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Abstract—In this paper, a model of a transporting quadro-
tor with proportional-derivative (PD) control on Special
Orthogonal-3 is presented. Quadrotor is a unique rotary wing
UAV (Unmanned Aerial Vehicle) with special features such
as VTOL (Vertical Take-Off and Landing) and hovering at
desired altitude. Those features, make it beneficial for many
applications such as military purposes, aerial photography, and
transporting missions. Unfortunately, due its underactuated
nature, while flying it can not be stabilized just from its
mechanical structure. Even further, for transporting missions, it
is a challenging problem to compensate the inertia perturbation
due to the uncertainties of the payload and also input saturation.
That is the reason why such an electrical control algorithm
needs to be introduced here. Numerical simulation and results
are presented to verify the effectiveness of the proposed PD
control algorithm.

Index Terms—transporting quadrotor, proportional-
derivative control, mathematical model, lyapunov function,
special orthogonal-3 group.

I. INTRODUCTION

Quadrotor is a unique rotary-wing UAV, which offers hov-
ering at desired altitude, ease of mechanical structure, high
maneuverability, and also take-off and landing vertically.
Those features make quadrotor as an excellent platform for
many robotic applications [1]–[3]. In recent years, quadrotors
are continuously finding new applications in civilian settings
such as search and rescue missions, transporting payloads,
aerial photography, surveillance, and also for disaster relief
operations [4], [5].

As mentioned before, quadrotor has relatively simple me-
chanical structure. It distinguishes quadrotor with any single-
rotor helicopter. By using complex swashplate, single-rotor
helicopters are capable to manipulate its attitude. On the
other hand, quadrotor manipulates its attitude by controlling
the rotational speed of its rotors. Despite its interesting
features, quadrotor is a trivially underactuated system. It has
6 degrees of freedom, but with only four actuators. Hence,
quadrotor can not be stabilized mechanically. That is the
reason why a reliable control algorithm is a must [4]–[7].

Over the years, quadrotor gains more popularity among
hobbyists and engineers. There are many kinds of research
that have been conducted, including how to represent and
control its attitude. The attitude of a rigid body can be
represented by a rotation between a reference coordinate
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frame and a body-fixed coordinate frame. There are several
rotational representations of a rigid body such as rotation
matrices in Special Orthogonal-3 (SO(3)) group, the Euler
angles, and unit quaternions [8].

Arguably, due to its simple approach, the Euler angles
representation is the most famous one. It represents the
angles, roll (φ), pitch (θ), and yaw (ψ), which separately
controllable [9]–[11]. Despite its simplicity, with the Euler
angles representation being implemented, quadrotor can not
avoid rotation matrix singularity. It occurs when roll angle or
pitch angle reaches 90◦. This condition leads to a problem
which is well known as gimbal lock. Gimbal lock is the loss
of one degree of freedom when two of the rotational axes
align and locking together. Another drawback of the Euler
angles representation is that it neglects the manifold structure
of rotation.

On the other hand, both rotation matrices in SO(3) and
unit quaternions, offer a singularity-free representation of
attitude. However, it is important to be noted that the space
of unit quaternions double covers the space of physical
attitudes of SO(3). Hence, unit quaternions are not unique
[8]. It causes the ambiguity in representing an attitude. This
problem should be anticipated cautiously. Otherwise, it turns
very sensitive to any small noise, even more, it can yield
unwinding behaviors [12], [13].

It has been stated before that quadrotor can be utilized for
transporting payloads, even in harsh environment. Practically,
it is a challenging problem, since there will be inertia
perturbation due to the payload. Therefore, any proposed
control algorithm should be able to compensate it. Some
notable related works were conducted by [14] and [15].
They proposed adaptive control for transporting quadrotor
with the Euler angles representation. Their adaptive control
demonstrated a successful result. In spite of that, the adaptive
control has drawbacks by nature. It is too sophisticated
and consumes relatively high cost for computational. Even
further, as the Euler angles representation being implemented
the singularity is unavoidable. It constrains the maneuverabil-
ity of quadrotor.

In real-world experiment, input saturation can occur any-
time and sometimes unpredictable. Hence, it is necessary
to study motion control with input saturation. Generally
speaking, it can be caused by perturbations and the physical
constraints of the actuators, as an example the rotor speed
[16]. Even further, those physical constraints on states need
to be considered for practical reasons [17]. We can take a
consideration to constrain its attitude to a safe range to avoid
the undesirable configurations.

In this paper, instead of the Euler angles or unit quater-
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nions, the attitude of quadrotor is represented by the expo-
nential coordinates on SO(3) group. Due to its complexity
and difficulty to grasp the insight, it becomes less popular
than the two others. However, it is important to be noted
that the SO(3) group considers rotation in manifold structure.
More importantly, it offers features that do not belong to the
Euler angles representation and unit quaternions. The SO(3)
group does not suffer from any singularity and has unique
physical attitudes [8]. Previous works were conducted by
[18] and [19]. They prevail to control the attitude on SO(3)
group for general purpose quadrotor.

The main objective of this research is to design a model
of transporting quadrotor with payload uncertainties and also
under input saturation. Due to the large perturbations and
initial conditions, or be caused by aggressive upward lift,
hence input saturation may occur. It leads the actuator to
exceed its capabilities [17]. We need to anticipate the input
saturation and consider it carefully. Meanwhile, the payload
is described as solid cubic-shaped, where its mass and dimen-
sion (depth, height, width) are not known precisely. It causes
inertia perturbation which affects the stability of quadrotor.
As an inertia perturbation takes place, the proposed PD
control algorithm needs to overcome it.

Quadrotor is not just an underactuated system, it is also
a second-order system which needs a reliable control algo-
rithm. Technically PD control offers ease of design, simplic-
ity, and reliability for the second-order system. Despite its
simplicity, PD controller is capable enough to be applied on
quadrotor in order to stabilize the behavior of a model along
the desired state [20]–[23]. Numerical simulation and results
are presented to verify the effectiveness of the PD control
algorithm.

Rest of this paper is organized as follows. The equations
of rotation in SO(3) are introduced in section II. There are
two issues that will be addressed in section III. The model
of quadrotor and its equations are explained first. Later the
inertia perturbation and its model, are explained afterward.
Section IV explains about the design of the proposed PD con-
trol algorithm and its analysis by applying Lyapunov stability
theory. Next, numerical simulation, results, and analysis are
presented in section V. It verifies the effectiveness of the
proposed PD control algorithm. Finally conclusion of this
paper is summarized in section VI.

II. ROTATION IN SO(3) GROUP

First things first, it is important to explain and distinguish
between the so(3) and SO(3) group. The term SO(3) stands
for Special Orthogonal-3, is a group of 3-by-3 orthogonal
matrices. It is called special since its determinant is always
+1. Hence, the SO(3) group, can be denoted as

SO(3) = {R ∈ R3×3|RTR = I3×3,det R = +1}, (1)

where R is the rotational matrix and I3×3 is a 3-by-3 identity
matrix. Meanwhile, the so(3) is the Lie algebra of SO(3),
which contains skew-symmetric matrices [24]. It can be
defined mathematically as

so(3) = {S ∈ R3×3|ST = −S}. (2)

Later, it is necessary to point out the advantages of this
representation. It does not only offer singularity-free repre-
sentation of attitude, it also has a capability to represent any

3-dimensional rotation of the rigid body with a rotation of
a given axis by some amount. This feature distinguishes the
exponential coordinates representation from the Euler angles
representation. The exponential coordinates representation
uses only single arbitrary axis. On the contrary, the Euler
angles representation uses composition of three consecutive
rotations.

In the same manner with rotation in SO(3) group, the
unit quaternions can also represent the attitude of a rigid
body without suffering from singularity. Nonetheless, the
map space S3 of unit quaternions to the space of SO(3)
is not unique. It means each attitude corresponds to two
different quaternion vectors. Precisely, each physical attitude
R ∈ SO(3) is represented by a pair antipodal of unit
quaternions ±q ∈ S3. More details of this topic can be found
in ’Pitfalls of Using Quaternion Representations for Attitude
Control’ [8].

In this paper, it is assumed that ω ∈ R3 is a unit
vector specifying rotation axis and ϑ ∈ R is a rotation
angle. Rotation at constant ω yields the point’s translational
velocity as

ġ(t) = ω× g(t) = ω̂g(t). (3)

The vector ω =
[
ω1 ω2 ω3

]T
, is mapped to ω̂ ∈ so(3),

a skew-symmetric matrix, which can be written down as

ω̂ =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

 . (4)

Suppose rotation matrix R ∈ R3×3, belongs to vector
space SO(3) that can be mapped from so(3) by applying
the exponential operator as

R = exp(ω̂ϑ) = I3×3+ϑω̂+
(ϑω̂)

2

2!
+

(ϑω̂)
3

3!
+ . . . , (5)

which further can be simplified by applying Rodrigues’
formula as

R = I3×3 +
ω̂

‖ω‖
sin (‖ω‖ϑ) +

ω̂
2

‖ω‖2
(1− cos (‖ω‖ϑ)) .

(6)
Contrary with equation (5), the logarithmic operator can be
utilized for inverse-mapping from SO(3) to so(3) as

log(R) =
ϑ

2 sinϑ

(
R−RT

)
, (7)

where ϑ, by definition of [24], is arccos
(

Tr(R)−1
2

)
and

|ϑ| < π. Actually, there is a condition where we can
determine the vector ω arbitrarily. It holds as long as
R = I3×3. Further details can be found in [25]–[27].

III. MODELING

There are two main issues that will be discussed in this
section. The model of quadrotor is presented in subsection
III-A. Meanwhile in subsection III-B, the inertia perturbation
due to the payload is explained.
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A. Quadrotor System Model
The rotation matrix R represents the attitude of quadrotor

in exponential coordinates. However, this representation is
quite complex, since it has 9 elements. According to [24],
it can be simplified by using the angle vector ζ = log(R)∨,
where ζ =

[
ζ1 ζ2 ζ3

]T
.

In the case of attitude control, it is necessary to derive the
dynamics of quadrotor in the mathematical model. Still, it
is not an easy problem to express the motion of quadrotor
with simple modeling. In addition, the inertia perturbation
due to the payload has to be modeled. In order to simplify
its dynamics model, some assumptions are considered.
• The body and rotors of quadrotor are structured sym-

metrically and rigid.
• The payload is solid cubic-shaped which contains fluids.
• The payload does not affect the center of the mass of

the system.
• There is no external disturbance or uncertainty, but due

to the payload and input saturation.
The payload is attached directly to the body of quadrotor.
Based on the work of [28], [29], and from Figure 1, the
position of quadrotor in the inertial frame is defined by the
vector r =

[
x y z

]T
, and its angular velocity is described

in the body frame axes, which can be denoted as Ωb =[
p q r

]T
.

Fig. 1. Quadrotor model.

Here as assumed, that the body of quadrotor is symmetrical
and rigid, therefore according to [30], the inertia matrix of
quadrotor without the payload can be defined as

J0 =

 Jxx0 0 0
0 Jyy0 0
0 0 Jzz0

 . (8)

Quadrotor’s system inputs are the squared angular speeds
of its rotors, which can be written down as u =[
v21 v22 v23 v24

]T
. If the angular speeds of its rotors are

regulated properly, then torques can be generated as

τ =

 τφ
τθ
τψ

 =

 lb
(
v21 − v23

)
lb
(
v22 − v24

)
k
(
(v21 + v23)− (v22 + v24)

)
 , (9)

and also for thrust

T = b
(
v21 + v22 + v23 + v24

)
. (10)

Where the constants l, b, and k are respectively the distance
from the actuator to the center of the mass, the lift constant,
and the aerodynamic drag.

The Euler equation that defines the dynamics of quadrotor
is as follows

Ω̇b = −J0
−1(Ωb × J0Ωb) + J0

−1τ, (11)

and its kinematics can be defined mathematically as

Ṙ = RΩ̂b. (12)

The differential equation (12) can be represented in terms of
the angle vector ζ = log (R)

∨ as

ζ̇ =

(
I3×3 +

1

2
ζ̂+ [1− α(‖ζ‖)] ζ̂

2

‖ζ‖2

)
Ωb, (13)

where α (‖ζ‖) =
(
‖ζ‖
2

)
cot
(
‖ζ‖
2

)
. With equation (11) and

(13) in mind, the second-order equation of quadrotor on
SO(3) can be denoted as[

ζ̇

Ω̇b

]
=

[ (
I3×3 + 1

2 ζ̂+ [1− α(‖ζ‖)] ζ̂
2

‖ζ‖2

)
Ωb

−J0
−1 (Ωb × J0Ωb) + J0

−1τ

]
.

(14)
Practically speaking, during flight, there will be input

saturation, which is due to the large perturbations and initial
conditions, or caused by aggressive upward lift. It may lead
the actuator to exceed its capabilities. With this fact, the input
saturation needs to be considered.

Let the lift L =
[
L1 L2 L3 L4

]T
, is an upward vector.

Unlike in equation (9) and (10), the torques and thrust of
quadrotor can be determined in terms of upward lift as

[
τ
T

]
= M


L1

L2

L3

L4

 , (15)

where M is a matrix which can be written down as

M =


0 l 0 −l
l 0 −l 0
k −k k −k
1 1 1 1

 . (16)

The matrix M is of full rank if b, k, and l are positive definite.
Hence, the upward lift can be determined as

L = M−1
[
τ
T

]
, (17)

where

M−1 =


0 1

2l
1
4k

1
4

1
2l 0 − 1

4k
1
4

0 − 1
2l

1
4k

1
4

− 1
2l 0 − 1

4k
1
4

 . (18)

Currently, how the input saturation will perturb the pro-
posed PD control algorithm, is still obscure. It will be
explained in the next section. At this point, it is obvious
that the upward lift revises the dynamics of quadrotor as in
equation (11).

B. Inertia Perturbation

Previously, it has been assumed that the inertia matrix is
undisturbed. There is no perturbation in the inertia matrix.
Now let taking the perturbation in inertia matrix due to
the payload, ∆J, into consideration. At this point, only the
nominal inertia matrix, J0, is determined. Meanwhile, the
value of perturbed inertia matrix, J, is still unknown. The
relation between them can be expressed as

J = J0 + ∆J, (19)
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where ∆J is defined as

∆J =

 ∆Jxx ∆Jxy ∆Jxz
∆Jyx ∆Jyy ∆Jyz
∆Jzx ∆Jzy ∆Jzz

 . (20)

Consider it as a symmetrical matrix, therefore ∆Jxy =
∆Jyx, ∆Jxz = ∆Jzx, and ∆Jyz = ∆Jzy . The model of the
payload is cubic-shaped as shown in Figure 2. It contains
fluids, as assumed in subsection III-A.

Fig. 2. Model of the payload that will be transported.

Therefore, the diagonal elements of inertia matrix pertur-
bation that has been defined before in equation (20) can be
derived as

∆Jxx =
m

12
(d2 + h2),

∆Jyy =
m

12
(d2 + w2),

∆Jzz =
m

12
(h2 + w2), (21)

where m, h, d, and w respectively are the total mass,
height, depth, and width of the payload. Those parameters are
generated randomly. Even so, the parameters of the payload
are constrained at certain intervals. The total mass of the
load is constrained within 0.5 to 1 kg. The empty mass of
the payload is 0.01 kg and the mass of contained fluids is the
rest. Simultaneously, it is within 0.05 to 0.30 m, for the rest
of parameters. This approach is conducted since in the real
implementation, sometimes the parameters of the payload,
that will be transported, are not known precisely.

By all means, things are getting more complicated, since
small changes in its parameters will affect the inertia pertur-
bation drastically.

IV. PD CONTROL

The system of quadrotor described by equation (14), can
be made asymptotically stable by the following control
algorithm [24],

τ = Ωb × J0Ωb −Kpζ−KdΩb, (22)

where Kp and Kd are positive definite matrices. It is
apparent now, how the upward lift causes problems to the
proposed PD control algorithm. As in the attitude control of
quadrotor, the torques take significance role. The attitude of
quadrotor is determined by the torques, in which will alter
due to the upward lift.

The closed-loop system satisfies

ζ̇ =
∞∑
n=0

(−1)nBn
n!

adnζ (Ωb) = βζΩb,

Ω̇b = −J0
−1Kpζ− J0

−1KdΩb, (23)

where Bn are Bernoulli numbers, for further explanation can
be seen at [24].

Such a nonlinear system can be determined asymptotically
stable in the sense of Lyapunov as long as V is positive
definite and its time derivative, V̇ , is negative definite [31]–
[33]. Consider a Lyapunov function candidate V (x) : Rn →
R such that

V (x) = 0 ⇐⇒ x = 0,

V (x) > 0 ⇐⇒ x 6= 0,

V̇ (x) =
d

dt
V (x)

=
n∑
i=1

∂V

∂xi
fi(x), (24)

where V̇ (x) ≤ 0,∀x 6= 0, which is negative semidefinite,
hence the system is stable. Meanwhile, for asymptotic sta-
bility, it needs to be negative definite, V̇ (x) < 0,∀x 6= 0.

The following Lyapunov function can be utilized to prove
the stability of quadrotor under control algorithm (22)

V =
1

2

〈[
ζ

Ωb

]
,

[
I3×3 εI3×3
εI3×3 K−1p J0

] [
ζ

Ωb

]〉
, (25)

where I3×3 is a 3-by-3 identity matrix. It can be simplified
as

V =
1

2
ξTPεξ, (26)

where
ξ =

[
ζ

Ωb

]
, (27)

and
Pε =

[
I3×3 εI3×3
εI3×3 K−1p J0

]
. (28)

The time derivative of Lyapunov function (25) is

V̇ =
〈
ζ, ζ̇
〉

+
〈
Ωb,K

−1
p J0Ω̇b

〉
+ ε 〈βζΩb,Ωb〉+ ε

〈
ζ, Ω̇b

〉
= 〈ζ,Ωb〉+

〈
Ωb,K

−1
p J0Ω̇b

〉
+ ε 〈βζΩb,Ωb〉+ ε

〈
ζ, Ω̇b

〉
= 〈ζ,Ωb〉+

〈
Ωb,K

−1
p J0

(
−J0

−1Kpζ− J0
−1KdΩb

)〉
+ ε 〈βζΩb,Ωb〉+ ε

〈
ζ,−J0

−1Kpζ− J0
−1KdΩb

〉
≤ −

〈
Ωb,K

−1
p KdΩb

〉
+ ε 〈Ωb,Ωb〉

− ε
〈
ζ,J0

−1Kpζ
〉
− ε
〈
ζ,J0

−1KdΩb

〉
. (29)

The simplification of the first term in the first line of equation
(29) uses the fact that〈

ζ, ζ̇
〉

= 〈ζ,Ωb〉 , (30)

as used in [24]. In addition, the following upper bound stated
in [24] is used

〈βζΩb,Ωb〉 ≤ 〈Ωb,Ωb〉 . (31)

Next, the inequality (29) can be simplified as

V̇ ≤ −ξTQεξ, (32)

where

Qε =

[
εJ0
−1Kp

ε
2J0

−1Kd
ε
2J0

−1Kd K−1p Kd − εI3×3

]
. (33)

The matrix Qε is positive definite for very small ε.
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From equation (26) and (32), in order V to be positive
definite and V̇ to be negative definite, Pε and Qε need to
be made positive definite. The Pε and Qε can be defined
as positive definite matrices, as long as the conditions are
satisfied. Firstly, the ε needs to be a small positive value
near zero, let ε = 0.0001. The second condition is the gains,
Kp and Kd, have to be positive definite matrices. Hence it
will satisfy conditions for positive definite matrix by leading
principal minor.

V. NUMERICAL SIMULATION AND ANALYSIS

There are five main scenarios that will be simulated. The
first scenario is conducted to determine the gains, Kp and
Kd, in nominal condition without any perturbation. In the
first scenario, the proposed PD control algorithm needs to
stabilize the attitude of quadrotor to its origin. On the other
hand, for the second scenario and further, the proposed
PD algorithm has to regulate the attitude of quadrotor to
its desired condition. The second scenario is conducted
under dedicated initial conditions while being under inertia
perturbation. The third one, we decide to vary several initial
conditions for ζ(0), with constant inertia matrix perturbation
due to the payload. Afterward, in the fourth scenario time-
varying inertia perturbation due to the payload is introduced.
Last but not least, the transporting quadrotor under input
saturation is presented in the fifth scenario. The proposed PD
algorithm has to stabilize the attitude of quadrotor, regardless
the presence of inertia perturbation due to the payload and
input saturation.

Before any further, it is important to determine the param-
eters of the system. The model of quadrotor that will be used
in this simulation is based on [34] and [35] with

Jxx0
= 0.082 kg m2,

Jyy0 = 0.0845 kg m2,

Jzz0 = 0.1377 kg m2. (34)

In real-world experiment, the maneuver of quadrotor needs
to be quick, responsive, and smooth. If there is any perturba-
tion, the control algorithm should counter it as swift as pos-
sible. Therefore, to confirm its effectiveness and efficiency,
we decide that the simulation will be conducted just in 5
seconds for every scenario.

The model of quadrotor that will be used in this simulation
is based on [34] and [35], and for the first and second
scenario, the initial conditions of the system are ζ(0) =[

29 −8 −29
]T

and Ωb(0) = 0. The initial conditions are
in degrees, since it is more convenient rather than in radians.

A. First Scenario: Nominal Condition

The first scenario of simulation is conducted under nomi-
nal condition. It means the inertia perturbation due to the
payload has not been introduced yet. Here we decide to
conduct four experiments to determine the most suitable
gains for Kp and Kd. Those gains are shown in Table I.

The gains, Kp and Kd, are positive definite matrices, just
as requirement mentioned before in the last part of section IV.
The results are shown in Figure 3, 4, and 5. It demonstrates
that in nominal condition, the system is quickly convergent. It

TABLE I
GAINS (Kp AND Kd) FOR EACH EXPERIMENT

First Scenario

Experiment Kp Kd

Experiment 1 10I3×3 4I3×3

Experiment 2 12I3×3 8I3×3

Experiment 3 12I3×3 4I3×3

Experiment 4 10I3×3 8I3×3

also verifies that the proposed PD control algorithm can make
the system asymptotically stable for this condition. The ζ(0)

can recover from
[

29 −8 −29
]T

to the origin. Here the
term origin refers to the desired set point ζd =

[
0 0 0

]T
.

Fig. 3. The angle ζ1 in nominal condition with several gains.

Fig. 4. The angle ζ2 in nominal condition with several gains.

It is apparent from Figure 3, 4, and 5, that the gains, Kp =
12I3×3 and Kd = 4I3×3, has better rise time and settling
time than the others. It convergences to the origin just about
2 seconds. Hence for the next scenario, it is determined that
Kp = 12I3×3 and Kd = 4I3×3.

B. Second Scenario: Under Inertia Perturbation

The second scenario is conducted under influence of
diagonal inertia matrix perturbation. The off-diagonal ele-
ments should be 0. Meanwhile, the diagonal elements are
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Fig. 5. The angle ζ3 in nominal condition with several gains.

constrained within certain values. It has been stated before
in subsection III-B, that any changes in the parameters of the
payload will affect the value of its diagonal elements, ∆Jxx,
∆Jyy, and ∆Jzz .

Unlike in the first scenario, from here and further, the
proposed PD algorithm has to track the desired condition
ζd =

[
60 90 −60

]T
. In this scenario the initial condition

is ζ(0) =
[

29 −8 −29
]T

.
The inertia perturbation due to the payload is represented

in the term of Frobenius norm, ‖∆J‖F. It is also called
Hilbert–Schmidt norm. The norm itself can be considered
as a vector norm which is also equal to the square root of
the matrix trace of ∆J∆JH, where ∆JH is the conjugate
transpose, hence

‖∆J‖F =
√

Tr (∆J∆JH). (35)

The ‖∆J‖F can also be defined as the square root of the sum
of the absolute squares of its elements. It can be written down
mathematically as

‖∆J‖F =

√√√√ 3∑
i=1

3∑
j=1

|Jij |2, (36)

where ∆J is a 3× 3 matrix.
Table II shows various values of ‖∆J‖F for five different

experiments.

TABLE II
THE INERTIA PERTURBATIONS

Second Scenario

Experiment ‖∆J‖F
Experiment 1 0.0147

Experiment 2 0.0106

Experiment 3 0.0259

Experiment 4 0.0113

Experiment 5 0.0128

The largest possible value of Frobenius norm, ‖∆J‖F
is 0.0259. It is determined by the upper bounds of the
parameters of the payload. The angles, ζ1, ζ2, and ζ3, can
recover from ζ(0) to reach the desired condition ζd just
about in 2 seconds. It is obvious that regardless the inertia
perturbation, the angles are almost perfectly collided, as

shown in Figure 7, 8, and 9. It indicates that the proposed
PD control algorithm prevails to regulate the angle vector ζ
to its desired condition ζd. Furthermore we can analyze the
angle vector ζ in 3-D plot as shown in Figure 6.

C. Third Scenario: Varying Initial Conditions

In the third scenario, by varying the initial condition for
ζ(0), the proposed PD control algorithm needs to regulate
it to reach the desired condition ζd =

[
60 90 −60

]T
.

In addition, quadrotor is under constant inertia perturbation
‖∆J‖F due to the payload.

The second scenario indicates that as long as the values of
the parameters do not exceed the upper bounds in subsection
III-B, hence the ‖∆J‖F does not affect the stability of
the system drastically. In this scenario, we have ‖∆J‖F =
0.0259, as the value of the inertia perturbation. There are
five experiments of initial conditions for ζ(0), as presented
in Table III.

TABLE III
INITIAL CONDITIONS FOR ζ(0)

Third Scenario

Experiment ζ1 (degrees) ζ2 (degrees) ζ3 (degrees)

Experiment 1 −22 −4 −31

Experiment 2 58 53 −58

Experiment 3 38 −14 −38

Experiment 4 26 68 −18

Experiment 5 −1 41 25

The details for the angles ζ1, ζ2, and ζ3 are shown in
Figure 11, 12, and 13. The angles converge to the desired
condition over the time.

The angles, ζ1, ζ2, and ζ3, converge at the desired condi-
tion ζ(0) about 3 seconds.

D. Fourth Scenario: Time-Varying Inertia Perturbation

This scenario is inspired by [36]. Here, things are getting
more complicated. In the previous work [36], they propose
a model and attitude control for quadrotor under variations
of mass. Their model has a constant sploshing rate. On the
other hand, in this paper the sploshing rate is a random value.
It also changes over the time.

The initial parameters of the payload is presented, as
shown in Table IV.

TABLE IV
INITIAL PARAMETERS OF THE PAYLOAD

Fourth Scenario

Parameter Value Unit

Initial mass 1 kg
Height 0.3 m
Width 0.3 m
Depth 0.3 m

The sploshing rate is clearly presented as in Figure 14.
Since the total mass of the payload is changing over

the time, it implies that the inertia perturbation due to the
payload is also varying, as shown in Figure 15.

Up until now, the proposed PD control algorithm prevails
to overcome such a constant inertia perturbation due to the
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Fig. 6. The angle vector ζ in 3-D plot under inertia perturbation.

Fig. 7. The angle ζ1 under inertia perturbation.

Fig. 8. The angle ζ2 under inertia perturbation.

payload. At present, the proposed PD algorithm needs to deal
with time-varying inertia perturbation.

Despite under time-varying inertia perturbation due to
the payload, the proposed PD control algorithm success-
fully to regulate the attitude of quadrotor at desired state

Fig. 9. The angle ζ3 under inertia perturbation.

as shown in Figure 16. It reaches the desired condition
ζd =

[
60 90 −60

]T
from the initial condition ζ(0) =[

29 −8 −29
]T

, just about 2 seconds.

E. Fifth Scenario: Transporting Under Input Saturation

Unlike in the previous scenarios, in the last one, the input
saturation due to the upward lift is considered. Firstly, we
need to determine the parameters in equation (16), l =
0.165 m, the distance from the actuator to the center of the
mass, and k = 0.016, the aerodynamic drag. In this scenario,
the desired condition is not merely ζd =

[
0 0 0

]T
, we also

introduce the desired condition for the thrust as

Td = (L1 + L2 + L3 + L4) = 4. (37)

The rest of parameters, the payload and initial conditions,
are same as in the fourth scenario. Whereas, the value of the
upward lift can vary from 0 N up to 10 N. Now we will look
to how the proposed PD control algorithm deals with input
saturation as shown in Figure 17 and 18.

We can see clearly that the values of each parameter in
Figure 17 and 18 do not deviate anymore after 2 seconds. At
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Fig. 10. The experiments of initial conditions ζ(0) under inertia perturbation in 3-D plot.

Fig. 11. The experiments of initial conditions ζ1 under inertia perturbation.

Fig. 12. The experiments of initial conditions ζ2 under inertia perturbation.

the beginning of the simulation, the pair opposites (L1 with
L2 and L3 with L4) of the upward lifts are in the extreme
values. It yields the angles, ζ1, ζ2, and ζ3, deviate from the
desired condition.

Regardless the presence of input saturation, the proposed

Fig. 13. The experiments of initial conditions ζ3 under inertia perturbation.

Fig. 14. The sploshing rate.

Fig. 15. The inertia perturbation with sploshing rate.
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Fig. 16. The angle vector ζ under time-varying inertia perturbation.

Fig. 17. The angle vector ζ under input saturation.

Fig. 18. The upward lift respectively to each actuator of quadrotor.

PD control algorithm succeeds to regulate the attitude of the
transporting quadrotor to its desired condition. The desired
condition for ζd =

[
0 0 0

]T
can be fulfilled as long as the

pair opposites of the upward lifts are equal. It implies that
L1 − L2 + L3 − L4 = 0. Now, let turning back to equation
(37), we have

∑4
n=1 Ln = 4 N. Those conditions can be

satisfied if L1 = L2 = L3 = L4 = 1 N as expressed in
Figure 18 at steady state condition. Those values converge
just about in 2 seconds.

VI. CONCLUSION

In this paper, model of quadrotor and its attitude control
on SO(3) are presented. Simulation and numerical analysis
provide a verification of the effectiveness of the proposed
PD control algorithm. Based on the overall results, it can be
stated that the proposed PD control algorithm is capable to
handle perturbation due to the payload and also the effect
of input saturation. It is worth to be noted that despite
under time-varying inertia perturbation and initial condition
the proposed PD control algorithm prevails to regulate the
attitude of quadrotor to its desired condition with relatively
quick responses.
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