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Signless Laplacian Energy of Partial Complement
of a Graph

Swati Nayak, Sabitha D’Souza* and Pradeep G. Bhat

Abstract—The energy E(G) of a graph G, defined as the
sum of the absolute values of its eigenvalues, belongs to the
most popular graph invariants in chemical graph theory. It
originates from the m—electron energy in the Huckel molecular
orbital model, but has also gained purely mathematical interest.
Let qi,q2,...,q. be the signless Laplacian eigenvalues of G.
The signless Laglacian energy of GG has recently been defined

as QE(G) = > |gi — 22|. In this paper, we define signless
i=1

Laplacian enerlgy of partial complements of a graph. Signless
Laplacian spectrum of partial complements of the few classes of
graphs are established. Some bounds and properties of signless
Laplacian energy are obtained.

Index Terms—partial complement signless Laplacian energy,
partial complement signless Laplacian spectrum, partial com-
plement signless Laplacian eigenvalue.

I. INTRODUCTION

ET G be a graph with n vertices {v1, vo, ..., v,} and m

edges. Let A = (a;;) be the adjacency matrix of graph
G. |A — M |= 0 is characteristic equation of graph G. The
eigenvalues A1, Ag,..., A, of A, assumed in non increasing
order, are eigenvalues of graph G. As A is real symmetric,
the eigenvalues of GG are real with sum equal to zero. The
energy [4] E(G) of G is defined to be sum of absolute values

of eigenvalues of G. i.e., E(G) = Y_|\;|. The concept of

energy of a graph was introduced f)_yl Ivan Gutman in the
year 1978. More on Energy of the graphs we refer [1], [2],
(31, [51. (6], [8], [11], [12].

For v € V, degree of v, written by d(v), is number of
edges incident on v. Let D(G) be diagonal matrix of vertex
degrees. Then Laplacian matrix of G is L(G) = D(G) —
A(G). In 2006, Ivan Gutman and Bo Zhou defined Laplacian

energy of graph [9] as LE(G) = > |u; — 22

n

, Where set

=1
{p1, o, ..., in + is the Laplacian spectrum of graph G.
The square matrix Q(G) = D(G) + A(G) is referred
as Signless Laplacian matrix of G and signless Laplacian

energy is defined as QE(G) = > |¢ — 22|, where set

n

i=1
{¢1,92,...,q,} forms the signless Laplacian spectrum of

graph G.
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Fedor V. Fomin et.al [7] introduced partial complements
of graph. In this paper, we study signless Laplacian spec-
tra/energy of partial complements of a graph.

This paper is organized as follows. In section 2, we give
necessary definitions and some known results. In section 3,
we give properties of signless Laplacian energy of partial
complements of a graph. In section 4, we derive few upper
and lower bounds for signless Laplacian energy of partial
complements of a graph and in section 5, we obtain signless
Laplacian spectrum of partial complements of families of a
graph.

II. PRELIMINARIES
Ay Ay
A1 Ao
matrix of order 2. Then spectrum of A is the union of spectra

Of AQ + A1 and AO — Al.

Proposition 1. Let A = { be a symmetric block

Proposition 2. Let M, N, P,Q be square matrices, and

let M be invertible. Let S = J\I{ g] Then detS =
det M.det][Q — PM~IN]. If M and P commute, then

det S = det[MQ — PN].

Definition 3. [7] Let G = (V, E) be a graph and S C V.
The partial complement of a graph G with respect to S,
denoted by G @ S, is a graph (V, Eg), where for any two
vertices u,v € V, wv € Eg if and only if one of the following
conditions holds good:
1) u¢g Sorvég S and uv € E.
2) u,v € S and uv ¢ E.
Alternatively, we can also define partial complement of
graph G with respect to a set S as graph obtained from
G by removing edges of (S) and adding the edges which
are not in (S).

Definition 4. [10] Let G & S be a partial complement of a
graph G and S be an induced subset of a vertex set of graph
G. Then partial complement adjacency matrix of graph G&S
is a n x n matrix denoted as A,(G ® S) = (a;;)., where

1, ifv; and v; are adjacent with i # j
a;;j =<1, ifi=jandv, €8
0, otherwise.

Characteristic polynomial of partial complement of a
graph G is denoted by |[A\ — A,(G @ S)| and partial
complement energy of G is denoted by E,(G @& S) and is

defined as E,(G @ S) = > |\l
i=1
Let G® S = (V, Eg) be partial complement of a graph

G on n vertices and mg edges. Let D(G & S) be diagonal
matrix of vertex degrees. Then partial complement signless
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Laplacian matrix of G & S is Proof: By taking a; = 1 and b; = |g;| in Cauchy-
Schwarz inequality, we get
QG S)=DGaS)+ A, (G S). )
. . . 2
Partial complement signless Laplacian energy of graph G <Z|qz> < nZ|qi|
n 2 S S
is defined as QE,(G® S) = > rqi _Lns ) =t =t
i=1 n 9
The set {q1,q2,...,qn} is partial complement signless n
Laplacian spectrum of the graph G. Z|Q1| <n2R
i=1
n
III. PROPERTIES OF SIGNLESS LAPLACIAN ENERGY OF Z|q"|§ V2Rn.
PARTIAL COMPLEMENTS OF A GRAPH i=1
Theorem 5. If qi,qs,...,q, represent eigenvalues of a BY triangle inequality,
signless Laplacian matrix of partial complement of a graph 2mg 2mg )
G with n vertices and mg edges, then K. <la:[+ n Vi=1,2,..m
1) 21 qi = 2ms +|S|. §|qi|+2m—S,Vi:1,2,...,n
i= n
2 2 = 2 + di + 1 21 h 2
) Z;ql s ;:1( T 5i)% where Hence, ‘qi _ s < V2Rn + 2mg.
n
1 ifv € (S) By Arithmetic mean and Geometric mean inequality,
S; —
0 if v ¢ (S) L
1 n(n—1)
Proof: n(n—1) Z\%‘H%‘\ 2 H|Qi”%|
1) Sum of principal diagonal elements of i#] i#]
n > [det Qy(G @ S)]"
= . =92 . 2/n
Q,(G® S) Z;dl +19|= 2mg + |9 > laillgs] > n(n — 1) [det Qu(G @ $)]*/™.
i—
i#]
Also sum of eigenvalues of > n(n— 1)D2/”
Qp(G® S) =trace of Qp(G®S5). Consider,
n 2 n
Thus > ¢q; = 2mg + |S]. <Z|Qz|> = Z|qi|2+ Z|qi”qj‘
1=1 i= i= i#]
2) We know that sum of squares of eigenvalues of nl 5 ' 7
. 2/n
QP(G@S) = trace Of Qi(G@S) <Z|QI|> Z2R+n(n—1)D
=1
n n n We know that.
ieny qi =y > il |ai|— ‘ 25 | < g — 205 vy,
i=1 i=1 j=1 n
n ~ " 2mg " 2ms .
= 2 e lgi|— < qi — , Vi,
_Zlii_'_zlljlﬂ ; ; n ZZ:; "
i=1 i#] n
n Z|q1-|—2ms < QEP(GEBS)v
ZZ(di+Si)2+2Zli2j i=1
= i<i QE,(G® 8) > /2R + n(n — 1)D/",
:2m5 + Z(dl —+ Si)z, ||
=1 Theorem 7. Let G & S be partial complement of a graph
1 ifv; €(S) G with induced set S of vertex set of G. Then
where s; = 0 ifv (S
if vi & (S) QE,(G ® S) < /2Rn — dms(|S|+ms).
So z”: G2 = 2R, where R = ms + z"‘: (di + 50)2 - Proof: By applying C;%l;chy—Schwarz inequality for
i=1 i=1 a; =1 and b; = ¢; — ——, we obtain
n
n 2 n n
IV. BOUNDS FOR SIGNLESS LAPLACIAN ENERGY OF (Z g = ms > < <Z 1) <Z g 2ms 2)
PARTIAL COMPLEMENTS OF A GRAPH i=1 n i=1 i=1 n
Theorem 6. Let G & S be partial complement of a graph [QE,(G & 9)]* <n {zn: @+ i 4"? _y4dms (2ms + \S|)}
G with n vertices and mg edges. Then <2R":1 N ”’Sl
V2R + n(n — 1)D¥" — 2mg < QE,(G ® S) < V2Rn + =2~ ams([Shtms)
2mg, where D = |Q,(G & S). QE(G®5) S\/21“3” = 4ms(|S]+ms).
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Theorem 8. If 1 > q2 > q3 > ... > q,, are signless Lapla-
cian eigenvalues of G, then QE,(G® S) < <q1 — QmSS +

4dmg
n

n 2 n n
Proof: We have (Z aibi) < (Z a?) ( b?),
i=2 i=2 i=2

by Cauchy-Schwarz inequality for (n — 1) terms.

2
4mS

\/(n—l) [2R—q%+(n—1) ca

(2ms + \S|—q1>} .

L 2mg 2 L L 2msg 2
> e — < L)X o —
i=2 i=2 =2 n
9 2

EGo8) - o= 222 <0 1)

n n 4 4

{Z ¢+ Yy o -4 (2ms+|5|)}

=2 i=2 N n

QE,(G® S) < (1 — 22“) +

4m§~ 4dmg

\/<n—1>[2R—q%+<n—1> u

-4

5 (oms + 15100

V. PARTIAL COMPLEMENT SIGNLESS LAPLACIAN
SPECTRUM OF SOME CLASSES OF GRAPHS

Now we compute partial complement signless Laplacian
spectrum for various classes of graphs. We adopt approach of
eigenvector to prove Theorems 9, 12 and 15 (Case 1). In this
approach, the result is proved by showing Q,W = ¢qW for
certain vector W and by making use of fact that geometric
multiplicity and algebraic multiplicity of each eigenvalue ¢
is same, as Q,(G @ S) is real and symmetric.

Theorem 9. Let K ,,_1 &S be partial complement of star
graph with |S|= k vertices including central vertex. Then

1 k—2

Qpspec(Ki1n_1®S5) = {n k-1

2k—-3 a1 g
k—2 1 1 1 ("

Proof: Partial complement signless Laplacian matrix of
Kj 1 is given by Q,(K1,n—1 D S)

(n—k+1)J1 01 (k—1) Jix(n—k)
= | Ow-1)x1 [(k=2)+ J]k-1 Ok—1)x(n—k)
Jn—kyx1 On—k)yx(k—1) Iy .
X
Let W = |Y | be an eigenvector of order n partitioned
Z
conformally with Q, (K1 ,—1 ® S).
Consider
X (n—k+1-¢X+JZ
[Qp(K1n—1®S) — ¢l <Y> = [ (J+(k—2—q )Y ]
z JX —qIZ

(10)
Case l: Let X =0,Y =11 and Z = 0, .
From equation (10), we have

(q—k+2)T = J)p-1.1p_r = (g — 2k + 3)1,_s.

This implies that ¢ = 2k — 3 is an eigenvalue with multiplicity of
at least one.
Case 2: Let X = ¢ — 1, where ¢ be any root of the equation

@ —qn—k+2)+1=0 11)

Let Y =0x-1 and Z = 1,,_.
From equation (10),
[g—n+k—DI(¢g—1)—-J1l=¢"—qn—k+2)+1.

(n—k+2)+/(n—k+22—1

From equation (11), g1 =
(n—k+2)—/(n—k+2)2—-4

and q2 = 5 are eigenvalues both
with multiplicity of at least one.

Case3:Let X = 0,Y =Y and Z = 0,_, where Y} denote the
vector with 1°¢ element 1, j*" element —1, where j = 2,3,..., k—
1 and remaining 0’s.

From equation (10),

(q—k+2)I—J)Y;=(q—k+2)Y; +0
=(g—k+2)Y;.

Hence, ¢ = k£ — 2 is an eigenvalue with multiplicity of at least
k — 2, as there are k — 2 independent eigenvectors of the form Y.

Case4:Let X = 0,Y = 0x_1 and Z = Z;, Z; denote the vector
with 1% element 1, j'" element —1, where j = 2,3,...,n — k
and remaining 0’s.

From equation (10), —J.0+0.0k—1 + (¢ —1)IZ; = (¢ —1)Z;.

So ¢ = 1 is an eigenvalue with multiplicity of at least n —k —1,
as there are n — k — 1 independent eigenvectors of the form Z;.

Since the order of star graph is n, partial complement signless
Laplacian spectrum of K1 -1 @ S is

1 k—2 2k-3 ¢1 q2
n—k—1 ’

k—2 1 1 1
Theorem 12. Partial complement signless Laplacian spec-
trum of complete graph with |S|= k vertices is

n—k+1

k—1

-2
Qpspec(K, & 5) { nﬁkz—l (]11 q12}

Proof: Partial complement signless Laplacian matrix of
K, is

—k+ DI | Jhxn—k
K, o8) = | L
O (Kn®S) [ Tocwa | =2+ Ty
Let W = i,( be an eigenvector of order n partitioned
conformally with Q, (K, & S5).

Consider

X (g—n+k-1)IX-JY
(g1 = @p(Kn © 5)) (Y) B [J§(+ [(q—n+2)I- J]Yl
(13

Case I: Let X = X; =€ —¢€;,5 =2,3,...,kand Y =
Op—k-

From equation (13), (¢—n+k—1)IX; 4+ J0,_1 = (¢ —

Then, ¢ = n — k + 1 is an eigenvalue with multiplicity of
at least k£ — 1 since there are k£ — 1 independent vectors of
the form X;.

Case 2: Let X = Op_1 and Y = Y; = e; — e, where
71=2,3,....,n—k.

From equation (13), JO,—1 + [(¢ — n + 2)] — J]Y; =
(¢ —n+2)Y;.

So ¢ = n—2 is the eigenvalue with multiplicity of at least
n — k — 1 since there are n — k — 1 independent vectors of
form Y.

n—k
C 3:LetY =1, dX=(——-—-—)14,
ase e L an (q—n+k—1> k

where ¢ be any root of the equation

P —0Bn—2k—1)g+{2k—n)*+Ek-2}=0 (14
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From equation (13),

n—=k
—J|l— )1 — 2)I - J|1,—
I (o) bt a0+ D= Tl
—k(n —k)
=— " 1._ -2 k+2)1,_
g—n+k+1 k(@ =2ntE 2)lnog
7q2—(3n—2k—1)q+{2(k—n)2+k—2}1
- g—n+k+1 nh
From equation (14),
3n—2k—1
=5
VBn =2k — 1) —4{2(n — k)2 + (k — 2)}
2
3n—2k—1
and ¢p = ————— —

VB —2k—1)2 —4{2(n — k)2 + (k— 2)}

5 are eigenval-
ues with multiplicity of at least one.

Hence, partial complement signless Laplacian spectrum of
complete graph K, with |S|= k vertices is

n—k+1 n—2 Qo Q2 -
k—1 n—k—1 1 1/

Theorem 15. Let SO & S be partial complement of a crown
graph with |S|= k.

Case 1: If k = 2n,
0 _Jn—-1 n+1 2n+1 2n-1
Qpspec(S, & S) = {n—l n_1 1 1 .

Case 2: If k = n, Qpspec(S% & S) =

4n—-3+p 4n—-3—p 3n—-3+R 3n—3—R
2 2 2 2 ,
1 n—1 n—1

1
where P = \/8n? — 12n+ 5 and R = \/n? — 2n + 5.

Proof: Case 1: Partial complement signless Laplacian
matrix of SO & S is

0 | I+ J), ‘ I,
Qp(S, ®5) = [ L [+ |,,
Let W = ); be an eigenvector of order 2n partitioned
conformally with Q,(S° & 9).
Consider

X1 [(g=n)—J.X - 1Y
[al — Qp(Sp @ S)] [y} = [—I(iX + (g —n)I - J]HY}
(16)

Subcase 1: Let X = X; = e —e¢j,j = 2,3,...,n and
Y = (¢ —n)X, , where ¢ be any root of

¢® —2ng+ (n* —1) = 0. (17)

From equation (16),

~IX; + (g m)I+J)g —n)X; = —X; + (g - n)2X,.

Then by equation (17), g = n+ 1 and ¢ = n — 1 are
eigenvalues with multiplicity of at least n — 1 since there are
n — 1 independent vectors of the form X;.

Subcase 2: Let X =1, and Y = (¢ — 2n)1,,.

—I1, +[(g—n)I — J](g — 2n)1,, =
—1, +[(¢g —2n)(¢g — n) — n(g — 2n)]1,.

So, ¢ = 2n+ 1 and ¢ = 2n — 1 are eigenvalues with
multiplicity of at least one.

Hence, partial complement signless Laplacian spectrum is
n—1 n+1 2n+1 2n-1
n—1 n-—1 1 1

Case 2 : PeFEtial corr)lpleme]nt ‘signless Laplacian matrix of
o _ 2n —2)1 + J], B
S, ®S = B, ‘(n—l)In .

where J is matrix of all 1’s, I is an identity matrix and
B is the adjacency matrix of complete subgraph.

Consider ¢ — Q,(SY @ S)|.

Step 1: On replacing R; by R; — R; — R;y1, where
i=1,2,...,n—1,n+1,...,2n — 1 in above determinant,
we obtain det(A).

Step 2: Applying column operations C; — C; + C;_1 +
...+Cl,i:n,n—1,...,2 and C] — C]+CJ71++
Cpi1,t=2n,2n—1,...,n+ 1 on det(A), we get det(B).

Step 3: In det(B), replacing R; by (¢ —n+1)R; — Rpti»
where i = 1,2,...,n — 1, we get det(C).

Step 4: On expanding the det(C) along the row R;,i #
n, 2n, we obtain

ql = Qp(Sp ® S)|=[(¢ —2n+2)(¢ —n+1) = 1]""!

q—3n-+2 1—n
1—n qg—n+1

Step 5: On simplification we get, |¢] —Q,(S2®S)|= [¢*—

(4n—3)q+2n%—3n+1][¢>—3(n—1)g+(2n? —4n+1)]" L.

Hence, partial complement signless L%)Iacian s;ectrum
in—-3+p 4dn-—-3-—p n— 3+ 3n—3—-R
18 2 2 2
1 1 n—1 n—1
where P = v/8n? —12n+ 5 and R = v/n? —2n + 5. ]

Theorem 18. Let K;,, ® S be partial complement of
complete bipartite graph with partitions V1 and Va of | and
m vertices respectively and S be an induced set of order k
which consists of p vertices of Vi and k — p vertices of V5.
Then partial complement signless Laplacian characteristic
polynomial of Ki ., & S is (g—m+k —2p+ 1)P7 (g —
)P (g =1+ 2p— kD (g =R g (2
20 —2m—k)q> + (—2k? +3km+10kp — k+1?+3lm+3lp—
3l+m? —3mp—3m —10p* + 1)¢® + (2k*m + kI — klm —
5klp+ 2kl — 2km? —9kmp+km —Pm —3Pp+12 —Im? +
2m+T7lp? —lp—1+3m2p+m? +Tmp? + mp—m)q+kl —
kp—Ip+mp—k2l—2k31—kp? +k?p+16kp> +2k3p+8ip3 —
8mp® + p? — 8p* — 10kp? + 2k2Im — 16klp® + 10k>Ip +
8kmp? — 2k>mp + dlmp? — klm + klp — kmp — 4klmp).

Case 1: If p =1, Qpspec(K;, & S) =
(m7k+2l71 E—1—1 1 2k—2—-1 q q2>7

-1 E—l—-1 m—-k+l—1 1 11

where

Vm —k+40—1)2 —41(20 - 1)
2

a=m-k+4—-1)+

and

—k+4l-1)2-4l(21-1
g2 =(m—k+4l—-1)— V(m i 5 ) ( )

Case 2: If k =1,
_ (m+1-1 l Q1 Q2
Qpspec(Kim © 5) = ( -1 m-1 1 1)°

VA 8= 17 4P - )

where ¢1 = (m + 3l — 1)

2
T2 — 422 —
andqu(m+3l—l)—\/(m+3l ) (2 l).

Proof: Partial complement signless Eaplacian matrix of
Kim® S is given by Qp(Kj.m ®S) =

Cp 0p><l7p Opxkfp Jpxk[
Ol—p><p mIl—p Jl—pxk—p Jl—po
Ok—pxi—p | Jo—pxi—p | Di—p Jk—px ’
Jnxp Jvxi—p | OMxk—p gy "
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where C = (M+p—1)I+J, D = (I-2p+k—1)I+J, M =
m —k + p and 0 is the matrix of all 0s.

Consider |qI — Qp(Kim @ 9)|.

Step 1: Applying row operation R; — R; — R;1, where
i=1,2,....,p—1Lp+1,...,l—p—11—p+1,....k—p—
1L,k—p+1,..., M —1 and simplifying, determinant reduces
to(qg—m+k—2p+1)P " g—m) P g—1+2p—k+
)k=P=1(q — [)m=F+P=1det(B).

Step 2: By applying column operations C; — C;+C;_1+
o+ CLi=pp—-1,...,2,0; — C;+Cj_1+...+
Cpt1,i=1l—pl—p—1,...,p+2,Cr — C, +Cr_1 +
o+ Cpr1yi=k—pk—p—-1,....,l—p+2and C; —
Co+Co1+...+Crpi1,i=M,M—-1,....k—p+2o0n
det(B), we obtain det(C'). We observe that in each row of
det(C), except pt*, (1—p)*", (k —p)t" and M*" rows, there
will be only one non zero integer —1.

Step 3: On expanding det(C') using elementary row and
column operations we obtain determinant of order 4.

Thus |q] — Qp(Kim ®S)|= (¢g—m+k—2p+1)P"1(g—
m)l—p—l(q — 1+ 2p _ k)k—p—l(q _ l)m—k—i—p—l

g—m+k—3p+1 0 0 —-M
0 qg—m p—k -M
0 p—1 q—1+3p—2k+1 0
—p p—1 0 q—1

On expansion, we get
(q—m+k—2p+1)P "' (q—m)' P~ (q—142p—k+1)" P (¢~
lgm’kﬂj’l[q4+(272l72m7k)q3+(72k2+3km+10kp7k+
12 4+ 3lm +3lp — 31 +m? — 3mp — 3m — 10p> + 1)¢° + (2k*m +
k12 — klm — 5klp + 2kl — 2km? — 9kmp + km — I°m — 31%p +
12 —1m? 4+ 2lm + 7lp% — lp — 1 + 3m2p + m? + Tmp® + mp —
m)q + kl — kp — Ip + mp — k21 — 2k31 — kp® + k%*p + 16kp> +
2k3p + 81p® — 8mp® + p* — 8p* — 10k%p? + 2k2Im — 16kip® +
10k21p+ 8kmp? — 2k mp + 4mp? — klm + klp — kmp — 4klmp].
]

Definition 19. Friendship Graph F,, consists of n triangles
with a common vertex.

Theorem 20. For a friendship graph F, with (S) = K,
Qpspec(Fr & 5) =
1 3 n+1+L n+1-1L
{n +1 n-2 1 1 }
where L = v/n? — 2n + 2.

Proof: Partial complement signless Laplacian matrix of

F, ® S is given by Qp(F,, ® S) =

(2n—=1)J1 | Oix2 | Jix2 || Jix2
O2x1 Iy 02 0
Jox1 0o (J+I)2 0o ,
Tox1 05 05 T+Ds 1y,

Consider |qI — Q,(F, & 9)|.

Step 1: Applying row operation R; — R; — R;1, where
i = 3,4,...,n — 1 and column operations C; — C; +
Ci_l+...+CQ+01,7;:TL,7171,...,2 on Qp(Fn®S)a
we obtain (¢ —1)?((q — 2)? — 1)" 2 det(B).

Step 2: On expanding det(B), we get (¢ —1)[¢*> — (2n +
2)q + 4n — 1].

Hence, we obtain the spectrum Qpspec(F, & 5) =

1 3 n+1+L n+1-1L
{n +1 n-2 1 1 }
where I = v/n? — 2n + 2. ]

VI. CONCLUSION

Partial complement of graph depends on the induced
subset of vertex set of a graph. In this paper, we have defined
signless Laplacian energy of partial complement of a graph.
We have studied properties of signless Laplacian eigenvalues
and established several bounds for signless Laplacian en-
ergy of partial complements of a graph. Signless Laplacian
spectrum of partial complements of families of graphs are
derived.
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