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Adaptive Stabilization for Fractional-order System
with Nonsymmetrical Dead-zone Input via
Backstepping-based Sliding Mode Control

Xiaomin Tian, Yizhi Wang, Yang Zhang, Jiaqi Ge, Chaoyuan Man

Abstract—A new backstepping-based sliding mode control
strategy to realize the stabilization of a class of fractional-
order system is introduced in this paper. We assume that
the system is fluctuated by unmodeled dynamics and external
disturbances, meanwhile, the bounds of these uncertainties and
the system parameters are unknown in advance. The effect of
nonsymmetrical dead-zone input is taken into account in this
paper. To deal with these unknown parameters, a sliding mode
surface is proposed and some adaptive update laws are assigned.
Then the indirect Lyapunov theory is given to analyze the
stability of every subsystem. Simulation results are presented
to prove the correctness and feasibility of the given control
strategy.

Index Terms—Backstepping-based sliding mode control,
Fractional-order system, Nonsymmetrical dead-zone, Unmod-
eled dynamics.

I. INTRODUCTION

RACTIONAL calculus is a generalization of traditional

integer order calculus, the history of fractional calculus
is more than 300 years, which can be traced back to the
contribution by Euler, Leibniz and other famous mathemati-
cians [1,2]. It was found that, with the help of fractional
calculus, many systems in interdisciplinary fields can be
described more accurately, such as viscoelastic system [3],
dielectric polarization [4], electrode-electrolyte polarization
[5], finance systems and electromagnetic waves [6]. That is to
say, fractional calculus provides a superb instrument for the
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description of memory and hereditary properties of various
materials and processes.

At present, The study of fractional-order system has be-
come an active research field. In particular, the control and
stabilization of fractional-order systems has attracted exten-
sive attention in various scientific fields. The results show
that the fractional-order controller applied to the fractional-
order system can obtain better control effect than the in-
teger controller, such as, fractional-order PI*D* control [7],
fractional-order terminal sliding mode control [8], fractional-
order fuzzy control [9], fractional-order finite-time sliding
mode control [10], and so on.

Backstepping is a recursive controller design method, if
virtual controller and part of Lyapunov function are designed
step by step, then a common Lyapunov function of the
whole system can be derived from the above operations.
This method can guarantee the global stability, tracking and
transient performance of nonlinear systems [11]. Take into
consideration of the excellent performance of backstepping
method, more and more researchers began to pay attention
to this potential problem. It is reported that there are many
preeminent literatures for the backstepping-based control
or synchronization of fractional-order chaotic system have
been existed. For instance, Luo [12] applied adding one
power integrator to the robust control and synchronization
of fractional-order system. Shukla [13,14] used backstepping
method to realize the stabilization and synchronization of
fractional-order chaotic system. Wei [15,16] adopted back-
stepping technique to investigate the stability of fractional-
order nonlinear system.

However, almost all the above mentioned methods for
control or stabilizing of fractional-order system assume that
the system parameters are know in advance. As a matter
of fact, many systems parameters cannot be exactly known
in advance. The control object will be not achieved under
the effect of unknown uncertainties. Therefore, it is urgent
to consider the influence of unknown parameters in control
or stabilizing fractional-order systems. Another important
problem encountered in practice is the input nonlinearity.
This kind of control input nonlinearity can be regarded as a
cause of performance degradation or even worse, instability
of a system. So, it is clear that the effect of input nonlinearity
must be taken into account when analyzing and implement-
ing a control scheme.

Motivated by the above discussions, in this paper, the
stabilization problem of fractional-order system with non-
symmetric dead-zone nonlinear input by using adaptive
backstepping-based sliding mode control technique is inves-
tigated. For compensation the nonlinear input, a fractional-
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order auxiliary system is constructed to generate necessary
signal. Some appropriate estimation rules are given to deal
with the system parameters and the unknown upper bound of
uncertainties. The frequency distributed model of fractional
integrator and indirect Lyapunov stability theory are used to
verify the stability and design virtual controller for every
subsystem. Through designing virtual controllers step by
step, a comprehensive actual controller is finally determined.

The remaining part of this paper is organized as follows:
Section 2 introduces the relevant definitions, lemmas, and
frequency distributed model. Main results are presented in
Section 3. Some simulation results are provided in Section
4 to show the effectiveness of the proposed method. Finally,
conclusions are given in Section 5.

II. PRELIMINARIES

The Riemann-Liouville, Caputo definition are main defi-
nitions of fractional calculus

Definition 1 The « th-order Riemann-Liouville fractional
integration of function f(t) is given by

t
1 / fr) o
L(a) Jiy (¢ —7)'°
where I'(+) is the Gamma function.
Definition 2 For n — 1 < o« < n, n € R, the « th-order
Riemann-Liouville fractional derivative of function f(t) is
defined as

to I f(t) = (1)

app — L dv [t f)
AR vy dt"/to =1
d" n—o
= gl 2)

Definition 3 The « th-order Caputo fractional derivative
of function f(t) is defined as

Lt _
toD?f@):{”m“) hmmmmdrm =1 <o <m )
dtm f(t)7 a=1m

where m is the smallest integer number, larger than «.
Lemma 1 (see [17]). Let x = 0 be an equilibrium point
for either Caputo or RL fractional nonautonomous system:

Dix(t) = f(x,t) 4

where ¢ € (0,1) and f(z,t) satisfies the Lipschitz condition
with Lipschitz constant [ > 0. Assume that there exists a
Lyapunov function V (¢, z(t)) satisfying

caill2]|* = V(G 2(t)) < azll2]

V(t,z(t) < —agllz]] (5)

where a1, ag, oz and a are positive constants and || - ||
denotes an arbitrary norm. Then the equilibrium point of
system (4) is asymptotically stable.

Lemma 2 (see [18]). Consider a nonlinear fractional-order
system

Dx(t) = f(x(t)) (6)

where @ € (0,1). Then the system can be equivalently
converted to the following continuous frequency distributed
model

0z(w,t)
o = ) )
z(t) = /0 o (w)2(w, t)dw 7

sin(am)
Tw

where i, (w) = and z(w,t) is the true state of the

system.

IIT. MAIN RESULTS

Backstepping technique is suitable for research strict feed-
back system, which can be described as follows

D%y = gl(xl,t)xg + 5{F1(I1,t) + f1(.’L’17t)
Dzy = go(x1,T2,t)73 + 03 Fo(1,72,t) + f2(71,20,1)

Daxn_l = gn_l(xl,xg,...,xn_l,t)xn —|—(53;_1Fn_1(1‘1,1‘2,
"'7xn71at) + fnfl(l'l,fﬂg, ceey mnfht)
D%y = gn(1, T2, ooy Tny t)u + 61 Fy (21, T, ooy Ty )

+f”(121,x2,...,£6”,t) (®)

where d; is the system parameters vector of the i-th state
equation, g;(-), F;(-), fi(-) for i = 1,2,...,n are known,
smooth nonlinear functions. This paper investigates a class
of typical fractional-order strict feedback system, it has the
following form

D%y = x5+ 61 Fi(w1) + fi(@1) + Af1(X) + di(t)
Dy = 23463 Fo(x1,32)+ fa(1,22) + Afo(X) + da(2t)

D%y = kU (u(t))+0, Fo(X) + fo(X)+AFn(X) + dn(t)
)
where a € (0,1), X = [v1,22,...,2,]T is state vari-
ables vector, k is non-zero constant, ¢; is unknown system
parameters vector, F;(-) and f;(-) are system nonlinear
parts, Af;(X) and d;(t) for i = 1,2,...,n respectively are
unmodeled dynamics and external disturbance. ¥(u(t)) is
nonsymmetrical dead-zone input.
Assumption 1. The nonsymmetrical dead-zone function is
described as follows:

p+(u(t) — uy), u(t) > uq
U(u(t)) = 0, —u_ <u(t) <uy (10)
p(u)tu),  u(t) < —u

where py, p_, uy, u_ are strictly positive parameters, and
the slope parameters p; and p_ are bounded, i.e., there exist
known constants p; and py such that max{p,p_} = p; and
min{p4, p—} = p2. Further, the nonsymmetrical dead-zone
function can be rewritten as

U(u(t)) = p(t)u(t) + Au(t) (1D
where
— P+ u(t) >0
p(t) = { p_, u(t) <0 (12)
—P4U, u(t) = uy
Au(t) =< —pt)u(t), —u_ <u(t) <ut (13)
p_u_, u(t) < —u_

A typical nonsymmetrical dead-zone function is depicted
in Figure 1.
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W(u()h

Figure 1. A typical nonsymmetrical dead-zone function

Remark 1. Many fractional-order systems can be de-
scribed as equation (9), such as, fractional-order gyro system,
fractional-order Genesio-Tesi system, fractional-order Arneo-
do system, and so on.

For using backstepping-based sliding mode control strate-
gy, transformation variables are firstly assigned as

&1 Zp — 01
&i v — 01 —0o;, =23 ...n  (14)
where ¥;(j = 1,2,...,n — 1) is virtual controller to be

determined later. o;(j = 1,2,...,n) is the virtual signal
generated by the following auxiliary fractional-order system
to compensate the nonlinear input

Dadi
D%,

Oi+1 — G0y,

kAu(t) — cpomn (15)

where ¢; > 0, ¢, > 0.

For handling the unknown bounded uncertainties, the
following assumption is given.

Assumption 2. The unmodeled dynamics and external dis-
turbance are unknown bounded, which satisfy the following
conditions

|Afi(X)] Bi1|&i]
|d;(2)] Bi

where (3;; and (;o are unknown positive constants. In this
paper, the sliding mode surface can be constructed as

<
< (16)

t
sp,=D>"1¢, + /0 (& + sgn(&p))dr (17)

in which p = 1,2,...,n. Taking the derivative of s with
respect time, we have

sy = (18)

D&, + (gp + sgn(rfp))

when system trajectories arrived at the sliding mode surface,
we have s = 0, that is

(19)

Dagp = _gp_s.gn(gp)

according the sliding mode dynamics, the virtual controller
can be determined as

P91 = —mys; — &y — 5?171 - fi— (B11|§1\ + 312)59”(51)
—c1o1 — (&1 + Sqn(fl)) X R
05 = —mys; — &1 —0; Fy— fi — (B l&] + Biz)sgn(s;)

+Dj1 — cjo; — (§5 + sgn(§;))
(20)
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where j = 2,3,...,n— 1. m; > 0, F; and f; are the abbre-
viations of Fj(-) and f;(-). 5;, B and B2 are estimations
of 5@ Bi1 and iz for i = 1,2,...,n, respectively. Denote
0; = 6; — 04, Bi1 = Bin — Bir» Biz = Biz — Biz as parameters
estimation errors, which adaptive update laws are designed
as

Dagz’ = Da& = FiSZ‘
DB = D“Bir =nul&llsil, mia >0
D%Bis = D%Bio = mialsil, mi2 >0 21

Theorem 2. Consider the system (9) with nonsymmetrical
dead-zone nonlinear input, if the system is controlled by the
following controller

1 N . R
u(t) = Tm<_ My |8n| — ‘5n|T|Fn| — | ful = |Bn1llénl — B2

D1 | = calon] = 6 tsgn(€)] ) sgn(sn)  (22)

then the system trajectories can converge to the sliding
surface s;(i = 1,2,...,n) = 0 asymptotically.

Proof. Step 1: The first new subsystem can be obtain
according to equations (9), (14) and (15)

D¢

= Daxl — Do‘al
T2 +6{F1 + f1 +Af1(X) +d1(t) — 02+ C101
=&+ 01+ 61 Fi+ fi + Afi(X) +di(t) + cron

(23)

according to Lemma 2, the parameters adaptation laws (21)
can transform into the frequency distributed model, that is

azfgl(mt)
— = —szl(w,t)-i—Flsl
5 = / Ma(w)zgl(mt)dw
0
82511((,0,15)
o —wzgll(w,t)+n11|§1||sl\
B = / ua(w)zgu(w,t)dw
0
0z% (w,t)
61# = —wz§12(w,t)+7712|51\
Pz = / ua(w)z512(w,t)dw (24)
0
selecting the Lyapunov function as
1 1 [
Vv, = §S%+§/0 ua(w)zg(w,t)Zgl(w,t)dw
- 2
Y a Y 7t d
+27711 ; 1 (w)zﬁu(w )dw
- 2
— a = ,t)d 25
g | (), .0 ©3)

taking the derivative of V7 with respect to time, it yields

‘./1:

s181 — / w,ua(w)zg (w, )25 (W, t)dw + 6T Fy s,
0 ! !

1 > -
—— wha (w)Z2 (w,t)dw + B11]&1]]s1]
m1 Jo B11
1 > -
- Wit (W) 22 (w, t)dw + Biz|s1] (26)
M2 Jo B12
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substituting s; from equation (18) into equation (26), one
has

Vi = s1[DY + (& + sgn(&1))]

_/ wita (@)L (@, )25, (@
0

1 © ~
wﬂa(”)"«’%ﬂ (w,t)dw + B11]&1]]s1]

1 > ~
Wit (w)z%12 (w, t)dw + B12]s1]

t)dw + 67 Fy sy

N2
substituting the new subsystem (23) into the above equation

Vi=si[&+th+0] Fu+ fL+ Af(X)
+di(t) + cro1 + (&1 + Sgn(§1))]

- [ el )z

27

(w t)dw + 51 Fisq

1 o -
—— Wia (w)Z2 (W, t)dw + B11]&1]]s1]
M1 B
1 o -
- Wita (W)22 (w,t)dw + Bials1|  (28)
12 Bz

replacing 9, from equation (20) into equation (28) and using
Assumption 2, we have

V< 0L F — (Bulér| + ,5’12)8971(81)] + b1

|§1||51|+ﬂ12|81|/ Whte (W

S1 [ mi181 —

(w t)z5 (w t)dw

1 o ~
+7 Fysy—— Wi (w)Z2 (W, t)dw + B11]&1]]s1]
7711 0 Bll
1 o -
- Wita (W) 22 (w,t)dw + P1a|s1]
7]12 0 ﬁlz
= [ @) (,t)35, (w1
0
L )2 (.t
- witg(w)z% (w,t)dw
7]11 ,U/ ﬁ 11
1 oo
- Wite (W)22 (w,t)dw —mysT <0 (29)
7]12 ﬁlz

because of V1 < 0, then s1, 31, 511, 512 are all asymptoti-
cally converge to zero.

Step 2: The second subsystem about &5 can be established
as

D% D%y — D% — D%0s
= a3+ 0 Fo+ fo+ Afo(X) 4+ da(t) — D™,
—03 + C209
= &0+ 0 Pt fot Afo(X) + da(t)
—D%91 + co09 (30)

similar to the step 1, the frequency distributed model of
adaptive estimation laws can be constructed as

0z5 (w,1)
287t = —wzs (o.) t) + Faso
b - /Omw )25, (0 1)
M = —wzz (w,t) + n21|al|s2]
ot e ’
Bor = /0 ,ua(w)z[;m(w,t)dw

8z522 (w,t)
— 5 = —wzfﬂvﬂ(w,t) + 722|s2]
B = [ el @0de G
0
selecting the Lyapunov function as
1 oo
Vo = Vl“r*S%—F*/ fro (W) 2L (w, t)z5 (w,t)dw
2°27 3 |, 52
L > ( 2 t)d
+27721 P w)z~21(w, w
1 Oo 9
+277? o (w)zg22 (w, t)dw (32)

thus its derivative can be described as

z/ o

/ Wt (w zg (w t)dw
77]1

— w Zf% w
ZW/ pa@)2 (o, e

—my 8T + s280 + 52 Fysoy + 521|§2HS2| + 522|82|
(33)

(w, t)dw

(w t)ZEJ

substituting $o from equation (18) into (33) and according
to equation (30), one obtains

Z/ Wha(w) 2% (w, )25

2 oo

Vs (W, t)dw

2
— — Wit (W)25 (W, t)dw
<11 Jo .ua( ) ﬁj1( , )

£
77]2

—mys? + 59 [D + (€2 + sgn ()]
+09 Fasg + Ba1|€2||s2| + Baalsz|

= —Z/ wita (W) 7 (W, )25

2 1 0o

zgﬂ(w,t)dw

(w t)dw

2 2
—E Wite (W)z% (w, t)dw —mys
77]2/ H )B( ) 171

+82[§3+192+52TF2+f2+Af2( )+ da(2)
— DY +co00+ (£2+ Sgn(ﬁg))]

+52TF282 +B21|§2H52| +§22|82| (34)

replace 2 from equation (20) into the above equation, we
have

Z/ Wte (W w,t) A«j(w,t)dw

2 1 )

Wit (w)22 (w, t)dw

=1 M1 Jo Bj1
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2
1 o0
-y — Wit (W) 22 (w,t)dw — mys?
=1 "2 Pz
+s2[ — masy — 0L Fy — (Bar|&2] + Bm)syn(szﬂ

+B21|&2][s2| + Baz|s2| + Sngsz + B21\§2H82|
+B22|s2]

—Z/ wWha(W)7L (W, 1)z

/ Wit (W z~ (w,t)dw
77J1

IN

(w t)dw

2
— — Wit (w)z5 (w,t)dw
> = [ el
j=1
—mls% mgsg (35)

since Vg < 0, then s, 52, 521, 522 are all asymptotically
converge to zero.

Step i: We continue to investigate the i-th new subsystem
with transformation variables, that is

D%, = D%z — D9, | — D%,
= Ty + O] Fi 4 fi + Afi(X) +di(t)
—D*;_1 — 0441 + ci0;
= &+ 0+ 0] Fi+ fi + Afi(X) + di(t)
—D*;_1 + cio; (36)

similar to the above steps, the frequency distributed model
of adaptive estimation laws can be constructed as

Oz5 (w,t)
—— = —wp () + Esi
~ o0
6 = /0 fa(w) 25 (w, t)dw
0z~ (w,t)
51‘1 = / Ma(W)Zg_l(wJ)dw
0 (2
0z= (w,t)
B%it = —wzfgiz(w,t) + Miz|si
51‘2 = / Ma(OJ)Zg_z(w,t)dw (37)
0 k3
selecting the Lyapunov function as
. — = e T
Vi V1+251+2/0 pa(w) 25 (w, )25 (w,t)dw
= 2
+27711 /0 IU/oc((A))ZE11 (W,t)dw
1 o )
+277i2 /0 ua(w)zEQ (w, t)dw (38)

taking the derivative of V;, and using the deduce results of
the above steps, one has

Z/u% 1)z (w0, e
i 1 o) )

-y — Wit (W)z% (w,t)dw
= i Jo P

i—1
_Zm]s]—&—ssz—w F;s;
j=1

+E¢1|§i\|8i| + Ez’2|5i| (39)

substituting $; from equation (18) into (39), and considering
equations (16), (20) and (36), it yields

Z/ Wha (W) 7z (w, )25 (w t)dw
_Zm1/ Wit )z% (w,t)dw
_277]2/ Wit ( )z% (w,t)dw

— Z m;ss + s [D& + (& + sgn(&))]

+5TF'Si + 5i1|§i\|8i| + §i2|81|

g—z/u% 1)z (w0, )
i 1 0o )
-y — Wt (w)z% (w,t)dw
= M Jo Bir
i1 oo i1

B N Wite, (w)z% (w, t)dw — Z mjs?
=1 i ” J=1

+si[ = misi — 6] Fy — (Bul&l + Bia)sgn(ss)]
+Bi11&lsi| + Bialsi| + 5TF'Si + Bi1|&il|si|+ Bizlsil

Z/ Whta(w)7 (w, )25
—Z%/u%>%wm

77 / Wit (w ZZ (w t)dw — ijsj (40)
52

(w t)dw

because of V; < 0, then s;, d;, Eﬂ, EZ-Q can converge to zero
asymptotically.

Step n: The last subsystem with transformation variable
&, is determined as

D%, — D*V,,_1 — D%,

EU(u(t)) + 6L Fy + o + Afu(X) + dn(t)
—D%9,_1 — kAu(t) + chop

= kp(t)u(t) + 0L F, + fo + Afa(X)

Daé-n =

+dn(t) — D*Vp—1 + cnom (41
the overall Lyapunov function is selected as
Vo =V, L[~ 2L (w, )2 t)d
n n1+2n ioua()a(w)~(w7)w
1 e 9
+2nn1/0 ua(w)zgnl(w,t)dw
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1 oo
+277n2/0 o (W )zgn (w, t)dw (42)

taking the derivative of V,, with respect time, and according
to Assumption 2, one has

—Z/ otta() L (@, 1) (@, O

/w,ua z~ (w,t)dw
77J1

_277]2/ Wit (w )z~2~ (w, t)dw — Z f

+8n [kp(t)u(t) + 6L Fy + fr + Afn( ) dn(t)
—Dp_1 + cuon + (& + sgn(&n))]

fz / e
—Znﬂ / whtal) (@, 1)de

n—1
/ Wit (w z% (w t)dw — ijsf
77J2 =

‘pr( )snu(t) + [ fullsn] + D9 _1]|sn]
+enlonl[sn| +1€n + sgn(&n)|l5nl
+‘6n|T|FnH5n‘ + |ﬂn1”€n||5n| + |ﬂn2”5n‘

since p(t)/p2 = 1+ a(t), where a(t) is a some piecewise
positive function, we have

V, <

IN

(w t)ZE (w, t)dw

(43)

kp(t)spu(t) = (1—|—a(t))[ mn |5n| |Fnl]5n]
=|fallsnl = |6n1‘|§n||5n‘ - |ﬂn2”5n|
—|D*n—1|8n] — cnlonl|snl
—[&n + sg1(&n)|[sn]
< —mnsy = 0|7 [ Fullsnl = | fallsnl

_‘ﬂnlnfnusn‘ - |ﬁn2|‘377«|

_‘Daﬂn—1|‘3n| - Cn|0'n||5n|

—|€n + 591(&n) |54 (44)
substituting (44) into (43), it yields
Z/ whia(w)zs (W, )2z (w t)dw
2
— Wite (W)2% (w, t)dw
Z o = a2 )
n 1 50 )
-y — Witg (W)z% (w, t)dw
1 ’17]2 ﬂj2
]_
(45)

2
- Z m;s;
j=1

because of V,, < 0, that is the system trajectories (9) with
nonsymmetical dead-zone input can reach to sliding mode
surface gradually, thus the proof is completed.

Theorem 2. Consider the sliding mode dynamics (19), the
system is stable and its state trajectories converge to zero
asymptotically.

Proof. Step 1: For the first sliding mode dynamic, the
corresponding frequency distributed model is

0z, (w,t
Paloal) _ ey (@.0)— (6 + s0m(&)
o0
& o= / Pa(w)ze, (w, t)dw (46)
0
selecting the following Lyapunov function
1 o0
W, = 5/O ua(w)zgl (w,t)dw 47)

taking the derivation of W, with respect time, one has

W, = -— /Oo Wﬂa(w)zgl (w,t)dw + & (= & — sgn(&))
0

—/0 w,ua(w)zgl (w,t)dw — 2 — |&| (48)
Obviously, W1 < 0, according to Lemma 1, the first
sliding mode dynamics is asymptotical stable, that is £, — 0
as t — oo.
Step 2: According to the second sliding mode dynamics in
equation (19), its frequency distributed model can be written
as

0z¢, (w, t)

o = —wzg, (W, t)— (&2 + sgn(&2))

& = / o ()2 (w0, )l

selecting the following Lyapunov candidate function for

(49)

1 o0
Woy =W, + 5/ ,ua(w)zé (w,t)dw (50)
0
taking the derivation of W5, and according to the above
deduced results, we have

2 00 2 2
Wa<= Y [ wnal@) (. 0do-Y -l 651
j=170 j=1 j=1

Similarly, W2 < 0, according to Lemma 1, the second
sliding mode dynamics is asymptotical stable, that is {2 — 0
as t — oo.

Step i: We continue to investigate the stability of the i-th
sliding mode dynamics, which frequency distributed model
is

w = —wzg, (w, 1) — (& +sgn(&))
& = /OOO Lo (w)ze, (w, t)dw (52)
choosing the following form Lyapunov function
W; =W;_1+ % /000 ua(w)zgi (w, t)dw (53)

taking the time derivation of W;, one has

—Z/ wha ()22 (W, )dw— Y €2 =3 || (54)
=iJo j=1 j=1

Indeed, W; < 0, then & is asymptotically converge to
Zero.
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Step n: In the last step, the stability of the whole sliding
mode dynamics is demonstrated, the corresponding frequen-
cy distributed model is

Oz, (w,t
5na(t ) = TWwzg, (wa t) - (fn + SQH(En))
b = [ nalw, (0o (55)
0
we select the following Lyapunov function
1 [ 5
Wa=Waa+5 [ palw)zg, (. t)dw (56)
0

its fractional order derivation is satisfying

Wn S - Z / W (W)Zgj (wv t)dw_z 532 _Z |€j| (57)
j=1"0 j=1 j=1

therefore W,, < 0, the whole sliding mode dynamics (19) is
asymptotically stale. This completes the proof.

IV. SIMULATION RESULTS

In this section, simulation results are given to demonstrate
the effectiveness and feasibility of the proposed control
strategy. Consider the fractional-order Genesio-Tesi system
with nonlinear input, which is described as

Dal'l = X2
Daltg = I3
D%3 = U(u(t)) —a1z1 — asxs — azxs

tasx? + Af(X) +d(t) (58)

where a; = 1, ags = 11, as = —0232, ay = 1, (33 =
[al,ag,ag,a4]T, F3 = [—331,—332,—1‘3,33%}71, Af(X) =
—0.01cos(z3) and d(t) = 0.02sin(3t) are unmodeled dy-
namics and external disturbance, respectively. Firstly, consid-
ering ¥ (u(t)) as nonsymmetrical dead-zone nonlinear input,
that is

2(u(t) — 1.5), u(t) > 1.5
U(u(t)) = 0, 1<u(t) <15 (59)
4(u(t) + 1), u(t) < -1

the parameters m; = mg = m3g = 5, ¢ = ¢2 = ¢c3 = 2,
N31 = 5, M32 = 2, the initial conditions are chosen as
21(0) = —0.3, 22(0) = 0.1, 23(0) = —0.2, 55(0) =
[0.1,0.1,0.1,0.1]7, B31(0) = 0, B32(0) = 0, @ = 0.8. Once
the actual controller u(t) is activated, the state trajectories
of subsystem with transformation variables are presented
in Figure 2, it is clearly that all state trajectories tends to
zero gradually, which demonstrates that using the proposed
control scheme, the adaptive stabilization of the controlled
system with nonsymmetrical dead-zone nonlinear input is
achieved.

-0.02

L L L L L L L L
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I I I I I I I I I
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o 01 02 03 04 05 06 07 08 09 1
t(s)

Figure 2. Time history of transformation system with
nonsymmetrical dead-zone input

All above simulation results sufficiently demonstrated that
the proposed control scheme is effective in stabilizing this
kind of uncertain fractional-order nonlinear system with
nonsymmetrical dead-zone input.

V. CONCLUSIONS

This paper investigated a backstepping-based sliding mod-
e control scheme for adaptive stabilization of a class of
fractional-order system. The system is perturbed by un-
known bounded uncertainties, and system parameters are
unknown in advance. The effect of nonsymmetrical dead-
zone nonlinear input is taken into account in the design
of actual controller. In order to compensate the influence
of nonlinear input, an auxiliary fractional-order system is
introduced to generate the necessary virtual signal. To deal
with the unknown parameters and unknown uncertainties,
a proper sliding mode surface is established to determine
the adaptive update laws. For verify the stability of the
controlled system, the frequency distributed model is used so
that indirect Lyapunov function can be applied. Simulation
results demonstrated the feasibility and effectiveness of the
proposed control scheme.
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