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Abstract—Considering the multibody method for the dy-
namic analysis of mechanical systems, this paper aims at
constructing a simple computer model describing the dynamics
of a fixed-wing aircraft performing a longitudinal motion. To
this end, a simplified model of an aerial vehicle was analyzed
without control surfaces, featuring an axial thrust, and having
limited aerodynamic actions. By using the Digital DATCOM
software, the modeling of the aerodynamic coefficients was then
taken into account considering also the elevator as a control
surface. First, aircraft dynamics was studied in general in the
context of multibody dynamics. Then, the case study consid-
ered as the illustrative example of the paper was analyzed,
namely the Cessna 172 Skyhawk aircraft. By modeling the
externally applied actions and the aerodynamic coefficients,
the fundamental mechanics behind the take-off phase of the
flight was subsequently analyzed. In the paper, the equations
of motion describing the dynamic behavior of the illustrative
example were driven using a Lagrangian formulation approach.
The dynamic model of the demonstrative example was then
implemented in a computer code constructed in the MATLAB
environment. By doing so, the goal of this process was to
develop as accurately as possible a virtual model of the Cessna
172 Skyhawk aircraft. As shown in the paper using numerical
simulations, the computer model of the case study analyzed in
this work is able of simulating the vertical motion of the aircraft.
In the conclusive part of the manuscript, a discussion about
the dynamic behavior of the aircraft found in this investigation
and some comments on several topics for future research are
reported as well.

Index Terms—Fixed-wing aircraft, longitudinal flight me-
chanics, multibody systems, Lagrangian dynamics, Cessna 172
Skyhawk, aerodynamic coefficients, MATLAB simulation envi-
ronment, digital DATCOM software.

I. INTRODUCTION

In this section, background material useful for introducing
the issues addressed in this investigation is included. First,
a punctual discussion about the significance of the current
investigation is provided. Then, a short literature survey is
reported in order to inform the readers potentially unaware
about some topics elaborated in the paper. Afterward, the
scope of the present paper is summarized together with the
contributions provided in this investigation. The structure of
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the manuscript is finally offered to present the content of the
entire paper.

A. Background Information and Research Significance

Virtual prototyping and dynamic modeling of a mechanical
system are important steps in the development of computer-
aided design and dynamic analysis [1]–[3]. In fact, the
virtual model constructed through the help of computer-aided
design and engineering tools allows engineers to analyze the
performance of the system of interest before actually man-
ufacturing and using it [4]–[6]. This is especially important
in the field of aviation, where system damages carry a very
high risk for the integrity of the system itself and, more
importantly, for the human lives of the operators and users
that interact with the aircraft [7]–[9].

UAV is an acronym for Unmanned Aerial vehicle. It is pos-
sible to remotely guide and command this special category
of aerial systems by defining offline a feasible flight plan
or by using online a ground-based control station [10]–[12].
Compared to a classic aircraft, the main differences are in
flight autonomy, communication mechanisms, data manage-
ment, and avionics [13]–[15]. In the beginning, UAVs were
mainly used for military purposes such as reconnaissance
missions and military attacks [16]–[18]. In recent years, their
use in complex and realistic scenarios has been growing day
by day by virtue of their great potential in exploration and
monitoring applications. In addition to the capacity of being
useful in complex applications, one of the principal features
of UAV systems is represented by their low ethical and
economical costs [19], [20]. Also, in modern applications,
UAVs can serve as assistant robots for performing multiple
tasks [21], [22]. Therefore, this large class of flying vehicles
that work autonomously is becoming intertwined with robotic
applications [23]–[25].

Computer-Aided Design (CAD) and Computer-Aided En-
gineering (CAE) software have become prominent in the
modern engineering age. In particular, a special role is played
in this context by Multibody System Dynamics (MBD) [26]–
[28], and by advanced multibody simulations based on the
concept of the Integration of Computer-Aided Design and
Analysis (I-CAD-A) [29]–[31]. While computer-aided design
systems are typically employed only for geometry creation,
the multibody system software is used for automatically gen-
erating and numerically solving the Differential-Algebraic
Equations of motion (DAEs) that describe the dynamic
behavior of the mechanical system of interest [26], [32],
[33]. The possibility of realistically simulating in advance
the behavior of a complex machine during the design process
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before its actual manufacturing is advantageous since this
feature is very useful in engineering and industrial applica-
tions.

The concepts described above clarify the background
context in which the present investigation is collocated and
evidence the importance of the present study, which deals
with the multibody modeling in a virtual computational
environment of the longitudinal flight dynamics of a simple
aircraft.

B. Literature Review

Generally, in the field of flight dynamics, classical Newto-
nian approaches are commonly utilized to obtain the dynamic
equations of an aircraft [8], [34], [35]. For example, Schmidt
proposed the use of linear algebra principles to mathe-
matically formulate the dynamical equations of an aircraft
[36]. In some particular applications, blended Newtonian and
Lagrangian procedures are employed to realize these types
of dynamic analyses [37], [38]. An alternative way to predict
the flight path of an aircraft during its motion is presented
by Peyada and Gosh [39]. By using a feedforward neural
network, they developed a method capable of timely predict-
ing the system performance of their aircraft model. On the
other hand, both the works of Thelander and Sinha provide a
comprehensive overview of these processes by using Newton
second law [7], [9], [40]. In this vein, Mukherjee and Sinha
carried out the computer simulation and the optimal control
of a combat aircraft system having six degrees of freedom
[41].

After having mathematically obtained the dynamical
model of an aircraft, one can create the corresponding dy-
namical model in MATLAB. This is aimed at performing vir-
tual simulations of the system performance during the flight
considering realistic maneuvers [42]. For instance, the works
by Tu and Lin [43], as well as the work of Yang and Yuan
[44], explored these topics. In [45], Mukherjee and Sinha
also studied the dynamics and control of aircraft performing
complex maneuvers. Rao and Sinha studied the critical
problem concerning the spin motion of aircraft and proposed
a nonlinear sliding mode controller to address this issue [46].
In [47], Trachte et al. performed dynamical simulations of a
multi-rotor aircraft and analyzed its control problem by using
a predictive control strategy. In [48], Harikumar et al. studied
by performing dynamical simulations multi-unmanned aerial
vehicles that were specifically designed to seek and destroy
a moving target having complex dynamics, like a forest fire.
Another important topic related to the dynamic analysis of
aircraft is the system identification of airplane models that
leverages the measurement of input-output data [49], [50]. To
this end, Hamel and Botez identified a dynamic model of the
Cessna Citation X business airplane from real flight test data
[51]. Sinha et al. proposed a mathematical technique arising
from the use of neural partial differentiation to address the
numerical issues encountered when dealing with unstable
aircraft dynamics and the problem of the estimation of their
parameters [52].

To study the kinematics and dynamics of an articulated
system, multibody modeling is a very suitable tool [26].
Several papers found in the literature focused on the issues
concerning the dynamics of multibody mechanical systems

underline the interest and complexity of the topic considered
in this work [53]–[58]. The systematic modeling approach
based on the dynamics of multibody systems can be suc-
cessfully utilized in the field of flight dynamics as well [59]–
[61]. In this vein, the first and foremost step is fundamentally
represented by the proper use of rigid bodies for modeling
and describing aircraft systems, thereby considering applied
on them the driving forces and the control inputs as external
actions [62], [63]. In effect, all the external actions applied
on the aircraft should be analyzed in their own frame of
reference [30]. It is also important to project the forces in
the absolute frame of reference, which represents the unique
common metric of the entire analysis. The combined use
of multibody and Lagrangian approaches can be considered
a valid, effective, and efficient alternative procedure for the
study of all mechanical systems, including the system under
investigation [29], [64]. As discussed in this work, the multi-
body method for the kinematic and dynamic analysis of rigid
mechanical systems can be also utilized to study longitudinal
flight dynamics of aircraft [65]. Aircraft can be modeled
as a multibody system, in which each single component
is connected to the system by mechanical joints. By the
addition of a specific term in the dynamical model each
rigid body, representing joint connections, a multibody flight
dynamics model can be built and the dynamical model can
be constructed. This is the fundamental approach followed
in this research study.

C. Scope and Contributions of this Study

In this paper, an investigation of all the mechanisms and
the basic principles behind flight dynamics is proposed.
This is a preliminary work that starts from the study of
aircraft dynamics, then arrives at the modeling of all the
relevant actions acting on the system under consideration.
The fundamental objective of this study is to devise a
simplified strategy that allows for the mathematical deter-
mination of the dynamical equations of the aircraft and then
to predict the first phase of the flight through a dynamic
simulation. This is done by utilizing numeric computations
and symbolic calculations in a general-purpose program
based on the MATLAB simulation environment, in which
the system dynamic model is symbolically generated and,
subsequently, numerically solved through the use of effective
computational procedures, leading to a set of dynamical
simulations for the demonstrative model of interest for this
work.

In this research, a computer model for the simulation
in MATLAB of the dynamic performance of an aircraft
during one of the most important phases of its flight is
developed, that is, the take-off of a small aircraft is analyzed
in the context of of multibody system dynamics. Thus, the
multibody approach is used to model the aircraft as a rigid
body and to obtain its set of equations of motion [66]–[68].
By doing so, and considering only the longitudinal flight
dynamics, the aircraft of interest is mathematically described
in its longitudinal plane as a multibody mechanical system
having three degrees of freedom. Preliminary assumptions
and simplifying hypotheses are unavoidably considered to
achieve this goal, namely, the hypotheses of a simplified
set of aerodynamic actions, an axial thrust force, and the
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presence of the elevator as the main control surface are
taken into account. These simplifying assumptions will be
gradually removed in future investigations.

In order to validate the physical coherence with the
expected performance of the computational results obtained
from the computer simulations accomplished by implement-
ing in MATLAB the proposed dynamical equations, the
Cessna 172 Skyhawk is assumed as the demonstrative ex-
ample of this investigation [69]. The Cessna 172 Skyhawk
is manufactured since the fifties by the American firm called
Cessna Aircraft Company. This is one of the most widely
produced aircraft to date [70]. Since the design data for
Cessna 172 Skyhawk are available on the internet with no
economic costs, it was chosen to carry out a systematic
analysis of the computational results derived from the com-
puter simulations arising from the numerical solution of the
dynamic model of this aircraft devised in this work. In par-
ticular, a realistic set of aerodynamic coefficients pertaining
to this aircraft considered in the case study were obtained by
using the digital DATCOM software that is freely available
on the internet. The performance behavior found for the
aircraft system assumed as the illustrative example of this
investigation is consistent with the physical features of the
problem under consideration.

D. Organization of the Manuscript

Apart from Section I, which reports an introductory dis-
cussion about the main topics addressed in the current work,
this manuscript is organized as follows. In Section II, the
system of interest for this research work is modeled. This
is done by studying the kinematics and dynamics of the
aircraft as a rigid system together with the modeling of
aerodynamic actions. In Section III, the numerical results
of the dynamic simulations conducted by implementing the
dynamical model devised in this work using MATLAB
together with DATCOM are shown and discussed. Finally,
Section IV focuses on the conclusions drawn in this study
and provides a proposal for future developments related to
the present investigation.

II. KINEMATIC AND DYNAMIC ANALYSIS OF
MULTIBODY SYSTEMS, ELEMENTS OF FLIGHT
MECHANICS, AND BASICS OF AERODYNAMICS

MODELING

This section discusses the principal mechanical features
concerning the kinematics and dynamics of articulated sys-
tems, which can be described as multibody systems, and
provides some basic elements of flight mechanics. More
precisely, the analytical tools belonging to the dynamics of
multibody mechanical systems are utilized for mathemati-
cally describing the aircraft system representing the main
object of this paper. This is done by modeling the case study
of this research as a rigid body subjected to force fields,
while the basic concepts and techniques taken from the flight
mechanics are employed to properly define the aerodynamic
actions applied on the aircraft. This section, therefore, pro-
vides the fundamental background material essential for the
development of the dynamic equations investigated in the
present paper.

A. Elements of Multibody System Dynamics

A key mechanical concept of multibody dynamics is the
identification of the number of degrees of freedom of a given
articulated system, which is essentially the total number of
independent parameters that allows for unambiguously de-
scribing the geometric configuration in the space of the sys-
tem of interest [71], [72]. A rigid body in a two-dimensional
space has three degrees of freedom, two related to translation
and one related to rotation around the perpendicular axis.
Similarly, a rigid body in a three-dimensional space is
endowed with six degrees of freedom, three translational
degrees of freedom associated with the displacement of its
center of mass and three rotational degrees of freedom which
define the orientation of a body-fixed reference frame with
respect to an absolute reference system.

Multibody systems consist of mutually connected rigid and
deformable components or bodies [73], [74]. For instance,
aerospace and automotive systems, as well as articulated
systems in general, are mechanical systems that can be imag-
ined as formed by a set of components, which can be rigid
or flexible, held together by mechanical constraints, such as
revolute joints, prismatic joints, spherical joints, and so on.
These systems also undergo the dynamic influence of force
elements and force fields of various nature, such as springs,
dampers, actuators, etcetera. The movements of the parts that
form of an entire mechanical system modeled as a multibody
system can be studied by analyzing the interactions between
the single elements that form its structure. To this end, the
differential equations describing the motion can be derived
utilizing the classical Newtonian approach or by using the
Lagrangian formalism.

The set of Lagrange equations of the first and the second
kind represents a viable technique for the mathematical
generation of the equations of motion of complex multibody
mechanical systems [75], [76]. Given the number of degrees
of freedom of the system indicated by n, one needs n
ordinary differential equations to describe the motion, which
turns out to typically be nonlinear. To this end, assume the
system vector of Lagrangian coordinates denoted as:

q =
[
q1 q2 . . . qk . . . qn

]T
(1)

The set of Lagrange equations, associated with the mini-
mal set of generalized coordinates introduced above, is given
by:

d

dt

(
∂T

∂q̇k

)
− ∂T

∂qk
+
∂U

∂qk
= Qk, k = 1, 2, ..., n (2)

where U is the system potential energy and T is the system
kinetic energy. In the Lagrangian formulation, the mechanical
component associated with the force element/field applied to
the degree of freedom k is denoted with Qk and is given by:

Qk =

Na∑
j=1

Fj
∂rj
∂qk

(3)

where Fj =
[
Fx,j Fy,j Fz,j

]T
stands for an external

force of the multibody system, generically acting on the
rigid body labeled with the integer number j, that affects the
system degree of freedom labeled with k, and Na is another
integer number representing the number of externally applied
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forces.
To correctly define the mathematical form of the system

kinetic and potential energy, as well as of the vector of
generalized external forces, an important analytical step is
the kinematic analysis. For this purpose, the relationships
between the remarkable points of the system are identified
by applying the following geometric relation:

rj(P ) = Rj + Ajūj(P ) (4)

where rj(P ) is the absolute position vector of a generic
material point P belonging to a generic rigid body j, Rj is
the global position vector of the centroid of a generic rigid
body j, Aj is the rotation matrix that identifies the spatial
orientation of the generic rigid body j, and ūj(P ) is the
position vector of a generic material point P defined with
respect to the body-fixed reference frame of the body j.

Knowing the positions concerning the global reference
system, the corresponding velocities are derived, thereby al-
lowing for the definition of the kinetic and potential energies.
Assuming a body-fixed reference system collocated at the
centroid, the kinetic energy Tj of a rigid body j is given by:

Tj = Tt,j + Tr,j =
1

2
mjv

2
j +

1

2
IO,jω

2
j (5)

where Tt,j is the translational kinetic energy of the rigid body
j, Tr,j is the rotational kinetic energy of the rigid body j,
vj is the magnitude of the linear velocity of the center of
mass of the rigid body j, ωj is the magnitude of the angular
velocity of the rigid body j, mj is the total mass of the rigid
body j, and IO,j is the mass moment of inertia of the rigid
body j referred to the point O. The potential energy Uj of
a rigid body j, collocated in a constant gravitational field
defined by the gravity acceleration g, is given by:

Uj = mjghj (6)

where hj represents the altitude of the centroid of the rigid
body j collocated in the gravity field. Furthermore, the
Lagrangian component vector Qe,nc can be readily deter-
mined by calculating the partial derivative of the virtual work
δWe,nc of the nonconservative forces computed with respect
to the virtual displacement of the Lagrangian coordinate set
δq. Thus, one can write:

Qe,nc =

(
δWe,nc

δq

)T
(7)

By carefully conducting the mathematical derivation men-
tioned above, the set of Lagrange equations of the second
kind can be systematically employed to find the differential
equations of motion. Since this is an error-prone process, a
computational procedure to find the aircraft dynamical model
is developed in the paper, and this is done through symbolic
computation carried out in MATLAB.

B. Fundamentals of Flight Mechanics

The goal of this subsection is to demonstrate how the
fundamental elements of flight mechanics were employed in
this investigation to derive the aircraft aerodynamic actions
within the multibody dynamics computational framework [7],
[9].

The incidence of an air flow on the wing allows the aircraft

to remain in flight. This flow is deflected downward by the
wings. Therefore, because of the presence of a difference in
the values of the pressure between the upper and the lower
surfaces of the airfoil, the aircraft is subjected to an upward
thrust force [77].

Assuming, for simplicity, a flat earth surface, to consis-
tently construct a reliable model of a simplified aircraft,
one needs to introduce three different reference systems
[36]. The first frame of reference is an earth-fixed refer-
ence system considered as the absolute inertial reference
frame and indicated by the symbols

(
OE , XE , Y E , ZE

)
,

with its origin typically collocated on the earth surface and
having its ZE axis directed to the center of the earth. For
simplicity, the earth-fixed reference frame is assumed as
the inertial system of reference that is employed as the
absolute reference system. The second reference frame is
the body-fixed reference frame indicated by the symbols(
G,XB , Y B , ZB

)
, which is utilized to identify instant by

instant the absolute position and the absolute orientation of
the aircraft with respect to the earth-fixed axis system. In
the body-fixed frame of reference, G is the centroid of the
aircraft under consideration, XB is the axis directed to the
front of the aircraft, and ZB is the axis taken perpendicular
to the axis XB . By doing so, the plane XBZB represents
the plane of symmetry of the entire system. The third frame
of reference is the wind-fixed reference frame indicated
by the symbols

(
G,XW , YW , ZW

)
, which is utilized to

conveniently project the aerodynamic actions. In the wind-
fixed reference system, XW is the axis pointing towards the
relative direction of the wind, while ZW is the axis that
is taken normal to the axis ZW and lies in the plane of
symmetry of the system.

The proper geometric definition of the body-fixed, earth-
fixed, and wind-fixed reference systems represents a prelim-
inary step of paramount importance for the identification of
the fundamental aerodynamic forces and moments required
for the use and the implementation of the flight mechanics
concepts. More specifically, the knowledge of the angle of
attack denoted with α is crucial in this type of investigation.
In fact, it affects the aerodynamic actions of the aircraft [78],
[79]. It is constructed by measuring the angle between the
longitudinal axis of the rigid body representing the aircraft
system and the absolute direction of the relative velocity of
the wind that runs over the airfoil. Therefore, it represents
the angular distance between the axes XB and XW . By
following the typical convention, one can identify a negative
value of the angle of attack when the lift force that affects
the airfoil is in the upper-lower direction of the airfoil and
positive vice versa. It is, therefore, calculated as follows:

α = tan−1
(w
u

)
(8)

where, as shown in Figure 1, w and u denote the third and
the first component of the velocity vector, respectively.

In general, for correctly modeling the spatial motion of
an aircraft, one should take into account three principal cat-
egories of aerodynamic actions affecting this system. These
are the force induced by the aerodynamic actions, the force
of gravity, and the force of propulsion. The force induced
by the aerodynamic actions is indicated by the symbol FA
and acts along the relative direction of the wind velocity in
the wind-fixed frame of reference [80], [81]. The force of
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Fig. 1. Aircraft model and reference systems.

gravity is indicated by the symbol FG and acts along the
vertical axis of the earth-fixed frame of reference. The force
of propulsion is indicated by the symbol F̄P and acts along
a predetermined constant direction in the body-fixed frame
of reference. If one considers only the longitudinal motion
of an aircraft, the set of externally applied forces mentioned
before can be analytically described as the following:

FG =

[
0
mg

]
E

(9)

F̄P =

[
Tp,x

0

]
B

≈
[
Tp
0

]
B

(10)

FA =

[
−D
−L

]
W

=

[
−D cos (α) + L sin (α)
−D sin (α) − L cos (α)

]
B

(11)
where m is a constant quantity denoting the total mass of the
aircraft, g identifies the constant gravity acceleration, Tp is
a function of time describing the propulsion force generated
by the engines of the aircraft, L is a function of the aircraft
configuration representing the magnitude of the lift force,
and D is a function of the aircraft configuration representing
the magnitude of the drag force. One can also define the
aerodynamic actions as follows:

L =
1

2
ρv2
∞SCL (12)

D =
1

2
ρv2
∞SCD (13)

where CL is a constant parameter representing the lift
coefficient, CD is a constant parameter representing the drag
coefficient, ρ is a constant parameter representing the density
of the air, v∞ is a function of the aircraft configuration
representing the relative velocity of the aircraft, and S is
a constant parameter representing the reference surface [7],
[9]. Additionally, one can also introduce the net moment
applied to the aircraft, which is referred to as the pitching
moment, it is calculated about the Y B axis of the body-
fixed reference frame, and it is mathematically given by the
following equation:

Mm =
1

2
ρv2
∞ScCm (14)

where Cm is a constant parameter representing the pitching
moment coefficient and c is another constant coefficient
representing the mean aerodynamic chord [7], [9].

C. Modeling the Aerodynamic Coefficients

Generally, in the literature, the aerodynamic coefficients
are modeled in what is called a quasi-steady approach [7],
[9]. By doing so, these coefficients are functions only of
flight variables at a generic instant of time, not of those at
previous instants of time. The aerodynamic forces can, there-
fore, be modeled as the sum of four different aerodynamic
effects and are given by:

Ck (t) = Ck,static (Ma, α, β, δ)

+Ck,dynamic

(
(pb−pw)b

2V , (qb−qw)c
2V , (rb−rw)b

2V

)
+Ck,flow

(
pwb
2V ,

qwc
2V ,

rwb
2V

)
+Ck,downwash (α (t− τ) , β (t− τ))

(15)
where Ck represents a generic aerodynamic coefficient la-
beled with the subscript k. In Equation (15), all variables
are evaluated at the same time t, except where explicitly
mentioned. The static term denoted with Ck,static depends
on the Mach number Ma of the relative flow, as well as
the aerodynamic angles α and β, and the control surface
deflection δ. The dynamic term Ck,dynamic depends on the
three components of the relative angular velocities between
the body-fixed axes and the wind-fixed axes, which are
respectively denoted with the six scalar functions pb, qb,
rb, pw, qw, and rw. The third term denoted with Ck,flow

is the flow curvature effect, which arises when the aircraft is
flying following a curved path. It is a function of the angular
velocity components corresponding to the nondimensional
wind-axis, which represent the flight path curvature. The
downwash lag term denoted with Ck,downwash, on the other
hand, is the only term that is strictly not a quasi-steady effect
as it represents the aerodynamic forces/moments generated
at the tail due to changes in α and β at the wing at an
earlier time equal to τ ≈ lt

V , where lt represents the distance
between the aerodynamic center of the tail and the wing. It
is noteworthy to emphasize the fact that proper modeling of
the aerodynamic coefficients relative to the aircraft of interest
is of fundamental importance for obtaining from dynamical
simulations a set of numerical results that is coherent with
the physics of the problem under study.

III. NUMERICAL RESULTS AND DISCUSSION

This section focuses on the description of the aircraft
model developed and analyzed in this paper. The first sub-
section contains a concise illustration of the main properties
of the demonstrative example analyzed in the paper. In the
second subsection, the simplifying assumptions that charac-
terize the case study, such as the absence of control surfaces,
the consideration of an axial thrust force, and the aircraft
modeling including a basic set of aerodynamic actions, are
described. In the third subsection, the case of an aircraft
with more realistic aerodynamics is considered, as well as the
presence of the elevator as the only control surface. Finally, a
general discussion of the numerical results obtained through
computer simulations is provided in the fourth subsection.

Once the system is modeled by employing a Lagrangian
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approach, the dynamical equations are symbolically derived
and transformed in numerical procedure using MATLAB in
a quasi-automatic process. Thus, this section includes the
description of the case study, the numerical results calculated
by using the approach proposed in the paper, and a discussion
of the findings of the paper.

A. Description of the Case Study

In this subsection, the illustrative system of interest for
this research work is introduced and described in detail to
simplify the successive process of integration between the
computer-aided design and analysis [82], [83]. A list of all
system data is reported in Table I.

TABLE I
CESSNA 172 SKYHAWK MAIN FEATURES.

Parameters Data (Units)
Length 8.28 (m)

Wingspan 11.0 (m)
Height 2.72 (m)

Wing area 16.2 (m2)
Aspect ratio 7.32 (−)
Airfoil type NACA 2412

Empty weight 767.0 (kg)
Gross weight 1111.0 (kg)

Takeoff distance 290.0 (m)
Rate of climb 3.66 (m/s)

Cruise velocity 226.0 (km/h)
Stall velocity 87.0 (km/h)

Mean aerodynamic chord 1.47 (m)
Lift coefficient 0.147 (−)
Drag coefficient 0.019 (−)

Pitching moment coefficient 0 (−)
Moment of inertia 1824.93 (kg ×m2)

To derive a mechanical model of the demonstrative system
considered as the case study of this paper, a single rigid
body is used to model the dynamical behavior of the aircraft.
For this purpose, three degrees of freedom were taken into
account. Among the three system degrees of freedom, the
first two of them represent the translation of the center of
mass of the aircraft, whereas the third and last one represents
the rotational motion of the aircraft in the longitudinal plane.
Therefore, a set of three Lagrangian coordinates, two for the
translation (x and z) and one for the rotation about the axis
orthogonal to the plane considered for the motion (θ), is
chosen. The generalized coordinate vector of the mechanical
model under study is given by:

q =
[
x z θ

]T
(16)

where x and z identify the horizontal and vertical coordinates
of the aircraft center of mass, respectively, θ is the angular
displacement of the aircraft longitudinal axis, d = 2 is the
space dimension, and nq = 3 is the number of Lagrangian
coordinates. Once the dimensions d and nq are set, one can
determine the number of state variables as nz = 2nq = 6,
which will be employed in the standard definition of the
state-space dynamic model introduced in the computer im-
plementation of the numerical integration algorithm.

To simplify the geometric representation of the system at
hand, the geometry aircraft is simply modeled as a triangle.
The vertices of the triangular geometric shape used to model
the aircraft are denoted by the three points A, B, and C, as
shown in Figure 2.

-10 -5 0 5 10
-10

-5

0

5

10

A
B

C

W1 W2

G

Fig. 2. System geometry schematization.

The geometric points W1 and W2 shown in Figure 2 serve
to identify the wheels of the aircraft, while the point G
represents the centroid of the aircraft. Three fundamental
reference systems are introduced, as discussed in the previous
subsection. The geometric vectors of the relevant geometric
points rA, rB , and rC can be respectively derived by
applying the fundamental formula of rigid kinematics as
follows:

rA = RCM + AbeūA

=

[
x
z

]
+

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

] [
−(Ba − xCG)

−zCG

]

=

[
x− (Ba − xCG) cos(θ) + zCG sin(θ)
z − zCG cos(θ) − (Ba − xCG) sin(θ)

]
(17)

rB = RCM + AbeūB

=

[
x
z

]
+

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

] [
xCG
−zCG

]

=

[
x+ xCG cos(θ) + zCG sin(θ)
z − zCG cos(θ) + xCG sin(θ)

] (18)

rC = RCM + AbeūC

=

[
x
z

]
+

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

] [
−(Ba − xCG)
Ha − zCG

]

=

[
x− (Ba − xCG) cos (θ) − (Ha − zCG) sin(θ)
z + (Ha − zCG) cos (θ) − (Ba − xCG) sin(θ)

]
(19)
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where RCM denotes the absolute position vector of the
aircraft centroid, Abe identifies the global rotation matrix of
the body-fixed coordinate system, xCG and zCG represent the
local components corresponding to the Cartesian coordinates
of the aircraft center of mass, while Ba is the aircraft base
length and Ha is the aircraft height, which respectively
represent the lengths of the segments AB and AC shown
in Figure 2. Additionally, one can readily define the absolute
velocity vector of the aircraft centroid denoted with ṘCM ,
consisting of the derivative with respect to the time of the two
generalized coordinates. In the computation of this velocity
vector, the action of a wind current denoted with w is also
considered. This is done by using two additional quantities,
namely, the wind direction indicated as αW and its intensity
indicated as w0, as described below:

ṘCM,relative = ṘCM − w

=

[
ẋ− wx
ż − wz

]
=

[
ẋ− w0 cos (αw)
ż − w0 sin (αw)

] (20)

The square of the magnitude of the relative wind velocity
is indicated as v2

CM,relative and is given by:

v2
CM,relative = ṘT

CM,relativeṘCM,relative

= (ẋ− w0 cos (αw))
2

+ (ż − w0 sin (αw))
2

(21)

The angular velocity of the aircraft modeled as a rigid
body is indicated as ωa and is equal to:

ωa = θ̇ (22)

The time law Tp of the thrust force FP is modeled as a
ramp function and is given by:

Tp = Ft, Ft =

{
Tpc

(
3τ2 − 2τ3

)
Tpc

,
,

t ≤ ttc
t > ttc

(23)
with:

τ =
t

tc
(24)

and
FP = AbeF̄P

=

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

] [
Tp
0

]

=

[
Tp cos(θ)
Tp sin(θ)

] (25)

where Tpc identifies the final value for the cruise motion of
the thrust force and tc represents the transient time of the
ramp function. A graphical representation of the time law
Tp of the thrust force is shown in Figure 3.

To model in a simple but effective fashion the contact
between the aircraft and the ground, a penalty approach is
employed. For this purpose, two penalty forces denoted with
Fnc1

and Fnc2
are applied in the correspondence of the

wheels in order to prevent the interpenetration between the
aircraft and the ground. The two global vectors of penalty
forces acting on the wheels denoted with Fn1

and Fn2
are

modeled as described below. The first global force vector

0 10 20 30 40 50
0

1000

2000

3000

4000

5000

Fig. 3. Thrust force modeled as a ramp function.

denoted with Fn1
associated with the first wheel is given

by:

F̄n1 =

[
0

Fnc1

]
(26)

where:
Fn1

= AbeF̄n1

=

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

] [
0

Fnc1

]

=

[
−Fnc1

sin(θ)
Fnc1

cos(θ)

] (27)

and
Fnc1

=

{
0

kzc1 + σżc1

,
,

zc1 > 0
zc1 ≤ 0

(28)

The second global force vector denoted with Fn2
associ-

ated with the second wheel is given by:

F̄n2
=

[
0

Fnc2

]
(29)

where:
Fn2 = AbeF̄n2

=

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

] [
0

Fnc2

]

=

[
−Fnc2

sin(θ)
Fnc2

cos(θ)

] (30)

and
Fnc2

=

{
0 , zc2 > 0

kzc2 + σżc2 , zc2 ≤ 0
(31)

where k and σ are two physical parameters having constant
values used to mathematically describe in a simple manner
the elastic and dissipative properties of the ground, while
zc1 , zc2 , żc1 , and żc2 represent the vertical positions and
the vertical velocities of the two points, respectively denoted
with W1 and W2, at which the contact of the aircraft wheels
with the ground occurs.

The aerodynamic actions acting on the system are the lift
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force indicated with the vector symbol L, the drag force
indicated with the vector symbol D, and the pitching moment
indicated with the scalar symbol Mm. The aerodynamic
forces (lift and drag) are mathematically defined in the
wind-fixed reference system. To correctly project them, a
special rotation matrix denoted with Awb containing the
angle of attack is introduced. To this end, in the case of
the aerodynamic lift force, one can write:

L̄ =

[
0
FL

]
(32)

and

L = AbeAwbL̄

=

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

] [
cos(α) − sin(α)
sin(α) cos(α)

] [
0
FL

]
(33)

Similarly, in the case of the aerodynamic drag force, one
can write:

D̄ =

[
−FD

0

]
(34)

and

D = AbeAwbD̄

=

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

] [
cos(α) − sin(α)
sin(α) cos(α)

] [
−FD

0

]
(35)

being:

FL =
1

2
ρCLv

2
CM,relativeS (36)

FD =
1

2
ρCDv

2
CM,relativeS (37)

Mm =
1

2
ρCmv

2
CM,relativeSc (38)

where FL is the intensity of the lift force, FD is the intensity
of the drag force, and Mm is the intensity of the pitching
moment.

The kinetic energy of the aircraft system is given by the
sum of a translational component and a rotational component
as follows:

Taircraft = 1
2mv

2
CM,relative + 1

2Iyyω
2
a

= 1
2m
(

(ẋ− w0 cos (αw))
2

+ (ż − w0 sin (αw))
2
)

+ 1
2Iyy θ̇

2

(39)

where m and Iyy respectively represent the mass and the
mass moment of inertia of the aircraft model. The potential
energy of the aircraft system is due to the gravity field and
is given by:

Uaircraft = mghCM = mgz (40)

By using a Lagrangian approach, the inertia generalized
force vector denoted with Qi can be systematically obtained
using the Lagrange equations of the second kind as follows:

(
∂Taircraft

∂q

)T
=

 ∂Taircraft

∂x
∂Taircraft

∂z
∂Taircraft

∂θ

 =

 0
0
0

 (41)

(
∂Taircraft

∂q̇

)T
=

 ∂Taircraft

∂ẋ
∂Taircraft

∂ż
∂Taircraft

∂θ̇

 =

 m (ẋ− w0 cos (α))
m (ż − w0 sin (α))

Iyy θ̇


(42)

Qi = − d
dt

(
∂Taircraft

∂q̇

)T
+
(
∂Taircraft

∂q

)T
=

 −mẍ
−mz̈
−Iyy θ̈


(43)

The corresponding mass matrix denoted with M is given
by:

M = −∂Qi

∂q̈ =

 m 0 0
0 m 0
0 0 Iyy

 (44)

The inertia quadratic velocity vector denoted with Qv is
given by:

Qv =
(
∂T
∂q

)T
− Ṁq̇ = Qi + Mq̈ =

 0
0
0

 (45)

The conservative external generalized force vector indi-
cated with the mathematical symbol Qe,c can be readily
computed as follows:

Qe,c = −
(
∂U
∂q

)T
=

 0
−mg

0

 (46)

The total nonconservative external generalized force vector
indicated with the mathematical symbol Qe,nc is, therefore,
given by:

Qe,nc =
(
δWe,nc

δq

)
= QFp

+ QFn1
+ QFn2

+ QL + QD

(47)

where QFp , QFn1 , QFn2 , QL, and QD respectively represent
the generalized force vectors associated with the thrust force,
the reaction forces of the wheels, and the lift and drag
aerodynamic actions, which are respectively given by:

QT = LT (P ) FP

=

[
I

ūTT (P ) AT
be

]
FP =

[
FP
MT

] (48)

QFn1
= LT (P ) Fn1

=

[
I

ūTFn1
(P ) AT

be

]
Fn1 =

[
Fn1

MFn1

] (49)

QFn2
= LT (P ) Fn2

=

[
I

ūTFn2
(P ) AT

be

]
Fn2

=

[
Fn2

MFn2

] (50)

QL = LT (P ) L =

[
I
0

]
L =

[
L
0

]
(51)

QD = LT (P ) D =

[
I
0

]
D =

[
D
0

]
(52)
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The total external generalized force vector denoted with
Qe applied on the aircraft system is:

Qe = Qe,c + Qe,nc (53)

The total body generalized force vector denoted with Qb

is:
Qb = Qv + Qe (54)

By using a Lagrangian approach, one can derive the
system dynamical model represented in matrix form by the
following set of equations of motion:

Mq̈ = Qb (55)

The set of differential equations obtained in this study for
describing the dynamical behavior of the aircraft assumed
as the case study is a nonlinear set of Ordinary Differential
Equations (ODEs). In the MATLAB simulation environment,
these dynamic equations can be analytically implemented
and numerically solved through the development of a special-
purpose computer code, as shown below in this manuscript.

B. Presentation of the Numerical Results with Simplified
Aerodynamics

In this subsection, the numerical results derived in this
work in the presence of a preliminary model having sim-
plified aerodynamics are presented. For this purpose, it is
assumed that aerodynamic coefficients depend only on the
angle of attack, which is mathematically indicated in the
paper with the symbol α. Additionally, to cope with the other
simplifying hypothesis taken into account in this investiga-
tion, it is assumed that the remaining parameters characteriz-
ing the dynamical model of the aircraft stay constant during
the dynamical simulations. In particular, their numerical
values are fixed to the constant value obtained setting to
zero the value of the angle of attack. The mathematical
definition and the subsequent computer implementation of
the dynamical equations of motion of the aircraft system,
based on the multibody approach, allow for the use of virtual
simulations for assessing the system dynamic behavior in
different scenarios of engineering interest. For instance, the
initial conditions of the aircraft system, which represent
fundamental information to simulate the takeoff maneuver,
are considered as the following:

q0 =

 x0

z0

θ0

 =

 0
0
0

 (56)

q̇0 =

 ẋ0

ż0

θ̇0

 =

 0
0
0

 (57)

Considering the set of initial conditions mentioned before
and the mathematical model of the aircraft system, it is
possible to run a large number of computer simulations in
MATLAB and obtain the desired numerical results. In par-
ticular, three main arrays of numerical results are presented
in this subsection, as shown in Figures 4, 5, and 6.

Considering the takeoff maneuver, the time law found for
the angle of attack denoted with α and the trajectory resulting
for the aircraft center of mass denoted with G are reported
herein, as respectively shown in Figures 4(a) and 4(b). Also,
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(a) Time evolution of the angle of attack α.

0 1000 2000 3000 4000
0

100

200

300

400

500

600

(b) Center of mass x− z trajectory.
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(c) Time evolution of the angular displacement θ.

Fig. 4. Aircraft dynamic behavior with simplified aerodynamics.

Figure 4(c) represents the variation in time of the angle θ.
Figures 5(a), 5(b), and 5(c) show the variation in time of
the horizontal, vertical, and angular velocity, respectively.
Finally, Figure 6(a) shows the time transient of the lift force,
Figure 6(b) represents the time transient in time of the drag
force, whereas Figure 6(c) represents the time transient of
the net pitching moment. From a physical standpoint, the
numerical results shown in Figures 4, 5, and 6 are consistent
with what is expected for the transient behavior of the
aircraft in correspondence of the takeoff maneuver under the
simplifying assumptions adopted [84].

C. Presentation of the Numerical Results with Realistic
Aerodynamics

In this subsection, the variation of the aerodynamic co-
efficients is taken into account. Furthermore, the influence
of the elevator is considered, which mainly influences the
lift coefficient and the pitching moment coefficient. Usually,
the deflection of the elevator is defined as positive with
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(a) Time evolution of the horizontal velocity.
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(b) Time evolution of the vertical velocity.
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(c) Time evolution of the angular velocity.

Fig. 5. Dynamic behavior of the aircraft velocity with simplified aerody-
namics.

a downward elevator deflection, negative vice versa. The
mathematical expression of the aerodynamic coefficients can
be written in the following simplified form:

CL = CL (α, δe) = C0
L + ∆CL (58)

CD = CD (α) = C0
D (59)

Cm = Cm (α, δe) = C0
m + ∆Cm (60)

where C0
L, C0

D, and C0
m are the aerodynamic coefficients

value in absence of the elevator, whereas ∆CL and ∆Cm
are the variations of the aerodynamic coefficients due to the
presence of the deflection of the elevator. These values are
obtained through Digital DATCOM, a database based on a
collection of experimental test results carried out in the wind
tunnel in various configurations and for various aircraft. By
compiling the input file for the aircraft considered, an output
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(a) Time evolution of the lift force.
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(b) Time evolution of the drag force.
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(c) Time evolution of the net pitching moment.

Fig. 6. Dynamic behavior of the aerodynamic actions with simplified
aerodynamics.

file is obtained containing, among other information, the
numerical values of the aerodynamic coefficients as the angle
of attack varies as well as the increases they undergo as the
angle of deflection of the elevator. By using the appropriate
function, called datcomimport, one can import the Digital
DATCOM output file in a vector form in MATLAB. The
values of the aerodynamic coefficients imported in MATLAB
are, therefore, discrete. To transform them into continuous
functions, the following polynomial interpolation is used:

Ck = C0
k + ∆Ck (61)

where Ck depends only on the angle of attack denoted with
α and ∆Ck depends only on the deflection of the elevator
denoted with δe. The interpolating functions associated with
the aerodynamic coefficients are defined as follows:

C0
k =

N∑
i=0

aiα
i, ∆Ck =

M∑
j=0

bjδ
j
e (62)
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where ai and bj are the constant coefficients that appear
in the interpolating functions describing the aerodynamic
coefficients. The aerodynamic coefficients obtained from the
computer implementation of the analysis described above are
shown in Figure 7.
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(a) Lift coefficient.
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(c) Pitching moment coefficient.

Fig. 7. Polynomial interpolation of the aerodynamic coefficients.

In particular, the variation of the lift coefficient with
respect to the angle of attack is shown in Figure 7(a), the
variation of the drag coefficient with respect to the angle
of attack is shown in Figure 7(b), and the variation of the
pitching moment coefficient with respect to the angle of
attack is shown in Figure 7(c).

In Figures 8, 9, and 10, on the other hand, the main
numerical results obtained from dynamical simulations cor-
responding to the scenario with more realistic aerodynamics
are shown.

More specifically, the variation in time of the angle of
attack is represented in Figure 8(a), the global trajectory of
the centroid of the aircraft is represented in Figure 8(b), and
the time transient of the angle θ is represented in Figure
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(a) Time evolution of the angle of attack α.
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(c) Time evolution of the angular displacement θ.

Fig. 8. Aircraft dynamic behavior with more realistic aerodynamics.

8(c). Additionally, Figures 9(a), 9(b), and 9(c) show the time
transient of the vertical, horizontal, and angular velocity, re-
spectively. Finally, Figure 10(a) represents the time transient
of the lift force, Figure 10(b) represents the time transient
of the drag force, while Figure 10(c) represents the time
transient of the net pitching moment. Again, the transient
behavior of the Cessna aircraft system that is assumed as
the demonstrative example of the present paper is in full
agreement with the physics of the problem under study.

D. Remarks and Discussion

This subsection proposes some general remarks and a
short discussion about the dynamical behavior of the aircraft
system assumed as the demonstrative example of the paper.
More precisely, some comments about the accuracy of the
numerical results obtained through dynamic simulations are
reported herein. In general, despite the simplifying hypoth-
esis necessary for reasonably modeling the aircraft system
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(a) Time evolution of the horizontal velocity.
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(b) Time evolution of the vertical velocity.
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(c) Time evolution of the angular velocity.

Fig. 9. Dynamic behavior of the aircraft velocity with more realistic
aerodynamics.

representing the case study, it can be stated that the desired
motion of the aircraft system during the takeoff phase was
correctly reproduced using the computer simulations carried
out in the MATLAB environment.

With respect to the first simulation, consistently with the
simplified assumptions adopted, the angle denoted with θ
assumes zero value along with the entire simulation, as well
as the pitching moment. In accordance with the character-
istics of the aircraft system considered in the case study,
the detachment from the ground takes place after around 30
seconds. Another fundamental aspect is relative to the time
transient of the angle of attack, which is indicated by the
symbol α. Initially, the angle of attack is almost identically
equal to zero. As the altitude of the aircraft increases, the
numerical value of the angle of attack starts growing in
correspondence with the ground run. Subsequently, one can
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(a) Time evolution of the lift force.
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(b) Time evolution of the drag force.
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(c) Time evolution of net pitching moment Mm.

Fig. 10. Dynamic behavior of the aerodynamic actions with more realistic
aerodynamics.

observe that the angle of attack decrease when it reaches
a certain value of about 0.45 radians, and this behavior
could be explained by imagining that the stall phenomenon
starts taking place since the value of the angle of attack is
becoming too high. The triggering of the stall phenomenon
leads to a sudden and sharp reduction of the value of the lift
force, and, at the same time, a drastic increase in the value
of the drag force. The final result is, therefore, a reduction
of the vertical altitude of the aircraft, thereby representing
a dangerous situation to be avoided [85]–[88]. To timely
counteract this problem and to avoid excessive growth of
the absolute value of the angle of attack, the pilot and/or the
aircraft control system must properly adjust the deflection
of the control surfaces to properly guide the motion of the
aircraft [89], [90].

With respect to the results obtained from the second
simulation, making a comparison with the results obtained
from the first simulation, it can be seen how the presence
of the elevator generates greater values of the magnitudes of
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the lift force as well as of the pitching moment. However,
it is particularly important to note that the altitude of the
aircraft does not increase excessively during the simulation
time. This is due to the fact that modeling the thrust force
as a ramp function and imposing a constant deflection of the
elevator are not sufficient assumptions to effectively control
the system. Therefore, it would be more appropriate to model
the deflection of the elevator as an explicit function of time.
Furthermore, the aircraft system is under-actuated as one
wants to control three output variables, namely two linear
displacements and one angular displacement, by manipulat-
ing only two input variables, namely the thrust force and
the deflection of the elevator. These important aspects were
not deliberately considered in this investigation and will be
addressed in future works.

IV. SUMMARY, CONCLUSIONS, AND FUTURE WORK

In general, the authors are interested in three main research
fields concerning multibody dynamics, nonlinear control,
and applied identification of mechanical systems. More
specifically, these research areas are system identification of
structural systems, control of robotic manipulators, and rigid-
flexible dynamics of articulated mechanisms [91]–[95]. This
paper fits this research framework because it is devoted to
the development of a simplified model for the longitudinal
flight dynamics of the aircraft called Cessna 172 Skyhawk.
This objective is achieved within the multibody system
framework and employing a fully Lagrangian approach for
the mathematical generation of equations of motion, which
is subsequently implemented and solved by using MATLAB
computer codes specifically developed by the authors.

In summary, under appropriate simplifying assumptions, a
multibody model that can correctly simulate the longitudinal
dynamics of an aircraft was developed in this paper. To
consistently capture the geometry, inertia, and aerodynamic
properties of the system of interest for this investigation,
the illustrative system analyzed in this study is the Cessna
172 Skyhawk. In order to focus on the longitudinal flight
dynamics, the aircraft under consideration was modeled as
a multibody system endowed only with a planar motion,
that is, only three degrees of freedom were considered in
the virtual model, while the externally applied forces were
assumed to be applied following a simplified configuration.
A comprehensive computer code, programmed in MATLAB
to numerically solve the multibody equations of motions
that were mathematically derived in the paper, was used
to carry out the necessary virtual simulations considering
a Lagrangian formulation. For this purpose, in the last
version of the simplified aircraft model devised in this study,
a realistic set of aerodynamic coefficients obtained from
the digital DATCOM software is used to perform dynamic
simulations. The computational results obtained in this work
through numerical simulations realized in the MATLAB sim-
ulation environment are consistent with the physics behind
the problem at hand.

In future research works, the goal is to consider not only
the action of the control surfaces but also the dynamics of the
aircraft in a three-dimensional space, thereby enhancing the
basic description of the aircraft and removing the simplifying
assumptions taken into account in this preliminary study.
In this vein, the authors want to derive in the multibody

framework a more sophisticated mathematical model of the
aircraft considered as the illustrative example of the present
paper having six degrees of freedom. The modeling of the
aerodynamic coefficients should be improved as well in
future investigations employing, for example, a combination
of the information obtained using the digital DATCOM
software with the theory that stands behind the vortex lattice
method. Also, by considering a more comprehensive dynam-
ical model, in future investigations will be possible to explore
the topic of aircraft control by modeling the deflection of
the elevator and the other control surfaces, as well as the
thrust as a specifically designed function of time. In future
investigations, the relevant topics mentioned before will be
fully addressed and thoroughly explored.
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