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Interval Valued Opposition Intuitionism Fuzzy
Sub-Implication Ideals, Sub-Commutative Ideals

and Positive Implication Ideals of Subtraction
(G-Algebras

B. Lena, C. Ragavan, A. Iampan and V. Govindan

Abstract—The notions of interval valued opposition intu-
itionism fuzzy sub-implication ideals, positive implication ideals
and sub-commutative ideals of subtraction (G-algebras are
introduced. The characterization properties of interval valued
opposition intuitionism fuzzy sub-implication ideals, positive
implication ideals and sub-commutative ideals are obtained.

Index Terms—Subtraction G-algebra, Interval valued oppo-
sition intuitionism fuzzy sub-implication ideals, Interval valued
opposition intuitionism fuzzy sub-commutative ideals, Interval
valued opposition intuitionism fuzzy positive implication ideals.

I. INTRODUCTION

FTER the introduction of fuzzy sets by Zadeh [20],

there have been a number of generalizations of this
fundamental concept. The notion of intuitionistic fuzzy sets
introduced by Atanassov [1] is one among them. Fuzzy
sets give a degree of membership of an element in a given
set, while intuitionistic fuzzy sets give both degrees of
membership and of non- membership. Both degrees belong
to the interval [0,1], and their sum should not exceed.
The interval valued intuitionistic fuzzy sets were introduced
in 1989 Atanassov [4]. Ragavan and Solairaj [16] some
new results on intuitionistic fuzzy H-ideals in BCI-algebras.
Senthil Kumar et al. [18] intuitionistic fuzzy translation
of antagonistic-intuitionistic fuzzy T-ideals of subtraction
BCK/BCl-algebras. A lot of operators were defined and
studied in. For BCK-algebras, Jun et al. [9], [10], [11]
introduced the notions of fuzzy positive implicative ideals
and fuzzy commutative ideals, Liu and Meng [13] sub-
implicative ideals and sub-commutative ideals. Liu et al.
[14] fuzzy sub-implicative ideals and fuzzy sub-commutative
ideals of BCl-algebras. In fact, all these concepts having a
good application in other disciplines and real-life problems
are now catching momentum, but it is seen that all these
theories have their own difficulties.
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In this paper, we have introduced some results in interval
valued intuitionism fuzzy sets: interval valued opposition in-
tuitionism fuzzy sub-implication ideals, positive implication
ideals and sub-commutative ideals, and show that the results
hold in subtraction G-algebras. Also, we define their basic
operations. Also, some new results along with illustrating
examples have been put forward in our work.

II. PRELIMINARIES

Definition II.1. /5] A subtraction G-algebra we mean a non-
empty set X with a binary operation — and a constant 0
satisfying the following conditions:

(F1) n—n=0,

(F2) n—(n—o0)=o foralln,o€X.

Definition IL.2. [17] A non-empty subset S of a subtraction
G-algebra X is called a subtraction G-subalgebra of X if
n—op€S forallm,o€S.

Definition I1.3. [I8] A fuzzy set f of a universe X is a
Sfunction from X to the unit closed interval [0,1], that is
f:X —10,1].

Definition IL.4. [1] An intuitionism fuzzy set A in a finite
universe of discourse X = {n1,m2,13,...,0n} is given by
A={(n,Ta(n),2a(n)):n € X}, Where ¥4 : X — [0,1]
and Qy : X — [0,1] such that 0 < U4 (n)+Qa(n) < 1. The
number U 4(n) and Q 4(n) denote the degree of membership
and non-membership of n € X to A, respectively. For each
IFS Ain X, ifta(n) =1—Ua(n) —Qa(n) forall n € X.

Definition IL.5. [4] An interval valued intuitionism fuzzy
set A over X is defined as an object of the form: A =
(0, Wa(n), Qa(n)) : m € X} where Wa(n) € [0,1] and
Q4(n) C [0,1] are intervals, and for all n € X,sup ¥ 4(n)+
sup4(n) < 1.

Definition IL.6. A nonempty subset I of subtraction G-
algebra X is called an ideal of X if

(I;) 0 €1,

(Is) n—o€land pe I implynel.

Definition IL1.7. A fuzzy subset U 4 of X is said to be a fuzzy
ideal of X if it satisfies

(F3) W4(0) > Wa(n) forallm e X,

(Fy) Ua(n) > min{Ta(n—0),Yal0)} forall n,o € X.
Definition IL8. An intuitionism fuzzy set A =

{(n,Pa(n),Qa(n)):n € X} in X is called an intuitionism
fuzzy ideal of X if it satisfies
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(F5) W4(0) > Wa(n),24(0) < Qa(n),
(Fs) Wa(n) >min{¥s (n—o0),VYa(o)} and
(F7) Qa(n) <max{Qa (n—0),4(0)} for all n,0 € X.

Definition IL.9. An intuitionism fuzzy set A =
{0, Pa(n),Qa(n)) :n € X} in X is called an opposition
intuitionism fuzzy ideal of X if it satisfies

(Fg) WA(0) < Wa(n),Q24(0) > QA(W)’

(Fy) Wa(n) < max{Ws (n— 0),Wa(0)} and

(F10) Qa(n) = min{Qa (n — 0),Qa(0)} for all n,0 € X.

Definition I1.10. A nonempty subset I of subtraction G-
algebra X is called a positive implication ideal (i.e., weakly
positive implication ideal) of X if it satisfies
(I;) 01 and
(Is) ((n—<)—<)—
Definition I1.11. [/2] A nonempty subset I of subtraction
G-algebra X is called a sub-implication ideal of X if it
satisfies
(I1) 0 I and
(I3) (n—(n—0) -
—(e—mn) el

Definition I1.12. [12] A nonempty subset I of subtraction
G-algebra X is called a sub-commutative ideal of X if it
satisfies

(I;) 01 and

(1) (0= (06— (n—(m—0) —< €1 and < € I imply
n—m-o €l

Definition IL.13. An opposition fuzzy subset W, of X is
called an opposition fuzzy sub-implication ideal of X if it
satisfies

(F11) Y A(0) < WA(n) forall n € X, and

(F12) Walo— (0 —n)) < max{¥a(((n— (n—0)) -
) = <), Ya(s)} for all n, 0,s € X.

Definition I1.14. An opposition fuzzy subset W, of X is
called an opposition fuzzy sub-commutative ideal of X if it
satisfies (Fy) and

(F13) Wa(n—(n—0)) < max{W4((o— (n—0)))) —
$),¥a(s)} forall n,o,¢ € X.

Definition I1.15. An interval valued opposition fuzzy set jia
of X is called an interval valued opposition fuzzy positive
implication ideal of X if it satisfies

(F1a) Y A(0) < Wu(n) and

(Fi5) Ya(n—<) < max{®a(((n—¢)—¢)—(e—
for all n,0,¢ € X.

/—\/—\

(0o—¢s)elandoeclimplyn—cel.

(o—m) —< €I and s € I imply

(0 —

(0—(n—

$))s \I}A(Q)}

Definition I1.16. An interval valued opposition fuzzy set
(Ua,Q4) of X is called an interval valued opposition
intuitionism fuzzy sub-implication ideal of X if it satisfies
(Fi6) Ua(0) < T4(n),24(0) > Qa(n) for all n € X, and

(Fi7) Ya(o — (0 —n)) < max{¥4(((n—(n—0)) — (0 —
n) =), Ya(s)} for all n,0,¢ € X.
(Fig) Qa(o—(o—mn)) > min{Qa(((n—(n—120))—(0—mn)) —

6),Qa(<)} for all n, 0,5 € X.

Definition IL.17. An interval valued opposition fuzzy set
(Ua,Q4) of X is called an interval valued opposition
intuitionism fuzzy sub-commutative ideal of X if it satisfies
(Fl9) WA(0) < WA(n),24(0) > Qa(n) for all n € X, and
(Fa0) Wa(n—(n—eg)) <max{Wa((e—(¢e—(n—(n—0)))) —
$),¥a(s)} forall n,o,¢ € X,

(F21) Qa(n—(n—0)) > min{Q4((o—
6),Qa(s)} for all n, 0,5 € X.

Definition IL.18. An interval valued opposition fuzzy set
(Ua,Q4) of X is called an interval valued opposition
intuitionism fuzzy positive implication ideal of X if it satisfies
(Fa2) WA(0) < T4(n),24(0) > Qa(n) for all n € X, and
(Fa3) Wa(n—c<) <max{¥a(((n—<)—<)—(¢—¢)), Yalo)}
for all n, 0,5 € X,
(Faa) Qa(n—<) = min{Qa(((n —<) —<) = (¢ —¢)), 2a(0)}
for all n,0,¢ € X.

(e—=(n—(Mm—0)))) —

III. INTERVAL VALUED OPPOSITION INTUITIONISM
FUZZY SUB-IMPLICATION IDEALS

Theorem IIL.1. If A and B are interval valued opposition
intuitionism fuzzy sub-implication ideals of subtraction G-
algebra, then A x B is also an interval valued opposition
intuitionism fuzzy sub-implication ideal of subtraction G-
algebra.

Proof: Given A and B are interval valued opposition
intuitionism fuzzy sub-implication ideals of subtraction G-
algebra X.

(1) W4(0) < Wa(n),Q24(0) = Qa(n) for all n € X, and
2) \I/A( —(0—=mn)) <max{¥4(((n—(n—20))—(e—mn))—
$), Wal(s)} for all n, 0,6 € X.
—m—0)—(e—n)—

® Dale—(o—) = min{0a(((
S),Q ()} for all n, p,c € X.

4) ¥p(0) <Ugp(n),2s(0) > Qp(n) for all n € X, and

() ‘I’B(Q—( —n)) < max{¥p(((n—(n—0))—(e—n)—
6),Up(s)} forall n,g,c € X.

(©) Qp(e—(0—n)) > min{Qp(((n—(n—20))—(e—n) -
$); Qg (<)} for all 1, 0,¢ € X.

Case 1:

{{inf ¥ 4(0) 4+ inf Up(0)}/2.{inf 4(0).inf T5(0) +
1}, {sup ¥ 4(0) + sup ¥5(0)}/2.{sup ¥ 4(0).sup T5(0) +
13} < {{inf W 4(n) +
inf Up(n)}/2.{inf Ca(n).inf U5(n) + 1}, {supWa(n) +
Sup W (1)} /2. {sp W a () 51p Wi () 1 1),

Thus (A % B)(0) < (A * B)(n).

{{inf Q4(0) + infQp(0)}/2.{inf Q24(0).inf Qp(0) +
1}, {5up 2.4(0) + sup 4(0)}/2.{5up ©4(0)- sup s (0) +
1}} > {{inf Q. (n)-+inf Q5 ()}/2-{inf ©a (n). inf Q) +
1%}{SHPQA(77) + supQp(n)}/2.{sup Qa(n). sup Q5 (n) +
1}}.

Thus (A % B)(0) >

Case 2:

{{f Vs (0 (o)) +inf W (0 (o—))}/2.{inf W 4
(0=n)).-infUp(o—(0—n))+ 1}, {sup Wa(o— (¢ —n)
s (0~ (¢~ 1)}/2{5up ¥ a0~ (0 ~1)-50p Wi
(0—m) + 11} < max{{infUa(((y — (1 — o)) —

(Ax B)(n).

0—
)+
0—

(6 = m) — <), Vals)} + inf{¥p(((n — (n — 0) —
(e = m) — <), ¥p()}/2.mf{WA(1((n — (n — 0) —
(6 —=n) = <), Va(e)}. inf{¥p(((n — (n — 0) — (¢ —
n) — ), ¥s(s) + 1}, sup{¥a(((n — (n — 2)) — (0 —
)) ), Wa(e)} + sup{¥p(((n — (n — 0) — (¢ —
7)) = <), ¥B(S)}/2.5up{¥A(((n — (n — ) — (¢ — 1)) —
1)}} A} {sup ¥ p((n—(n—20))—(e—n)) —<), ¥n(s)+
{{inf ¥ a(0—(0—n))+inf ¥p(0—(0—n))}/2.{inf ¥4 (0—
(0—n))-inf ¥p(o—(0—n))+ 1}, {supWalo—(¢—n)+
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(e—m))}/2{sup ¥a(e—(e—n)) sup¥p(o—
(e —m) + 1} < max{{infWa((ln — (n — 0))
(e —m) — <) +inf¥p(((n—(m—20)— (¢ —n)
$)F2Anf Wa(((n — (n—0)) — (e —n)) — ). inf U (((
(m—=20) = (e=n)) —<)+ 1} {supPa(((n — (n — o)
(e =mn) —<) +sup¥p(((n — (n—20) — (¢ —n)
$)}2{sup Wa(((n—(n—0)) — (e —mn)) —<)-sup ¥p(((
m—=20) — (e —m) — <) + 1}} max{{inf W4(c)
inf Op(o)}/2{inf Uu(c).inf Up(s) + 1}, {supPa(s
sup U (s)}/2.{sup W 4(s).sup Wp(s) + 1}}.

Thus (A * B)(¢ — (¢ — 1)) < max{(A* B)(((n— (n
0)) —(e—mn)) —<), (A B)(c)}

Case 3:

{{inf Q4 (0—(0—n))+inf Qp(0—(0—n))}/2.{inf 2a(0—
(e=mn)).inf Qp(o— (0 —n))+ 1}, {supQalo— (e —n))
sup (0 — (0 —n))}/2.{sup Qa(o — (0 —n)).sup Qp (0
(e —m) + 1}} = min{{infQu(((n — (n — 0))
(e = m) — ) A€} + mf{Qp(((n — (n — 0))
(0= m) =), 2p(s)}/2{(inf Qa(((n — (n — 2)) — (0
n) — <),Q2a(<)).(inf Qp(((n — (n — 2)) — (¢ — n))
<) ) + 11 {supQa(((n — (n — 0)) — )
<) b+ sup{Qs(((n — (n — @) — (e — )
<) }2A{(supQa(((n — (0 — 0)) — (e — n)
1)}} )-(sup Qp(((n—(n—0)) = (e—n)) —<), Us(s
{{inf Qa(0—(0—

n))+inf Qp(o—(0—n))}/2.{inf Q4
(e—m))-infQp(o— (0 —n))+ 1}, {supQa(o— (o —n
supQp(o— (0 —n))}/2-{supQa(e — (¢ —n)).supQp
(¢ —m) + 13} = min{{infQa(((n = (n = o)
(e =m) = <) +nfQp(((n — (- 0) - (e —n)
$)}2A{inf Qa(((n — (1 = 0)) — (e —n)) — ). inf Qp(((
(n—0) = (e=mn) —<) + 1}, {supQa(((n - (n - o)
(e = m) — <) +supQp(((n — (n —0) —
$)}24sup Qa(((n—(n—0)) — (e=n)) — ). bupQB
m —20) — (e —mn) — <) + 1}}, min{{inf Q4
inf Qp(c)}/2{inf Qa(s).inf Qp(s) + 1}, {supQals
sup Q5(¢)}/2.{sup Qa(s).sup Q5(s) + 1}}.

Thus (A= B)(o — (0 — 7)) > min{ (A= B)(((y -
0)) —(e—mn)) —<),(AxB)(<)}.

Therefore, Ax B is an interval valued opposition intuition-
ism fuzzy sub-implication ideal of X.

sup¥p(o—
)

TS T
++ 00

+ 0+

Q5(s)
Qals)
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Qa(s)
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P
)
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—
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Example IIL.1. Let X = {ag,a1,a2,a3} be a subtraction
G-algebra with the following Cayley table.

- ap | a1 | az | as
ap | ap | a1 | a2 | as
ayp | Go | Gp | a2 | as
az | ap | a1 | ag | a3
as | ap | a1 | a2 | ag

We define an interval valued opposition fuzzy set A, then
A=< X, V4,04 > by routine calculation A is an interval
valued opposition intuitionism fuzzy sub-implication ideal of
X.

X ag al as as
V. | 14,19 | 24,22 | 51, 41 | .71, 52
Qa | .72,.66 | .63,.42 | .45,.43 | .22,.40

We define an interval valued opposition fuzzy set B, then
B =< X,Vg,0p5 > by routine calculation B is an interval
valued opposition intuitionism fuzzy sub-implication ideal of
X.

X agp aq a2 as
Up | .52,.26 | .54,.34 | .62,.43 | .73,.45
Qp | .46,.61 | .41,.54 | .33,.55 | .22,.43

Then Ax B is an interval valued opposition intuitionism fuzzy
sub-implication ideals of X.

Theorem IIL.2. If A and B are interval valued opposition
intuitionism fuzzy sub-implication ideals of subtraction G-
algebra, then A + B is also an interval valued opposition
intuitionism fuzzy sub-implication ideal of subtraction G-
algebra.

Proof: Given A and B are interval valued opposition
intuitionism fuzzy sub-implication ideals of subtraction G-
algebra X.

(1) TA(0) <T4(n),024(0) > Qa(n) for all n € X, and
2) Yale—(e—n)) <max{¥a(((n—(n—0))—(e—n)—
), Wa(s)} forall 0,5 € X.
(n—0))—(e—n)) -

(3) Qalo—(0—n)) = min{Qa(((n—
$),Qa(s)} for all n, 0, € X.
(4) \I/B(O) < \I/B(’I]),QB(O) > QB(’l]) for all RS X, and

o) ‘I’B(Q*(Q*U)) < max{Vp(((n—(n—"0))—(e—n) -
$), ¥p(s)} for all n, p,¢ € X.

© Dse— (o) = min{5(((1—(1-0) ~(e=7) -
), Qp(s)} for all n, 0,5 € X.

Case 1:

[inf W 4 (0) + inf U 5 (0) -
inf W4(0).inf ¥p(0),supP4(0) + sup¥p(0) —
supP4(0).sup¥p(0)] < [infPa(n) + inf¥p(n) —
inf Ua(n).inf Cp(n),supPa(n) + supPp(n) —

),
sup U 4 (7). sup ¥ 5 (n)].
Thus (A + B)(0) < (A+ B)(n).
[inf 2.4(0).1inf Q5(0), sup Q.4(0).25(0)]
[inf Q4(n).inf Qp(n), sup Qa(n),sup Qg (n)].
Thus (A + B)(0) > (A+ B)(n).
Case 2:

v

[inf Ws(o—(0—n)) +inf Up(o—(0—n)) —inf Ua(0—
(¢ —m)-inf¥po — (¢ — n)),sup¥ale — (¢ — 1)) +
supUp(o—(0—n))—sup ¥a(o—(0—n)).sup ¥p(o— (o
7))} < max[inf 4 (((n—(n—10)) — (e —n)) =), Yals)
inf Up((n—m—0))—(e—=n)—¢), Yals) —inf Ta(((n—
(n—120)—(e—mn) =), ¥a(s). inf ¥p(((n - ) —
(0=m) =), Pa(s),supa(((n — (n —0)) — (@—n)) -
), Val(s)+sup¥p(((n—(m—20) —(e—n) —<), ¥a(s) -
supPa((n—(m—0)) —(2—mn)) =), Pa(s).
(n—20)—(e—n)—5),¥als)].

[inf W4 (0—(0—n))+inf Up(o—(0—n))—inf ¥4 (0—(
1)) inf Wp(o—(0—n)),sup¥a(e—(0—n))+sup ¥p(
(0—m) —sup¥a(o— (0 —n)).sup¥p(o— (0 —1n)
max[{inf ¥4 (((n—(n—0)) —(e—n)) —<) +inf ¥p((
(n—0))—(e—n)—<)—inf Ya(((n—(n—0))—(e—n
¢)-inf¥p(((n—m—20)—(e—mn) —¢)sup¥a(((
(n—20))—(—-mn) <) +sup¥p(((n — (n— o)
(6 =m) —<) —sup¥a(((n — (n —0) — (e —n)
§)-sup¥p(((n—(n—20)—(e—mn) — ) {[inf Wa(s
inf Up(s)—inf ¥ 4(s).inf Ug(s),sup Y4(s)+sup ¥p(s)
sup W4 (s).sup Y p(s)] .

Thus (A+ B)(e— (e —n)) < max{(A+ B)((((n —
0)) —(e—n)) —9)), (A+ B)(<)}.

Case 3:

[inf Qa(e — (¢ — m))-inf Qp(e — (0 — n)),supQalo —
(e =mn)).supQp(o — (¢ —n))] = min{[inf (24 (((n — (n —

~—

[ e N N N A VAN

(n—
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0)) — (e —mn)) — <), Q24(c))- inf(p(((n — (n — 0)) — (0
n) = <), 2e(<))]; [sup(Qa(((n — (n — 0)) — (¢ — 1))
), Wa(s))-sup(Qa(((n—(n—0)) — (o— n))—C),QB(c))] :

0)

[inf 40 — (0 — 7). inf Qp(0 —
(e —m)-supQp(e — (¢ — )] = mln{{[ianA((
(n—20) = (e —mn) = <) nfQp(((n — (n — e
(e = m) — ILlsupQallln — (0 — 0) —
n) — <).supQp(((n — (1 - o) — (e — 1
O} A{[inf Qa(). inf Qp(c), sup Qa(c). sup 25 (s)]}}.

Thus (A + B)(¢ — (¢ —n)) = min{(A+ B)((((n —
0)) = (e—=mn) =<)), (A+ B)(c)}.

Therefore, A + B is an interval valued opposition intu-
itionism fuzzy sub-implication ideal of X.

Example IIL2. Let A = {by,by1,b2,b3} be a subtraction
G-algebra with the following Cayley table.

N

(n—

— | bo | b1 | ba | b3
bo | bo | b1 | bo | b3
by [ bo | by | 5o | b3
by | bo | b1 | bo | b3
bs [ Bo | b1 | B | Bo

We define an interval valued opposition fuzzy set A, then
A =< X,V 4,04 > by routine calculation A is an interval

valued opposition intuitionism fuzzy sub-implication ideal of
X.

X bo bl b2 b3

Wy | .14,.19 | .24,.22 | .51,.41 | .71,.52

Qa | .72,.66 | .63,.42 | .45,.43 | .22,.40

We define an interval valued opposition fuzzy set B, then
B =< X,V¥g,Qp > by routine calculation B is an interval
valued opposition intuitionism fuzzy sub-implication ideal of

X.

X bo b1 b2 b3
Up | .52,.26 | .54,.34 | .62,.43 | .73,.45
Qp | 46,61 | 41,54 | 33,55 | .22, .43

Then A + B is an interval valued opposition intuitionism
fuzzy sub-implication ideal of X.

IV. INTERVAL VALUED OPPOSITION INTUITIONISM
FUZZY SUB-COMMUTATIVE IDEALS

Theorem IV.1. If A and B are interval valued opposition
intuitionism fuzzy sub-commutative ideals of subtraction G-
algebra, then A X B is also an interval valued opposition
intuitionism fuzzy sub-commutative ideal of subtraction G-
algebra.

Proof: Given A and B are interval valued opposition
intuitionism fuzzy sub-commutative ideals of subtraction G-

algebra X.

(1) TA(0) <W4(n),24(0) > Qa(n) for all n € X, and

2) Ya(n—(n—e)) <max{¥a((e—(e—(—(Mn—-0)) —
$), Wa(s)} for all n, 0,6 € X.

3) Qa(n—(n—0)) 2 min{Qa((o— (o~ (n—(n-0)))) —

4) Up(0) <¥p(n),2p(0) > Qp(n) for all n € X, and

6),Qa(s)} for all n,0,¢ € X.

(S) Up(n—(m—0) <max{¥p((o—(o—(n—(n—0))))—
$), Up(s)} for all n, 0, € X.
6) Qp(n—(n—10)) >min{Qp((e—(e—(n—(n-0)))) —

<), ()} for all n,0,¢ € X.

Case 1:

{(2[inf W 4(0). inf ¥ 5(0)]/[inf ¥ 4(0)
inf 5(0)]), (2[sup T 4(0).sup T5(0)]/[sup ¥ 4(0)
supUp(O))} < {(2[inf Ua(n).inf ()] /[inf ¥ ()
inf W (n)]), (2[sup ¥ a(n).sup ¥ (n)]/[sup ¥a(n)
sup ¥5(n)])}.

Thus (A X B)(0) < (A X B)(n).

{(2[inf ©2.4(0). inf Q5(0)]/[inf 2.4(0)
inf Qp(0)]), (2[sup 24(0). sup 25(0)]/[sup 24(0)
supQp(O)])} < {(2finf Qa(n). inf L))/t ()
inf Qp(n)]), (2[sup Q(n). sup Qp(n)]/[sup Qa(n)
sup Qp(n)])}-

Thus (A X B)(0) >

Case 2:

{2[inf ¥ 4(n—(n—0)).inf ¥p(n—
(n — o) + inf¥p(n — (n — 0))]), 2lsup Yaln — (
0)-supQp(n — (n — 0)l/BupPa(n — (n — .Q)(

(

sup¥p(n — (n — 0)])} < max{(2[inf(¥a((e
(
D) = $),¥a()) + inf(¥p((e — (¢ — (n
u )
Vi (s)]/[sup(Pa((e—(e—(m—(n—0))))—5), ¥a(s))+
sup(Tp((e— (e —(n—(n—20)))) — <), ¥B(s))]).
{@2[inf Ta(n—(n—0))inf Up(n—(n—0))]/[inf Ta(n
(n = 0) + inf¥p(n — (n — 0))],([sup¥aln — (n
0)).-supQp(n — (n — o)l/lsupValn — (n — o))
sup‘IfB(n = =0)))} < max{(2[inf W4((e — (o
(n—m—20))) =) inf¥p((o— (o~ (n—(n-— @))))
O)/[Inf Ua((e—(e—(n—(n—0)))) —<)+inf U ((o— (o
(n—(m—20))) =), 2lsup ¥a((0—(0—(n— )
S)- Sup\I’B((g (e —(n—(m-0)))
(6= Mm—m—20))) —<) +sup¥p((e — (¢ — (1

)
(n — 9)))) -9, {( [inf Wa(<). inf ¥ ()] /[inf Wa(s)
inf Wp(s)])}, ([sup Wa(s). sup Wp(<)]/[sup Wa(s)
S

sup ¥(<)])}-
Thus (A X B)(a — (1 — o)) < max{(A X B)((¢ -
) = <), (AXB)(s)}.

(n—(n-20)))
Case 3:

{(2[inf Qa(n—(n—0)).inf Qp(n—(n—0))]/[inf La(n—
(n — o) +infQp(n — (n — )}, {(2sup Qa(n — (
0)).-supQp(n — (n — o))/([supQaln — (n — o)
supQp(n — (1 — 0))])} = min{(2[inf(24((e (0—(
(n—=0)))) —<),Qal(s))- inf(Qa((e— (e — (n—(n—
$),Qa(s) Alle—=(e—=(Mm—(n—0))))—5), (
inf(Qa((e—(e—(n—(m—0)))) =), 2a())]), ([sup(2a
(e—(n n 0)))) —¢),2a(s)).sup(Qa((e—(e—(n
0)))) —<),2a(s))])/([sup(Qa((e — (e — (n — (n— )
), Qa(s))+sup(Qa((o—(o—(n—(n—0))))—<), Qa(s))
{(2[inf Qa(n—(n— ))( inf Qp(n— ( 0))]/[inf Q4

0
0

(AX B)(n).

n
)
- (o
=0 —=20))) = ¢),¥als)). inf(¥p((e — (e — (n
(77)— 0)))) — <), ) Ui (s)]/[inf(¥a(le — (e = (n — (77
i - (n

9)))) — <), ¥s(s)]), 2lsup(Ya((e — (¢ — (n — (n
Q))))) ), Wa(s))-sup(¥p((e — (0 — (n — (n — 0)))

(0

3

—3
L+

\_/
/—\AV
~— —
IQ\_/\/

)]/ ([inf(
o—(o—(n—
VALY

/\._.,.\

Q
)

~—
—_ 3

)}

=3

(n—0) +infQp(n — (n — o))}, {(2[sup Qa(n — (
0))supQp(n — (n DD/ ([supQa(n — (n — o)
supQp(n — (n — 0)))} = min{{(2[inf Qa((e — (
(n—(m—0))) —¢)infQa((o— (¢~ (n—
N/ ([Inf Qa((o— (0~ (n—(a—0)))) —¢) +inf Qs
(e=(n—(n—0)))—9)]);supQa((e—(e—(n—(n—0)
§)-supQa((e — (e — (m—(n—20))) —<)-([sup Qa(
(06— —m=0)) —<) +supQal(e — (o -

(n = 0)))) = <D}, {(2[inf Qa(c). inf Q5(<)]/[inf Qa(s)
inf Qp(<)]), (2[sup Qa(<). sup 2p(<)]/[sup Qa(<)

R — 3
[ el

(n — o))
(

=~
= 5@ =
+ +
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(n—0))]/[inf W4(n—

[ T A B A

+

(n—20))))—
—<)]/[sup ¥a((o -

_l’_
_|_
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sup 25(¢)])}}-

Thus (A X B)(a — (n - 0)) > min{(A X B)((o —
(n—(n—20))) =) (AX B)(c)}.

Therefore, A X B is an interval valued opposition intu-
itionism fuzzy sub-commutative ideal of X.

(0 —

Example IV.1. Ler A = {cg, c1,c2,c3} be a subtraction G-
algebra with the following Cayley table.

U S T
Co | C | C1|C|C3
C1 Co Co C2 C3
C2 | Co | €| C |C3
C3 Co C1 Co Co

We define an interval valued opposition fuzzy set A, then
A=< X,V 4,Q4 > by routine calculation A is an interval
valued opposition intuitionism fuzzy sub-commutative ideal
of X.

X Co c1 C2 C3
Wa | .26,.24 | .34,.37 | .55,.43 | .62,.53
Q4 | .71,.62 | .65,.52 | .44,.51 | .35,.45

We define an interval valued opposition fuzzy set B, then
B =< X, Vp,Qp > by routine calculation B is an interval
valued opposition intuitionism fuzzy sub-commutative ideal

of X.

X Co 1 (&) C3
Up | .24,.32 | .36,.34 | .56,.44 | .71,.56
Qp | .75,.66 | .62,.52 | .41,.45 | .26,.33

Then A X B is an interval valued opposition intuitionism
Sfuzzy sub-commutative ideal of X.

Theorem IV.2. If A and B are interval valued opposition
intuitionism fuzzy sub-commutative ideals of subtraction G-
algebra, then AQB is also an interval valued opposition
intuitionism fuzzy sub-commutative ideal of subtraction G-
algebra.

Proof: Given A and B are interval valued opposition
intuitionism fuzzy sub-commutative ideals of subtraction G-
algebra X.

(1) UA(0) < Wa(n),24(0) = Qa(n) for all n € X, and

2 \I’A(n* (n—10)) <max{¥4((e—(e—(n—(n—0))))—
), Wa(s)} for all n, 0,5 € X.

3) QA( —(n—0)) Zmin{Q4((e—(e—(n—(n—10)))) -
6),Qa(s)} for all 1, 0,¢ € X.

4) Tp(0) <PUp(n),2s(0) > Qp(n) for all n € X, and

5) ¥p(n—(n—10)) <max{¥p((o—(o—(n—(n—"0))))—
$), Up(s)} for all , 0, € X.

(6) QB(n (n—2e)) 2 min{Qp((e—(e—(n—(n—10)))) -

$),Qp(s)} for all n,o,¢ € X.

Case 1:

{[inf ¥ 4(0) + inf U5(0)]/2, [sup ¥ 4(0) +
sup ¥ 5(0)]/2} < {[inf W4 (n)-+inf ¥ 5(n)]/2, [sup W4 (n)+
sup W (n)]/2}.

Thus (A@QB)(0) < (AQB)(n).

{[inf 24(0) + inf 25(0)]/2, [sup 2.4(0) +
sup25(0)]/2} = {[inf Q4 (n) +inf Qp(n)]/2, [sup Qa(n) +
sup Qp(n)]/2}-

Thus (AQB)(0) >

Case 2:

(AQB)(n).

n—(n—0))1/2, [sup ¥a(n—

1/2} < max{[inf (P 4((0 —

) +inf(Up((e— (o —(n—
(e—=(m—M

(n—m-0)))—

{[inf\IlA( —(n—o))+inf Up

—0)+sup¥p(n—(n—o)
Q (77—(77—9))))— $), Wals
1 —=0)))) = <), ¥p())]/2, [sup(Va((e —
2)))) = <), ¥a(s)) +sup(¥s((e — (e -
<), ¥B($))]/2}

{[i0f .4 (17— (—0))-+inf ¥ 5 (51— (1—0))] /2, [5up W (1~
(n = 0)) +sup Wp(n — (1 — ))}/2} < max{[inf ¥ ((o —
(e=(m—=(m=0) —<) +inf¥s((e— (e~ (n-(-
2)))) = 9)l/2,[sup Wal(e = (¢ = (a — (n = 0)))) — <) +
sup Up((e — (¢ — (n — (n = 0)))) — <)]/2}, {[inf Wa(<) +
inf ¥p(<)]/2, [sup Wa(s) +sup ¥p(s)]/2}}.
Thus (A@B)(a—(n—0)) < max{(AQB)((o—

(
)
)

A/—\/—\

(e—(—

(n—20)))) =), (AQB)(c)}.

Case 3:

{[inf Q4(n—(n—0))+inf Qp(n—(n—10))]/2, [sup Qa(n—
(n— o)) +supQp(n — (n —0))]/2} > min{[inf(Q2a((e —
(e=m—Mm—0))) —5),a(s)) +inf(¥p((e— (¢ —(n—
(n—10))) —<),25(s))]/2, [sup(Qa((e — (¢ — (n — (n —
0)))) —¢),Qa(s)) +sup(Qp((e — (¢ — (n — (n —0)))) —
), Q25(s))]/2}

{[inf Q4(n—(n—0))+inf Qp(n—(n—0))]/2, [sup Qa(n—

) +supQp(n — (n — 0))]/2} > min{[inf Q4(

(0—

(e=(m—=m=0))—<)+nfQp(le—(e— M-
) = 9)I/2,[supQa((e = (e — (n = (n = 0)))) — <)
sup (0 — (0 — (1 — (1 — 0)))) — <)1/2}, {[inf 2 (c)
inf Qp(5)]/2, [sup Qa(s) +sup Qp(s)]/2}}.

Thus (A@QB)(n— (n—0)) > min{(AQ@B)((0—
(n—=0)))) =), (A@B)(c)}.

Therefore, AQB is an interval valued opposition intuition-
ism fuzzy sub-commutative ideal of X.

_l’_
_|_

(e—(n—

Example IV.2. Ler A = {dy,d1,ds,d3} be a subtraction
G-algebra with the following Cayley table.

— | do | di|da|ds
do | do | dv | da | d3
d [ do | do | da | ds
dy | do | dy | do | d3
ds [ do | du | da | do

We define an interval valued opposition fuzzy set A, then
A=< X, V4,04 > by routine calculation A is an interval
valued opposition intuitionism fuzzy sub-commutative ideal

of A.

X do d1 d2 d3
Wy | .26,.24 | .34,.37 | .55,.43 | .62,.53
Qa | 71,62 | .65,.52 | .44, 51 | .35,.45

We define an interval valued opposition fuzzy set B, then
B =< X, Vp,Qp > by routine calculation B is an interval
valued opposition intuitionism fuzzy sub-commutative ideal
of X.

X d() d1 d2 d&
Uy | .24,.32 | .36,.34 | .56,.44 | .71, .56
Qp | .75,.66 | .62,.52 | .41,.45 | .26,.33

Then A X B is an interval valued opposition intuitionism
fuzzy sub-commutative ideal of X.
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V. INTERVAL VALUED OPPOSITION INTUITIONISM FUZZY
POSITIVE IMPLICATION IDEALS

Theorem V.1. If A and B are interval valued opposition
intuitionism fuzzy positive implication ideals of subtraction
G-algebra, then A# B is also an interval valued opposition
intuitionism fuzzy positive implication ideal of subtraction
G-algebra.

Proof: Given A and B are interval valued opposition
intuitionism fuzzy positive implication ideals of subtraction
G-algebra X.

(1) TA(0) <T4(n),Q24(0) > Qa(n) for all n € X, and

(2) Ya(n—<) <max{¥a(((n—<)—<)—(e—<)), Va(o)}
for all n, o, € X.

(3) Qa(n—<) > min{Qa(((n—<) —<) = (6—5)),Qa(0)}
for all n, o,¢ € X.

4) Up(0) <¥p(n),2p(0) > Qp(n) for all n € X, and

) ¥p(n—<) <max{¥p(((n—<)—<)—(e—5)), ¥r(o)}

for all n, o, € X.
©) Qp(n—-<) = min{Qp(((n —<) —<) —
for all n, o,¢ € X.

Case 1:

(e—=<))s(0)}

[inf U4 (0). inf ¥ 5(0),sup ¥ 4(0). sup U5(0)] <
[inf U4 (n).inf p(n),sup ¥4(n).sup Ti(n)].

Ths (A#B)(0) < (A#B)(1).

{[inf 2.4(0) + inf Q(0) -
inf Q4(0).inf Qp(0)], [sup4(0) 4+ supQp(0) —
sup Q4(0).supQp(0)]} > {[infQa(n) + infQp(n) —
inf Qa(n).inf Qp(n)], [supQa(n) + supQp(n) -
sup 2.4(n). sup Qp(n)]}

Thus (A#B)(0) > (A#B)(n).

Case 2:

[nfPs (np — ¢)inf¥g (n — <)sup¥as (n —
)sup¥p (n — o)) < max[inf¥a(((n — <) —
) — (06 = 9)¥alo).inf¥s(((n — <) — <) -
(6 — <)) ¥a(0),sup¥a(((n — <) — €) - (0 -
) ¥a(o).-sup¥p(((n—<) —<)— (0—5)), Yalo)]

[nfPs (np — ¢)inf¥g (n — <)sup¥us (n —
o)-sup¥p (n — )] < max{[inf Wa(((n — <) — <) —
(0= ¢)-inf¥p(((n —<) —<) = (¢ — <)), supVa(((n —

) = <) = (e — )sup¥p(((n — <) —¢) — (o -
$))], [inf W4 (). inf U (o), sup ¥4(p).sup ¥p(0)]}

Thus (A#B)(n—<) < max{((A#B)((n—<) —<) — (e —
$)); (A#B)(0)}.

Case 3:

{[inf Q4 (n—¢)+inf Qp(n—¢)—inf Q4 (n—¢).inf Qp(n—
), [supQa(n — <) + supQp(n — <) — supQa(n —
S)- SupQB(n =9I} =2 {f(Qal((n = <) = <) = (¢ -
6)):Qa(o)) + inf(Qp (((U—C) ) = (0 —¢)), Qo) —
inf(Qa(((n—<)—<)—(0—¢5)), Qa(0))- inf(2p(((n—3)—<)—
(0—¢)),Q24(0))]; [sup(Qa(((a—<) =<) = (0—5)),Qa(0)) +
sup(Q2p(((n — <) — C)— (0—15)),Q4(0)) —SUP(QA(((
§)=¢) = (0—5)),¥a(0).sup(¥Yp(((n —<) —<) — (0 —
$)), ¥alo))]}

{[inf U 4(n—¢)+inf U g (n—¢)—inf ¥ 4(n—c). inf U g(n—
O supWa(n — <) + sup¥p(n — <) — supWaln —
§)-sup ¥p(n—<)]} > min{{[inf W4 (((n—<)—<)—(0—<))+

inf Wp(((n—¢)—¢)—(e—<))—inf ¥a(((n—<)—<)—(o—
¢)-inf ¥ (((n—<)—<)—(e—<))],[sup Ya(((n—<) —<) -
(0—¢))+supQp(((n—5)—<)—(e—<)) —sup Qa(((n—¢)—
§)—(0—5))-sup Qp(((n—<)—¢<)—(e—<)}, {[inf Qa(o) +

inf Qp(0) —inf Q4(p).inf Qp(0),sup Qa(e)+sup Qp(o) —
sup Q24 (0). supQp(0)]}H}-

Thus (A#B)(n — <) = min{(A#B)((n —<) — <) —
$), (A#B)(0)}-

Therefore, A# B is an interval valued opposition intuition-
ism fuzzy positive implication ideal of X.

(0—

Example V.1. Let A = {eg,e1,€2,e3} be a subtraction G-
algebra with the following Cayley table.

— €p (&3] €9 €3
€o | €o | €1 | €2 ]| €3
€1 €o €0 €9 €3
€2 | €0 | €1 | €0 | €3
€3 | €o | €1 | €2 | €0

We define an interval valued opposition fuzzy set A, then
A =< X,V 4,04 > by routine calculation A is an inter-
val valued opposition intuitionism fuzzy positive implication
ideal of X.

X eo €1 €2 €3
Wy | .27,.25 | .35,.37 | .56,.52 | .65,.50
Q4 | .70,.65 | .63,.55 | .42,.40 | .33,.35

We define an interval valued opposition fuzzy set B, then
B =< X,Vpg,Qp > by routine calculation B is an inter-
val valued opposition intuitionism fuzzy positive implication
ideal of X.

X €0 el €92 €3
Up | .25,.34 | .35,.41 | .55,.44 | 61,.53
Qp | .73,.62 | .63,.51 | .40,.47 | .32,.35

Then A#B is an interval valued opposition intuitionism
fuzzy positive implication ideal of X.

Theorem V.2. If A and B are interval valued opposition
intuitionism fuzzy positive implication ideals of subtraction
G-algebra, then AN B is also an interval valued opposition
intuitionism fuzzy positive implication ideal of subtraction
G-algebra.

Proof: Given A and B are interval valued opposition
intuitionism fuzzy positive implication ideals of X.

(1) W4(0) < Wa(n),Q24(0) = Qa(n) for all n € X, and

(2) Wa(n—<) <max{¥s(((n—<)—<)—(e—<))¥alo)}
for all n, p,¢ € X.

(3) Qa(n —<) = min{Qa(((n — <) —¢) = (0 —<))al0)}
for all n, o, € X.

4) ¥p(0) < Ugp(n),2s(0) > Qp(n) for all n € X, and

&) ¥p(n—<) <max{Vp(((n—¢<)—<)—(¢—5))¥xs()}
for all n, o, € X.
6) Qp(n—<c) >min{Qp(((n—<) —<) — (e —7¢))2s(0)}

for all n, o,s € X.

Case 1:
[min(inf ¥ 4(0), inf ¥ 5(0)), min(sup ¥ 4(0), sup ¥ 5(0))].

< [min(inf ¥ 4 (n), 1nf\I/B( )), min(sup ¥ 4(n),sup ¥g(n))].

Thus (AN B)(0) < (AN B)(n).
[max(inf ©4(0), meB( )), max(sup 24(0),sup Q25(0))] >
[max(inf Q4(n), inf Qp(n)), max(sup Qa(n),sup Qs (n))].

Thus (AN B)(0) > (AN B)(n).

Case 2:

[min(inf ¥ 4(n ¢),inf Up(n — ¢)min(supPa(n —
S)ysup¥p(n — ¢) < maxmin(inf(Ta(((n — ¢) —
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$)); Wa(e)),inf (Tp(((n — <) — <)

— <)), ¥5(0))), min(sup(Pa(((n = <) - <) (0 —
$)); Wa(e)sup(¥p(((n —<) =) = (e — <)), ¥n(0)))]-

[min{(inf T 4(n — <),inf Up(n — <), min(sup Pa(n —
$),supWp(n — )} < maxfmin{{(inf Ta(((n —
) — ) = (e = )mf¥s(((n — <) = <) -
o — N} {min(sup Va(((n - <) — <) = (0 -
));sup W (((n = <) — <) = (¢ = <)))}, {minfinf ¥4 (e), inf
V()] min[sup ¥ 4(e), sup ¥p(0)]}}].

Thus (AN B)(1 —¢) < max{(ANB)(((n—<) —<) —

<)), (AN B)(0)}-

(o—

Case 3:

[max{(inf Qa(n — <),inf Qp(n — <)), max(sup Qa(n —
¢),supQp(n — <))} = minmax{{(inf(Qa(((n — <) —
) — (0 = 5)),Qa(0)), nf(Q2 ((( - =< — (e~
$)),Q25(0)))} {max(sup(Qa(((n — <) — <) — (o
$)):Qa(0)), sup(Qp(((n —<) —<) — (0 — <)) ()))}}]

[max{(inf Qa(n — <),inf Qp(n — <)), max(sup Qa(n —
$)ysupQgp(n — <))} >  minmax{{(inf Qa(((n —
) — <) — (e — )nfQp(((n — ¢ — ¢ -
(e = N} {max(supQa(((n — <) — <) — (0 —
)),sup Qp(((n —<) — <) — (0 —)))}, {max[inf Q4 (o), inf

Qp(0)], max[sup Q4(0),sup 25(0)]} }]-
Thus (AN B)(n —<) = min(ANB)(((n—<) =) =

<)), (AN B)(e)-
Therefore, A N B is an interval valued opposition intu-
itionism fuzzy positive implication ideal of X.

Example V.2. Let A = {fo, f1, f2, f3} be a subtraction G-
algebra with the following Cayley table.

(0—

Jolfol il fol fs
Al folfo| ol fs
folfo|l i fol fs
fslfol fi| fa]| fo

We define an interval valued opposition fuzzy set A, then
A=< X,V 4,Q4 > by routine calculation A is an inter-
val valued opposition intuitionism fuzzy positive implication
ideal of X.

X | fo fi f2 f3
U, | .27..25 | .35..37 | .56,.52 | .65..50

Q4 | .70,.65 | .63,.55 | .42,.40 | .33,.35

We define an interval valued opposition fuzzy set B, then
B =< X, Vg, Qg > by routine calculation B is an inter-
val valued opposition intuitionism fuzzy positive implication
ideal of X.

X | fo f1 f2 f3
Uy | 25,34 | .35, 41 | .55, 44 | .61,.53

Qp | .73,.62 | .63,.51 | .40,.47 | .32,.35

Then AN B is an interval valued opposition intuitionism
fuzzy positive implication ideal of X.

VI. CONCLUSION

A G-algebra is an important class of logical algebras.
Many logical algebras can be represented in G-algebras. For
example, Boolean algebras are equivalent to the bounded im-
plication G-algebras. In this paper, some new operations, i.e.,
@, 4+, *,MN and # are introduced, and some basic properties

are investigated. Also, we define necessity and possibility
operations on interval valued intuitionism fuzzy sets: interval
valued opposition intuitionism fuzzy sub-implication ideals,
positive implication ideals and sub-commutative ideals, and
study their basic properties and some results in subtraction
G-algebras.
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