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The Weight Enumerator of Some Families of
Linear Error-Block Codes

S. Belabssir

Abstract—In this paper, we introduce the notion of w-weight
distribution for linear error-Block (LEB) codes. We compute
the m-weight enumerator of simplex and Hamming LEB codes.
We also show that some cosets have uniquely determined
distributions. We prove that if the weight distribution of the
cosets is known, and that the dimension of the LEB code
is increased by one, then, the 7-weight can be explicitly
determined. Thereafter, we compute the 7-weight enumerator
of the direct sum of two LEB codes. Finally, we compute the
m-weight enumerator of punctured and shortened LEB codes.

Index Terms—Weight distribution, Hamming Codes, Simplex
Codes, Linear Error-Block Codes, Weight Enumerator, coset,
Direct Sum Codes, Puncturing, Shortening.

I. INTRODUCTION

INEAR error-block codes (LEB) were introduced by

Feng et al. in [1]. They are a generalization of classical
codes (linear block codes), and they have application in
experimental design since they yield mixed-level orthogonal
arrays, and in high-dimensional numerical integration. [1]
gives some algebraic aspects and fields of applications of
linear error-block codes, and some open problems are stated
in its concluding section. So far, there is a limited number of
publications that deal with LEB codes. Alves et al. [2] have
studied combinations between the m-metric (used with linear
error-block codes) and the poset metric. A generalization of
some results on packing and covering radii to the LEB case
is made, and some bounds on packing and covering radii
of these codes are given in [3]. Optimal linear error-block
codes are discussed in [4]. In [5], the authors constructed new
families of perfect linear error-block codes of minimum 7-
distance 3, 4 and 5. In [6], an algebraic study of cyclic LEB
codes and some relevant results are discussed. In [7], the
authors gives the existence conditions of infinite families of
perfect LEB codes, and expended the notions of Hamming
and simplex codes to linear error-block codes. In [9], the
authors constructed new LEB codes using the tensor product
of two codes, and claimed that some optimal LEB codes can
be constructed from known optimal LEB codes. In order
to allow the application of LEB codes in cryptography,
especially in a McEliece-like cryptosystem, Dariti et al. [11]
presented a method for decoding linear error-block codes
inspired from the standard array classical method. The same
authors presented in [8] some solutions on the use of LEB
codes in codes-based cryptosystems, namely, the McEliece-
like and Niederreiter cryptosystems, and realized that this
solutions keep the size of the public key unchanged while
it preserves, or even enhance, security parameters of the
cryptosystem. They also used LEB codes in CFS signature
scheme [8], and discovered that the use of LEB codes in
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CFS signature provide an improvement in the matter of
density of decodable words with the 7-metric, which will
be grater. In the same work [8], a channel model which
enables LEB codes to be used in correcting errors raised
from transmission over a noisy channel was designed. LEB
codes have also application in the field of steganography,
where Dariti and Souidi [13] have introduced a protocol of
steganography based on LEB codes. They have shown that
employing convenient codes enhances the reliability of that
protocol compared to other known steganography protocols.
This steganographic protocol generalizes the idea of matrix
encoding to be used with several bit planes. The scheme was
ameliorated in [12].

The weight enumerator of a linear code is a classifying
polynomial associated with the code. Besides its intrinsic
importance as a mathematical object, it is used in the
probability theory around codes. For example, the weight
enumerator of a binary code is very useful to study the
probability that a received message is closer to a different
codeword than to the codeword sent (Or, rephrased: the
probability that a maximum likelihood decoder makes a
decoding error). The weight distribution of a linear code is
one of the most important characteristics of a code. In some
special cases, the weight distribution can uniquely identify
a linear code. Among the most remarkable properties of
weight distributions is how they relate to the dual code. In
fact, MacWilliams [10] showed that the Hamming weight
enumerator of the dual code is uniquely determined by the
Hamming weight enumerator of a code over a finite field. In
[1], Feng et al. generalized the definition of the homogeneous
m-weight enumerator and the MacWilliams Identity to the
LEB case.

In this paper, we extend the definition of the weight
enumerator to linear error-block codes case, and give a
simple formula for the m-weight for some families of LEB
codes, namely the Hamming and the Simplex codes, cosets
leaders of LEB codes, and the direct sum of two LEB codes
as well as the puncturing and the Shortening techniques.
This paper is organized as follows. In Section 2, we give
an overview about LEB codes. In Section 3, a definition
of the m-weight enumerator and some related results are
reached. In Section 4, we give the m-weight enumerator
of simplex codes. In Section 5, the study is focused on
the 7-weight enumerator for cosets of an LEB codes. In
Section 6, we determine the m-weight distribution of LEB
codes generated from the direct sum of two LEB codes.
The w-weight distribution of LEB codes generated from
the puncturing and shortening techniques is determined in
Section 7. Finally, the conclusion and the perspective of this
work are given in Section 8.
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II. PRELIMINARIES

A partition 7 of a positive integer n, is defined by
n=mny+ng+...+ng

(with ny > ng > ... > ns > 1, and s is an integer > 1),
and is denoted by m = [n1][n2]. .. [ns]. Furthermore, if

s T
=1 =1

where mq > mo > ... > m, > 1, then m will be denoted
by

™= [ml]l1 [mg]l2 . [mr]l*.
Let m = [n1][ne] ... [ns](s > 1) be a partition of an integer
nandVi:E’;i (1 <i<s),and

V=VioVe®...0V,=F"

Where I, is a finite field with ¢ elements and ¢ is a prime
power.

Each vector in V can be written uniquely as v =
(v1,v2,...,vs), where v; is in V; (for 1 < ¢ < s). For
u = (ug,us,...,us) and v = (v1,va,...,vs) in V, the 7-
weight w, (u) and respectively the m-distance d(u,v) are
defined by:

we(u) =#{i/1 <i<s, 0#£u; €V} (D
and

dr(u,v) = wr(u —v)
=t{i/1 <i<s, u, v; €V; and u; # v;}.

A linear error-block code over I, of type 7 is an F,-linear
subspace C' of V. The integer n is called the length of C,
k= diquC is its dimension and

dy = min{d,(c,c')/c,d € C,c # '}
= min{wx(c)/0 # c € C},

is its minimal 7w-distance. Such LEB code is denoted by
[n, k,dr], code. Therefore, a classical linear error-correcting
code is a linear error-block code of type m = [1]™.

An LEB code is completely defined by a generator matrix
or a parity check matrix. As in the classical case, the
minimum 7-distance of a linear error-block code is straight-
forwardly determined using a parity-check matrix as follows:

Theorem IL.1 ([1]). Let H = [Hy, Ho, ..., H;] be a parity-
check matrix of an [n,k,d;] code C over F, of type m =
[n1][ng] ... [ns]. Then the minimum 7-distance is d, if and
only if the union of columns of any d, — 1 blocks of H are
F-linearly independent and there exist d, blocks columns
of H which are linearly dependent.

Example IL.2. Let C be a [7,2,2] binary code of type 1 =
[3][2][1]? over Fy defined as follows:

C = {000]00/0[0, 101]10|1]0,011|11[0]0, 110|01|1|0}.

Then C' is generated by the matrix

10 1|1 0][1]0
G‘(o 1 11 100)'

If C is an [n, k] code of type m = [n1][na]...[ns] where
ny > ng > ... > ng > 1, of generator matrix G and parity-
check matrix H. The dual of C is an [n,n — k] code of type
7 of generator matrix H and parity-check matrix G, and it
is denoted by C*.

III. 7-WEIGHT ENUMERATOR OF AN LEB CODE

In this section, we introduce the notion of m-weight
distribution for an LEB code, and we give some relevant
results.

Definition IIL.1. Let C be an [n,k,d], code of type m =
[n1][ng] ... [ns] where ng >ng > ... >ng > 1 with s > 1
and >~} _, n; =n. Let

Ai(C) =| {c € Clwr(c) =i} |

be the number of codewords in C of w-weight i for i =
0,1,...,s.
The w-weight spectrum of C' is defined as the following

SH(C)={(1,A;(C)) /i =1,...,s}.
And the weight distribution of a linear code C'is the vector
A(C) = (Ao(C), ..., As(C)),

it simply shows the number of codewords of a particular
m-weight in the code.

The so called m-weight enumerator is a convenient repre-
sentation of the weight spectrum.

Definition IIL.2. Let C be an [n,k,d], code of type m =
[n1][ng] ... [ns] where ny > ng > ... >ng > land s > 1
with Y5 n; =n.
o The m-weight enumerator of C' is defined as the follow-
ing polynomial

weo(Z) =Y Ai(C)Z".
i=0
where A;(C) is the number of codewords in C' of -
weight 1.
o The homogeneous m-weight enumerator of C' is defined
as

WT!‘,C(X, Y) = Z Xs_ww(c)yww(c)
ceC

- Z A (C)x* Y
=0

where A;(C) is the number of codewords in C' of -
weight 1.

Remark IIL.3. Note that w,c(Z) and W, o(X,Y) are
equivalent in representing the weight spectrum. They deter-
mine each other uniquely by the following equations:

w.,r,c(Z) = Wﬂp}c(l, Z)

and
Wec(X,Y) = Xw, o(Y.X1)

Proposition II1.4. Let C be an [n, k,d] LEB code over F,.
Then

1. AozlandAj:Of0r0<j<d.
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2. Ej Aj= ¢

Proof: easy to prove by analogy to the classical case.
|

Example IIL.S. o The zero code has one codeword of m-
weight is zero. Then

Wrc(X,Y) = Ag(C) X5 0Y"

o For an [n,k,d], MDS code C of type 1 = [m]®, the
w-weight distribution of C' is:

= X°.

i—d

Ai(C) = ()™ = 1) Z(;‘l)qm(i’d’j)(—l)j

ford <i<s.
A;=0for1 <i<d, and Ay = 1.
Thus, the m-weight distribution of C' is

ZA

The weight enumerator satisfies the MacWilliams Identity,
which was showed for codes of type = = [m]® in [1] as
follows:

Wrco(X,Y) CYX*Y*

Theorem IIL.6. [1] Let C be a linear code over F, of type
m = [m]®. Then
Weor(X,)Y) =

Weo(X + (g™ —1)Y, X —Y).

\CI

IV. 7-WEIGHT ENUMERATOR OF HAMMING AND
SIMPLEX CODES
r—1

Let C be an LEB code of type 7 = [m|® with s = 27—
where r = Am, A > 2 and dimg,(C) = n—r. C is said to be
a Hamming LEB code of type 7 and denoted by 7-Ham(r,q)
if and only if its parity-check matrix H) is an r X n matrix
for which the union of columns of any blocks is linearly
independent.

A code C’ is called a simplex code if all its non-zero
codewords have the same weight.

In [7], we have proven that the dual code of C' is a
simplexe code and the comon 7w-weight of its codewords is

W)\ _ qrfm _ q()\fl)m

where \ = 7% is an integer > 2. We have also shown that the
parity check matrix of C' is defined recursively as follows :

_ Im El ...... Eqm_l 0771

Ha = ( Om—t | I | - Ly | In @

and for A > 3
I Al ...... A m__1 AO
H — m q
A < Om(A—l) Hy q]...... Hy 4 Hy_,
3)

where
e Iy,...,E;m_y are the blocks extensions of non-zero

vectors in g, (where a block extension of a vector
v = (v1,...,v,) in Fy is an n x n matrix £ for which
the columns are linearly independent and the sum of
all its columns is equal to v’ (transpose of v), note
also that if £ and E’ are two blocks extensions of two

different vectors v and v’ in IFZ"’, then, the columns of

the matrix
E | E
I, | I,

are linearly independent with I,,,
of size m.)
e Forall 1 <: < ¢g™

is the matrix identity

-1, A; = (E;,...,E;) where
—_——

Sx—1 lime

()\—l)m_l
SA\—1= “—Fgm—1 -
e Ao = (0, . ..,0.,) where 0,, is the m x m null matrix.
—_——

Sx—1 time
In this section, we consider simplex codes of type m = [m]*
with s = ;1,7"__11 where r = Am, A > 2 and dimg, (C) =
n—r. These codes give interesting results about the 7-weight
enumerator described in Theorem IV.1 and Theorem IV.2.

Theorem IV.1. Let C be an [n,r,d = 3], simplex LEB code
over F, of type m = [m]® where s = ;Zm__ll, r=Am, A >2
and r > 1. Then, the homogeneous m-weight of C' equals :

Weo(X,Y)=X°+(¢" — 1)XS_7'+’”Y"_7"

Proof: Let C be an [n,r,3], simplex code over F, of
type m = [m]® where s = q,,f_ll and r = n — dimg,(C),
then by Theorem 10 of [7] all non-zero codewords of C' have
the m-weight ¢"~™. Therefore,

Wec(X,Y) =

— Ao(C)XS_OYO—|—Aqrr-—m(C)Xs_r—i_nLYT_m
X* 4 (| C | —1)xsHmyTm
— Xs _|_ (qr _ 1)Xs—r+myr—m

Theorem IV.2. Let H, be an [n,k,d = 3|, perfect m —
ham(n — k,q) code of type m = [m|® where s = T_ll,

r=Xm, A>2and k =n —r > 1. Then the homogeneous
w-weight of H, equals :

S

W (X,Y) = qikKX - (¢ 1)

(X +(¢" =Y (X = Y)]

DY) +

Proof: Let H, be an [n, k, 3], perfectw ham(n—k, q)
code of type m = [m]® where s = q r is a multiple of
mandr=n—k > 1.

Then H, is the dual code of an [n k 3],1 simplex code C
of type m = [m]® where s = q
Identity states that

1’

1
We m, (X,Y) :mWﬂ,c(X (g™ -1)Y,X —Y)
Thanks to Theorem IV.1,
Weo(X,Y) =X+ (¢" — 1) X"ty —m

Then,
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Wi p (X,Y) = qikKX " - DY)+ (1)
(X + (¢ — DY) (X — Yy
||

Example IV.3. Let S be the simplex [10,4, 3]s code of type
7 = [2]° generated by the matrix

1 0|1 0|0f0]O
G = 0 1/0 1(0]0]1
0 0|1 0(1]0]1
0 0|0 1(0]1]1

Therefore,
Wrs(X,Y)= X5+ 15X3y?

is the homogeneous w-weight of S, and
1
Wem, (X,Y) = E[(X+15Y)5+15(X+15Y)3(X—Y)z}

is the homogeneous m-weight of H., where H, is the m —
Ham(6,2) LEB code of type m = [2]°.

V. m-WEIGHT ENUMERATORS AND COSETS

Let C be an LEB code over Fy/ and v be any vector in
Fy. A coset of C'is a set v + C' defined by

v+C={v+ecceC}

Just like codes, the cosets have a m-weight distribution and
a minimum m-weight. A vector in a coset with minimum
m-weight is called a coset leader. In this section, the -
weight distribution of cosets of an LEB codes are studied.
We will show that some cosets have uniquely determined
distributions. We will also prove that when the weight
distribution of the cosets is known, and that the dimension of
the LEB code is increased by one, the new resulting m-weight
is explicitly determined.

Theorem V.1. Let C be an [n,k,d] LEB code over 7, of
type m = [n1]...[ngl (n1 > ... >ny > 1 s > 1 and
ni = Y.i_oni) and with m-weight enumerator Wy c(X).
Let u be a vector in ¥y which is not in C (i.e. u € Fy \C).
Let C' be the [n,k + 1] LEB code generated by C and u,
and o € Fy . Then,

i) The weight distributions of v + C and au + C are
identical, when o # 0.
11) WTr,C’ = (q - 1)W7r,u+C + W7r7C~

Proof: Since au + C = a(u + C), the weight distribu-
tions of au + C and a(u + C') are identical. Moreover, the
m-weight wr(a(u+c)) = wr(u+c) for all ¢ € C. Thus, (4)
is proven. Let u € F;\ C, and C” be the [n, k+1] LEB code
generated by C' and u. Then, the generator matrix of C” is
the generator matrix G of C' with the vector v appended as
a new row, and so, C’ is the same code as C' U (u + C).
From Theorem 1.1. in [8], we state that IE‘;L is just the union
of q"”C distinct cosets of C, and since C' is the coset 0+ C,
then, C'N au + C is empty for all o € Fy \ {0}. Thus,
A;(C) = (g—1)Ai(au+C)+ A;(C). Since A;(au+C) =

Ai(u+C) by (i) then, 4;,(C") = (¢—1)A;(u+C)+ A;(C)
for all ¢ € {0,...,s} and

Weor(X) =) Ai(C)X?
=0
=Y (Ai(C) + (g = DAs(u+ C) X'
=0

=Y ACO)X +(g-1)) Ai(u+C)X'
=0 i=0
=(q—1D)Wrurc+Wreo

VI. m-WEIGHT ENUMERATORS AND DIRECT SUM

Let C; and Cy be [n1, k1, d1]4 and [ng, k2, d2]; LEB codes

types m1 = [ni1]...[ns] (M1 > ... > ng > 1 and ny =
Soitoni) and mo = [ma]...[mg,] (mg > ... > mg, > 1
and my = Y ;2 m;), and with generator matrices G; and

G respectively. We denote by 775 the partition defined by
T =mmy = [n]...[ns][mi]...[ms,]
The direct sum of Cq and C5 is the
[n1 + na, k1 + ko, min(dy, dz))
LEB code C of type m = [m1][m2] where
C=C1®Cy={(c1,¢c2)/c1 € C1,co € Ca}.

In the following theorem, we give the m-weight Enumer-
ator of C"

Theorem VIL.1. Let Cy and Ca be [ni,ki]q and [no, ka4
LEB codes types of m and s, and with m-weights enumer-
ators W, ¢, (X) and W, ¢, (X) respectively. The w-weight
enumerator of the code C = C; @ Cs is

WTF>C1G902 (X) = Wﬂ'1>01 (X)'WTF27CZ (X)’

where = [m1][m2].

Proof: Let C7 and Cs be two LEB codes as defined
above, with generator matrices G; and G2 respectively. Then,
the generator matrix of C' = C; @ Cs is

Gi O
= (3 o)

Let A(Cy), A(C2) and A(C') be the weight distributions for
C1, Cs and C respectively. Furthermore, let A;(C1), 4;(C2)
and A;(C) be the number of codewords of Cy, C and C of
m-weight ¢ respectively. Let ¢; and ¢o two codewords of Cy
and C5 respectively and such that w,(¢1) = ¢ and wy(c2) =
j. The vectors (c1,0), (0,c2) and (c1,c2) are codewords of
C, with m-weights 4, j and 7 + j respectively. Thus, A, =
A;(Ch) x A;j(Cy) for all ¢, j such that k =7+ j.
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A(C) being the result of a convolution of 7-weights
distribution vectors A(Cy) and A(C3), we get

S1+s2

> A(C)x*k
k=0

=Y Ai(C)X'A;(Cy) X7
j+i=k

= ) A(C1)A;(Co) X
jti=k

= 7T1,C1(X)'W7T2,C2(X)

WW,C(X) =

Example VL.2. Let Cy and C5 be [4,3,1]2 and [3,1,1] LEB
code of types m = [2]|[1]? and 7y = [3]', and defined using
their generator matrices

Gy =

S O
O~ =
— = O
— o o

and

Gi=(11 1)

respectively. Then, Cy have the weight distribution Ao(C1) =
1, A1(C1) =1, A2(C1) =5 and As(Cy) = 1, and Cy have
the weight distribution Ag(C2) =1 and A1(C3) = 1. Thus,

Wee(X) =14 X +5X%+ X?

and
W.,T7C2(X) =1+ X

. Hence, C = Cy & Cy is a [7,4,1] code with generator

matrix o 0
B 1
G- ( ’ Gz) .

Moreover, the m-weights enumerator of C' is

WTI'7C<X) = WTrl,C1 (X)'WW27C2 (X)
=1+2X +6X%+6X°+ X%

VII. m-WEIGHT ENUMERATORS OF PUNCTURED AND
SHORTENED LEB CODES

An [n,k,d] code over F, is distance-optimal (respec-
tively, dimension-optimal and length-optimal) if there is no
[n,k,d > d + 1] (respectively, [n,k > k + 1,d] and
[n' < n —1,k,d]) linear code over F,. An optimal code
is defined to be a code that is length-optimal, or dimension-
optimal, or distance-optimal, or meets a bound for linear
codes. An important problem in the theory and application of
coding theory is the construction of optimal codes and codes
with desirable parameters. To this end, one may construct a
linear code with good or desirable parameters from a known
linear code with optimal or good parameters.

The puncturing and shortening techniques are two impor-
tant approaches to construct new linear codes from old ones,
their principal role is to create new optimal codes from old
known codes.

In this section, we aim to determine the m-weight enumer-
ator of punctured and shortened LEB codes.

Firstly, we will define the technique of puncturing a LEB
code.

Secondly, we will show that the resulting set after punc-
turing a LEB code is also an LEB code, and we will define
its properties.

Thirdly, we will extend the notion shortening techniques
to the LEB codes, we prove that this two technique yields
an other LEB cods that we give their properties.

Finally, we will give the appropriate m-weight enumerator
of both punctured and shortened LEB codes.

A. Puncturing LEB Codes

For the classical case, the puncturing technique consists
on delete coordinates from all its codewords. However, there
exit two ways to puncture an LEB code. In the following,
we define the puncturing technique for the LEB case, and
we give the properties of a punctured code.

Definition VIL1. Let C be an [n,k], LEB code over F,
and of type m = [n1]...[ns] (Where s is an integer > 1,
Z‘z:lni =n,andny > ...>ng>1). Foralli =1,...,s,
let consider L; = {p1,...,pi} be the set of any | coordinates
locations in the it" block of all codewords of C. Puncturing
C on L; consists on deleting entries of the it" block of each
codeword in C at locations in the set L;.

Definition VIL2. Let C be an [n,k], LEB code over F,
and of type m = [n1]...[ns] (Where s is an integer > 1,
Zle ni=mn,and ny > ... > ng > 1), and let consider
L =A{p1,...,p}, the set of any l block locations. Puncturing
C on L consists on deleting blocks from each codeword in
C at locations in the set L.

According to Definition VII.1, puncturing an LEB code C'
on L; consists on puncturing the i*" block of each codeword
of C. However, for the Definition VIIL.2, puncture C' is the
fact of removing [ blocks from a generator matrix of C'. We
use Definition VIL.2 to specify the the puncturing technique
thereafter. Thus, puncturing a code C' means that we have
removed some blocks in a generator matrix of C. In the
following, we denote by C,, the resulting set after puncturing
an LEB code C.

Lemma VIL3. Let C be an [n,k,d|; LEB code over F,
of type m = [ni]...[ns] (where s is an integer > 1,
Zle n;, =mn, and ny > ... > ng > 1), and let consider
L = {p1,...,m}, the set of any 1 block locations. Then,
the obtained set C,, after puncturing C on L, is a Linear
error-block code of length n, = n — 22:1 ny, and of type

mp = [na] .. [np,—1][np, 1] - - [Ny ][y 1] - - [npy—1]
gy - [

To prove this lemma, we consider the case when the set L
contains one component. The general case yields similarly.
Proof: Let C be an LEB code satisfying conditions

of Lemma VIL.3, and ¢ an integer such that 1 < ¢ < s.
Let C, be the set obtained by puncturing C' on the 7"
block. Clearly, (Cp,+) is an abelian group. Let z =

(1,...,25) and y = (y1,...,ys) two codewords in C,
then for all A\ € Fy, z + Ay = (21 + A\y1,...,2:sAys) €
C. Besides, & = (x1,...,%i—1,%Tit1,---,2Zs) and § =

Y1y Yie1,Yit1,---,Ys) are in Cp, and we have also
T4+ A = (v A+ Ay, T+ AL T+
AYit1s---,2sAYs) € Cp. By construction of Cp, C' and
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Cp have the same neutral element for the usual multi-
plication low. Therefore, C,, is an IFy-linear subspace of
Vp =F & ... aF " @F;" & ... 4 F): of length
n, = n — n;, and since we have deleted the it" block
from each codeword in C, then C), is an LEB code of type
Tp = [nl]...[ni,ﬂ[nHl] [TLS} |

Theorem VIL4. Let C be an [n,k,d], LEB code of type
7 = [n1]...[ns] where s is an integer > 1, Y ;_ n; = n,
and ny > ... > ng > 1, and let consider L = {i} the set of
one block locations. let C, be the [n,, ky, dp)q code obtained
from puncturing C on L. Then, we have the following:

1) When d = 1, if there is no codeword in C of
minimumn w-weight 1 whose it" block is not nul, then
dy = 1 and k, = k. Otherwise, if k > 1, then
Cp is an [n —n;, k —1,d, > 1], LEB code of type
Tp = [TLl] e [ni_l][m—H] . [TLS}

2) When d > 1, if there is a minimum w-weight whose it
block is not null, then d, = d — 1. Otherwise, d, = d.

This means that d, > d — 1 and k, > k — 1.

h

Proof: Let C' and C, be two LEB codes satisfying
conditions of Theorem VII.4. Therefore, when d = 1,
suppose that there exists a codeword ¢ € C' of minimum
n-distance 1 whose i*" block is not null. Then, by removing
the " block of ¢ we will get a codeword of C,, which is
zero in all blocks and of length n — n;. Thus, the minimum
m-distance d,, of C), is at least d. Besides, k, = k—1. In fact,
C contains ¢* codewords and the only way that C), could
contain fewer codewords is when two codewords of C' agree
in all blocks but not in the it block. Now, if there is no
codeword in C' of minimumn 7-weight 1 whose i** block is
not nul, then d, = 1 and 1 is proven. Using the same idea
of 1 we can prove the second statement. [ |

Remark VILS. If G is a generator matrix for C' satisfying
conditions of Theorem VIIL.4, then a generator matrix for C,,
satisfying the same conditions as C' is obtained from G by
deleting the i*" block (and omitting a zero or duplicate a
row that may occur).

Lemma VIL6. Let C be an [n,k,d] LEB code satisfying
conditions of Lemma VIL3, L = {p1,...,pi} be the set of
any 1 block locations, and let C), be the [ny, ky,dy), code
obtained from puncturing C on L. C,, is an [n,, k,,d,| LEB
code with k, > k —1l and d, > d —I.

We use induction reasoning (an induction on [) to prove
this theorem as shown as follows.
Proof: Assuming conditions of Theorem VIL.6. For | =
1, according to Theorem VIL.4, d,, > d—1and k, > k—1. Let
I be an integer > 1, and assume that k, > k—l and d,, > d—I.
Let L' = LU{p;41} be a set of [+ 1 block locations and C,
be the [n},, k;,, d;,] LEB code obtained from puncturing C' on
L'. Let us prove that k;, >k—1—1and d;) > d—1—1. Since
C), is the code obtained after puncturing C' on L, then by the
recurrence hypothesis we have k, > k — 1l and d, > d — L.
Let us now puncture C, on the (p;41)" block. Then, the
obtained LEB code is exactly C;, and according to Theorem
VIL4, we have kz’j > k, — [ and d;) > d, — . Therefore
k; >k—1—1 and d; > d — 1 —1, and by induction we
deduce that k, > k — 1l and d, > d — . [ |

Example VIL7. Let C be the [8,2,3]s LEB code of type
7 = [3)[21[21[1] and defined by C = {000 | 00 | 00 | 0,101 |
01 10| 1,100 | 00 | 01 | 1,001 | 01 | 11 | 0}, and let
L = {2,4}. Then, the obtained code after puncturing C on
L is an [5,2,2]2 LEB code of type m, = [3](2] and defined
by C,, = {000 | 00,101 | 10,100 | 01,001 | 11}.

Lemma VILS8. Assuming conditions of Theorem VIL6 hold
and that d > 1. When puncturing C on L, the deleted blocks
of each codeword can be also viewed as vectors. So let S be
the set of vectors deleted in the puncturing technique. Then,
S is also an LEB and d, = d — d/(S) where d/(S) is the
minimum -distance of S and ©' = [np,] ... [ny,].

Proof: Easy to proof, just noticing that .S is exactly the
code obtained from the puncturing C' on C' f the complement
of L in C (where E = {1,...,s}), and then applying
Theorems VII.4 and VII.6. [ |

Example VIL.9. Continuing with the Example VII.7, we have
S ={00]0,01|1,00]| 1,01 | 0} and d.(S) = 2 where
7' = [2][1]. Therefore, d, =d — d(S) = 1.

B. Shortening LEB Codes

In the following, we define the shortening technique for
the LEB case, and we give some properties of a shortened
code.

Definition VIL.10. Let C' and L be as defined in Definition
VIL.2. Then the shortening operation on C' at block locations
in the set L consists of two steps. The first one, consider the
set W of codewords in C that have zeros at the locations
in the set L. The second one, the puncturing operation is
performed on W at block locations in the set L.

Remark VII.11. The code obtained after the above mentioned
shortening operation is an LEB code of length n — 22:1 Np, s
called the shortened code and denoted by C.

Example VIL12. Let C be the [9,3,1] binary LEB code
with generator matrix

01001 0 1|1 0
G=(011 01 0 0|0 O
0 0001 0 100

Let L = {3}. A Generator matrix for the shortened code C
01 10100

A
GS:(O 0001 0 1)'

Theorem VIL13. Let C and L be as defined in Definition
VII.2. and Let Cy, and C are respectively the resulting codes
after puncturing and shortening C. Then

(CH)s = (Cp)* )

and

(CH)p = (Ca)* )

Proof: Let ¢ be a codeword of C* which is 0 on L and
c* the codeword with the block locations in L removed. So
¢t € (CH),. If x € C, then 0 = x.c = x*.c*, where z*
is the codeword z punctured on L. Thus (C1)s C (Cp)*.
Any vector ¢ € (C,)* can be extended to a vector ¢’ by
inserting Os in the block positions of L. If x € C, puncture
x on L to obtain z*. As 0 = z*.c = x.¢/, ¢ € (Cp)*. Thus
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(CH)s = (Cp)*. Replacing C by C+ gives (C1), = (Cs)*.
|

Example VIL14. Ler C be an [8,2,2]a LEB codes of type
7 = [3][2]2[1] defined as follows:

C = {000 | 00 | 00 | 0;101 | 11 | 00 | 0;000 | 00 | 01 |
1;101 |11 ] 01| 1}.

Let © = 3, the punctured and the shortened codes in the
it" block location are respectively the codes

C, = {000 | 00 | 0;101 | 11 | 0;000 | 00 | 1;101 | 11 | 1},

and
Cs =000 |00 |0;101 | 11 | 0}.

C. m-Weight Enumerators of Punctured and Shortened LEB
Codes

The m-weight distribution of an LEB code obtained from
a known LEB code by either puncturing or shortening tech-
niques is in general not determined by the m-weight distribu-
tion of the original code. But, after adding some conformity
conditions, thus, our original LEB code can determine the
m-weight distribution of the punctured and shortened LEB
codes. One of these conditions, is the homogeneity of an
LEB code that we define bellow.

Definition VIL.15 (Homogenous LEB Code). Let C' be an
[n, klq LEB code over F and of type m = [n4] .. . [n,] (where
s is an integer > 1, Zle ni=mn,andny >...>ng > 1).
Let M be a ¢* x n matrix whose rows consisting on all
codewords of C, and for i = 1,...,s such that A;(C) #
0, let consider M;, the sub-matrix of M, consisting of all
codewords with m-weight 1.

C is said to be homogeneous if and only if all blocks of
M; have the same w-weight. (Note that to have the m-weight
of a block we should take this block as a vector in blocks.)

Example VIL.16. The code of the Example VIL14, is a
homogeneous LEB code. In fact, For

My = (000 | 00 | 00 | 0)
each block of My is of m-weight 0. For
0
1 )

M2:<101 11 | 00
M, = (101]11]01|1),

000 | 00 | 01
each block of M, is of m-weight 1.

each block of My is of m-weight 1.
For

We have the following results:

Theorem VIL17. Let C be a homogeneous [n,k,d > 1],
LEB code over F, and of type m = [n1] . .. [ns] (where s is an
integer > 1, 37 _ n;=mn, and ny > ... >ny > 1). Let C,
and C respectively, the obtained LEB codes after puncturing
C in the i'" block location. Then, for i = 1,...,s — 1 we
have:

1) Ai(Cp) = =2 A,(C) + 2L A4, (C)

2) Ai(Cs) = 1 A,(0)

Proof: Let C be a homogeneous [n, k], LEB code over

F, and of type m = [n1]...[ns] (where s is an integer > 1,
i n;=mn,and ny > ... > ng > 1). Let Cp and Cj

respectively, the obtained LEB codes after puncturing C' in
the i*" block location. Let 1 < i < s — 1, then a vector of
m-weight ¢ in C, comes either from a vector of m-weight
i in C' with a zero in the punctured block, or a vector of
m-weight ¢ + 1 in C with a nonzero block in the punctured
block; as d > 1, then no vector in C), could be found in both
ways. On the other hand, the number of nonzero blocks in
all rows of M, is swr; = iA;(C) where w,; is the -
weight of a block of M;. Since C is homogeneous, then the
m-weight is independent of the block, and thus wy ; = éAZ
Therefore, M; has *=*A;(C) null block. Hence, 1) holds.
Since, a vector of m-weight i in Cy comes from a vector of
m-weight ¢ in C' with a zero on the shortened block, then 2)
is yield. [ |

Example VIL18. Continuing with the Example VII.16, we
have s = 4, Ag(C) = 1, A1(C) = 0, A3(C) = 2 and
Ay(C) =1, and

s—0 0+1
Ao(Cp) = ——A(C) + ——A041(C)
= 17
-1 1+1
A1(Cy) = 2= (C) + — A111(C)
= 1’
-2 241
A(C) = 22 A5(0) + A (0)
= 1’
and
s—3 3+1
A3(Cp) = A3(C) + TA3+1(C)
=1.
we have also
-0
Ao(Cy) = T2 A(0)
—1,
-1
A(Cy) =240
= 0,
—2
A3(Cy) = 2= 45(0)
=1
and
-3
A3(C) = 2" 445(0)
=0.

VIII. CONCLUSION

In this work, we aimed to extend the notion of w-weight
enumerator to the LEB case, define its properties and de-
termine the m-weight distribution of some families of LEB
codes.

Firstly, thanks to the MacWilliams Identity, we have given
a simple formula to the m-weight enumerator polynomial of
both Hamming and simplex LEB codes.
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Secondly, we have studied the notion of m-weight enumer-
ator for the cosets of an LEB code, and we have proven that
some cosets have uniquely determined distributions. We have
also proven that when the weight distribution of the cosets is
known, and that the dimension of the LEB code is increased
by one, the new resulting m-weight is explicitly determined.

Thirdly, we have shown that the m-weight enumerator of
the code obtained from the direct sum of two LEB codes, is
the multiplication of the respective m-weight enumerators of
these two codes.

Finally, we have defined the puncturing and shortening
techniques for LEB codes, we have given the structure of
the resulting codes, then, we have studied the w-distribution
of punctured and shortened LEB codes.

Forthcoming work involves determining the m-weight enu-
merator polynomial of some other families of LEB codes scu
as the family of LEB m-constacyclic codes.
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