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Several Oscillatory Results for a Class of
Fractional Differential Equations With the
Fractional Derivative in Conformable Sense

Qinghua Feng*

Abstract—In this paper, we are concerned with oscillation of
a class of fractional differential equations, where the fractional
derivative is defined in the sense of the conformable fractional
derivative. Based on the properties of conformable fractional
calculus, Riccati transformation, inequality and integration av-
erage technique, some new oscillatory criteria for the fractional
differential equations are established. We also present some
examples for the established results.

Index Terms—oscillation, fractional equations, fractional
derivative, Riccati transformation

1. Introduction

Recently, many effective numerical and analytical methods
have been proposed for various differential equations [1-
9]. In this work, we focus on the research of oscillatory
properties for differential equations. In [10-26], oscillation
of solutions of various differential equations and systems as
well as dynamic equations on time scales were researched,
and a lot of new oscillation criteria for these equations have
been established therein. In these investigations, we notice
that relatively less attention has been paid to the research
of oscillation of fractional differential equations [27-32],
and the fractional derivative lying in the existing results
are almost defined in the sense of the Riemann-Liouville
derivative.

Recently, Khalil et al. proposed a new definition
for fractional derivative named conformable fractional
derivative [33]. The fractional derivative is defined as
follows:

flt et —
13

Definition 1. D°f(f) = lim 1)

e—0

From the definition of the conformable fractional
derivative, one can easily verify the following properties:

(4). Diflaf(t) +bg(t)] = aD f(t) + bDyg(1).
(id). DY) = 7.
(#7). DY [f(t)g(®)] = f(t)Difg(t) + g(t) D f(t).

(w). D*C = 0, where C is a constant.

Manuscript received May 11, 2022; revised September 30, 2022.

Qinghua Feng is an associate professor of School of Mathematic-
s and Statistics, Shandong University of Technology, Zibo, Shandong,
255049 China (corresponding author, phone: +8613561602410; e-mail:
fqhua@sina.com).

(v). D flg(t)] = folg(D]DFg(?).

(vi). Df‘(%)(i) _ g(t)Daf(t;Q—(t{(t)Dag(t)'

(vii). DX f(t) = t1=2f'(1).

As one can see, the conformable fractional derivative is
of fine characters, especially the chain rule can be satisfied
here. Many authors investigated various applications of the
conformable fractional derivative [34-39].

In this paper, we are concerned with oscillation of a class
of fractional differential equations as follows:

Dy (r@) Dita(t)) + q(t) f (x(t)) = 0,

t>1>0 0<a<l, (1.1)
where Dg*(.) denotes the conformable fractional
derivative with respect to the variable ¢, the function
r € C*to,®),R+), ¢ € C([tp,00),R4), and C*
denotes continuous derivative of order «, the function f
is continuous satisfying f(x)/z > K for some positive
constant K and Vz # 0.

As usual, a solution z(t) of Eq. (1.1) is called oscillatory
if it has arbitrarily large zeros, otherwise it is called non-
oscillatory. Eq. (1.1) is called oscillatory if all its solutions
are oscillatory.

We organize the next of this paper as follows. In Section
2, using the properties of conformable fractional calculus,
Riccati transformation, inequality and integration average
technique, we establish some new oscillatory criteria for Eq.
(1.1), while we present some applications for them in Section
3. Some conclusions are presented at the end of this paper.

For the sake of convenience, in the next of this paper, we

denote £ = & ¢, =L i=0,1,2,3, Ry = (0,00).
II. OSCILLATORY CRITERIA FOR EQ. (1.1)

Lemma 1. Assume z(¢) is a eventually positive solution of
Eq. (1.1), and

o toz—l

S vt

Then there exists a sufficiently large 7" such that Dz (t) > 0
for t € [T, 00).

dt = 0. (2.1)

Proof. Let r(t) = 7(£), =(t) = z(§), q(t) = q(§),
where £ = %. Then by use of the property (i7) we obtain
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Dg¢(t) = 1, and furthermore by use of the property (v) we
have

Dir(t) = DEr(§) = 7(§) DPé(t) = 7 (§)-

>l

Similarly we have Dxz(t) = z'(£).
be transformed into the following form:

So Eq. (1.1) can

26 =0, (2.2)
Since x(t) is a eventually positive solution of (1.1),
then z(£) is a eventually positive solution of Eq. (2.2),
and there exists & > &y such that Z(§) > 0 on [£1,0).
Furthermore, we have

(F(E)T'(€))" = —q(§) f(x(€))

< —Kq(€)z(§) <0, £ =& (2.3)
Then 7(£)z'(§) is strictly decreasing on [£1,00), and
thus Z’(£) is eventually of one sign. We claim z'(£) > 0
on [£2,00), where & > & is sufficiently large. Otherwise,
assume there exists a sufficiently large {3 > &3 such that
Z'(€) <0 on [£3,00). Then for & € [€3,00) we have

10 (60 = 5 ot = Jf T s

SN € 1 o ~ic s oo 11
<7(&)7(&) [, @ds =7(£)7"(&3) J,, =0 dt.
By (2.1) we deduce that 5lim Z(§) = —oo, which

contradicts to the fact that Z(£) is a eventually positive
solution of Eq. (2.2). So Z'(§) > 0 on [{2,00), and
furthermore Dgz(t) > 0 on [ta, 00). The proof is complete
by setting 1" = to.

Theorem 2. Assume (2.1) holds, and there exist two
functions ¢ € C([tg, >0), Ry) and ¢ € C([ty, 0), [0, 0))
such that

e ) — 3(s) () + L)
[2$($)$(i) + 5’(5);(8)]2 }dS .
49(5)7(s) :

where 6(¢) = (1), (&) = q(t), B(€) = (1), 7(€) =r(1).
Then every solution of Eq. (1.1) is oscillatory.

(2.4)

Proof. Assume (1.1) has a non-oscillatory solution x
on [tg,00). Without loss of generality, we may assume
x(t) > 0 on [t;,00), where t; is sufficiently large. By
Lemma 1 we have Dfz(t) > 0 on [tz,00) for some
sufficiently large ¢ > t¢;. Define the generalized Riccati
transformation function:

r(t)Dix(t
)]

Then for ¢ € [t2,00), by use of the property (v) and
(vi) we have

w(t) = o(t){

ott) — Do TODEE) o r(D(DF(1)’
Dt w(t) - Dt ¢(t) :L'(t) - (b(t) LL'Q(t)
+o()) PEHIZEEO) & Deo(e)e(t) + () Dg et
_ Do) gy - (t) — 6(D)e(t))”
o(0) OL0)
o() L) 1 o0)Dg ot
) f(z(t o o) (t
— () LLEE)  4(1)Dpp(e) - LD
26(t)p(t) + DY)y 1o
L )77 ) R T O

< —Ko(t)q(t) + 6(t) Dpep(t) — 2L WD)

42606t + Dro(t)r(0)] o5)
4p(t)r(t) ' N '
Let w(t) = &(6). Then Dfu(t) = @(¢). Dio(t) =
&'(€), Dp(t) = ¢'(€), and (2.5) is transformed into the
following form

~2

() < ~Ko(O)7() + 907 (¢) - LIEL)
26()3(€) + &' (€)7 ()]
T e e

Substituting ¢ with s in (2.6), an integration for (2.6)
with respect to s from &; to ¢ yields

(2.6)

JEAES()d(s) — d)@ (5) +
20(5)8(5) + &' ()TN

46(s)7(s)
< 6(&2) —w(§) S w(ée) < oo,
which contradicts to (2.4). So the proof is complete.

Theorem 3. Assume (2.1) holds, and there
exists a function H € C([p,00),R) such that
H(&?&):Ov fOTSZ&), H(§78)>07 f07”§>82&)7
and H has a nonpositive continuous partial derivative

H(€,s). If

Jdim sup s {5 HE {EO()(s) = 6(5)8(5)

T2 YA 1 TN )12
L)) _ 3EE() + H ST gy
r(s) 4p(s)7(s)
where 5, @, q, 7 are defined as in Theorem 2, then
every solution of Eq. (1.1) is oscillatory.

00, (2.7)

Proof. Assume (1.1) has a non-oscillatory solution x
on [tg,00). Without loss of generality, we may assume
x(t) > 0 on [t;,00), where t; is sufficiently large. By
Lemma 1 we have Dfz(t) > 0 on [tz,00) for some
sufficiently large to > ¢;. Let w(t) and &(¢) be defined as
in Theorem 2. By (2.6) we have

KF©e) - HeF(©) + AYEE

_ROQF) I OO i) e,

~ (2.8)
o AP(E)r(E) o :
Substituting ¢ with s in (2.8), multiplying both sides by
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H(&, s) and then integrating with respect to s from &5 to €
yields

J&, HE $){Kd(s)(s) -

_[26(9)2 ( 5) + &/ ()7(s))”
( ) r(s)

—f§2 &, s)w'(s)ds
= H(& &)w(&) + [5, HL(E, s)w(s)As

< H(E &2)w(&2) < H(E, &o)w(§2).
Then

}ds

fﬁo $){K(s)d(s) —
B [2¢(s)50(§) e AOLO) Y

4¢< (o) .
— J& HEDEH) - os)7(s) + HIEL)
_20()3(s) + S GG

)
156)7) )
IS 69 (KS)i(s) - 5(5)7 () + LLEL)

N2 OEORTAOLO) R
4 (s)7(s)

< H(E60)3(&) + H(6 &) [ |KS(s)d(s) — 6(s)F (s)
6(5)3°(s) _ [20(5)3 ( $) + () ()?
« 40(5)(s)

Jim sup gredes {5 HE $){KO()(s) ~ ()P (s)
0(5)3°(s) _ [20()8(s) + &' (5)T(s)]

) 46(s)7(s) o

<W(&) + [ IKH(s)d(s) — &

OIS +F BTNy oo,

_ 4¢(s)r(s) .
which contradicts to (2.7). So the proof is complete.

Corollary 4. Under the conditions of Theorem 3, if

lim sup = A{Jgo PMEG(s)d(s) — d(s)F (s)
O(5)P(s) [2¢( )$ (~>+¢( s)r(s)]? <1 — oo
L ) 46(s)7(s) yds}

then every solution of Eq. (1.1) is oscillatory.

Corollary 5. Under the conditions of Theorem 3, if

Jim sup s {6 (€ — In ) {K9(5)a(s)
57 () + 2EL)

7(s)
_2s)3(s) + ST gy o
19(s)7(s)

then every solution of Eq. (1.1) is oscillatory.

The proof of Corollaries 4-5 can be completed by
choosing H(£,s) = (€ —s)*, A > 1 or H(,s)
Theorem 3.

zlng in

Theorem 6. Let hy, ha, H € C([&,),R) satisfying
H(E = 0,H(E,s) > 0, § > s > &, and H has
continuous partial derivatives Hg(f, s) and H’ (& s) o

[€0,00) such that
H(€,5) = —hi(€,s)\/H(E,5),
HI(€,8) = —ha(&, s)\/ H(E, 5).

If for any sufficiently large 7" > &y, there exist a, b, ¢ with
T < a < ¢ < b satisfying

b B KB(8)T(0) 307 () + 2L
b G IG070) 500 o)+ S
” 4H(16,a fa (b (5)Qi(s, a)ds
g - AT (b s)ds (2.9)
where ¢, @, § 7 are defined as in Theorem 2,
Qil.8) = ha(5,6) - <2¢j”;(i; (f)(W) H(5.6),
Qule ) = halt,5) - (PHIDLELICD) [ ),

then Eq. (1.1) is oscillatory.

Proof. Assume (1.1) has a non-oscillatory solution =z
on [tg,00). Without loss of generality, we may assume
x(t) > 0 on [t2, 00), where to is sufficiently large. Let w(t)
and W(&) be defined as in Theorem 2. So for ¢ € [t2, 00),
we have

Dpa(t) = o)) WL 1 o) Dgott) -

20(t D2 (t)r(t
2000000 DO,

< —Ko(t)q(t) + ¢(t) Dy p(t) —

20(t)e(t) + Dy (t)r(t) W2

+ ST (t w(t)— qS(t)r(t (t). . (2.10)

Furthermore, similar to (2.5), (2.10) is transformed into the
following form

&'(€) < ~Ko(8)dl€) + o(6)@'

20(£)@(E) + &' (7€) ~
T o W

——1 30, e> 6.
Sore” @t

Select a, b, c arbitrarily in [€2,00) with b > ¢ > a.
Substituting § with s, multiplying both sides of (2.11) by
H(&, s) and integrating it with respect to s from ¢ to £ for
€ € [c,b), we get that

FORORMY

()P (t)
Cor(t)
1

_ POF ()
©) - 245

(2.11)
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fcﬁ fI(&s)[Kg(s)(}'(s) _ 5(8)@’(3) + ¢(S77)£2)(8)]d8

< — [SH(E, s)W (s)ds

+ ff ﬁ(& S)<2¢(3)&£5) + ¢/(3)?(5) ) (s)ds

¢ B()7(s)
_ ﬁ(fis) QQ(S)dS
¢(s)r(s) s
= i C '[D c) — & M @ S
.t~ [ HE ) ats
@67 Qo )Pds + [ LI g3, syas
< (e o)+ S g6 s (212)
Dividing both sides of the inequality (2.12) by H (&, ¢) and
let £ — b~, we obtain
1 B(8)als) — d(s)F (s 5(3)452(5) s
b I A0 KO()00) ~ 7 () + e
~ 1 b ¢(5)T( )
< w(c)+ ﬁ(b, 0 f Q3(b, s)ds (2.13)

On the other hand, substituting £ with s, multiplying both
sides of (2.11) by H (s,€) and integrating it with respect to
s from & to ¢ for £ € (a, ¢, we get that

Ji B, OEFENs) — 3513 (5) + A% D as

< — S H(s, )W (s)ds

NS R ECE LI

A0

— —H(e,€)ilc) - J¢] (ﬁ(&f)))l/Q (s)

+%($(s)?(s))”2@1( Pds + f¢ s AL 35, )
e, eyate+ [ SO g3, s, (2.14)

Dividing both sides of the inequality (2.14) by f[(c, €) and
letting £ — a™*, we obtain

e I B ) I5(9700) = 607 )+ 2E
<- u+ﬁi Ji AT g3 s, s

A combination of 7(2.13) and (2.15) yields

ffYSMWM)()—QQW@

( a)

REOEIOW
CORE
1

o) S Hb, ) [Ko(s)d(s) — 6(s)(5)

b
+7( 7")(((’; (s )]ds

(5)Q1(s,a)ds
Q2(b s)ds

1
4H(c,a Ja s
1
VT f o(s

which contradlcts to (2.9). So the proof is complete.

Theorem 7. Under the conditions of Theorem 6, if
for any [ > &,

Jim sup £ (s, DIKF()i(s) ~ 3(s)7'(5) + 2LLE ()

) o s > o

and

Jim sup [F{(E,$)[FB(5)a()~3(5)5 (5)+ L2 )
AT ga(e, s > 0,

then Eq. (1.1) is oscillatory.

Proof: For any T > &y, let a = 7T. In (2.16) we
choose [ = a. Then there exists ¢ > a such that

21 s, a) KB (5)ats) — ()3 (o) + L2
_&%@Q%(S,a)]ds > 0. (218)

In (2.17) we choose [ =
b > ¢ such that

¢ > a. Then there exists

Bs)Z(s),

JIUH . 9)ES()a(s) ~ 6()3 (5) + P

— )T a3, s))ds > 0. (2.19)
Combining (2.18) and (2.19) we obtain (2.9). The
conclusion thus comes from Theorem 6, and the proof is
complete.

In Theorems 6-7, if we choose H (¢, s) = (€ — s)*, € >
s > &, where A > 1 is a constant, then we obtain the
following two corollaries.

Corollary 8. Under the conditions of Theorem 6, if
for any sufficiently large T > &, there exist a, b, ¢ with
T < a < ¢ < b satisfying

o S - P IRFT) - H)F o
H)P (), .
A P

g L= D KD)T) ~ 37 ()

LHP ),
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> s e AT s — 2
2¢>() 2(5) + & (5)7(5) 1 _ g))2ds

A+ ( (o) )(s —a))’d

e L ,\qubsfs (b— )2

2¢<> B(5) + 3 (7)o
(A= ) )(b—1s))"ds,
then Eq. (1.1) is oscillatory.

(2.20)

Corollary 9. Under the conditions of Theorem 7, if
for any [ > &,

5liﬁm Supflg (s — l)’\[Kg(s)c}'(s)

—5(8)%? (s) + (32(@2( )] _ ¢(5)f(5) (s — )2

s (20(5)5(5) + &

B
(Fs),piorgs
i) s> 0

(2.21)

and

7%(8)@’(5) 4 ¢(3)¢2(8)] _ QS(S)F(S) (5 _ S))‘72

r(s) 4
[A—(2‘1)(8)%2;(?;(5)’%) J(E—s)2)ds >0,  (2.22)

then Eq. (1.1) is oscillatory.

Theorem 10. Under the conditions of Theorem 6,
furthermore, suppose (2.9) does not hold. If for any
T > &, there exist a, b with b > a > T such that for
any u € Cla,b], v'(t) € L?[a,b], u(a) = u(b) = 0, the
following inequality holds:

o2 (s) [ K o(s
(u/(s)+§u(s)(2($(s)¢é‘2)—; (‘g“ms) ))2}ds > 0, (2.23)

where qg, @, q, v are defined as in Theorem 2, then
Eq. (1.1) is oscillatory.

Proof: Assume (1.1) has a non-oscillatory solution =z
on [tg,00). Without loss of generality, we may assume
x(t) > 0 on [ta,00), where ty is sufficiently large. Let
w(t) and W(&) be defined as in Theorem 2. Similar to
the proof of Theorem 6, we obtain (2.11). Select a, b
arbitrarily in [£2, 00) with b > a such that u(a) = u(b) = 0.
Substituting ¢ with s, multiplying both sides of (2.11) by
u?(s), integrating it with respect to s from a to b, we get that

J2 w6 KB)its) - )7 (s) + A s

< = L s = [ ()52,
+ f; u2(8)@(8)(2¢(8)¢£8) + ¢'(s)7(s) )ds

¢(s)7(s)

=2 [ u(s) ()i (s)ds — [, uP(s )agf%)d
O(s)3(s) +

& (5)7(s),
oI

S

+ [P u2(s)ii(s) (2

S

I
|
R
[t
{
=
i

Moreover,

S (s) K (s

~ ~ 2
(u’(s) + ;u<s>(2¢(3)‘f’§2 ; (ﬁ)“)r(s))) Vs < 0, (2.24)

which contradicts to (2.23). So every solution of Eq.
(1.1) is oscillatory, and the proof is complete.

Remark. In Theorems 2, 3, 6, 7, 10, if we assume

f € CYR,R] satisfying f'(z) > u > 0 for

x # 0, and modify the definition of w(t) by
r(t) Dy a(t) .

w(t) = tH —4—t54% 4+ ©(t)}, then following a

similar process, we can obtain similar oscillatory criteria for
Eq. (1.1), which are omitted here.

As of the term f(x(t)) in Eq. (1.1), the main results
presented in the theorems are different from existing results
in [10,12].

III. APPLICATIONS

In this section, by presenting several examples, we apply
the results established above to research oscillation of some
fractional differential equations.

Example 1. Consider the following fractional differential
equation:

Dy(y/ & Dpa(t) + (L)

t>2, 0<a<l.

_ax()(2+2%(t) _ 0
1+ 2%(t) ’

(3.1)

In fact, if we set in Eq. (1.1) to = 2, r(t) = \/g, q(t) =

-3 r(, M -
(&) 2, flx) = T then we obtain (3.1). So
HE) =rt) =5 =VE @& =qt) = ()2 =¢2,
and f(z)/x > 1, which implies K = 1. Furthermore, in
(2.1),

to ow"

= I \}gdg 0.

In (2.4), lettlng B(€) = VE, 3(£) =0, we obtain

[ {RB)a(s) - 36) () + YLEL)
_RHE)ES) + T
4¢(s)r(s)
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= Jeo 16s
Therefore, Eq. (3.1) is oscillatory by Theorem 2.

Example 2. Consider the following fractional differential
equation:

D2ea(t) + La(t)er® = 0,

t>50<a<l. (3.2)

In fact, if we set in Eq. (1.1) to = 5, r(t) = 1, q(t) =
g, flz) = :ve””:, then we obtain (3.2). So 7(&§) =
g&) = qt) = 5 = ¢, and f(a)/x = €* @ >, Wthh
implies K = 1. Furthermore, in (2.21)-(2.22), after letting
$(&) =1, (&) =0, A =2, considering g(s) = 1, we obtain

(s — DMES(s)a(s) — o(5)F (5)
L), $<s>4?<s> (s 1=

\
e

(s
20(5)8(5) + (), . piovgs
o+ (LA LD s 2y
= 515{.10 supflf [s(s = 1)* = 1] ds = 00
and

Jim sup [{(€ = ) [KO()a(s) ~ 6(5)%(s)
PP ST 1

_(20()3(5) + &' ()F() y e v21gs
- (AR EOITED ¢ —)a
= 51520 sup ff [s(¢ —s)? — 1] ds = c.

So according to Corollary 9 we deduce that Eq. (3.2)
is oscillatory.

Example 3. Consider the following fractional differential
equation:

Dy (sin*(5)Dpa(t)) +

t>2,0<a<l.

z(t)(1+2%(t) = 0,

If we set in Eq. (1.1) t, =
si’(B), at) = 1, f2) = a(l
obtain (3.3). So 7(¢) = r(t) = sin*(L) = sin?¢,
q¢) = 1, and f(x)/z = 1 + 2 > 1, which
implies K = 1. Furthermore, in (2.23), after letting
&) =1, (&) =0, a=2km, b=2km+m, u(s) =sins,
then u(a ): u(b) = 0, and we obtain

S () [ K o
—(s)7(s) (U/(s) n %u(s)(Qg(s)ﬁﬁgs) tdﬂ(s)?(s))) }ds

2km+m
2km

r(t) =

2,
+ 2?), then we
(a

$)i(s) — ds)7'(s) + 2LPLs)

2 -2 2

(sin s — sin” s cos s) ds

2km+m

and
opy  SID"sds > 0.

Therefore, Eq. (3.3) is oscillatory by Theorem 10.

Remark. We note that oscillation for the three examples
above can not be obtained by existing results so far in the
literature.

IV. CONCLUSIONS

We have established some new oscillatory criteria for a
class of fractional differential equations with the fractional
derivative defined in the sense of the conformable fractional
derivative. Some applications for these established results are
also presented. We note that the approach in establishing
the main theorems above can be generalized to research
oscillation of fractional differential equations with more
complicated forms such as with damping term or with forced
term, which are expected to further research.

For example, the following fractional differential equations
with damping term and forced term respectively can be
further investigated:

Dy (r(t)Dya(t)) +

and

Dy (r(t)Dia(t)) +

r(t)Difx(t) + q(t) f(x(t)) = 0

rt)Dfx(t) + q(t) f(2(t) = p(t).

Also some higher order fractional differential equations can
be further considered, such as

DDy (r(t) Die(t))] + q(8) f(2(2)) = 0

and

DD (r(8) Dita(t))] + D (r(t) Di'e(t)) +q(8) f(x(t)) = 0.
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