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Morita Theory for The Category of Fuzzy S-acts

Hongxing Liu

Abstract—In this paper, we give the properties of tensor
product and study the relationship between Hom functors
and left (right) exact sequences in F'S-Act. Also, we get
some necessary conditions for equivalence of two fuzzy S-
acts category. Moreover, we prove that two monoids S and
T are Morita equivalent if and only if F'S-Act and F'T-Act are
equivalent.

Index Terms—fuzzy set, fuzzy semigroup, fuzzy S-act, Morita
equivalent, category.

I. INTRODUCTION

ADEH [27] introduced the fuzzy set theory. In [20],

Negoita and Ralescu applied fuzzy set theory to mod-
ules theory. Muganda [19] studied free fuzzy modules. Also,
Loépez-Permouth and Malik [13] gave some properties of
fuzzy module category. Now, many authors have applied
fuzzy set theory to semigroups, see [1], [9], [10], [11], [14],
[24]. Ahsan et al. [1] studied fuzzy subacts of an S-act. Ali,
Davvaz and Shabir [2] defined soft S-acts and characterized
(a, B)-fuzzy subacts using soft S-acts.

Morita theory characterizes the relationship of two rings
which preserves many ring properties. Morita theory plays
an important role in ring theory and algebra theory. There
are also many papers on Mortia theory for semigroups,
see [3], [7], [8], [25]. In these papers, authors have also
got equivalences between subcategories of S-acts. Lopez-
Permouth [12] characterized Morita theory of two rings R
and S using fuzzy module categories. While, there is few
paper on Morita theory for the category of fuzzy S-acts.
The aim of this paper is to generalize the Morita theory in
the paper [12], [25] to the category of fuzzy S-acts. These
theory will be useful to the study of fuzzy semigroups and
fuzzy S-acts.

The content of the paper is constructed as follows. In
Section 2, we recall some definitions on semigroups and
fuzzy sets. In Section 3, we study the properties of Hom
sets and tensor products in the category of fuzzy S-acts.
Using these properties, we get some necessary conditions
for equivalences of F'S-Act in Section 4. In Section 5, we
get that two monoids S and T have equivalent categories
of F'S-Act and F'T-Act if and only if S and 7" are Morita
equivalent.

II. PRELIMINARIES

Let S be a semigroup. A set A is called a (left) S-act,
if there is a scalar multiplication S x A — A, denoted by
(s,a) —> sa and for all s,t € S,;a € A, we have

(st)a = s(ta).

If A is a left S-act, we write ¢A. If S is a monoid with 1
and A is a left S-act, for all a € A, we have la = a, then A
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is said to be unital. For gA and sB and amap f: A — B,
if for all s € S;a € A, we have

f(sa) = sf(a),

then f is a (left) S-morphism. Let Homg(A, B) be the set
of S-morphism from gA to sB. We denote the category of
left S-acts by S-Act.

Similarly, we can define right S-acts. We denoted by Act-
S the category of right S-acts.

Suppose that S is a commutative semigroup and M is a
left S-act, then it is obvious that M is also a right S-act.

If M is a left S-act and a right T-act, and for all s €
S,t € T,x € M, we have (sx)t = s(xt), then M is called
an S-T-biact. We write (S, T')-Act for the category of S-T-
biacts.

Let A be a left S-act. If a map o : A — [0, 1] satisfies
a(sa) > ala), Vs € S;a € A, then a4 is called a fuzzy
(left) S-act ([1]).

Similarly, the fuzzy right S-acts can be defined.

Let A be an S-T-biact. If a map o : A — [0, 1] satisfies
a(sa) > a(a) and a(at) > ala), Vs € S;t € T,a € A,
then a4 is called a fuzzy S-T-biact.

For two fuzzy S-acts a4 and 3, if a map f:A— Bis
an S-morphism and satisfies 8(f(a)) > a(a), Va € A, then
f is called a fuzzy S-morphism.

Let S be a semigroup. We denote the set of all fuzzy S-
morphisms from a4 to Sp by Homg(aa, 55). Let F'S-Act
be the category of fuzzy left S-acts.

Let f : ay — fBp be a fuzzy S-morphism. 1) If f is an
epimorphism (a monomorphism), then f is a fuzzy epimor-
phism (monomorphism). 2) If 3(f(a)) = 1, then a(a) =1,
Va € A, f is a fuzzy quasi-monomorphism. 3) If f : A — B
is an S-isomorphism, then f is a fuzzy quasi-isomorphism.
4)If f : A — B is an S-isomorphism and for all a € A,
we have 8(f(a)) = a(a), then f is a fuzzy isomorphism. 5)
The kernel of f is KER(f) = {a € A|B(f(a)) =1}.

If M € S-Act, Ops represents the fuzzy S-act 0: M —
[0,1] such that 0(m) = 0, for all m € M. 1, represents
the fuzzy S-act 1: M — [0, 1] such that 1(m) = 1, for all
me M.

I

Proposition I1.1 Let S be a semigroup. The category F'S-
Act has coproduct.

Proof Suppose that {a; 4.|i € I} are a family of fuzzy
S-acts. Then the coproduct [ 4; in S-Act is the disjoint
iel
union |J A;. Define a map aes 11 A; — [0, 1] by putting

iel icl
ala;) i a;(ay), if a; € A;. Tlfen a is the coproduct of
{aia,]i € I} in FS-Act.

Definition I1.2 For a4 € F'S-Act, if for all no € FS-Act,
there is an epimorphism ag) — n¢, where I is index set,
then a4 is called a generator.
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III. HOM SETS AND TENSOR PRODUCTS IN F'S-ACT

In this section, we shall study the properties of Hom sets
and tensor products in F'S-Act.

The following lemma is useful in Proposition II1.2.

Lemma III.1 [14] Let S be a commutative semigroup. For
two fuzzy S-acts a4 and S5, we can make Homg (a4, 5p)
to be a fuzzy S-act by the function ¥ : Homgs(aa, 8) —
[0,1], which is defined by 5(f) = A{B(f(a))|a € A}.

Proposition ITL.2 Let S be a commutative semigroup and
ay € FS-Act. Then :YEnds(aA,aA) is a fuzzy monoid.

Proof Obviously, iEnds(aA,aA) is a monoid. Assume

fi.fo e :VEnds(aA,aA) and a € A. Since

a(fi(f2(a))) > al(f2(a))

and the definition of 4 in Lemma III.1, we get

(fifo) = A(f2) = /\W(fl)ﬁ(fz)}“

Hence, we get that ygq_ (aa,0a) is a fuzzy monoid.

Let A € Act-S, B € S-Act'and C be a set. If a map
v : Ax B — C satisfies p(as,b) = ¢(a,sb), for all
a € A,s € S and b € B, then ¢ is called a bimap ([4]); If
for all set H and all bimap f : A x B — H, there exists
a unique map g : C — H such that gp = f, then the pair
(C, ) is called a tensor product of A and B ([4]). We write
A ®g B for the tensor product of A and B. By Proposition
818 of 4], fora®b, c®dec AR B, thena®b=c®d
<= either (a,b) = (c,d), or there exist g1, -, gn-1 €
A hy, - hp1 €B,ry, -, Tn,S81++,Sn—1 € S such that

r1b = s1hq,
roh1 = saho,
riv1hs = sip1hig,

a=(giri,
g151 = ga27ro,
9iSi = gz+1rz+1>
1=2,- — 2,
gn—lsn—l = CT'p,

Tphn—1 =d ([4])

Let @4 and Bp be two fuzzy sets. Define a4 X Sp(a,b) =
N a(a), B(b)}, for all (a,b) € A x B, then oy X Bp is a
fuzzy set.

Let ay € Act-F'S, Bp € FS-Act and nc be a fuzzy set.
Let f: Ax B — C be a map. If f is a bimap and for all
(a,b) € A x B, we have

nf(aa b) > (O‘A X 53)(0'7 b)v

then f is called a fuzzy bimap ([14]).

Theorem IIL.3 [14] Let a4 € Act-F'S and S € F'S-Act.
The tensor product of a4 and Sp exists, where the function
a®f:A® B — [0,1] is defined by

= V{Afata)

Moreover, it is unique up to isomorphism.

We write a4 ® [Bp for the tensor product of a4 and 5p.

Denote by (F'S,FT)-Act the category of fuzzy S-T-
biacts. In the following, we shall study the associativity of
the tensor product in fuzzy S-acts category.

Proposition IIL.4 Let 14 € Act-F'S, g € (FS, FT)-Act
and nc € FT-Act. There is a quasi-isomorphism 14 ® (85 ®
ne) = (14 ® B) @ nc.

Proof In S-Act, there is an isomorphism f : 14 ® (65 ®
nc) =+ (1a® Bp) @ne by fla® (b®c)) = (a@b)®c.

a® Bla ),B(b)}a ®b =a®b}.

For every a ® (b®¢) € 14 ® (Bp ® nc), we have

1®(ﬂ®n)( (b®6))
= VIA{L@).Banb @c)d @b oc)=
a®(b®c)}
= \/{ﬁ@nb’@@c’)m'@(b'@c'): ®(b®c)}
= VIVIABO ). nc)}a @ (0 @c) =

a®(b®c)}

= V{ABO)

On the other hand, we can prove that
(1®8)@n((a®b)c)

VIA{1®B) @ ab),

Y ®(b ®c)=a® (b))

n(c)}@ @b)c =

(a®b)®c}
= VIAVIAQG). 801 n())(e ©b) @ ¢
=(a ®b)®c}
= VIAVEBO) L)@ eb) o =
(a®b) @ c}.

Then (1@ 8)@n)fla@ (b®c)) > 10 (Ben)((a®b)®c).
We get the desired result.
The following statement gives the relationship between the
tensor product and the coproduct in F'S-Act.
Proposition IIL5 Let £y, € FS-Act and [ a;4, €
i€l
Act-F'S. Then there is an isomorphism
(JT cin) @ éar = [ (via, ® Enr).
iel i€l
Similarly, let {4y € Act-F'S and [] a4, € F'S-Act. Then
iel
there is an isomorphism

& @ ([T aia,)

iel

= H(ﬁM ® g, )-

il

Proof It is obvious by the definition of coproduct in
Proposition II.1 and the related results in the category of
S-acts. )

Let ¢ € Homs(uL,z/Ml. If there is an element ¢ €
Homg (vas, pur,) satisfying @ = 1, then ¢ is split. Write
IMA(@) = {$(0)]l € L}.

Definition IIL.6 A sequence

@ 0
UL —> VM — 1IN

is called left exact, if ¢ is quasi-monic and IMA(p) =
KER(). Similarly, if ¢ is epic and IM A(@) = KER(1),
then the sequence is called right exact.

Similar to Theorem 2 in [21], we can prove the following
theorems.

Theorem III.7 Let S be a commutative semigroup. Sup-
pose that

1227 vy i> N
is left exact. If ¢ is split, then Hom(6p,

sequence.
Proof Let H = Hom(fp,

—) preserves the
—). We prove

H Hq
aHOm(ep,y,L) —> /BHOm(eP}V]\/[) —> ,YHOm(@p,nN)

(Advance online publication: 17 February 2015)
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is also left exact. B ~ ~

1) Suppose B(H@(f)) = 1, i.e. B(@f) = 1, where f €
Hom(0p, j11,). By Lemma IIL1, we have A{v(5f(p)) | p €
P} = 1. That is, for all p € P, we have v(¢f(p)) = 1.
Since ¢ is quasi-monic, we have u(f(p)) = 1,Vp € P. This
concludes that a(f) = 1. Hence, H@ is quasi-monic.

2) IMA(Hp) C KER(H%). For f € IMA(H®),
suppose § € Hom(0p, uu1,) and f= Hp(g) = ¢g. Note that
IMA($) = KER(%). We have n(¥@§(p)) = 1,¥p € P.
Hence, v(Hv(j)) = 1. Then § € KER(F4).

3) KER(Hv) C IMA(H). Suppose f € KER(H)
and v(Hy(f)) = 1. Then n(f(p)) = 1, Vp € P. Hence,
f(p) € KER(Y)) = IMA(p). Choose an element [, € L

such that
= \/{n@)

Suppose k € Hom(vps, i) and k@ = 1. Then

wlp) = N(];SZ’(ZP)) > v(@(lp)) > plly).
Then pu(l,) = v$(ly,). Define g : 0p — pr by G(p) = .
Then Hp(g) = ¢g = f. Since
1(g(p)) = p(ly) = v(e(ly)) =

this proves that g is fuzzy.
Theorem II1.8 Let S be a commutative semigroup. Sup-
pose that

f(p).le L},

v(f(p)) = 0(p),

5 ¢
pr =25 var s oy
is right exact. If ¢ is split, then the sequence

Hom(g,6)

Hom(+,0r)
aHOm(ML ,Gp) —>

/BHOm(Vju ,Gp)

is also right exact.

IV. PROPERTIES OF EQUIVALENT FUNCTORS

Notation In this section, we shall assume that S is a
commutative semigroup.
For a fuzzy left S-act a4, we have that 'NYHoms (0s,04) is
a fuzzy left S-act by Lemma III.1. For a € A, we define a
map
p~a 05 — aa

by putting
Pa(s) = sa.

Since ap.(s) = a(sa) > 0 = 0(s), we have p, €
:YHoms(os.aA)' On the other hand, for all f € YHoms (05
and s,q € S, we have

(s- g =

Hence, s'f:pfs .
We now define a map as follows:

aa)

flas) = af(s) = pjo(a)-

Aq, 1 0g ®:7H0ms(os,aA) — a4,

Lemma IV.1 Let S be a monoid and ooy € F'S-Act. Then
A, , is a fuzzy S-epimorphism.

Proof The proof is similar to Lemma 4.1 in [25].
Suppose @ ® f = ¢ ® §, where a,c € S,f,g~ €

YHoms (0s,.4)- BY Proposition 8.1.8 of [4], we have (a,f) =

7H0m(nN,9p)

(¢,g) or there exist a1, - +,ap—1 € S, f1,*+,fn1 €
Homg (0s,0a), 71, 70,81, *,8p—1 € S such that
a=airy, f:51 f1,
a151 = asTo, S3- f1 =52 fa,

;8 = Gip1Ti41, vt fi=tis1- firts
1=2,---,n—2,

Gp—1Sn—1 = CT'p,

Sn * fn—l = g

Hence we get

fla) =A(arry) = r1 - flar) = s1- fi(ar)
= filars1) =+ =g(c

This concludes that f(a) = §(c) and so A,
defined.
It is clear that A, is an S-morphism. Since oA, , (re
H=alf(r) >0=009(r® f), we get that A, , is a
fuzzy morphism.

Suppose a € A. Then g, € YHom(

~

is well-

0s,04) and

Aa,(1®pa) =pa(l) =1 -a=a.

It follows that A, , is surjective and we get the desired result.

Lemma IV.2 Let S be a monoid and 0g € S-Act. We
have O ® 7Homs(os 0g) = = 0g.

Proof By Lemma IV.1, we know that Ay, is a fuzzy
epimorphism. We have to prove that Agg is injective. Let
s,;te S, f.ge YHoms (05.05) and Aos(s@)f) Ag, (t®7).
By the definition of Ag,, we have f(s) = g§(t). In
0s @ YHomg (0s,05): We have 1 ® pff:(;) = 1® pg(r). Hence,
we get

s®f:1's®f=1®8'f:1®Pf(s):1®p§(t>
=1Qt-g=1-tj=t®4J.

This concludes that Ay, is injective and so is an isomor-
phism.

Remark IV.3 Denote by F;.S-Act={0y/|M € S-Act}. Let
Ls : FoS-Act —> S-Act be a functor such that Ls(04) = A
and for every fuzzy morphism f : ax — 85, LS(f) f.
Then FyS-Act and S-Act are equivalent and Lg is invertible.

The following statement gives a characterization of objects
in F{ OS -Act.

Lemma IV.4 Let S be a semigroup. sy € FpS-Act if
and only if for any fuzzy morphism f : fp — a4, where
Bp € F'S-Act, if f is both monomorphism and epimorphism,
then f is invertible.

Analogous to Lemma 5.3 in [12], we get the following
proposition.

Proposition IV.5 Let S and 7 be two semigroups. If
G : FS-Act — FT-Act induces an equivalence be-
tween F'S-Act and F'T-Act, then GG induces an equivalence
G‘FOS—ACt : F()S-ACt — FpT-Act.

Proof If 04 € FpS-Act, by the Lemma IV.4, we have
G(04) € FyT-Act. Then we can get the desired result.

Let us denote by QFS-Act = {4 €
FS-Act] A, is a quasi-isomorphism}.

We now use the properties of equivalence to get various
necessary conditions. The following statement is similar to
Theorem 6.1 in [25].

Theorem IV.6 Let S and T" be two commutative monoids.
If there exists equivalence: ® : QFS-Act = QFT-Act :
U. Write Oy = ¥(0r) and Oy = ®(0g). Then Oy is a
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fuzzy unitary S-T-biact and Oy is a fuzzy unitary 7-S-biact.
Moreover, the following conditions are satisfied:

(1) © = 0r®THomg (0y,—)» ¥ = U5®PHomy (0v, -

@) Ov = 0s@YHomy (0y 001 OV = 07 © PHoms (0, .05)
as fuzzy biacts.

Proof We obviously have that Oy is naturally a fuzzy right
EndrV-act. Since EndgS = EndrV, Oy is a fuzzy right
EndgS-act. Defining v - s = G(ps)(v), then Oy is a fuzzy
T'-S-biact. Similarly, we can check that Oy is a fuzzy S-T-
biact.

(1) If apr € QFS-Act, then ®(aps) € QFT-Act. That
is,

®(anr) = 07 @ AHomy (07 w(an)"
On the other hand, as ® and ¥ are eqivalent functors, we
have

AHom, (07 #(asr) = THOMS (¥(0r),cn) — THOMS(00 )"
Hence, we get ®(ap) = 0r ® 'NVHomsgoU an)- Then & =

OT@ﬂHoms(oU,—)' Similarly, ¥ = OS@ﬂHomT(ov,—)'

(2) Let 5 P — O ® ﬁHoms(oU,—) be the natural
isomorphism. Then we have the following commutative
diagram

G (5.
®(0s)(=0v) & ®(0s)(= Ov)
§s 1&s
~ 1r®ps ™ ~
07 ® Homs(v0s) 07 @ THoms(0.06):

where lr @ 5" (t @ f) =t @ ps(f) =t @ f-s=(t® f)s.
That is, for all v € Oy, we have

Iy ® f"Es(v) = Es(v) - s.

Hence, we get

€s(vs) = Es(G(ps)(v)) = Es(1s @ ps)(v) = (E5(v))s.

This shows that £g is a fuzzy right S-morphism. Therefore,
we have Oy = Or ® Homg(Oy,0g) as fuzzy T-S-biact.
Similarly, we can get Oy = 0s®sHomy Oy, Or).

V. EQUIVALENCE OF FUZZY S-ACT CATEGORIES

In this section, we will prove that two monoids are Morita
equivalent if and only if their fuzzy S-acts categories are
equivalent.

Definition V.1 [6] Two monoids S and 7" are Morita equiv-
alent if the two categories S-Act and T-Act are equivalent
by the functors & = U ®g — and ¥ = V ®r —, where 7Ug
and sV are biacts.

Lemma V.2 Let S and T be two monoids and a4 be a
fuzzy S-T-biact. Then vy ® — takes values in F'S-Act.

Proof Let S5 € F'S-Act. It is well-known that A ® B is
a left S-act. Since
(a®5)(8§a®b2) o
ViAfa(a), 50)}a © b = sawb)
V{Na(sa ),B(b )}sa @b = sa®b}

1" 1" 1"

V{A{a(a"), 80" )}a" @b" = a@b}.

It follows that (o« ® £)(s(a ® b)) > (e ® B)(a ® b). Hence,
oy ® Pp is a fuzzy S-act.

We only need to show that if f : 8 — n¢ is a fuzzy
S-morphism, then 1 ® f is a fuzzy S-morphism. Since

AV

(@@n)(1® f)la®b)
= (@@n@ofl)
> V{Ma(a)n(fB))}e @b =aw b}
= V{MNea(a),5(b)}a @b =a®b},

we have that
(@n)(1e fllawb) > (@@ B)(awb).

It follows that 1 ® f is a fuzzy S-morphism and we get the
desired result.

Analogous to Theorem 4.1 and 5.1 in [12], we get the
following three theorems.

Theorem V.3 Let S and T" be Morita equivalent monoids.
Then F'S-Act and F'T-Act are equivalent.

Proof Let ® = U ®g — : S-Act — T-Act and ¥ =
V & — : T-Act — S-Act be the inverse functors, where
URsV=Tand V®r U =S. Then & and ¥ induce two
functors &1 = 1y ®g — : F'S-Act — FT-Act and ¥, =
1y @7 — : FT-Act — F'S-Act. We shall show that ®; ¥
lpg Act and 1@y ~ 1.5 A ¢ First, we show that ¥ @,
1pg-Act: Let aa € F'S-Act. There is an isomorphism 7 :
Iy ® (Iy ® aa) — (ly @ 1y) ® as such that 7(v ®
(u®a)) = (v®u) ®a, where v € V,u € Uya € A.
Let w: V®U — S be a biact isomorphism. Then @ :
1y ® 1y — 1g is a fuzzy isomorphism and hence w ® 14
is also an isomorphism. Let ¢ : 1¢ ® a4 —> a4 be a
fuzzy isomorphism with ¢(r ® a) = ra. We define a map
fa=¢o(@®1)om: 1y ® (ly ® wa) — aa, then it is
clearly a fuzzy isomorphism.

Because W® ~ 1,_A¢, for any f g — B, we have
the following commutative diagram

~
~
~
~

veUed "2 vewes)
na ~ LB
A EN B.

It follows that the following diagram

W1dq(f)
Iy @ (ly @ aa) — 1y ® (1y ® BB)
A+ +i
A — BB

is commutative and WPy ~ 14 _pc¢- Similarly, we can
prove that ®1Wy ~ 1. Act-

Theorem V.4 Let S and 7" be two monoids. If F'S-Act and
FT-Act are equivalent, then .S and 7" are Morita equivalent.

Proof Let ¢ : F'S-Act = FT-Act: ¥ be two equivalent
categories. Then the functor ® = Ly o ® o Lgl 1 S-Act =
T-Act: ¥ = LgoWo L' are two inverse functors. Using
diagram chasing, we can easily prove that ® o ¥ ~ 1. A
and Vo & ~ ls—Act-

By Theorem V.3 and 5.4, we can ge the following main
theorem.

Theorem V.5 Let S and T be two monoids. Then S and
T are Morita equivalent if and only if F'S-Act and F'T-Act
are equivalent.
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VI. CONCLUSION

In this paper, we study the associativity of tensor product
in F'S-Act. We give some necessary conditions for equiv-
alence of two fuzzy S-acts category. Moreover, we prove
that two monoids S and 7" are Morita equivalent if and only
if F'S-Act and F'T-Act are equivalent. The obtained results
generalized the related theory in S-Act. The results will be
helpful to study homological properties of F'S-Act.

To conclude, there are still some questions on this topic. 1)
Is adjoint the Hom functors and the tensor product functors
in F'S-Act? 2) Does the tensor product of any three fuzzy
S-acts satisfy associativity in F'S-Act?

ACKNOWLEDGMENT

The author would like to thank to the referees for their
valuable suggestions which improve the paper highly.

REFERENCES

[1] J. Ahsan, M. F. Khan and M. Shabir, “Characterizations of monoids by
the properties of their fuzzy subsystems”, Fuzzy Sets Syst., vol. 56, pp.
199-208, 1993.

[2] M. L. Ali, B. Davvaz and M. Shabir, “Generalized fuzzy S-acts and
their characterization by soft S-acts”, Neural Comput. & Applic., vol.
21(Suppl 1), pp. 9-17, 2012.

[3] B. Banaschewski, “Functors into the categories of M-sets”, Abh. Math.
Sem. Univ. Hamburg, vol. 8, pp. 49-64,1972.

[4] J. M. Howie, Fundamentals of semigroup theory, Clarendon press,
Oxford, 1995.

[5] A.Iampan and M. Siripitukdet, “Greens Relations in Ordered Gamma-
Semigroups in Terms of Fuzzy Subsets”, IAENG International Journal
of Applied Mathematics, vol. 42(2), pp. 74-79, 2012.

[6] M. Kilp, U. Knauer and A. V. Mikhalev, Monoids, acts and categories
: with applications to wreath products and graphs, Walter de Gruyter,
Berlin , 2000.

[7]1 U. Knauer and P. Normak, “Morita duality for monoids”, Semigroup
Forum, vol. 40, pp. 39-57, 1990.

[8] U. Knauer, “Projectivity of acts and Morita equivalence of monoids”,
Semigroup Forum, vol. 3, pp. 359-370, 1972.

[9] N. Kuroki, “Fuzzy semiprime ideals in semigroups”, Fuzzy Sets Syst.,
vol. 8, pp. 71-80, 1982.

[10] N. Kuroki, “On fuzzy semigroups”, Inform. Sci., vol. 53, pp. 203-236,
1991.

[11] N. Kuroki, “Fuzzy semiprime quasi-ideals in semigroups”, Inform.
Sci., vol. 75, pp. 201-211, 1993.

[12] S. R. Lépez-Permouth, “Lifting Morita equivalence to categories of
fuzzy modules”, Inform. Sci., vol. 64, pp. 191-201, 1992.

[13] S. R. Lépez-Permouth and D.S. Malik, “On categories of fuzzy
modules”, Inform. Sci., vol. 52, pp. 211-220, 1990.

[14] H. Liu, “Hom functors and tensor product functors in fuzzy S-act
category”, Neural Comput. & Applic., vol. 21(Suppl 1), pp. 275-279,
2012.

[15] G. Lu and R. Liu, “Discrimination for fuzzy sets related to NTV met-
ric”, IAENG International Journal of Applied Mathematics, vol.43(4),
pp. 204-208, 2013.

[16] J. N. Mordeson and D. S. Malik, Fuzzy commutative algebra, World
Scientific, 1998.

[17] J. N. Mordeson, D. S. Malik and N. Kuroki, Fuzzy semigroups, studies
in fuzziness and soft computing, vol. 131, Springer-Verlag, Berlin, 2003.

[18] K. Morita, “Duality of modules and its applications to the theory of
rings with minimum condition”, Sci. Rep. Tokio Kyoiku Daigaku, vol.
A6, pp. 85-142, 1958.

[19] G. C. Muganda, “Free fuzzy modules and their bases”, Inform. Sci.,
vol. 72, pp. 65-82, 1993.

[20] C. V. Negoita and D. A. Ralescu, Applications of fuzzy subsets to
system analysis, Birkhauser, Basel, 1975.

[21] F. Pan, “Hom functors in the fuzzy category Fy,”, Fuzzy Sets Syst.,
vol. 103, pp. 525-528, 1999.

[22] F. Pan, “Fuzzy finitely generated modules”, Fuzzy Sets Syst., vol. 21,
pp. 105-113, 1987.

[23] A. Rosenfeld, “Fuzzy groups”, J. Math. Anal. Appl. vol. 35, pp. 312-
317, 1971.

[24] J. Shen, “On fuzzy regular subsemigroups of a semigroup”, Inform.
Sci., vol. 51, pp. 111-120, 1990.

[25] S. Talwar, “Morita equivalence for semigroups”, J. Austral. Math.
Soc.(Series A), vol. 59, 1995. 81-111.

[26] J.J. Rotman, An introduction to homological algebra, 2rd ed. Berlin:
Springer, 2009.

[27] L. A. Zadeh, “Fuzzy sets”, Inform. Control vol. 8, pp. 338-353, 1965.

(Advance online publication: 17 February 2015)





