o [ﬁmzm—n]m = [ﬁlhlr = |det (Eg(G))ZF QE(G) = (IDI + zz [ D
oy

From (4.4.1) and (4.4.2) we get

|D|+ZZ < QE@G) < P<|D|+22[ D

i<j i<j

Which implies
2
ZIMI IAj] = p(p — 1)AP — —(4.3.2)

i#j

Put (4.3.2) in (4.3.1) to get Theorem 4.5 Let G be a (p, q) graph. Then
(0E@®) >ID|+2;[ l+p(p—1)AP——(433) QrEG) = p<|D|+ZZ[ D (4 = 4,)°
i<j
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where 4, and 4,, are the maximum and minimum values
of | 4; I's

Proof: Let A;,4,,...4, be the Q spectrum of G. Put
a; =1,b; =| 4; |, in Theorem 1.2 we get

p p p 2
Z 12215 —Zmz < %(/11 ~1,)
i=1 i=1 i=1

This implies
14

d; _ 2 p? 2

p| ID| +2 H —(QE@®) <—(24, - 1,)

. - . 2
ie., 0pE(G) > Jp (IDI +237, [Z—]D —2 (- 2)’
Theorem 4.6 Let G be a (p,q) simple graph. Let A be

the absolute value of the determinant of the quotient matrix
Q ofG. Then,

P
d; 2 —
ZZ [d—]l + D] +p(p —1DAP < QpE(G)

i<j

p
d; 2
< ZZ[d—ll+|D| (0 — 1) + phv
J

i<j

1
Proof: LetZ = p EZL - (I, 7\12)5]

2
p
! zi[dilﬂm 1_[|A|p
=P\ - - i
p i<j d; i=1
p
d, 2
=2Z Zi 4 D] — pav
L |d;
i<j

ifa; = 2%,i = 1,2, ...,p then
2

P P
z<py R-| Y ml| <@-z
i=1 i=1

Which implies

p
di — 2
Z<p ZZ[ElHD' —(WE@®) <@-1zZ
i<j 7

On simplifying, we get

14
d; z
ZZ[d_jl +1D]+p( — DA < GpE(G)

i<j

P
d, 2
< 22H+|D| (p — 1) + pv
j

i<j
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