
 

  
Abstract— In this paper, we propose a stable learning 

mechanism for novel Takagi-Sugeno-Kang type interval-valued 
neural fuzzy systems with asymmetric fuzzy membership 
functions (called TIVNFS-A). The TIVNFS-A consists of 
asymmetric fuzzy membership functions and Takagi-Sugeno- 
Kang type consequent part to enhance the performance. The 
corresponding type reduction procedure is simplified and 
integrated in the adaptive network layers to reduce the amount 
of computation in the system. Based on the Lyapunov stability 
theorem, the TIVNFS-A system is optimized by the 
back-propagation (BP) algorithm having an optimal learning 
rate (adaptive learning rate) to guarantee the stable and faster 
convergence. Finally, the TIVNFS-A with the optimal stable 
learning mechanism is applied in nonlinear system 
identification to demonstrate the effectiveness and 
performance. 
 

Index Terms—interval-valued fuzzy set, Lyapunov approach, 
asymmetric, TSK type, nonlinear system  
 

I. INTRODUCTION 

n recent years, fuzzy neural networks (FNNs) are used 
successfully in many applications [5, 7-9, 10, 13-18, 20-22, 

27, 31-32], such as classifications, prediction, nonlinear 
system identification, nonlinear control, and intelligent 
control. FNNs combine the advantages of fuzzy system and 
neural network to perform a fuzzy logic system in neural 
network structure. Interval type-2 fuzzy logic systems 
(IT2FLSs) have got lots of attention in many applications due 
to their ability to model uncertainties. Besides, many 
literatures have shown that an IT2FLS is the same as an 
interval-valued fuzzy logic system (IVFLS) [1-2, 24, 30]. 
IVFLSs are more complex than type-1 fuzzy logic systems 
(T1FLSs). IVFLSs have better performance than T1FLSs on 
the applications of function approximation, system modeling 
and control. Combining the advantages of IVFLSs and neural 
network, interval-valued neural fuzzy systems (IVNFS) 
systems are presented to handle the system uncertainty [6, 16, 
18].  
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By designing the fuzzy logic systems in fuzzy partition and 
rule engine, symmetric and fixed membership functions 
(MFs), like Gaussian or triangular ones, are usually used to 
simplify the design procedure. Accordingly, a large number 
of rules should be used to accomplish the explicit 
approximation accuracy [5, 15, 17]. In order to solve these 
problems, the asymmetric fuzzy MFs (AFMFs) have been 
adopted [3, 11, 17-18, 20-21, 25]. These results demonstrated 
that using AFMFs can improve the modeling capability and 
enhance the performance of approximation accuracy. The 
AFMFs provide the ability of high flexibility and more 
accurate [18]. In addition, it is well known that the 
Takagi-Sugeno-Kang (TSK) type FLS has the ability of 
universal approximation capability [4]. By the combination 
of the above advantages, the TSK-type interval-valued neural 
fuzzy system with AFMFs (called TIVNFS-A) is introduced 
and applied in the nonlinear system identification. Note that 
the corresponding type reduction procedure is simplified and 
integrated in the adaptive network layers to reduce the 
amount of computation in the system. Therefore, the 
Karnik-Mendel type-reduction procedure can be removed. 
This reduces the computational complexity.  

For training and optimizing the neural fuzzy systems, the 
back-propagation algorithm is widely used and a powerful 
training technique [5, 8, 27]. For each training cycle, all 
parameters of neural fuzzy system are adjusted to reduce the 
error between the desired and actual output. Herein, based on 
the Lyapunov stability theorem, the TIVNFS-A system is 
trained by the back-propagation (BP) algorithm having an 
optimal learning rate (adaptive learning rate) to guarantee the 
stability and faster convergence. That is, the adaptive 
time-varying learning rate which ensures the stable and faster 
convergence is derived. Otherwise, for simulations, we used 
a simple nonlinear system to implement the basic 
performance of MISO TIVNFS-A. The other is used the 
Continuous Stirred Tank Reactor (CSTR) system as the plant 
of simulation because many papers [24, 28-29] had used that 
to shown the capability and performance of the neural 
network. 

 The rest of this paper is as follows. Section II introduces 
the construction of AFMFs and TIVNFSF-A. The back- 
propagation algorithm with the optimal learning rate is 
introduced in Section III. Section IV shows the simulation 
results of nonlinear system identification using TIVNFS-A 
with optimal BP algorithm. Finally, the conclusion is given.  
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Figure 1: Diagram of the proposed TIVNFS-A with M rules. 

 

 
Figure 2: Constructed asymmetric interval valued fuzzy set (IVFS) [18]. 
 

II. TAKAGI-SUGENO-KANG-TYPE INTERVAL-VALUED 
NEURAL FUZZY SYSTEMS  

In this paper, we propose a TSK-type interval-valued 
neural fuzzy system with asymmetric fuzzy membership 
functions (TIVNFS-A), which is a modification of type-2 
fuzzy neural networks (or interval-valued neural fuzzy 
systems). We adopted interval-valued asymmetric MFs and 
the TSK-type consequent part to develop the TIVNFS-A. A 
TIVNFS-A with M fuzzy rules is implemented as the 
six-layer network shown in Fig. 1. We first introduce the 
network structure of TIVNFS-A. In general, given the system 
input data xi, , ,,2 ,1 ni L=  and the TIVNFS-A’s output ŷ , 
the jth fuzzy rule can be expressed as: 
Rule j: IF x1 is jF1

~  and … and xn is njF~ , THEN  
Yj=Cj0+Cj1x1+Cj2x2+…+ Cjnxn         (1) 

where j=1, 2, …, M; Cj0 and Cji are the consequent fuzzy sets, 
Yj is the output of the jth rule (a linear combination operation), 
and ijF~  is the antecedent fuzzy set. The fuzzy MFs of the 

antecedent part ijF~  are the asymmetric interval-valued fuzzy 
sets (IVFSs) that are shown in Fig. 2, which are different 
from typical Gaussian MFs. Several approaches indicate that 
using asymmetric MFs can improve approximation accuracy 

[3, 12, 18, 20-22, 27]. The asymmetric IVFSs are generated 
from four Gaussian functions, as shown in Fig. 2. The 
construction of asymmetric IVFSs is introduced in Appendix 
A. Subsequently, the fuzzy sets of the consequent part Cj0 and 
Cji are designed to be convex, normal type-1 fuzzy subsets. 
The signal propagation and the operation functions of the 
nodes are indicated in each layer. In the following description, 

)(k
iO  denotes the ith output of a node in the kth layer. 

 
Layer 1 (Input Layer): For the ith node of layer 1, the net 

input and the net output are written as 

ii xO =)1(                                               (2) 
where i=1, 2, …, n, xi represents the ith input to the ith node 
of layer 1. The nodes in this layer only transmit input values 
to the next layer directly. 
 

Layer 2 (Membership Layer): In this layer, each node 
performs an asymmetric IVFS ijF~  (as shown in Fig. 2), 
where the subscript “ij” indicates the jth term of the ith input,  
j=1, …, M. We use superscripts l and r to denote the left and 
right curves of the Gaussian membership function. The 
parameters of the lower and upper MFs are denoted by _ and 
−, respectively. Therefore, the output of layer two is   
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Herein, lm , rm , lm , and rm  denote the uncertain means of 

Gaussian MFs, and lσ , rσ , lσ , and rσ  denote the 
uncertain deviations (width) of Gaussian MFs. To avoid a too 
small lower MFs value,  γ is chosen between 0.5 and 1.  
 

Layer 3 (Rule Layer): The links in this layer are used to 
implement antecedent matching. We choose the product 
t-norm because it is easy to implement in a neural network. 
Thus, the firing strength associated with the jth rule is 
calculated by  
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where )(~ ⋅
ijF

μ  and )(~ ⋅
ijF

μ  are the lower and upper 

membership grades of )(~ ⋅
F

μ , respectively. Therefore, a 
simple product operation is used. Then, 
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Layer 4 (Left-most and right-most layers): The 

weighting vectors of TIVNFS-A are interval-valued 
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This expression calculates the left-most points, )4(
jlO , and 

right-most points, )4(
jrO . This simplifies the calculation of the 

left and right end points and they are used in layers 4 and 5 to 
approximate the operation of type-reduction.  

 
Layer 5 (TSK Layer): Since the asymmetric IVFSs are 

used for the antecedents and because the interval sets are 
used for the consequent sets of the TSK rules, it is possible to 
state that the Cji terms are interval sets. In other words, 
Cji=[cji-sji cji+ sji]T, where i=1,…, n, and j=1,…, M. In this 
expression, cji denotes the center of Cji, and sji denotes the 
spread of Cji, i=1, 2, …, n and j=1, 2, …, M. Therefore, the 
TSK-type consequent part of Rule j is  
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where sji≥0. Therefore, the output of layer 5 is 
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Note that we need to compute the left-end point )5(
lO  and 

right-end point )5(
rO  by utilizing the KM algorithm. In the 

KM algorithm, we have to find the proper switch point value 
L and R by iterative procedure, and the left-end and right-end 
point should be calculated by equation (9). According to 
previously results [6], the type reduction is integrated into the 
layers 4 and 5. Therefore, the Karnik-Mendel type-reduction 
procedure can be removed. Since the iterative procedure for 
finding coefficients R and L is not necessary, the 
computational effort can be reduced effectively.  
 

Layer 6 (Output Layer): Layer 6 is the output layer, 
which is used to implement the defuzzification operation. 
The output is the following: 

.
2

)5()5(
)6( rl OOO +

=                                 (10) 

 
As the above introduction, the interval-valued fuzzy sets 

are used to design the antecedents and interval type-1 fuzzy 
sets are used to design the consequent sets of an 
interval-valued TSK rule. Directing our attention to (9), we 
can see that )4(

jO  and jT  are interval type-1 fuzzy sets. Hence, 
)5(

TSKO  is an interval type-1 fuzzy set. We only need to compute 

its two end-points )5(
lO  and )5(

rO  to compute )5(
TSKO . Hence, 

we use the weights between layer 3 and layer 4 to regard as 
the firing interval which is determined by its left-most and 
right-most points. Without operating the iterative procedure 
of KM algorithm described in [12] for finding coefficients R 
and L. Therefore, the TIVNFS-A can reduce the 
computational complexity successfully. In addition, the 
above description can be extended to the multi-output 
TIVNFS-A system easily. Section IV introduces a 
two-input-two-output TIVNFS-A application for the 
identification of a continuous stirred tank reactor (CSTR) 
system.  

 

III. STABLE LEARNING MECHANISM OF TIVNFS-A SYSTEMS 
In this paper, we adjust the parameter of TIVNFS-A by the 

back-propagation (BP) algorithm to enhance performance [5, 
8, 15, 27]. The back-propagation algorithm is based on the 
gradient descent method to find the optimal solution of each 
parameter. 

A. Back-propagation Algorithm 
For clarification, we consider the signal-output system and 

define the error cost function  
2)(

2
1)( kekE = ,                              (11) 

where ),()()(ˆ)()( )6( kOkykykyke pp −=−= that )(ˆ ky  and 

)(kyp  are the TIVNFS-A’s identified system output and 
desired output for discrete time k, respectively. Using the 
gradient descent method, the parameters updated law of the 
parameters is 
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where η  is the learning rate. [ ]TCWWWW  , , , , ωγ=  are the 
adjustable parameters, where C  is the parameters of TSK 
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layer, ωW  is the consequent weighting vector, W  is the 

parameters of lower AFMFs, W  is upper AFMFs’ 
parameters, and γ  is the maximum value of lower AFMFs, 
i.e., 
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Considering the gradient term W∂∂ )(kE , we have 
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The remaining work involves finding the corresponding 
partial derivative with respect to each parameter. For the BP 
algorithm, the remaining works are the derivations of 
gradient for parameters ωγ WWW  , , , , and C. According to 
(11)-(15), we can obtain the update rule of each parameter. 
 
-The Derivation of update law for C  

The update law of the TIVNFS-A’s parameters C  is 
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where the partial derivative with respect to jic  and jis  are 
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-The Derivation of update law for ωW  

The update law of the TIVNFS-A’s parameters ωW  is 
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where the partial derivative with respect to jω  and jω  are 
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-The Derivation of update law for W  

The update law of the TIVNFS-A’s parameters W  is 
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where the partial derivative with respect to ijm  and ijσ  are 
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-The Derivation of update law for W  

The update law of the TIVNFS-A’s parameters W  is 
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-The Derivation of update law for γ  

The update law of the TIVNFS-A’s parameters γ  is 
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Equations (16)-(43) introduce the training of TIVNFS-A 
for nonlinear system identification by gradient-descent 
method.  
 

B. Optimal Learning Rate  
The learning rate plays an important role in BP algorithm. 

A small value of learning rate leads the speed of convergence 
will be slower. The large value of learning rate leads the 
speed of convergence is faster but it might produce local 
minimum. Hence, the selection of the learning rate is 
important but it is not easy to choose properly. Thus, we use 
the Lyapunove function to find the optimal learning rate to 
avoid the local minimum and enhance the convergence 
performance [5, 15, 33]. At first, we defined the positive 
Lyapunov candidate 
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Next, according to the Lyapunov stability theory, we should 
choose a proper value of η  such that 0)( ≤Δ kV . Therefore, 
we can obtain the stability condition for learning rate 
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such that λ=1. Note that W∈ℜD, where D is the dimension of 
the problem. Therefore, the choice of optimal learning rate 
guaranteed the faster convergence is 

2

* ˆ1 −

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

=
W
y

D
η .                            (53) 

The optimal learning rates of TIVNFS-A’s parameters are 
introduced as the following. 
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Figure 3: Series-parallel model with the TIVNFS-A for nonlinear systems identification. 
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IV. SIMULATION RESULTS 
In this section, two illustrated examples of nonlinear 

system identification are introduced to show the 
performance and effectiveness of TIVNFS-A. All 
simulations were done by MATLAB in Intel(R) CORE 2 
QUAD computer with clock rate of 2.4GHz and 3GB of 
main memory. 

 
Example 1: Nonlinear system identification 

Consider the following nonlinear system [15] 
( ))1(),(),2(),1(),()1( −−−=+ kukukykykyfky pppp  (65) 

where 
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u and yp are system’s input and output. Herein, the series- 
parallel training scheme as shown in Fig. 3 is adopted. The 
approximated error is  

),(ˆ)()( kykyke p −≡                         (66) 

where )(ˆ ky  denotes the TIVNFS-A’s output. Clearly, due 
to the static structure of TIVNFS-A, the input number 
should be set as 5. The training input is 
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The following RMSE is adopted to be the performance 
index 

2/12 )/)((: ∑
k

NkeRMSE                      (69) 

where N is the number of training pattern. 
The parameters of TIVNFS-A are 

 , , ,, ,, llrrll mmmm σσ  scrr  , , , , , , ωωγσσ  that are chosen 
randomly between [-1, 1]. The numbers of the TIVNFS-A’s 
rule is set to be 2, then the structure of TIVNFS-A is 
2-4-2-4-2-1, and the numbers of parameter of TIVNFS-A is 
56. 

Figures 4 and 5 show the training and testing results of 
nonlinear system identification after 50 epochs. Figures 4(a) 
and 4(b) shows the actual system output and TIVNFS-A’s 
output after training, respectively. In addition, to illustrate 
the generalization performance of TIVNFS-A, Figs. 5(a) 
and 5(b) show the testing results, (a)  actual output and (b) 
TIVNFS-A’s output). From Figures 4 and 5, we can observe 
that the training and testing results are almost the same as the 
actual outputs. These demonstrate the effectiveness of 
TIVNFS-A. The convergence of RMSE in training error is 
shown in Fig. 6. The average RMSE of ten independent runs 
after 50 epochs is 2.377×10-3.  
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Figure 4: (a)The actual output of nonlinear system, (b)Training results of 
nonlinear system identification. 

Illustration Comparison of the Optimal Learning Rate- 

Figure 7 and TABLE I show the comparison results 
between the TIVNFS-A system using the optimal learning 
rate *η  (solid-line) and fixed learning rate η (dashed-line).  
Obviously, we obtain the performance of BP algorithm with 
optimal learning rate is better than one without optimal 
learning rate. The average RMSE of BP algorithm with *η  
and ones with the fixed learning rate is 0.002377 and 
0.003203, respectively. In addition, the performance of the 
best and the worst in RMSE are more stable. 
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Figure 5: (a)The actual output of nonlinear system, (b)Testing results of 

nonlinear system identification. 
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Figure 6: The values of RMSE after training. 
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Figure 7: The values of RMSE of  BP algorithm with optimal learning rate 

and without optimal learning rate. 
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TABLE I 
THE COMPARISON RESULTS IN 10 TIMES OF DIFFERENT LEARNING RATE 

 BP algorithm with 
optimal learning rate 

BP algorithm with fixed 
learning rate 

Best 0.001671 0.001696 

Average 0.002377 0.003203 
Worst 0.003458 0.006690 

Times(sec) 21.904 15.808 
 
Illustration Comparison of TIVNFS-A system-  

In this comparison, we discuss the performance of 
TIVNFS-A and RFNN. Figure 8 shows the result of the 
values of RMSE after training with TIVNFS-A and RFNN. 
The performance of TIVNFS-A is better than RFNN’s in 
comparison of RMSE. In addition, the convergent speed of 
TIVNFS-A is also faster than ones of RFNN. TABLE II 
shows the best average and worst RMSE of TIVNFS-A and 
RFNN after training. According to the results, the 
performance of identification by TIVNFS-A is better than 
by RFNN. We solve the nonlinear system identification by 
TIVNFS-A successfully and the simulation result the better 
performance. 
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Figure 8: The values of RMSE of  TIVNFS-A and RFNN. 

 
TABLE II 

 THE COMPARISON RESULTS IN 10 TIMES OF DIFFERENT NEURAL 
NETWORKS 

 TIVNFS-A RFNN 
Best 0.001696 0.002169 

Average 0.003203 0.010345 
Worst 0.006690 0.017337 

imes(sec) 15.808 1.050 
 

 
Figure 9: Continuous Stirred Tank Reactor. 

 

TABLE III 
 THE PARAMETER OF CSTR PLANT 

Parameter Description Value 
Ca0 The concentration of inlet feed 1  (mol·l-1) 
T0 The temperature of inlet feed 350  (K) 
Tc0 The temperature of inlet coolant 350  (K) 
v The volume in the reactor tank 100  (l) 
k0 Reaction rate constant 7.2×1010  (min-1) 

E/R Energy of activation 9.95×103  (K) 
ΔH Heat of reaction -2×105  (cal·mol-1) 

Cp, Cpc Specific heats 1  (cal·g-1·K-1) 
ρ, ρc Liquid densities 1×103  (g·l-1) 
ha Heat transfer coefficient 7×105  (cal·min-1·K-1) 

 
Example 2: Identification of nonlinear CSTR system  

In Example 1, we have shown that the TIVNFS-A has 
capability of nonlinear system identification and it has better 
performance than RFNN’s results. In this example, we will 
use the TIVNFS-A to identify an actual system in chemistry 
and show the TIVNFS-A system. The Continuous Stirred 
Tank Reactor (CSTR) system was chosen as an example 
problem by application of identification. Figure 9 shows the 
illustration of CSTR system that is common chemical 
system. The process describes the reactions two reactants 
which are react and generate a compound in the tank. The 
plant of CSTR system is described by [29] 
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where k1, k2, and k3 are thermodynamic and chemical as  

pC
Hkk

ρ
0

1

Δ
−= , 

vC
C

k
p

pcc

ρ
ρ

=2  and 
pcc

a

C
hk

ρ
=3 . 

Ca(t) and T(t) are the concentration and temperature of 
produce in the tank. q(t) and qc(t) are the flow rate of inlet 
feed and inlet coolant. Other parameters of above equations 
are fixed and have been described and determined in 
TABLE III. 

For system identification, the flow rate of inlet feed and 
inlet coolant q(t) and qc(t) as the inputs of TIVNFS-A. The 
concentration and temperature of produce Ca(t) and T(t) as 
the outputs of TIVNFS-A. Figure 10 shows the 
series-parallel scheme for CSTR system identification. In 
order to make more real simulation, we added the white 
noise in the inputs data.  Since the inputs of the TIVNFS-A, 
q(t) and qc(t) contain the white noise, therefore we use a 
simple filter before TIVNFS-A system. Figures 11 and 12 
show the inputs and the desire outputs data for the CSTR 
system identification, respectively. Note that the 
non-smooth phenomenon of input and output signals exists 
since the white noises are added in the input signals.  
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Figure 10: Series-parallel model with the TIVNFS-A for CSTR system identification. 

 

0 50 100 150 200 250 300

100

105

110

115

Time

q

(a)

0 50 100 150 200 250 300

100

105

110

115

Time

qc

(b)

 
Figure11: Input of the flow rate for identification process (a) inlet feed and 

(b) inlet coolant. 
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Figure12: Desire output for identification process, (a) the concentration of 

produce and (b) temperature of produce. 
 
 
 

In this example, we chose the suitable parameters of 
TIVNFS-A and back-propagation algorithm and are 
following: The parameters of TIVNFS-A are 

rrll mmmm , ,,  that are chosen randomly between [0, 8], 
rrll σσσσ  , , ,  that are chosen randomly between [0, 25], 

and sc  , , , ωω  are chosen randomly between [-1, 1]. The 
numbers of the TIVNFS-A’s rule is set to be 3, then the 
structure of TIVNFS-A is 4-12-3-6-4-2, and the numbers of 
parameter of TIVNFS-A is 180.  

Figures 13 (a) and (b) show the results of the 
concentration and temperature of produce Ca(t) and T(t), 
respectively. Otherwise, Figure 14 shows the result of 
RMSE with 30 epochs. We can obtain that the performance 
of identification is accurate and well. In TABLE IV, we 
averaged the RMSE value using 10 independent runs, and it 
can be found that the performance is good and stable. 
According to above simulations of two illustration examples, 
we can obtain the TIVNFS-A systems have capable of 
system identification for actual system with 
multi-input-multi-output. 

V. CONCLUSION 
In this paper, we have proposed a novel TSK-type 

interval-valued neural fuzzy system with asymmetric fuzzy 
membership functions (TIVNFS-A) for application in 
nonlinear system identification. The TIVNFS-A consists of 
asymmetric membership functions and TSK-type 
consequent part to enhance the performance. The 
corresponding type reduction procedure has been simplified 
and integrated in the network layers to reduce the amount of 
computation in TIVNFS-A system. Based on the Lyapunov 
stability theorem, the TIVNFS-A system is trained by the 
back-propagation (BP) algorithm having an optimal 
learning rate (adaptive learning rate) to guarantee the 
stability and faster convergence. Illustration examples are 
shown to demonstrate the effectiveness and performance of 
the proposed TIVNFS-A with stable learning mechanism. 
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Figure 13: Identification results of CSTR system, (a) Concentration, Ca(t); 

(b)  Temperature, T(t). 
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Figure 14: Results of RMSE value. 

 
TABLE IV 

THE RESULTS OF CSTR IDENTIFICATION USING TIVNFS-A IN 10 
INDEPENDENT RUNS. 

 TIVNFS-A 

Best 0.42827  

Average 0.62242  
Worst 0.77573  

Times(sec) 15.808 
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