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Stability of Nonlinear Semi-Markovian Switched
Stochastic Systems with Synchronously Impulsive
Jumps Driven by G-Brownian Motion

Fang Xu and Chao Wei

Abstract—This study is devoted to investigate the stability of
nonlinear stochastic semi-Markovian switched systems driven
by G-Brownian motion. Firstly, we study the existence of global
unique solution by using stopping time theory. Secondly, by
applying G-Ito formula and ergodic theory, we analyze the
stability of the system. Finally, we give an example to verify
the stability.

Index Terms—Nonlinear semi-Markovian switched stochastic
system; almost sure exponential stability; G-Brownian motion;
synchronously impulsive jumps

I. INTRODUCTION

Most systems do not satisfy the principle of linear su-
perposition. Thence, except for a small part that can be
approximately regarded as linear systems, most of them are
nonlinear systems, such as turbulent system of fluids ( [7]),
simple pendulum systems ( [17]) and gravitational three-body
systems ( [24]). In the physical world, the nonlinear system
is the essence and the linear system is the approximation or
part of the nonlinear system. Therefore, it is necessary to
discuss the property of the nonlinear system. The research
of nonlinear system has always been a hot issue in the field
of control. For example, Chen et al. ( [2]) discussed the
finite-horizon two-player zero-sum game for the continuous-
time nonlinear system by defining a novel Z-function and
proposing a completely model-free reinforcement learning-
based method with reduced dimension of the basis functions.
Guo et al. ( [9]) studied a novel fuzzy logic-aided event-
driven-observer-based fault-tolerant control approach for a
class of nonlinear systems with time-varying actuator faults
and unmatched disturbances. Jin et al. ( [10]) investigated the
nonlinear characteristics of a jointed beam by using multiple
identification methods.

Many practical systems have unpredictable structural
changes due to the failure of system components, changes
in parameters, changes in the correlation between sub-
systems, sudden changes in environmental conditions and
sudden changes in operating points of nonlinear systems.
The changes can be described by the Markov jump system.
The residence time of the Markov chain is exponentially
distributed and its transition probability is constant, which is
conservative to a certain extent. Different from the Markov
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jumping system, the transition probability of the semi-
Markov jumping system can not only obey the exponential
distribution, but also obey the Weber distribution, Gaussian
distribution. Because its probability distribution condition is
loose, the semi-Markov jump system has more extensive
applications than the Markov jump system. Some authors
have studied the semi-Markov jump system. For instance, Qi
et al. ( [21]) discussed the problem of sliding mode control
design for nonlinear stochastic singular semi-Markov jump
systems. Tian et al. ( [23]) analyzed the dynamic output-
feedback control problem for a class of linear semi-Markov
jump systems in discrete-time domain. Wang and Zhu (
[25]) investigated the asymptotic stability of semi-Markov
switched stochastic systems. Zong et al. ( [33]) dealt with
L control of positive semi-Markov jump systems with state
delay.

In recent years, Peng pioneered the concept of G-
expectation and established a corresponding theoretical sys-
tem ( [18]-[20]). Because of the widely applications in
the fields of risk measurements, G-Brownian motion has
attracted the attention of many scholars ( [1], [14], [30]).
Furthermore, stochastic systems driven by G-Brownian mo-
tion has attracted wide attention. Faizullah et al. ( [5])
studied the existence-uniqueness and exponential estimate
of solutions for stochastic functional differential equations
driven by G-Brownian motion. By applying aperiodically
intermittent adaptive control, Li et al. ( [13]) investigated the
stabilisation of multi-weights stochastic complex networks
with time-varying delay driven by G-Brownian motion. Zhu
and Huang ( [32]) discussed the stability for a class of
stochastic delay nonlinear systems driven by G-Brownian
motion.

The nonlinear characteristic of the systems make the
performance of the systems more complicated, which brings
difficulties to the analysis of stability of systems. Stability
has always been the most fundamental and core issue in
system analysis. In recent years, lots of results about stability
has been reported in the literature ( [4], [8], [26]). For
example, Dong and Zhang ( [3]) analyzed the stochastic
stability of composite dynamic system for particle swarm
optimization. Ngoc ( [16]) used a new method to investigate
the mean square exponential stability of stochastic delay
systems. Song et al. ( [22]) dealt with the delay-dependent
stability of a class of hybrid neutral stochastic differential
equations with multiple delays which is highly nonlinear.
Xiao and Zhu ( [29]) studied the stability of switched
stochastic delay systems with unstable subsystems. However,
few literature has reported the almost sure exponential stabil-
ity of nonlinear semi-Markovian switched stochastic systems
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with synchronously impulsive jumps driven by G-Brownian
motion. In this paper, the existence of global unique solution
to nonlinear semi-Markovian switched stochastic systems
with synchronously impulsive jumps driven by G-Brownian
motion is proved. The almost sure exponential stability
of the system is investigated by using G-Itd formula, the
ergodic property of semi-Markovian process and discrete-
time Markov chain.

The rest of this paper is organized as follows. In Sec-
tion 2, the model is given and some lemmas, definitions,
assumptions are introduced. In Section 3, the existence
and uniqueness of global solution are derived, the almost
sure exponential stability of the system is studied as well.
In Section 4, an example is provided. In Section 5, the
conclusion and future work are given.

II. PROBLEM FORMULATION AND PRELIMINARIES

Let ({Z:}1>0) be a filtration generated by G-Brownian

motion {B() > 0}. Define MZ°([0,t],R™,S) =
{ai(w) = Z 1%J6t( Mit; 0003 Bt GL ‘7, (5 R™),
t > O} ME([0,4], ]R” ,S):= the completion of
Mpo([O t], R" ;S) under the norm |lafpsz (o, rrs) =
fo Ela,|Pds)» where L%, (Q;R™= the family of all
Aﬁ} measurable R™-valued stochastic variables (3 satisfies
E|8]P < .

We consider the following nonlinear semi-Markovian
switched stochastic system with impulse effects driven by
G-Brownian motion:

da(t) =f(x(t), r(t))dt + g(x(t),r(t))d < B > (t)
+ h(x(t), r(1))dB(t), t # ty, (D
a(t) =m(z(t™),0(k)), t=tr,keNT,

where B(t) is a one-dimensional G-Brownian motion with
G(a) := 3E[aB?*(1)] = %(E%ﬁ + ga™), for a € R, where
a+ = max{a,0}, a~ = max{-a,0}, 7° = E[B2(1)],
= ]E[ B2(1)], < B > (t) is the quadratic variation
process of the G-Brownian motion B(t), E stands for the
G-expectation. r(t) : [0,00) = Ss = {1,2,---,7} is the
switching signal, which is a piecewise constant function
specifying the index of the active subsystem. The switching
time sequence Zg = {T1,7T%,---} where r(t) chooses a
value randomly from Sg is strictly increasing and satisfies
limy_y00 T = o0. {o(k),k € NT} is a stochastic process
representing the type of jump map at the kth impulse arrival
time t;, and taking values in the index set S;. The impulse
arrival time sequence Z; = {t1,t2,- - } where o(k) chooses
a value randomly from S is strictly increasing and satisfies
limg yooty = 00. f:R®" x Sg = R™, g : R" x Sg — R",
h:R"xS;— R"™
For r(t), let M(t) be the activated number of the ith
subsystem in (0, ¢], M;;(t) be the number of switching from
the ith subsystem to the jth subsystem in (0,¢] and Q;(¥)
be the total time for system (1) active on the ith subsystem
in (0,t], i € Ss. For {tx, k € NT}, let M ;(t) be the total
number of impulse occurring in (0, ] with M ;(0) = 0. Let
a(k) = ti, — tg—1 denote the impulsive interval between the
k — 1th impulse arrival time and kth impulse arrival time.
Firstly, we introduce some assumptions, definitions and
lemmas which are very important in the proof of main results.

Assumption 1: There exists a positive constant Ly, for
YVt >0, |z1| V |za] < K and i € Ss, |f(21,1) — f(x2,1)| V
l9(1,1) — 92, D] V [Aa,i) — b2, )| < Lic (a1 — 2a).

Assumption 2: There exists nonnegative function V' (z, ) :
R™ x Sg — [0,00) which is twice differentiable in z and
positive constant b; such that

lim|m|_>oo inftZO,ieSS V(.%’, Z) =
b1 V(x, Z)

Assumption 3: f(0,7) =0, ¢(0,i) =0,
Vi € Sg.

Assumption 4: Ty, = ty, Sy = Ss X Sg, 0 = Tg—1, k.

Definition 1: If there exists a constant A > 0 satisfying

oo and LV(z,i) <

1(0,4) = 0,

. 1
fll)rgo sup glog(\x(t;xo,ro)\) < =,

for any g € R™ and rg € Sg. The system (1) is almost sure
exponential stability.

Given V(z,4) : R" x Sg — [0, 00), we define the operator
LV by

LV (z,1)

= Vx<x7i)f(xay7ta Z)
+  GQ2Vi(w,9)g(z,i) + h' (2,4)Vee (2, ) h(z, 7))

Definition 2: M r(t) = r(Ty) = rg, t € [T, Tp11), k €N
satisfies: (1) The process {rx,k € N} is a Markov chain
with P = [pij}rxr’ Z,j S SS in which bij = P{T(Tk+1) =

jlr(Tx) = i}; (2) The distribution function of 0341 = Tk41—
Tk is
Fij(s)  =P{op1 < s|r(k) =4,r(k+1) = j},

i,j € Sg,s >0,

which has the continuous differentiable density f;;(¢) and
does not depend on k.
Then, the switching signal r(t) is said to be semi-
Markovian switching.
Let 0; be the sojourn time on the ith subsystem, i € Sg.
Thus, its distribution function can be defined as follows:
Fi(s)
=P{; <s} =P{T'(k+1) - T(k) < s|rp =i}
Z Fij(s)pij7s > 07]6 € N.
1,jESs
It is assumed that p;; = 0 and {ry, k € N} is irreducible.
Therefore, {ry,k € N} has a stationary distribution 7
satisfying 7P =7 and >, s m = 1.
Lemma 1: [20] For any 0 < s <t < oo,

|/V¢<B> Sl

*21@[/0 vsld(s)], s € ML([0, 4], R",S),

Bl aB(s)?
— ﬁ[/t [V2|d < B > (s)], Vv, € M&([0,1],R",S),
0

®QHMMW}

t
g/ Bl [2]ds, Yy € ME([0,1], R",S),
0
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Lemma 2: [12] For 0 < s <t < o0,
d
E[sup | [ vsd< B> (s)?]
s<d<t Js

t
<7t — 5|2/ E[|vs|?)ds, Vvs € ME(]0,1],R™,S).

Lemma 3: [11]
N d
E[ sup | v,dB(s)%]
s<d<t Js

t
g4#u—sﬁ/ﬁm%ﬁuww@em@qmﬂRmSy

Lemma 4:
R+; R+) and

[19] (G-1td6 formula): Let ¢ € CH2(R™ x

X =Xo+ Otfsals—&—/otgsd<B>S +/0thsst,
where f,g,h € MZ(0,T;R"). Then, for V¢ > 0,
@(Xtt7 t) — o(Xo,t)
= [ 0p(Xe3) + 0.0(X. ). + G200 X))
+020 (X, 5)h2]ds
+/Ot 0o p(Xs, $)hsdBs +/Ot[aw50(XsaS)gs

1
+§8m<p(X ,8)h?]d < B >,

t
0

Lemma 5: [27] Let {r(t),t > 0} be a semi-Markovian
process and {ry, k € N} is its associated embedded Markov
chain. Thus,

ilt) )
lim LU =T7;, a.S.,i€ Sg,
t—oo t
i (¢ e
m = Aﬂ ,  a.s.,i €S8g,

where T is the stationary distribution of r(t).

III. MAIN RESULTS

In the following theorem, we proved the existence of the
global unique solution under the linear growth condition and
local Lipschitz condition.

Theorem 1: When Assumptions 1-3 hold, the system (1)
has a global unique solution {z(¢),¢ > 0}.

Proof: Let the initial value |zo| < & For k > &, k €N,
we suppose that

|x|/\k \a?|/\k:

A
W) = h(' i),
where (lx‘mk ) =0 when z = 0.

We obtain that f*), ¢(*) and h(*) satisfy the linear growth
condition and local Lipschitz condition. Thus,

day(t) = f® (@), r(0)dt + g (24 (t),
+h) (@, (1), 7(t))dB(1),

@

r(t))d < B > (t)
(3)

has the global unique solution.
Let
e = inf{t > 0: |xx(¢)| > k}, 4)

where k£ € N, inf ¢ = co.
When 0 < t < ng, xx(t) = xgy1. Then, {ng} is
increasing. Thus, there exists a stopping time 7 such that

n = lim ny. 5)

k—o0

Let
x(t) = lim xx(t),

k—o0

0<t<n. (6)

It is easy to check that when 0 < ¢ < 7,
solution of system (1).
By using G-It6 formula, for ¢ > 0, we obtain

V(zr(t Ang),r(EAn))
— V(£(0), 7o) + / LOV (ay(s), r(s))ds
0

2(t) is the unique

+ / V(). ()bl (s). () dB(s)
+f " Walea(s), r(s)g(n(s).7(5))

5T (@(5), () Ve e (5), 7(5))
h(zk(s),
- /OM"’“G<2V< (), 7())g @i (5), 7(5))
o (@(5), 7(5))

«(k(s),
r(s))ld < B > (s)

+h7 (w1 (5),7(5))Va

h(zk(s),7(s)))ds
where L")V (x4 (s),r(s)) = LV (21(s),7(s)) when 0 <
s <t Ang.

From ( [20]), we know that

]E[/O 1Tk Ve(xr(s),7(s))h(zk(s),7(s))dB(s)] = 0,

and

~

E| / " WValzi(s), r(s))glan(s), m(s))

45T (5),7(3)) Ve (0 (5),7(5))

h(:ckt(s), r(s))]d < B > (s

- / G2V, (2 (s), 7(5))g i (s), (5)
)

+h" (21(8), 7(8)) Vaw (i (5),7(5))
h(zk(s),7(s)))ds] < 0.

Then, it can be checked that
E[V (zx(t Ame),m(E A )]

< B[V(£(0), 7o) + B[ / " L0V (2 (s), r(s))ds]

(
)

IN
&)

tANL R
V(O ro)) + by [ BV (wnlo). (o))
0
According to the Gronwall’s inequality, we obtain

BV (ak(t A ), r(t A )
< E[V(£(0),ro)]e "), M
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Furthermore, as

P{n, <t} inf

|z|>n,i€Ss

< / _ Vil Ane).r(t Ane)dP

V(i)

<EV(zp(t Amg), r(tAmg)),
we have
E V(£(0 b1 (tANK
mn |z|>n,i€Ss V($,Z)
When t — oo,
P{n <t} =0. ©)
Thus,
P{n =00} =1. (10)
The proof is complete. ]

In the following theorem, the almost sure exponential
stability of system (1) is discussed.

Theorem 2: 1If there exists a function V' (x,7) : R" xSg —
[0,00) and some positive constants a;, ¢;, d;, €;,l;j, 5, p sat-
isfies

V(i) f(z,4) < a;V(z,19), (11)

BT (2,8)Vaa (2, 9)h(2,1) < &V (2,1), (12)
Vi, i) g(x, 1) < d;V (2,9), (13)

Vi (z,i)h(z,3)|* > e;V?(z,4), (14)
BlzP < V(z,i), (15)
Vi(m(z,i, ), j) < li;V(z,19), (16)

forV(x i) € (R"xS8gs), and Ziyjegsm( [5 ] og l; j+7%(a;+

S+ d;) — 2o%e;) < 0, the system (1) is almost sure
exponentlal stability.

Proof: By using G-Itd formula, for Vi € Sg, t > 0, we
get

log V' (z(t),14)
~logV(E(0)) + [

Then, we have

log V' (z(t), r(t))
=log V(z(Ty), 7k

b T (2(8), 1) Vae (2(5),4)h(x(s), i
<, 2V(a(s).4)

1 b Vi(z(s),i)h(z(s),1)]?

2/Tk V2(x(s),1) d < B>(S5)
+ A Vx(x(;)(;l()g(j)(sn‘),@) dB(s), te€ [Tk, Trt1),
keN,

and

log V (x (Tk )sTk—1)
=log V(x(Thk-1),Tk—1)

T (Vila(s), i) f (z(s),4))
+/T V<x<s>,z'> o
T T
[T )

Tr—1

Ve
2V(

Then, we obtain

log V(x(Tk), k)
=log V(m(z(T}, ), rk-1,7%),7k)
<logly, . +logV(z(T} ), rk-1),k € NT.

Thus, for any ¢t € [Tk, Tk+1),k € NT, we have

log V' (z(t), r(t))

<logly, ,r, +1logV(x(Th-1),7k-1)
b (Valz(s),0)f (2(5),9))

*/Tk L Vials)

+/Tt WY (w(s), )V, (gﬂ;?i;);) Ml - g (s)
+/Ti_1 Vx(fcijz () )(Z)(s)”)d<B>(S)

_;/T ) [V (a(s )(;é()xi)) Eyc B>
[ e
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Then, for any ¢ € [T}, Tx+1),k € N*, we obtain
log V(z(t), 1)
< Eﬁzl logly, ,r, +1ogV(xo,70)

b (Va((s),4) f(x(s),1))
+/O - ds

" Va(a(s), 1)g(a(s), 1)
+ . —~d< B> (S
o V(.9 )
L (" [Va(a(s), )h(a(s), 9)]?
2 L<E> )
+ b - ) dB ,
| = e
where fo %dB( ) is a continuous local mar-
tingale.
Hence, it can be checked that
log V(z(t), r(t))

< By jess Mij(t) logli ; +log V(xo, 7o)
(Ve (x(s),4) f(2(s), ))
*A (2(5),7)

V(z(s),1
L[ [Va(x(s), i) h(x(s),)]
—5/0 V2((s).1) d< B> (S5)
PV (x(s),4)h(x(s), 1)
+/O V() 7) dB(s), t>0.

According to Lemma 2.6 in ( [6]), for Ve € (0, 1) and all
w € €, there exists an integer ng, when n > ng, we have

LV, (a(s), )h(x(s). i)
A O

Then, we obtain
log V'(z(t),7(t))
< ZimjeSsMij (t) log l@j + log V(xo, 7“0)
b (Va((s),4) f(x(s), 7))
+/0 ( - ds

Thus, we have

log V(x(t),7(t))
<X jess Mij(t) logli j +log V(xo, o) + glog(n)
+52 /t(ai + G +d;)ds — o /t @eids

0 2 0 2
%, sese Mg (£) log iy + log V(20 7o) + glog(n)
+7Diess (@i + 5 +di) Qi(t)

Lo,

2
—a ZieSS

Thus, it can be checked that

1
HlogV (a(t) (1)
Mi(t 1
< Y jess tj( ) logl; ; + glog V(xo,70)
12
+¥g log(n)
i i(t
+7Diesa (0 + 5 +d,) Qt( )
(1-¢) Qi(¥)
—0%Yiess EECEE
Since
i M@ _ gy PuMs®) —I0r(®) =9) _ pisTi
t— 00 t t—00 t E[Csll
a7
where I(-) denotes the indicator function.
Therefore,
. 1
lim sup — log V (x(t), r(t))
t—o0 t

<3 ]GSST‘—Z(

logl; i + o al—l— +d
E[él} g ,J ( 2 )

When ¢ — 0, we obtain

lim sup — logV( (t),r(t))
t—o0
1
<3 T logl; i + 7 az+ +d Zo2e;
JESs (E[5,] 1,J ( 9 ) 5
< 0.

Therefore, the system (1) is almost sure exponential sta-
bility.

The proof is complete. ]

Remark 1: Different from the Markov jumping system,
the transition probability of the semi-Markov jumping system
can not only obey the exponential distribution, but also
obey the Weber distribution, Gaussian distribution. Because
its probability distribution condition is loose, the semi-
Markov jump system has more extensive applications than
the Markov jump system. Theorem 2 presents the relation-
ship between system parameters and stability, and explicitly
shows the relationship between semi-Markov switching and
stability.

Volume 50, Issue 2: June 2023



TAENG International Journal of Computer Science, 50:2, [JCS 50 2 47

IV. EXAMPLE

B(t) ~ N(0,[¢?,5?%]) is a G-Brownian motion.

Consider the following nonlinear semi-Markovian
switched stochastic systems with synchronously impulsive
jumps driven by G-Brownian motion:

dx(t) =f(x(t),r(t))dt + g(z(t),r(t))d < B > (t)
+h(@(t), 7(8))dB(2),t # tr,

z(t) =m(z(t™),o(k)), t=ty,keNT,
where
Fla(),1) = =32(0),  gla(0),1) = Sa(0),
h(t),1) = J2(0)
F(0),2) = =20(0),  glalt),2) = 5o(0),
ha(t),2) = S,

m(x(t),1,2) = %x(t),

m(x(t),2,1) = ix(t)
Let V(x,i) = 2%,i = 1,2, we have
V(1) f(z,1) < 0.1V (2, 1),

R (2, 1) Ve (z, 1)h(x,1) < 0.25V (2, 1),
Ve(z,)g(z,1) < 0.5V (z, 1),
Vi, D)h(z, 1)]* > 0.125V3(a, 1),
Sl < V().
V(m(z,1,2),2) <05V (z, 1),
Va(z,2)f(x,2) < 0.1V (x,2),
hY (x,2) Ve (2, 2)h(2,2) < 0.6V (z,2),
Va(z,2)g(z,2) < 0.4V (z,2),

Ve (2, 2)h(x, 2)]> > 0.2V(x,2),
Sl < V()

Vi(m(z,2,1),1) < 0.125V (z, 2),

where 8 = 3, a1 = 0.1, ¢ = 0.25, dy = 0.5, e; = 0.125,
1172 = 0.5,@2 = 0.1, Cy = 06, dg = 0.4, €y = 0.2, l271 =
0.125

Let the transition probability matrix of 7 as follows:

0 0.5
P= ( 03 0 )
and E[0;] = 0.3, E[6,] = 0.4.
Thus, we can obtain 7 = (0.1839, 0.8161).

Let 32 = 1 and o2 = —1, we obtain
—  Pij —2 Ci 1 5
X (5 logl; ; i+ o +tdi) = 50
JESST (]E[(Sz] ogli; +7-(a; + 5 +d;) 59 €;)
= —0.6393 < 0.

V. CONCLUSIONS

In this paper, we have studied the almost sure exponential
stability of nonlinear semi-Markovian switched stochastic
systems with synchronously impulsive jumps driven by G-
Brownian motion. The existence of the global unique solu-
tion has been proved by using G-Itd6 formula and Gronwall’s
inequality. The almost sure exponential stability of the sys-
tem has been analyzed by applying the ergodic property of
semi-Markovian process and discrete-time Markov chain. Fu-
ture work will include stability of nonlinear semi-Markovian
switched stochastic systems with asynchronously impulsive
jumps driven by G-Brownian motion.
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