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Multiresolution Analysis for Linear Canonical
Wavelet Transtform

Yong Guo, Li-Dong Yang, Bing-Zhao Li

Abstract—Since linear canonical wavelet transform (LCWT)
breaks through the limitation of wavelet transform in time-
Fourier domain analysis, LCWT has become a useful math-
ematical tool in the applied mathematics, engineering and
signal processing fields. The multi-resolution analysis (MRA)
associated with LCWT can not only provides a method for
constructing orthogonal wavelet associated LCWT, but also
develops a theoretical basis for fast LCWT algorithm, and thus
plays a key role for its prospective applications. In this paper,
inspired by sampling theorem of band-limited signal in LCT
domain, the MRA associated with LCWT is studied firstly.
Moreover, the construction method of orthogonal wavelets
for LCWT is developed. Finally, two examples of generalized
orthogonal Haar and Shannon wavelets for LCWT are deduced.

Index Terms—linear canonical wavelet transform, multireso-
lution analysis, wavelet transform, linear canonical transform,
linear canonical convolution.

I. INTRODUCTION

OURIER transform (FT) and fractional Fourier trans-

form (FRFT) are important tools in the applied mathe-
matics, engineering and signal processing fields [1], [2]. As
a generalization of FT and FRFT, linear canonical transform
(LCT) is a three parameters family of linear integral trans-
form [3], [4]. Since LCT has more degrees of freedom than
FT and FRFT, it has been applied to many areas, such as
signal separation, digital watermarking and filter design [5]—
[10].

Owing to its global kernel, LCT is not capable of indi-
cating the time localization of the LCT spectral components,
and thus LCT is not suitable to process non-stationary signal
whose LCT spectral characteristics change over time. The
short time LCT is thus proposed to overcome this drawback
[11]. Specifically, the original signal is firstly segmented by
a time-localized window, and then performed LCT spectral
analysis for each segment. STLCT is capable of offering a
joint signal representation in both time and LCT domains,
but its fixed window width limits the practical applications ,
it is impossible to provide good time resolution and spectral
resolution simultaneously. Because of this, it is desirable to
propose a novel approaches whose window can be adjusted.

The linear canonical wavelet transform (LCWT) is an
efficient tool to analyze time-varying LCT spectra. As a
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generalization of wavelet transform in LCT domain, LCWT
can represent adaptively signal in both time and LCT do-
mains owing to its adjustable window. Therefore, LCWT not
only breaks through the limitation of WT in time-Fourier
domain analysis, but also overcomes the limitation of LCT
in indicating the signal’s local characteristics [12]. LCWT
successfully inherits the advantages of multiresolution anal-
ysis (MRA) for WT. The MRA and the construction of
orthogonal wavelets associated with LCWT serves a crucial
role for its perspective applications. Thus, it is necessary to
detect the MRA and the construction of orthogonal wavelets
associated with LCWT. In this paper, we first investigate the
MRA associated with LCWT. In further, the construction
of orthogonal wavelet for LCWT is developed and two
examples of orthogonal wavelet for LCWT are presented.

The remaining sections of this paper are organized as
follows: the preliminaries are summarized in section II. In
section III, the definition and physical explanation of LCWT
are presented. Furthermore, the MRA and the construction of
orthogonal wavelet associated with LCWT are investigated in
Section IV and In Section V respectively. In section VI, two
examples of orthogonal wavelet for LCWT are presented.
The conclusion is concluded in Section VIL.

II. PRELIMINARIES

A. Linear canonical transform

The linear canonical transform (LCT) with real matrix A;
of f(¢) is defined as [4]

L} ) = 2V [FO)w) = [ fOKn()de (D
R

with the kernel
i(alt2+d1 u? —2tu)
1 25,

We ) bl?éo (2)
icydyu?
Vaie 8t —dyu), by =0

where Ay = (a1,b1,c1,d)) satisfying a1dy —bic; = 1. L?l (u)
and .#1 denote the LCT of f(¢) and the LCT operator
respectively. When b1 # 0, the inverse LCT is given by

1) = 25 L @l = [ L} 0K (de 3)

KAI(LL{) =

where the kernel K} (,u) = KAI—I (t,u) and A[' denotes the
inverse matrix of Aj.

When A} = (0,1,—1,0), LCT reduces to Fourier transform
(FT). The relationship between LCT and FT is shown as
follows [18]:

Ly (u) = 2N [ (1)) (u) = : e%uzﬁ’[f(f)e%tz](u/b )

/ Viby 1(4)
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Lemma 1 The discrete time LCT (DTLCT) of a sequence
f € 12(Z) has the chirp periodicity [19], i.e.,

i dq

id 2
254 (3)

-4 bi(u+2knb]) L‘}‘ (w)e

where I:/;nl (1) denotes the DTLCT of f,, defined as

L (u) = =Y fuKa, (n,u) 6)

n
neZ

L} (u+2knby e

LA fl(u

Lemma 2 The Parseval identity associated with LCT is
given by [4]

Jr0g 0d= [ LF@Ldwrac @)
In particularly, if f(r) = g(¢), then
JroRa = [ 123 P ®

B. Linear canonical convolution

The linear canonical convolution of f(¢) and g(¢) is given
by [18]

f(1)®4,8(t) = f( )g(t =

where G4, denotes the linear canonical convolution operator.
Lemma 3 The convolution theorem associated with LCT
is given by [18]

LM f(1)Oa,8(1)] () = V2L (u)Fy (u/b1)

where L?l (u) denotes the LCT of f(t), Fy(u/b1) denotes the
FT of g(¢) with its argument scaled by 1/b;.

T)e ’;‘ll T(t— 7:/2) G

(10)

III. LINEAR CANONICAL WAVELET TRANSFORM

The LCWT with real matrix parameter A; of f(z) is
defined as [12]

W (@) = #FO) @) = [ FOViy, W)
' ay an

_ s I=by L)t
= e J SO (R
where
1 t—>b —p?).4
‘I’a,b,A|(f)=%‘I/( p Je ? il ‘ (12)

ly(%)(a € R™,b € R) is the continuous wavelet function.
When A; = (0,1,—1,0), LCWT reduces to the classical WT.
When A = (cosa,sina, —sina,cos @), LCWT reduces to
the fractional wavelet transform (FRWT) [13]-[17].
Based on the convolution theorem associated with LCT
(see Lemma 3), LCWT can be rewritten as [12]
W) = sen [ov D] a
;o\ ' Va a
Hence, LCWT can be viewed as a linear canonical convolu-
tion of signal with the conjugate of mother wavelet function
after scale expansion and time reversal in the time domain.
Then, from Eq. (10) and Eq. (13), LCWT can be expressed
in term of the LCT, i.e.,

W (a,b) = /R VIRAL () Fy (au/by)K;, (byu)du (14)

The Eq.(14) states that each linear canonical wavelet com-
ponent can be viewed as a scaled bandpass filter in the

LCT domain, and thus the multiplication of L?‘ (1) and
Fy(au/by) can provide the local properties of f(¢) in the
LCT domain. This implies that LCWT can breaks through
the limitation of WT in the time-Fourier domain analysis,
represents adaptively signal in the time-LCT domain by its
adjustable analysis window.

IV. MULTIRESOLUTION ANALYSIS ASSOCIATED WITH
LCWT

As a generalization of wavelet transform in the LCT
domain, LCWT successfully inherits the advantages of MRA
for wavelet transform. In this section, inspired by the sam-
pling theorem of band-limited signal in LCT domain, the
MRA associated with LCWT is established.

The sampling theorem of band-limited signal associated
with LCT is shown as [20]

1) =Y f(nTy)sinc [M] eié(

(VlTv) )bl (15)
nez blﬂ

where T; is the sampling period and f(¢) is band-limited
signal in the LCT domain (i.e., L?l (u) =0 when [u| > Q4,).
The Eq. (15) shows that band-limited signal f(¢) can be
complete recovered from the sampled values f(nT;) when
0<T < Z

When QA1 =bx, the set of band-limited signal in LCT
domain is denoted as V

Vol = {f(t)ILf«‘ (u) =

where sampling period 7y = 1. Therefore, according to Eq.
(15), Vf(t) € Vg‘l can be expressed as

0,lul > Q4 =bix}  (16)

=Y f(n)¢a, 0.- (17)
nezZ
where Lo ava
Oay.00 = sinc(t —n)e 20 (18)

Combined with the orthogonality of {¢4, o n}ngz, we can fur-

ther obtain that {4, 0, = sinc(t —n)e 207

a standard orthonormal basis of V(? L
When Q4, =2b 17, Ty = 1/2, the set of band-limited signal

in LCT domain is denoted as Vf‘ ' ie.,
A A
F={f(OIL (u)
Ay
1

Therefore, according to Eq. (15), VA1 - VAl and Vf(¢) €V,
can be expressed as

—n
”l bnez forms

=0,|ul > Q4, =2bi7} (19

£) =, F(1)9a1n (20)
nez
where 1 o
¢A1 n = 27Sinc(2t —I’l)e_j[t <7) ]])l (21)

It can also be further obtained that {@4, 1, = 22smc(2t —

2 (ny24
n)e 2= (3) 5y }nez forms a standard orthonormal basis of

VM. Since
20 ) = 2o
we have that if f(¢) € Vg‘ ', then

f(zt) $ln*- ’]bi EV]AI (23)
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Generally, let Q4, = 2*7hy, T, = 1/2F,

Vit = {£(0)IL} () = 0, [u| > 2°by x}. 24)
For Vf(t) € Vk I we have
_ P2 _(n 27141
Zf 22smc (2%t —n)le 217 -5, (25)
nez
= Zf )94, ko (26)
nez
where
_i2_(n\2140
¢A|,k,n = 2§sinc[(2kt _n)}e 2[f (2]‘) ]bi (27)

{04, kn}nez forms a standard orthonormal basis of V,f‘ '. For
Vk € Z, we have

(1) VAl cvaL;
i 2_.2191
@ f1) eV e et I ey,

3 NV = {0y U =L (®):
kez kez
In summary, the sampling theorem of band-limited signal

in LCT domain inspires us to define an orthogonal MRA
associated with LCWT.
Definition 1 An orthogonal MRA associated with LCWT
is defined as a sequence of closed subspace VkA 'CL*(R) (k€
Z) such that

() VM SV ke Z;
@) f(1) eV & fne @ eyh ke z;

@) NV =o)L UV =L*(R);
kez kez

(4) There exists a function ¢(r) € L?*(R) such that
{Pa,.00=0(t —n)e_%(tz_nz)ﬁ}ngz is an orthonormal basis
of the subspace Vg‘ !, where ¢(z) is called scaling function
of the given MRA for LCWT.

Theorem 1 Assume {V,:1 "}kez is a orthogonal MRA
associated with LCWT, ¢(r) is the corresponding scaling

function. For any k € Z, these functions

_i2o(my2yA
{0an(0) =220 —m)e 2y, 28)
form an orthonormal basis of the subspace V,? L
Proof see Appendix A.
Theorem 2 Assume (p(t) 6 [*(R) and VJ' =

P2
Span{ga, 0.(1) = 9(t —me*"
E(2—

functions {@a, 0, = @(t —n)e> )bl tnez is a Riesz basis
of V,? U if and only if there exist constants 0 < A < B < oo
such that

A <Y |Fp(u/by +2km)[* < B,Vu € [0,27hy].
keZ

—n)e iy }neZ» then the set of

(29)

Proof see Appendix B.
Theorem 3 Assume {V,:4 "}eez is a generalized MRA of
L?(R) associated with LCWT, which is generated by ¢(t).

- Folu/t)
Fy(u/br) = ; (30)
vV Ekez|Fo(u/by +2km)[?
then, the set of functions {@a,0.(t) = ¢t —
n)e%(t2 it tnez forms an orthonormal basis of V L

Proof see Appendix C.

V. CONSTRUCTION OF ORTHOGONAL WAVELETS FOR
LCWT

The orthogonal wavelets for LCWT can be constructed
based on the developed MRA associated with LCWT. The

subspace W ' is defined as the orthogonal complement of
Vit in Vk+11’
W,?ILV,?I, Vi =whevl, vkez 3D

Then, according to Definition 1, it can be obtained that
{W,:‘ "}eez possess the following properties:

(1) W LV Yk # 1

) BrezW' = L*(R);

(3) g(t) WkA' =3 g(2t)e%[(2 he Wk+1 VkeZ.

The property (2) means that an orthonormal basis of L?(R)
can be constructed by finding out an orthonormal basis of
the subspace W,f‘ . The property (3) implies that a MRA
construction of L?(R) related to LCWT can be changed
to construct the orthonormal basis of W . Therefore, the
crucial point is to construct a function l[/(l‘) € LZ(ZR ) such

_”)ej(l - hl} €z

—2 4

that the set of functions {wy, 0, = Y(t
forms an orthonormal basis of W(f '

Since {Qa, 10 = 2%¢(2t —n)e 7%(#7(%)2)%}}”62 form an
orthonormal basis of the subspace VA1 and ¢4, 00 =
o(t)e 25 € VA1 C VAl there exist {h, }ncz € £*(Z) such
that

¢A170,0:¢(t) ~# bl = Zh ¢A1,1n ) (32)

nez
h / o (1)

Taking LCT on both sides of above equation, then

where

¢(2t —n)d (33)

_ip29
2N o0 ()
2_(ny2y41L
MY h2be(2r—mye i)
nez
_ i i ap4dy? =
:/Abl‘i’(f)e Wit dr
— L2 (1)L i aytPtdyu?—2m
_/Ablzhzz (2t —n)e 27 "2 hie2 h dt
nez
2
:>/¢ ﬂtu/bldt /Zh 22 21‘— ITIT_””/bldt
neZ
E=2t—n / ,ff,,(fﬂ)u/bl
— h ¢ 2b1 ) dé
G R L
LLﬁ,l l.gu
== F ¢ Zh e2b 4 2b1 R(p(é)e 2b1d4g’
nEZ
u
¢(b1) (35, Fo5p,)
where

n

Z et 5

1 nEZ

(34)

It can be verified that A(u/b;) is a 2mb; period function.
224
Since {@a, 0, = @t —n)e 2 (=), tnez is an orthonormal
basis of the subspace Vg‘ !, according to Theorem 2, we have
Z |Fy (/b1 +2k7l')|2 =1.
kez

(35)
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Moreover, we have

Y 1Fs (u/by +2km)|?

keZ
= |A—+k7t (—+k7r)|
kezé 2b,
= |A—+217r Fy(m— +21) 2+
-L 2,
A— 21 — 421 2
ZEZZ| 2b1+ n+7)F, (219 +2In+7)| (36)
=3 |A(=— ||F (—+217t)\—|—
=LA,
Y IA( —+7t| |F¢(—+2l7r+7r)\
leZ
\A( )\2+IA( +m)?
It can be deduced that
\A( )|2+\A( +m)f =1 (37)

_i,29
Since Y, 00(t) = p(r)e e Wi C Vi, there exist
{gn}nez € >(Z) such that

_ipa
Vioo=w(ne 20 =Y gubaialt)  (38)
nezZ
Taking LCT on both sides of above equation, then
u u u
Fy(—)=T(=)Fs (= 39
where
(l)_izg e%%%ﬂbl (40)
bl \/EnEZ !
To make the set of functions {yu, 0, = W —
L2 p2y% '
n)ez(t "5, bnez form an orthonormal basis of W1,
then
Y |Fl,, —I—an )P = 41)
kez
Similar to the derivation of Eq. (36), we have
IT(5- )|2+\F( ol (42)

are orthogonal in VA1 then

(43)

Moreover, since Wo I and Vo !

<¢A1,O,m(t)a WAI,O,H (t)>L2

It can be easily deduced the following two results based on
the similar derivation of Theorem 2, i.e.,

=0,VmneZ

LM (Dp, 0m(1)] () = V27K, (m,u)Fy (u/by) (44)
LY WA, 00(1)] (1) = V27K, (n,u)Fy (u/by) (45)

By using Eq. (44), Eq. (45) and Eq. (8), we have the Eq. (46).
Because {ﬁe”"u/”l} is a orthonormal basis of L?[0,27h,],
then
u
A(=—)T" =0 ae YueR
(3, (Zb e Tue

(47)

Overall, the following theorem has been proved.

Theorem 4 Let
n2

N=v2Y g.0(2t—n)e LR

nezZ

(48)

then, the set of functions {Wa, 0.(f)}sez is an orthogonal
basis of Wg" if and only if M(u/b)) is a unitary matrix, i.e.,
M(u/b1)M*(u/by) =1, a.e. Vu e R (49)

where M*(u/b;) denotes the conjugate transpose of
M(u/by), I denotes the identity matrix and

_ (Au/bi) Au/by+m)
M) = (Rulst) Tl
If Eq. (49) holds, then there exists a function A(u) such
that

() T (4 m) = (A

(50)

JA(G-+ M), ~A (A
by b
s1)
Since T™*(u/b1) and A(u/by + ) are 2mtb; periodic function,
A(u/by) is a 27h; periodic function. Therefore, A (u/b;) can

be expanded as a Fourier series, i.e.,

Au/by) = Z cpe/br (52)
kez
where
1 2 —iku/b,
= Wln/o Au)e du
1 b1 —iku/by 2717171 7iku/b1
= 5o [/0 A(u)e du—i—/ dul

1= (=1 b —iku/by
= o /0 Au)e du

Hence, A(u/by) can be rewritten as

u .
l(;) _ ZC21+161(21+1)u/b]
1 ez

_ elu/bl 2021+16121L¢/b1
leZ

: 2u
= e™/h v

ZCZI lellu/bl
Moreover, followed by the Eq. (40), we have

where y(u/by) =

u 1 ,Lﬂﬁ (utbym)
A (—47m)=—=) hie 20 CRAT
bl \/Enez
1 b i
*fZ(fl)"h:;e 25 45
\/EnGZ
Thus, let ¥*(24) = 1, then
9 bl 9
u u
I'(—)=A"(—)A" +7n
( b1) ( bl) (5t
e~ iu/b yk Z e Ik mai i
- 1 h e 1 1
n
nGZ
77727 e~ /b i
Zgnezhl Tip v Z(—l)"h,’;e 25, 4 T
nGZ 2 nez
[ a j a 2 . .
=gy eéﬁ% = / 7”‘/1" 1)’"hfne_%ﬁm7+l%e'%du
b meZ
paa? my _ipam i(n+m—1)
=gt ¥ = Z( D)"hye 201% [ e du
meZ R
ian? | _ia (1-n)?
—gue?h T o= (=) e 2k 3
pap (1-m)? a2
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(04,.0m(1), lIfAl 0a(t)) 2 =(Z
_i L(m*—n? ,,1 /F¢ u/b1 (I/t/bl) —i(m— n)u/b]du

L 10,.0m(0)] (), L [Yia, 00(1)] (w)) 12

b
bi Hot i) /R A(%)F*(z—;)|F¢<%>|2e*f<m*")u/bldu
:bileé(mz—nz)l‘j—}/o“‘”bl zlbl . 2Lbl)eﬂ-(nm)u/b]du
:bile%(mz—"2>"% /0 o A(zlbl)r*(zibl)e—i<m—"J"/bldu+bile%"”z‘"%l /2 :lbl Al ) (g5 )e =/ d

| e /2”h1 u u —i(m—
_ 2 A r A r i(m—n)u/b
s R [T A () + A + BT (- + e du

2b;

VI. TWO EXAMPLES OF ORTHOGONAL WAVELET
ASSOCIATED WITH LCWT

In this section, two examples of orthogonal wavelet for
LCWT are given.

Example 1 Let ¢(t) = ¥jo,1), Where Y, ,) denotes the
characteristic function of [m,n). Followed by Eq. (59), it can
be verified that {@4, 0, = ¢ (t —n)e 3= }nez forms an
orthonormal basis of the subspace Vo !, In further, we have
that {V,:‘ "} ez is an orthogonal MRA for LCWT. Hence,

? n=0

_Lﬁﬂ : i
hy=12e 20 R¢(r)¢*(2t—n)dt: 46 sy n=1
0 other

so that

7% n=0

ay (1-n)2  jayn .

()l g _tam N

gn=1(=1)"h ! e T =9 %5e ' on=1
0 other

Overall, from the Eq. (38), the orthogonal wavelet associ-
ated with LCWT is shown as follows:

iapn?
=Y enV202r —meth = g a5
nezZ
According to the Eq. (34), Eq. (40) and Eq. (50), we have
1 1 +efiu/h| 1 _efiu/hl
Mo =5 (5 . )69

It can be easily verified that M(u/b,) is a unitary matrix.

Example 2 Let ¢(t) = sinc(t) = S22 then
1 |u <z
F, =0t = - 55
o(u) =Z[o(1)](u) {0 othorwise (55)
Therefore, we have
Y 1Fy (u/by +2km)? = (56)

kez

Q22
It means that {@4, 0., = sinc(t —n)e 2 (=) tnez forms an

orthonormal basis of the subspace Vg‘ ', In further, it can be
verified that {V;*! };c; forms an orthogonal MRA of L*(R).

Hence,

n=0
— n="2kk#0
i @k ey
(*l)k(zk\g)ne P n=2k+1
so that
i 9 n ‘b ‘
A(l) = ! Z hnejﬁ;71b7 - Ob< ‘u| = :
bi” V2,5 0 lz<iju<|bn
u _ u 0 0<ul < ‘b“
(— ’“/blA* +) =
(bl) e (bl ) —iu/by |h1‘n-< |M‘ < ‘b1|717

Followed by the Eq. (39), then

u u u _u U il u
Fy(—)=T(=—)Fy(=—)=e 1 Fy(—)— 2 Fy(—
vx(bl) (2b1) ¢(2b1) e ¢(2b1) e N ¢(b1)

Apply the inverse Fourier on the two sides of above equation,

then

1. sin[m(2t —1)] —sinz(t — 1)

w(t) = P(t—3)= i :
2 n(t—3)

According to Eq. (50), it can be obtained that M(u/b;) is a

unitary matrix.

2002t —1)—

VII. CONCLUSION

The MRA and the construction of orthogonal wavelets for
LCWT serve a useful tool for its perspective applications. In
this paper, we first develop a MRA associated with LCWT.
Then, the corresponding orthogonal wavelets for LCWT is
constructed based on the newly developed MRA. Finally,
the generalized Haar and Shannon wavelets associated with
LCWT are investigated.

APPENDIX A

Proof First, {a, xn(t) =220(2% —n)e
is an orthonormal system owing to

L2y
(O ba, ) =222 [ 928
o JR

7%027(2%)2)#}/162

m)o (2%t —n)dt
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_2—]( 522 _m I;|/¢T’ m
:81n,n

Next, for Vf(t) € V,? !, according to condition (2) of Defini-
tion 1, we have

f[2 k-5

f27 )e?

dfn—k2_ 219
Hence, f(2’kt)e2[(2 i can be expressed as a combi-

i 27}12
nation of the basis {4, 0, = #(t —m)e>® "5 1oz of VA,
ie.,

eV, (57)

(58)

where ¢}, = ¢;,2” (-2 . It means that f(z) can be

expressed as a comblnation of the {04, jn}nez. Therefore,
the subspace VkA ! is generated by ¢ (¢) with dilation, transla-
tion and chirp modulation, i.e.,

VA = span{ s, xn(t) = 22921 —n)e ?

If the condition (4) of Definition 1 is relaxed by assuming
that the set of functions {@a, 0.}nez is a Riesz basis of
V(? ', the ¢(¢) generates a generalized MRA of the L?(R)
associated with LCWT. Then, the following Theorem 2 and
Theorem 3 can be obtained.

APPENDIX B
Proof Necessity: for any f(¢) € V(f !, we have

i

_i2o 2y
=Y cupt—me 20 (60)
nezZ
By taking LCT on both sides of above equation, then
_i2op2)a
Lffh (u) Z.,?A' [Z Cn(P(l‘—n)e s(t=—n )bl ](u)
nezZ

: _i2_2ya et
:/Abl Y cno(t —n)e P ] dt

R nez

iy dy -2

:/Am Y cuplt—n)e> P ar

R nez

2 2
=t pand i (G
=z nZAblcn/fp(é)ez g dé
nez R
z(lln +d1u —2nu lél
= ZAbIC” / (p by dé
nezZ

=V2rLA1 (u)Fp(u/by)

Owing to the Parseval’s identity of LCT (see Eq. (8)), we
have

Hﬂﬂﬁfﬂw“wm;=2¢/w&ufawm»%u

—2u ) / A (u+ 2kt ) Fop (u/ by + 2k) Pdu
kez

21hy -
- / LA ()2 Y [Fp (/b +2k) 2
0 kez

(n —n)dn Owing to

1

2 Qﬂ.’bl ~A 5
leale =52 [ 128 ()Pt

A< Y |Fyp(u/by+2km)|* < B
keZ

then

Alleallz < 11£() = Y cna, 0mll72 < Blleall? (61)

nez
Followed by the definition of the Rlesz basis, the set of
142 2
functions {@a, 0., = @(t 20~
of V(f L
Sufficiency: if the set of functions {4, 0.(t) = @(t —

L(2—n?) 5L . . . Al
n)e? b1 },ez is a Riesz basis of V;'!, similar to the

deduction of necessity, we have

A/ LA () 2du</ LA )2 Y |F (/b1 +2km) Pdu
keZ

<B [ L8 w)Pdu
Q

—n)e bl tnez is a Riesz basis

where Q; = (0,27b;). Owing to the arbitrariness of Le! (),
then

A< Y |Fyo(u/b1+2km)|* < B a.e. Vu € [0,27h,].
keZ

(62)

In particular, {@4, 0, }nez is an orthonormal basis of V(;‘ Uif
and only if A=B=1.

APPENDIX C

Proof Since the set of functions {@4, 0, = @t —
2 aj
n ”l} <z is a Riesz basis of vA ', there exist con-

stants 0 < A < B < +oo such that

e

A< Y |Fy(u/bi+2km)|* < B,Vu € [0,27h1].
kezZ

(63)

It can be deduced that ¥ ;¢ |Fp(u/by +2km)|? is a function
with a period of 27mb;. Thus, there exists a sequence of
{dy}nez € 1*(Z) such that

—iLtn()/bl
e . . Z neflun/bl (64)
V Zkez [Fo(u/br +2km)2 157
Substitute Eq. (30) into above equation, we have
Fy(u/by)e /P = Y d,Fy(u/by)e ™" (65)

nezZ

By taking inverse FT on both sides of above equation, we
obtain

o (t—np) Z d,o(t —n)
nezZ
<:>¢(t_n0)e%(t2_n%)% _ Z dn(p(t_n))e%(ﬂ_n%)%
nezZ
=0t TR = Y dhg(c—n))et
nezZ
1(,12_”(2))%

. Therefore, it can be obtained that

ot -t

In addition to, on the one hand, because V(f !

where d, = c,e?
i e v, (66)

is a closed
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space, then
Soam {2t Al
span{@a, 0..(t) = @(r —n)e ez CVE'. (67)
On the other hand, based on the Eq. (30), we have
Fo(u/b1) =Fy(u/by) | Y |Fp(u/bi +2km)|?, (68)
kez
then,
Aq N é(rzfnz)“—1
Vo' Cspan{@a, 0a(t) = @(t —n)e Mlez. (69)
It means that
i2_p2y9L
V(;h =5pan{@a, 0. = O(t —n)ez(t )5, Ynez. (70)
Moreover, we have
Fy(u/by +2km)|?

 Yaez|Fo(u/by+2km)?

kez
Then, the set of functions {¢a,0.(r) = ¢ —
L2 p2)4
n)ez(t "oy }nez form an orthonormal basis of V(? L
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