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Asynchronous Energy-to-peak Control for 2D
Roesser-type Markov Jump Systems
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Abstract—This paper studies asynchronous energy-to-peak
control for 2D Roesser-type Markov jump systems (RTMJSs).
Given the practical challenge of obtaining the system state,
output-feedback is utilized for closing the control loop instead
of state feedback. The asynchronous behavior between the
controlled plant and the controller is represented by a hidden
Markov model. A sufficient condition for the stochastic stability
and energy-to-peak disturbance attenuation (EPDA) of the
closed-loop RTMJS is established using a Lyapunov function
and Schur’s complement. Under fixed conditional probability,
a scheme for asynchronous output-feedback controller design is
proposed, employing variable replacement and matrix transfor-
mation to cope with the nonlinear terms. The present work is
then expanded to the uncertain conditional probability scenario
and a related controller design method is developed. Finally, the
effectiveness of the proposed design methods is demonstrated
through a thermal process.

Index Terms—2D Roesser-type system, Markov jump sys-
tem, output-feedback, energy-to-peak control, hidden Markov
model.

I. INTRODUCTION

VER the past few decades, two-dimensional (2D) sys-
tems have been successfully applied in a wide range of
fields, such as thermal processes, gas absorption, image data
processing, metal pressing processes, and digital filtering;
see, e.g., [1-5]. One of the most critical characteristics of 2D
systems is that their state propagates along two independent
directions, namely the horizontal direction and the vertical
direction, which makes the structure of 2D systems more
complex than that of one-dimensional systems. Currently,
there are many models to describe 2D systems, among which
the Fornasini-Marchesini (FM) second model [6] and the
Roesser model [2] are the most commonly used models.
The Roesser model was first used for image processing.
Compared with the FM second model, the Roesser model
has a simple structure and is easy to apply [7].
In certain 2D systems, frequent abrupt variations in pa-
rameters or structures occur, which can be aptly described by
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Markov jump processes. In such cases, these systems can be
modeled as 2D Markov jump systems. Presently, 2D Roesser-
type Markov jump systems (RTMJSs) have received strong
attention, and many research results have been published.
For instance, stability analysis for such systems was carried
out in [8, 9], where some stochastic stability conditions are
presented in terms of matrix inequalities. Control design for
RTMIJSs was investigated in [10—13], where different control
laws were introduced based on the Lyapunov stability theory.

It is worth noting that the controllers designed in [10-13]
operate synchronously with the controlled plant, whereby
their mode changes align with those of the plant. This
synchronous design approach is often impractical, especially
in networked environments where the controller may struggle
to accurately discern the mode of the plant, leading to
the controller mode mismatches with the plant mode. In
contrast, asynchronous controllers may offer a more practical
solution for engineering applications [14—18]. Furthermore,
the impact of external disturbances is not considered in
these references. However, external disturbances often occur
in actual systems and have a significant impact on them
[19-21]. To maintain the stability of the controlled plant
despite external disturbances and obtain a smaller energy
peak at the same time, energy-to-peak control has proven
to be an effective solution for various control systems [22—
24]. Notably, to our knowledge, asynchronous energy-to-
peak control for RTMJSs remains unexplored in the existing
literature.

In practical applications, complete system state infor-
mation may be unattainable, while system output is often
readily measurable and usable [25-28]. Motivated by the
above discussion, this paper considers the asynchronous
energy-to-peak control for 2D RTMJSs via output-feedback.
The problem to be solved is to design an asynchronous
output-feedback controller so that in the case of distur-
bance attenuation, the resulting closed-loop system (CLS)
is stochastically stable (SS) with energy-to-peak disturbance
attenuation (EPDA) level. The asynchronous behavior be-
tween the controlled object and the controller is represented
by a hidden Markov model (HMM) as in [29, 30]. A
sufficient condition for the stochastic stability and EPDA
of the closed-loop RTMIS is established using a Lyapunov
function and Schur’s complement (SC). Under completely
known conditional probability, to address the impact of
nonlinear terms, an asynchronous output-feedback controller
is designed by introducing a relaxation matrix and employing
variable replacement. The present work is then expanded to
the uncertain conditional probability scenario and a related
controller design method is developed. Finally, a thermal
process is used as an example to verify the effectiveness
of the proposed asynchronous design methods.
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II. PRELIMINARIES

The notations utilized throughout in this paper, unless oth-
erwise stated, adhere to established conventions as detailed
in [31, 32].

In this paper, we examine the following discrete-time 2D
RTMIS:

Tij = Aﬂi,jxl,] + Bﬁi,juzd + Eﬂi,jwld’ (1
Yij = Co, ;%5 j,
where
h h
o= | Tirrg | g = | Ti
2,7 v [k 2V) v .
4,5+1 4,J
Here, arfj € R™ and z7; € R" represent the horizon-

tal state and the vertical state, respectively; u;; € R™,
w;; € R™, and y;; € R™, respectively, are control
input, external disturbance, and controlled output. Aﬁi’j,
By, ;, Cy, ,, and Ey, ., are pre-known system matrices of
appropriate dimensions. The Markov parameter ¥; ; takes
value in the finite set V; = {1,2,...,v;} with transition
probability matrix A = {\,q}, and satisfies the following

transition probabilities:
Apg =Pr{tis1; = q[¥i; =p}
=Pr{¥; 11 =q|0; =0}, ()
where p,q € V;, which satisfies 0 < A,y < 1 and

Zslzl)\pq = 1 [33-35]. The boundary condition of 2D
RTMISs (1) is defined as follows:

i3

XO: {xg,j7 $;)70|7;7j20717,,,}7
Lo = {Yo,5, Violi,j =0,1,...},

and define the zero boundary condition as xgj =0,z{, =

0 (7 = 0,1,...). An assumption about the boundary
condition is introduced:

Assumption 1. [7] The boundary condition X of 2D
RTMIS (1) satisfies that

E {Z(nxw + ||xf,o|2)} < ox.

i=0
The asynchronous output-feedback controller to be de-
signed takes the structure as

uij = Ko, ;Yijs 3)
where K,, . represent the controller gains, whice depend
on the parameter o;; € Vs and Vo = {1,2,...,v2}.

The controller mode is changed by the variable g; ;, which
satisfies

Pr{oi; = s|Vi; = p} = mps,

where 0 < mps <1, Y02 mps = 1, for p € Vi, s € Vs, and
the conditional probability matrix IT = {m,}.

In what follows, we will simplify some symbols: these
parameters ¥; ;, ;41 ;(or J; ;11), and g; ; will be replaced
by subscripts p, ¢, and s, respectively. For instance, A, is
short for Ay, ..

By applying controller (3) to 2D RTMIS (1), the resulting
CLS is as

) _
x; = Apsxi i + Epw; j,
{ J psdi,j pWi,j @)

Yij = Cpij,

where A, = A, + B,K;C,. Below, two necessary defini-
tions and two lemmas are introduced:

Definition 1. [36] CLS (4) with w; ; = 0 is said to be SS
if the following condition holds:

E ii(\\x”HQ) < 0.

i=0 j=0

Definition 2. [37] Given a positive scalar p, CLS (4) is said
to have an EPDA level, for any w;; € l2{[0,00),[0,00)}
under the zero boundary condition,

2} < 23S B {lu P}

i=0 j=0

supsup E {|[y; ;
i>0 50

Lemma 1. [38] For any two matrices M7 and Ms > 0
with appropriate dimensions, the following inequality holds:

—MI MM, < My — MT — M.

Lemma 2. [39] For any scalar ¢ > 0 and real matrices
My, My of suitable size,

OM My < e *ME My + eMI M.

III. MAIN RESULTS

In this section, we will investigate SS with EPDA level for
CLS (4), and then, based on this, propose an asynchronous
output-feedback controller design approach. First, we provide
the following result.

Theorem 1. Given a positive scalar p, if there are positive
definite matrices P, = diag {P", P} and Q. matrices
K, for all p € Vq, s € V5 such that

> TpeQps — Py <0, (5)
s=1
—P7l A

P PPl <0 6
I ©®

hold, where P, = 3" A\, Py, then CLS (4) is SS.
Proof: Consider a Lyapunov function as follows:

Vij = xl;Ppx; (7
and define
AV
Then, according to CLS (4) with w; ; = 0, it has
AV =a] (Al PyAps — Pp)x; 5. ©)

_ AT p .1 T o
= Py j — x; jPpwij. ®)

Taking the expectation operation of (9), one has

v2
E{AVi;} =E {’IzTJ ( Z TpsAps Py Aps — Pp) ﬂfi,]} :
s=1

(10)
By means of the SC, (6) can be rewritten as
Al Py AL, < Qps. (11)
It is deduced from (10) and (11) that
V2
E{AV,;} < E{%( > T Qps — Pp)mi,j}
s=1
< —ak {{|lzi 4]}, (12)
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where « is the minimum eigenvalue of P, — .2 | s Qps.

It follows from (5) that o > 0. Accordmg to (12), one gets

d1 d2 dl d2

ESD Y llwagl? <~E SN Avi,p, (13)

i=0 j=0 i=0 j=0
Where dy and ds are arbltrar%/ positive integers. By substitut-

ing x = [ f_{l g ”_H] and P, = diag {Ph,P;} into
AV;

i 1t can be established that

diy  da

DDAV,

i=0 j=0

§ h
- |:xd1+1 ]P’L941+1 ]md1+1 7

dy

T v v
+ z : {xi»d2+1pﬁi,d2+1xi7d2+1 -
=0

Combining (13) and (14), it yields

hT ph h
— %0, Pﬁo,jxo,j}

x{fqui,oxﬁo} . (14)

di  d2

S gl

i=0 j=0
{Z (})L Pﬂo $0]+Z

Denote (8 as the maximum eigenvalue between P[? and PJ,
and let d; and d; tend to infinity in (15). Then

SNl t < Ok {Z (ool + |x3,i||2)}

i=0 j=0 i=0

Py ale} (15)

can be obtained. Recalling Assumption 1, it is evident that

> gl
i=0 j=0
Consequently, HMM-based CLS (4) with w; ; =0is SS. W

Theorem 2. Given a positive scalar p, if there are positive
definite matrices P, = diag { P;L, P;} and @), matrices K,
for all p € V; and s € Vs such that (5) and

< 00.

Pl A, B,
* —Qps 0 <0, (16)
* —I
-p, T
[ Rt <0 a7

hold, then CLS (4) is SS with EPDA level.

Proof: By using SC, it can be easily obtained (6) from
(16). Therefore, according to Theorem 1, CLS (4) with
w; ; = 0is SS. Next, we just need to prove that CLS (4) has
EPDA level p. For this purpose, we introduce the following
performance index:

oo oo
T
i E E w; Wi, j

i=0 j=0

iiE{AVZJ w; w”}

i=0 j=0

(18)

Based on (8), it can be obtained that

AV ij — 1‘ (A P A )‘T’i,ja (19)

p - N T
where Ap, = [Aps Ep| and &5 = [¢]; w];]".
Applying (18) and (19), it can be established that

J< ZZ]E{AV” w; ww}
= Z ZE{‘%ZJ(ZWPS‘AZ’; PpAps
s=1

i=0 j=0
+diag {~P,, — I} )xj} (20)

According to (5), the following inequality can be further
deduced from (20):

B DL Y
i=0 j=0
+diag{—st,—I})g:~i,j}. @1)

According to SC, we can get from (16) and (21) that J < 0.
It implies that

(22)

0o o
§ : T
S wiiji,j.
=0 j=0

On the other hand, by applying the SC to (17), one gets
Crc, — P, <0. (23)

By the means of (4), (22), and (23) that for any ¢, j > 0, one
has

o0 o0
T 2 2 T
Yij¥Yig < pVijg <p Zzwi,jwi,ja

i=0 j=0
namely
bupsupE{Ilyz,gll }<UQZZ]E{HU)ZJ ;
=0 j=0

which implies the desired EPDA level. The proof is com-
pleted. ]

Though Theorem 2 gives a sufficient condition, due to the
existence of nonlinear terms, it is difficult to directly design
a controller. Next, we will further study the design methods
of the asynchronous output-feedback controller.

First, we consider the controller design under completely
known conditional probability.

Theorem 3. Given a positive scalar fi, if there are positive
definite matrices P = diag Ph P”} and st, matrices
H,, Y, Gsforallpe V,, s e Vg such that

P, Py }
T <o, 24
SlG (24)
_75 f‘lg
. 2
. Ty } <0, (25)
b PPTCPT}<0 (26)
* —il ’
GT + G5 >0 27)
C,H, = G,C (28)
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hold, where

Ppr = [\/Wplpp \/”pZPp
Qp = dla‘g {Qpla Qan ) Q[)’Uz} )
ﬁpzdiag{Pl,Pg,...,Pvl},

Vv )‘pl(ApHs + BPYSCP) Vv )‘plEp
V /\p2(ApHs + BPYSCP) V >‘p2Ep

VAo, (ApHs + BpYoCp) - \/Apw, Ep

Tyo = diag {st —HT —H,, —I} :

then CLS (4) is SS with EPDA level u = +/fi. The control
gains are given by

N 73k

T

K, =Y,G; ', s€{1,2,,...,m}. (29)

Proof: Condition (27) guarantees that the matrix G is
invertible. We introduce the following symbols for all p € V),
s € Vs

pp:Pp71>QAps:

By pre-multiplying and post-multiplying (24) with

Q;;, p= H’2'

diag{P,,1I,..., I},
———

it can be rewritten as

{ 'y P Hp

* -9,
where IT, = [/l /2l /Tpus1]. Utilizing the
SC, it is obvious that (30) is equivalent to (5).

Next, we verify that (16) can be guaranteed by (25). Based
on Lemma 1, it has

] <0, (30)

_H:QTQA;,slHS S st - H:gr - Hsa
the following inequality can be obtained from (25):
|: *,ﬁp T:‘12

* T22

} <0, 31)

where 15, =diag {*HngsHs, *I} .

Combining (28) and (29), pre-multiplying and post-
multiplying (31) by

diag{I,...,I,H; ', I},
N—_——
v1

we can obtain (16). Pre-multiplying and post-multiplying
(26) by diag{P,, I}, we can conclude that (26) and (17)
are equivalent. Therefore, the proof is completed. ]

Next, the controller design method is expanded to the
uncertain conditional probability scenario. In this case, ;4
satisfies 3502 mps = 1 and 0 < 7, < mps < Tps < 1
for all p € V1 and s € V5, where Tps and 7,, are known
parameters, respectively, standing for the lower and upper
bounds of ;.

Denoting

Tps + Tps Tps — Tps

e

we can obtain

Tps = Pps T NpsOps, (32)

where 7),,s is unknown and belongs to [-1, 1].
Based on Theorem 2, we can get the following Theorem:
Theorem 4. Given a positive scalar fi, if there are positive
definite matrices P, = diag 151?,]5; and @,s, matrices
K, e >0, for all p € V1, s € V5 such that

D Dy Dy ]
* ®; 0 <0, (33)
B x Py
0, 6,
L 5 ] <0, (34)
P AT AT
Py PP ?p <0, 35
* —il
hold, where
. V2 1
Oy =P, -2+ 56 sl
s=1
Dy = [\/PplQpl \/Pp2Qp2 \/vazvaz] )
$= Q1 QL ... QL]
pl p2 pua ]
@4 = dlag {_Qpla _Qp27 ) _Qp’Uz} )
O5 = diag {—2e11, —2e21,...,—2¢,,1},
@1 :diag{—ﬁl,—ﬁg,...,—Pvl},
Vv /\pl(Ap + BszCp) Vv >‘P1EP
Vv )‘PZ(AP + BszCp) Vv )‘PQEP

Oy =

)

VAo, (Ap + ByKCp) -/ Apu, Ep
O3 = diag {—Qps, —1},
then CLS (4) is SS with EPDA level 1 = /{1 and controller
(7) with gains Ky, s € {1,2,...,v2}.
Proof:  According to Lemma 1, we have the following
inequality:

—-P, <P, -2l
By SC, inequality (33) is equivalent to
V2 U2 1 U2 1
2 1T
prsts + Z iesapsf + Z 56 QpsQps — Pp < 0.
s=1 s=1 s=1
Furthermore, we can get from Lemma 2 that
1 1 _
npsUpsts S 7650127514_ 563 ! ngps-

Thus, we have
Z(pps + NpsOps)@ps — Pp < 0.
s=1
From (32) and (36), we can obtain (5).
It is easy to conclude that (16) is equivalent to (34).
Pre-multiplying and post-multiplying (35) by diag{P,, I},
we can derive (17). Therefore, the proof is completed. H
Remark 1. We use different methods to deal with the
nonlinear terms in Theorems 3 and 4. In Theorem 3, where
the conditional probability is completely known, the nonlin-
ear terms are dealt with by congruence transformation and

(36)
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transformed into the form of (1), as follows:

Conditional Probability

—10.6748, Ko = —9.2180,
—10.1416, K5 = —11.4966,

n

Ky

and the optimized EPDA level p* = 0.3298.

K,

Completely Known Conditional Probability

The conditional probability matrix II is given by

Uncerta

Suppose the conditional probability matrix II are given as

Case 2

Next, we consider two cases concerning completely known
Case 1

conditional probability and uncertain conditional probability,

respectively:
the following asynchronous output-feedback controller gains:

mo € [0.2 + 3,1], with B being an adjustable parameter.
Here, we set S = 0.05. By solving Theorem 4 we can obtain

where 117 € [0.4 + 3,1],m2 € [0,0.6],m1 € [0,0.8], and
the following control gains:

By utilizing the method given in Theorem 3 and obtaining

Fig. 2. Switching signal of the asynchronous controller.

0.5.

0

ae
1,09

B

0.1

0.5, b1

Then, the relevant system matrices of 2D RTMIJS (1) are

listed as follows:

] + Bﬁi,_‘“’@j’

|5
|
|

|

]

h

T
0.3 0.7

0.6 0.4
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ay; ; At} ’ Bﬁi)j

o
|

Ay, ; [
The transition probability matrix A is given as follows:

1
[l

At

0
0.8333 0.4167

0.8333 0.1167

1—
Cy =04, B>

0
At
Az

Ay

|

In addition, we consider 2D RTMIJS (1) with the following

parameters:

Ay

Agw.
Mode 1:

Az =0.12,At =0.1,a; = —2.5, a2

where
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J 0 o0 i

Fig. 3. Horizontal state :cf j without control input.

J 0 o i

Fig. 4. Vertical state J without control input.

15

Fig. 5. Horizontal state xf” j with control input.

and the optimized EPDA level p* = 1.1718. Since there is a
feasible solution, we can conclude according to Theorem 4
that 2D RTMIJS (1) is SS with EPDA level.

The switching signals of system mode and controller mode
are depicted in Fig. 1 and Fig. 2. Next, we will further
demonstrate the effectiveness of the design approach by
comparing the evolutions of system states with and without

J o o i

J 0 o i

Fig. 7. Trajectory of the control input u; ;.

control input. Therefore, we assume that the system has the
following initial boundary condition:

. —1, 0<j<19
xo .=

I 0, elsewhere

) 1, 0<j<19
€T.: =

0 0, elsewhere

and the external disturbance is given as
w; ; = cos(0.1m(i + j))exp(—0.15(i + 7)).

With these parameters, we obtain the state trajectories of the
open-loop 2D RTMJS, which are displayed in Figs. 3 and 4.
Clearly, the system under consideration is unstable without
control input. The trajectories of the state of the HMM-based
CLS are given in Figs. 5 and 6, and the trajectory of the
control input is given in Fig. 7. Obviously, the trajectories of
states xf ; and z7 ; and control input u; ; of the CLS quickly
converge to zero.

We introduce the following function to measure the EPDA
level of HMM-based CLS:

sup sup E{[ly;;|*}
0<i<30<5<j

o Xi—o E{ w12}

=
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0.2

J 00 i

Fig. 8. Trajectory of p; 5

Under the zero boundary condition, the state trajectory of
1 is as shown in Fig. 8. It can be seen from the figure that the
minimum upper bound of p is 0.25, which is less than the
optimal value p* = 1.1718. The above results demonstrate
that the designed asynchronous output-feedback controller
can effectively stabilize the considered 2D RTMIJS (1).

V. CONCLUSION

This paper studied the design issues of the asynchronous
energy-to-peak controller of 2D RTMJS (1). Given the
practical challenge of obtaining the system state, output-
feedback was utilized for closing the control loop instead
of state feedback. The asynchronous behavior between the
2D RTMIJS (1) and the controller (3) was represented by
HMM. A sufficient condition (see Theorem 2) for the
stochastic stability and EPDA of HMM-based CLS (4) was
established using a Lyapunov function and SC. Under the
completely known conditional probability, an asynchronous
output-feedback controller design method was proposed by
introducing the relaxation matrix and using variable replace-
ment (see Theorem 3). The present work was then expanded
to the uncertain conditional probability scenario and a related
controller design method was developed (see Theorem 4).
Finally, a practical example of the thermal process was
used to illustrate the effectiveness of the proposed design
approaches.
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