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Method and its Improved Convergence Results
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Abstract—In this paper, we propose an adaptive multi-step
Levenberg-Marquardt (LM) method with a new parameter
Mo = ur||GE Fy||%, 8 € (0,1] for solving nonlinear equations and
improve convergence results. The global and local convergence
theories are established. The local superlinear convergence is
proved under the Holderian local error bound condition, which
is weaker than the local error bound. Numerical experiments
verify the convergence of our algorithm for singular problems
that satisfy the Holderian local error bound condition.

Index Terms—adaptive multi-step LM method, nonlinear
equations, Holderian local error bound.

I. INTRODUCTION

ONSIDER the following systems of nonlinear equa-
tions
F(z) =0, 1

where ' : R™ — R™ is continuously differentiable. In this
paper, we suppose the solution set of (1), represented by X*,
is nonempty. In every situation, || - || indicates the Frobenius

norm. Let ¢(z) = %||F(x)||?, then the nonlinear equations
(1) can be reformulated as a nonlinear least squares problem
i . 2

min ¢(z) )

There are many classical methods [4], [10], [11], [13],
[14], [19], [21], [23] for solving nonlinear equations and
nonlinear least squares problems. This paper is devoted to
the LM methods for solving (1). The LM methods include
single-step methods and multi-step methods.

A. Related Works

The single-step LM methods [12], [15] compute a trial
step dy by

dy, = —(JE T + M) 7 IE B, 3)

in which the LM parameter \; > 0 is adjusted iteratively.
The single-step LM methods have the quadratic convergence
when J(z) is nonsingular at the solution and Lipschitz
continuous. Yamashita and Fukushima [20] demonstrated the
quadratic convergence of the single-step LM method, if the

LM parameter is chosen as Ay = ||F}||? under the following
local error bound condition (cf. [20]).
co - dist(z, X*) < ||F(2)|,Yz € N(z*), 4)
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where ¢ is a positive constant, dist(x, X*) is the distance
from z to X* and N(z*) is some neighbourhood of z* €
X,

Recently, the single-step LM methods have been further
developed (see [1], [5], [6], [8], [10]). Behling et al. [3]
proposed a modified LM method with the LM parameter
Me = |[[JEFL|1°,8 € (0,1] for solving the nonzero-residue
nonlinear least-squares problems. To establish the local con-
vergence, Behling et al. put forward an error bound condition
based on the gradient of the nonlinear least-squares function
as below (cf. [3]).

c1 - dist(xz, X*) < ||J(z)T F(2)|,Vz € N(z*), (5)

where ¢; is a positive constant, both dist(z, X*) and N (z*)
have the same meaning as (4).

In order to save Jacobian evaluations, Fan et al. proposed
the multi-step LM method [7] and the adaptive multi-step
LM method [9] with the parameter A\, = px|| Fx||°, 9 € [1,2].
The adaptive technique automatically determines whether an
iteration should use the Jacobian matrix at the current iterate
to compute a LM step or use the latest evaluated Jacobian
matrix for an approximate LM step. The adaptive multi-step
LM method achieves the superlinear convergence under the
local error bound condition (4).

B. Motivation

Some nonlinear equations fulfill the following Holderian
local error bound condition while may not meet the above
local error bound condition (5).

Definition 1.1: We say ||J(z)TF(z)| provides a
Holderian local error bound with order v € (0, 1] in some
neighbourhood of z* € X*, if there exists a constant co > 0
such that

¢y - dist(x, X*) < || J(z)TF(2)|?,Yz € N(z*), (6)

where ¢y is a positive constant, dist(x, X*) and N (z*) have
the same meaning as (4).
For example, Powell singular function ([16]):

F(x1, 22,23, 14) = (21 + 1022, V5(23 — 24), (22 — 223)%,V10(21 — 24)2)7.

(7
Let 04 := (0,0,0,0). It can be seen that X* = {04} and
J(04) is singular. We consider the sequence {z}, where
each term is given by ), = (0,0, — %, —4)7. Then {z;} —
04 and

dist(zy, X*) = ||lzx|| = V2/k = O(k™Y),

and ||J(zx)TF(zy)|| = O(k~3). The nonlinear function
satisfies the Holderian local error bound condition with order
% around the zero point, but does not satisfy the local error
bound condition (5).
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This paper is devoted to proposing a new adaptive multi-
step LM method with the parameter A\, = u||GF Fx||°, 6 €
(0,1]. Local superlinear convergence is proved under the
Holderian local error bound condition (6), which is weaker
than the local error bound (5). Numerical results demonstrate
the validity of the proposed algorithm.

The structure of the remainder of this paper is as fol-
lows. Section 2 introduces the new adaptive multi-step LM
algorithm and its global convergence. The local convergence
theory is presented under the Holderian local error bound
condition in Section 3. Section 4 presents numerical results
concerning test problems, and conclusions are summarized
in Section 5.

II. THE NEW ADAPTIVE MULTI-STEP LM ALGORITHM
AND ITS GLOBAL CONVERGENCE

In this section, we give the new adaptive multi-step LM
algorithm for solving nonlinear equations, and prove its
global convergence.

We define the actual reduction as

Aredy = || Ey||* — [|F (zx + di) ||, (8)
the predict reduction as
Predy, = ||Fy||* — || Fi + Grdy||*. 9)

and the radio of actual reduction over predict reduction as

_ Aredy,

k= Pred;,’

(10)

The new adaptive multi-step LM algorithm is presented as
follows.

Algorithm 1.

Step 0. Given 1 € R",my > 1> mg > 0,1 > po >
0,e > 0,6 € (0,1,0 < po < p1 <p2 < p3 <1,t>1. Set
k= 1,8 = 1,i = 1,/@‘ = 1,G1 = Jl.

Step 1. If |GL Fy|| < e, stop. Otherwise set

A = ul|GEF ], (an
solve
(GTG 4+ \I)d = -GT Fy, (12)
to obtain dj,.
Step 2. Compute r;, = g:zg:; set
|z +d, if e 2> Do,
Tht1 = { Tk, otherwise. (13)
Step 3. Choose HEk+1, )‘k-‘rl’ Gk-+1 as
mifpk, Zf Ty < P1,
Het1 = Mk, if rr € [p1,p3l, (14)
max{mapg, o}, otherwise.
PV B if r > poand s < t, 15)
kel ti+1l|GEL Frga|)®, otherwise,
| Gk, ifri>p2ands<t,
Gret1 = { Ji+1, otherwise, (16)

Step 4. Set k .=k + 1. If Gy, = Gi_1, set s := s+ 1,
otherwise set s := 1,7 :=4+ 1,k; = k. Go to Step 1.

Let S = {k; : i = 1,2,---} be the set of numbers at
which the Jacobians J(xy,),i = 1,2,--- are needed for
computation during the iterations. Let

Si = kiy1 — k.

From step 3 and step 4, it can be observed that s; < t.
For any k, there exist k; and 0 <t < s; — 1 such that

k=Fk; +t.
Note that

Gr, = Grip1 = = Gryqsi—1 = Ji;» (17

hence the linear equations (12) can further be rewritten as

(GL.Gr, + A\, 1)d = =G} Fy, (18)

for k =k, ki + 8, — 1.
It is easy to verify that dj, also serves as the solution to
the trust region subproblem

min ||Fk + deH2
deR™

(19)
st ||d|| < Ag = ||dll.

Applying Powells result [[17], Theorem 4] gives the
following lemma.

Lemma 2.1: Let d;, be computed by (12), then the pre-
dicted reduction satisfies

, |G Fll }
S 1aT k
Predy, > |Gy, Fl| mln{||dk||, 1T Gl (20)
for all k.

Lemma 2.1 plays a crucial role in proving the global
convergence of Algorithm 1. We introduce the following
assumptions to achieve this.

Assumption 2.1 (1) J(x) is Lipschitz continuous, i.e.,

there exists a positive constant xp, such that
17(x) = J@W)|| < knlle —yll, Yo,y € R". (21)

(2) J(x) is bounded, i.e., there is a positive constant x; such
that
|J(x)]] < Ky, Vo € R™.

Then it follows from (21) that
1F(y) = F(z) = J(2)(y — )| < rnlly —2|*, Yo,y € R". (23)

(22)

Theorem 2.1: Under the conditions of Assumption 2.1,

the sequence {x} generated by Algorithm 1 satisfies
lim inf ||JF Fy| = 0. (24)
k—o0

Proof: Assume that (24) is not true. Consequently, there
exist a positive constant 7 and a constant kg € N such that

| JEFy|| > 7,k > ko. (25)
Let us define the set of successful iterations as follows
S = {k|r > po}. (26)

We consider S in two cases. -
Case 1: S is finite. Then there exists a ke N such that
T < po < p1 < pe for all k > k. Therefore, for k > &,

Gy = Ji, g — F00. 27
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By (25), for k > k,
|G Fll = || JF Frll > 7. (28)

Owing to Ay = wui||GTFy||° and py — +oo, this gives
A — +oo . Thus, by the definition of dj, we have

di, — 0. (29)

Case 2: S is infinite. Based on Lemma 2.1, (22) and (25),
we have

IEL? = D (I Fl? = 1 Eesal®) = D (ERIP = 1 Fea )
k=1 keS

> poPredp > Y poPredy

kes kesnsS

, GTF,
> % wlGEATmin{la, ok
kesSnS ” k kH

]

> ind ||dy|, = b
> 5 sormin (. 5 }
kesSns

(30)

We assert that the set S N S is infinite. Otherwise, if it
is finite. Let k; be the largest index in it. Then, for 7 >
1,7k < Do < p2. By (16), Gi,41 = Jg,+1. Thus, kiy; =
k; + 1. Moreover, k;y+1 ¢ S. Therefore, we conclude that
rr < po for all sufficiently large %, which contradicts to the
infiniteness of S. Thus, S NS is infinite.

According to the definition of S, k; € S. Based on
(30), we have dp, — O for k; € S. Since di, = 0
for k; ¢ S, we obtain di, — 0. This, together with
Gk, || < ko, |G, Fr,|| > 7 and (12), gives A, — +o0.

By (22) and (23), for k =k; +1,--- [ k; +s; — 1,

ldll = || = (GEGk + MeI) ' GL Fy||
k-1
<NIE Tk + X, D) T TE T | 4 (T Tk, + /\k,[)_le-T,ka(Z dj)

=k
k—1
+ 5nll (T Tk + X DR dy)?
=k
k—1 Kbk k—1
<l || + Z lld; Nl + " (Z lld;1)?.
=k ij=k
Owing to A, — +00, we have
and
RbRh
ldri+2ll < lldi; I+l de; || + [ldi, +1 [+ . (N [+l ;4111
< 21|dy || (32)
for sufficiently large k;. From induction, it follows that there
is a positive constant ¢ such that, for k = k; + 1,--- | k; +
S; — ].,
ldi|l < €|, (33)

holds for all sufficiently large k;. Since s; < t for all 7, we
have d;, — 0 and
k—1
1Tk = Grll = 1Tk = i | < > lldyll = 0.
Jj=ki

(34)

Therefore, by (25),

IGEFell = 175 Fiell = 1(Jk = GR) T Fill 2 175 Fell = |7k = Glll Fill = 5
(35)

holds for sufficiently large k. From the definitions of dj and
Ak, we have A\, — 400 and pg — +00.
Hence, whether S is infinite or finite, we obtain

dr, — 0, A — +00, pr, — +00. (36)

Since || F|| is nonincreasing, ||F| < || F1]- By (21), (22)
and (35), we have

Aredy, — Predy,
Predy,
_ ' I F (@ + di)lI” = || + Grdel®
Predy,
< 1B + Jidi|* = 1Py + Grdil|?| + 26| Fi + Judelllldi]1® + 7 di |

T : |G Fyll
|GE Al min {e ], IFETY
~ (IE0 + IGTG DAl + 217, — Gal IFellda
5 min { ldu, 5% }
+ 2l I+ 2+ w3

3 min {|ldil, 55 }
L

[re — 1] =

— 0,

which implies

lim r, = 1. 37
k——4o00
By (14), there is a positive constant fi such that
b < [ (38)

holds for all sufficiently large k. This leads to a contradiction
with (36). Thus, (25) cannot be true, (24) is necessarily true.
|

III. LOCAL CONVERGENCE RATE

This section establishes the local convergence theory of
Algorithm 1. Assume that the sequence {z} lies in some
neighborhood of z* € X* and converges to the solution set
X* of (1). We now make a further assumption.

Assumption 3.1. ||.J(z)T F(x)|| provides a Holderian local
error bound with order v € (0,1] in some neighborhood of
z* € X*, ie., there are constants k; > 0 and 0 < b < 1
such that

Ky - dist(xz, X*) < ||J(z)T F(2)|”,Vz € N(z*,b), (39)
where N(z*,b) =<z € R"|||z —z*| < b}.
By (22), we obtain
1F(y) — F)|l < mlly —zl|, Yo,y € R". (40)
Denote by Z, the closest point to z in X*, i.e.,
|Zx — x|l = dist(zg, X). 41
For all k large enough,
lew =2l < llow — a1 < 2 )
and
[Zh — ™| < [lZp = @xll + g — 2] <. (43)

Thus & € N(z*,b).

In the following, we first show that ||dy|| is related to
dist(xg,, X*), then prove that the parameter py is upper
bounded, and finally derive the local convergence rate of
Algorithm 1 by the singular value decomposition technique.
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Lemma 3.1: Given the conditions provided by Assump-
tions 2.1 and 3.1, there is a constant ¢ > 0 such that

ldill < cllzk, — 2k, [l k= ki, - -
Proof: By (11) and (39), we have
N, = pie, |G Fie, |1° = e, 1T Fie, |1° > pokia| T, —n, || (45)

~,ki+si—1. (44)

Define
Ur(d) = || Fi + Jrd||” + Axl|d]>.

It’s obvious that dj, is the minimizer of 1)y, (d). From (23),
we obtain

(46)

HF’% + Jkl(jkl - xki)HQ = HF(jkz) - sz - Jkl(i‘kl - xkz)H2

< R%H'fk, — Tk, H4

47)
By (45) and (47), we have
,lljki dlﬁ
a2 < P8
ki
< 71”61(‘%161 _xki)
> 4)\’%
_ HF’% + Jki (jki — xki)HQ + >\ki H'i‘kz — Tk H2
A,
K 4 2
< Hikl —Tg |+ H'@ki — Tk,
Lokl
= O(||Z, — x5, [*)-
Thus, [|di, || < col|Zk, — @, |-
For k=Fk;,--- ki +s; — 1,
el = 1l = (I Te + A1) ™ T Fe|
k-1
ST Tk + M D)™ T F M+ 1T T + M D™ T T (D d)|
—
k—1 ’
+ nll (T Tk, + M DR dy)?
i=hi

2
k—1 k=1
< ld, |+ D sl + wnl (T T, + X DT IE (Z |de>

=k J=k
and
IIE Tioe + Ao D)L TN = 1IE Ty + Mo D™ IE T (I Ty + e D)2

<NE T+ M D™ I Ty + M DY TE T, + Mo D7HE
= (I T, + M D)7

1
=V
< —alan, - ol
Therefore, it follows that
Rh 3
dp. < ||dg, dp. di. ||2
ldr;+1ll < llde || + Nk, || + \/mﬂ i
< alldy,|. (48)
Similarly,
ldki+2ll < Nk, || + [1di | + k1 [ + C2lld, ||
< colldg, (49)
and
||dki+q|| < Cquki yq = 3a TS — 1. (50)
Thus, we get (44). [ |

From Algorithm 1, it is known that y is lower bounded.
Furthermore, we will demonstrate that uj is also upper
bounded.

Lemma 3.2: Given the conditions provided by Assump-
tions 2.1 and 3.1, there is a positive constant ji such that

pie < fi G

holds for sufficiently large k.
Proof: We first prove that

K, . _
I Fell* = 1| Fr + Grdie]|* > %I\Fk\l min{|[dx |, ||z — zx[} (52)

holds for sufficiently large k.
According to Lemma 3.1, (21),(23) and s; < t, for k =
Kiy-- ki +si =1,

1Fe + Gr(@k — x|l < [|1Fie + Je (@ — 2p) || + |Gr — Jill|1Ze — 2]
k—1
< rnllze — zell® + 5a (> lld;Dl|zk — 2
=k
< knl|Zr — 2 ]|® + mnct|| T, — ||| Z — 2]

Note that ||Z — x| — 0 and ||Zx, — , || — 0, we obtain

K
1P+ Grlae — 2l < 5 Nl —aell - (53)
Kb

holds for sufficiently large k.

Our discussion is divided into two cases.

Case 1: ||Z — x| < ||dk||- By Lemma 3.1, (39) and (53),
we have

| Fll = | Fx + Grdyl]

%

1
;b‘|JEFk|| — || Fy + Gr(zp — 1) ||

> M)z |- Lz [
— T — || — — || T — X

7’% k k 21% k k
_ Mys

—2,%”951@ x|

(54
holds for sufficiently large k.
Case 2: ||z, — xk|| > ||dk||- By (54), we obtain

bl
Gz —
T

i d,
el lidel

Bl = 1% + Grdill > [[F3ll = 155 +

[l |

=1 Fell = 1(1 = 5= — Fi + — (T — Tp
WPl =0 =l Tl T — a7~ 70
d N
> )~ B+ Gelon -zl
|z =z
.
> = — ||z — xp
|2k — k|| 260 I I
K
:Tm,HdkH'

(55
holds for sufficiently large k.
Hence by (54) and (55),

Predy = ([|Fill + [|1Fe + Grde| ) (|1 Fxll = [|1Fr + Grdil])
> FRIER] = 1% + Grdell)
K . _
> f\leHmm{Hdle 12 — @} (56)
Kb

holds for sufficiently large k.

Since || Fy, + Jk, dk; || < || Fx; ||, by (39) and (56), we have
e — 1] = Aredy, — Predy,
! Predy,
_ | I1E@r + di)I? = 1Pk, + Jr,de |
Predy,
< |20 Fk + T dr ., |1* + sl ]I
T | g 1 T mind{|dg ], 125, — @[}
— 0. (57)
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Therefore,

lim 7y, = 1.
k;—o0

(58)

Note that for k ¢ S,7p > p2 > p1 and Gy1 = Gy, so
i1 < pg. According to the updating rule (14), inequality
(51) holds. ]

Next, we derive the local convergence rate of Algorithm
1 by means of the singular value decomposition (SVD)
technique and the matrix perturbation theory.

Based on the results obtained by Behling and Iusem in
[2], we might assume that rank(J(Z)) = r for all T €
N(z*,b) N X*. Suppose that the SVD of J(Zg,) is

- S, 175
- Gt () ()
= UknSraVid 1, (59)
where S, 1 = diag(Gk, 1, ,0k, ) > 0 and Uy,, Vi, are
orthogonal matrices.
Consequently, the SVD of Jy, is
Jki = Ukizkivkj;
Yk 1 Vi,
— U . ,U . i iy
tnatin (% 5 ) (B
= UkaSk Vi1 + Uk, 25k, 2V o, (60)
where Xi, 1 = diag(og, 1, ,0k,,r) > 0 and Xg, 0 =
diag(o—ki,r+17 T ’O'ki,n) > 0.

By the theory of matrix perturbation [22] and (21), we
have

diag(Sk,1 — Skt B 2l < Nk, — T (@) < snllZk, — 2.

(61)

Lemma 3.3: Under Assumptions 2.1 and 3.1, there are
positive constants /; and 5 such that

ldi|l < U2k, — e, IF5 T k= Ky, -

. ,ki+8i71. (62)

||Fk + dek” S lz”!i’kL - :L‘]ci||k_ll€i'+27 k= k}i, ce ,ki + 8; — 1.
(63)
Proof: We prove it by induction. It was shown in [6]

that the results hold true for k = k; and k = k; + 1.
Suppose the results hold true for & — 1(k; + 2 < k <

ki +s; — 1), that is, there exist constants [; and l5 such that

T k—k;
ldk—1ll < LllZe, — 2x, ", (64)
7 k—k;+1
| Fr1 4 Gro1di—1| < lo|| Tk, — g, ||F (65)
It then follows from (21), (23) and Lemma 3.1 that
[[Fxll = 1F(zh—1 + dx—1) |l
< | Fre1 + Joe1di—t || + sallde—1]?
< NP1+ Groadi—t || + | Je—1 — G ||| di—1 ]| + | dr—1]?
= 1Fee1 + Groadia | + | Jho1 = Jr\ld—all + #nlldi—a|®
k—2
< D@k, — ar S 4 mn (D 5D dk—r || + wnl3 |25, — g, 254
J=ki
<Igl| @, — g, R,
where I3 = Iy + kpctly + kpl3. Therefore,
T Tl k—k;+1
1Uk; 1 Ug, 1 Fill < 1Fxll < Usl|Zw, — 2k, Lo (66)

Moreover, by (39),
|12k — il < kI FRl| < kM sl|2E, — 2, PR (67)

Let jki = Uki?lﬁkiylv,@f)l and S, = fj,;tFk where j,j'
denotes the pesudo-inverse of sz' Then 5;, becomes the least
squares solution to mli%n | Ex + Jk, Sk ||. From (21) , (61) and

seRn

(67), we have

Uk, 2UE 2 Fell = 1B + i 5ell < 1B+ Ji, (3 — )|
<N+ Ji(@r = @)l + 1k, = Jellllzk = @ell + 1Tk, = Tk 126 — |
k—1
< wnllEn — xel® + mn (D ;D IER — 2kl + Uk, 25k, 2Vt ol — 2]
=k
<Dl @g, — @y |FH2,

where Iy = r; '3k (k) s + et + 1).

Since {xj} converges to X*, we may assume that
Enl|Zk, — 2k, || < 2 holds for all sufficiently large k;. Then,
it follows from (61) that

1 4

ISk + M, D7 < 1B <

(@ — rnllZr, —ax, )2~ 02
(68)
By (61), we obtain
_ 1 1
[ < _ <= (69)
" Okir — |Okir — BnllZr, — el — Okiyr
holds for sufficiently large k;. By (45),
_ Sk, 2|l Kn
Mol = [Enal < . (70)
H k; 112” >\k:i Lok

By the SVD of Jj, we have

A = Vi 1 (S0 + A D) 7T Sk UL 1B = Vi 257, 2 + Ak D) 7' S o UL, o Fie

Therefore,

ldill < I35 MUk 1 UG 1 Fell + 10 S, 21Uk, 2UK, o Fel

21 L.
< Bz, — g R Sy, — g ||
Okir [ok
< ll“‘iki - wki||k_ki+17
, - (71)
21 la || =
where Iy = 20— + S|z, — |
Note that [[(Z7 5 + A, D)7H < AL' and A, =
e || Fre, _ _ .
7lf’fﬁ|‘|lpf;|‘|l < i || B, || < fkpl|Zw; — i, ||, it follows
[ F + Grdell

= MUk 1 (E5, 1+ Mo D) T UL 3 Fie + My Ur, 2(57, 0 + A D) T UL S E|
<M N2 MUk AU Fell + Uk, 2UE o Fil
< Afikys 23| B, — zn, || PR A 1| TRy — g PR
= b||Tx, — 2, [|F R,
(72)
where Iy = 4fik,5 213 + I4. This completes the proof. MW
Theorem 3.1: Under Assumptions 2.1 and 3.1, there exists

a constant [3 > 0 such that

s;+1

||dki+1 H < l3Hdkz (73)

Consequently, Algorithm 1 converges g-superlinearly to a
solution of (1).
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Proof: By Lemma 3.1, (39) and (23), we have

BillZhn = Trop || S NE @)l = 1F @hites, -1 + digges, 1)l
S Frgsi1 + Thitsi—1dke 5,11 + snlldr, 5,111
< HFk'Hrsﬁl + Gritsi—10k,+5,-1 H + H(Jk1+517] - Gk1+5171)(1l\'1+5771 H

+ #nlldi s,
ki+si—2
< gt + Gropsiadigrsiall O Y i)l dias -1
=k

+ il i1
< (Ia + ctly + knely) | Tk, — o, |

(74)
Note that
kip1—1
ijl _$k1|l < iji+1 _Ih” < iji«}»l _mki«}»l” + Z “d]”
—y
s
By (74) and (75),
kip1—1
|2k —arll <2 Y llds]l < 2sics,alldi,| - (76)
J=ki

holds for sufficiently large k;.
Let [5 = Iil_l(lz + tcly + kpely). From (74), Lemmas 3.1
and 3.3, we have

||dk7:+1 ” < C||‘ik7’,+1 — Lkigq H < Cl—5‘ Ty — Th; sitl
< ls(2sics, 1) [, |7
< cls(2tes 1) Y| dg, |15 (77)

Let I3 = cl5(2tc;—1)' L. We get (73).

By Lemma 3.1, we have ||dy,|| — 0. Therefore, there
exist a positive integer N and 0 < g < 1 such that
max{||dg, |, 1s]|dg,; ||} < ¢ <1 forall ¢ > N. Since s; > 1,
we have

Hdki+1|l < l3||dki||3i+l < l3Hdkz‘”2 < CIHdkiH»Vi > N. (78)
Then,
o0
S ldell < lldiyll + alldin | + @ lldiy |l + -
i=N
d
1-g¢q
which implies that >_:° \ ||dx, || converges.
By s; <t, we have
Sifl
||‘rk1:+1 - ka” = || Z dkr’!‘j” < tct—lHdki”' (80)
j=0

oo
Thus, the infinite series Z lxk
i=1

— x, || converges. This

141
o0

implies that the infinite series Z(xk
i=1

Consequently, the sequence {xzy,} converges to some & €
X*. Similarly to (74), we have

.1 — Tk,) converges.

kai+1 - i‘” < (j”mh - :'%Hsr‘r1 (81

for some ¢ > 0. Therefore, Algorithm 1 converges superlin-
early. [ |

IV. NUMERICAL EXPERIMENTS

In this section, numerical results for Algorithm 1 in solving
nonlinear equations are presented. The test problems are
selected as follows. The test problems 1-4 do not satisfy the
local error bound condition but instead satisfy the Holderian
local error bound condition near zero point. Problems 5-9,
which correspond to the functions from [16], are listed in
Table I.

Problem 1 ([24]) fi(z) = z1 22,

falz) = x% + x%

Initial point: x¢ = (1,1)%, zero point: (0,0)7.
Problem 2 Powell singular function ([14], [16])

fi(x) = z1 + 10zo,
fa(w) = V5(x3 — 24),
fa(@) = (w2 — 223)?,
fa(x) = V10(21 — 24).

Initial point: zo = (3,1,0,1)7, zero point: (0,0,0,0).
Problem 3 ([22], [24])

Fi(2) = 21 + 1022,
fa(z) = 3 — 34,
fa(@) = (w2 — 223)7,
fa(@) = (21 — 24)3.

Initial point: zo = (3,1,0,1)7, zero point: (0,0,0,0).
Problem 4
fl(x) = 93% — T122,

fa(z) = 22 + x129.

Initial point: zo = (1,1)7, zero point: z¢ = (0,0)7.

Test problems 5-9 are constructed by adjusting the nonsin-
gular problems from Moré, Garbow, and Hillstrom in [16],
and they meet the local error bound condition near the zero
point. They have the same form as [18]:

F(z) = F(z) — J(2*)A(ATA) AT (2 — 2*),

where F'(x) is a standard nonsingular test function, A €
Rnxk (1 < k <n) is a matrix which has full column rank,
and z* is a solution of F'(x) = 0. It is obvious that

J(x*) = J(a*) (I — A(ATA)71AT),

is the Jacobian of F'(z) at z* with rank n—k and F(z*) = 0.
Note that, some roots of F'(x) = 0 may be not roots of F'(x).
Similar to [18], we take

A=1[1,1,---,1]T e R,

which results in rank(J(z*)) =n — 1.

The codes are written in MATLAB R2016 and run on
a personal computer 2.9 GHz and 2.9 GHz CPU proces-
sor, 16.0 GB RAM, using Windows 11 operation system.
Throughout the numerical experiments, We take py =
1074, p1 = 0.25,py = 0.50,p3 = 0.75,u; = 0.01,uy =
1078, m; = 4,my = 0.25,¢t = 10,6 = %. We stop the
program if the number of iterations exceeds 100(n + 1) or
|GTE| < 1075
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To consider the global convergence of the algorithm-
s, we run each test problem for three starting points
xg, 10xg, 1002, where x is suggested in [16] for problems
5-9. The results are given in Tables II and III. The meaning
of notations listed in two tables is as follows:

NF: The numbers of function calculations.

NIJ: The numbers of Jacobian calculations.

NT: NT = NF+ NJ xn.

NS: ‘Y’ means the algorithm is converged to z*; ‘N’
means that algorithm is converged to another solution; ‘-’
shows that the number of iterates is more than 100(n + 1).

From Table II, we see that Algorithm 1 is effective for
singular problems 5-9 under the local error bound condition.
Table III reveals that Algorithm 1 converges globally to z*
for the singular problems 1-4 under the weaker Holderian
local error bound condition.

TABLE I
FUNCTIONS CORRESPONDING TO PROBLEMS 5-9
Problem Function
5 Discrete boundary value function
6 Discrete integral equation function
7 Trigonometric function
8 Broyden tridiagonal function
9 Broyden banded function

TABLE II
RESULTS FOR LARGE SCALE PROBLEMS 5-9 WITH RANK n — 1

Problem n ) Algorithm 1
NF/NJ/NT NS
5 1000 1 1/1/1001 Y
10 12/2/2012 N
100 21/4/4021 N
6 1000 1 20/4/4020 Y
10 24/5/5024 Y
100 21/4/4021 N
7 1000 1 17/9/9017 Y
10 35/21/21035 Y
100 69/37/37069 Y
8 1000 1 16/4/4016 Y
10 26/7/7026 Y
100 34/9/9034 Y
9 1000 1 23/6/6023 Y
10 35/9/9035 Y
100 46/13/13046 Y
TABLE I
RESULTS ON THE PROBLEMS 1-4
Problem n o Algorithm 1
NF/NJ/NT NS
1 2 1 14/4/22 Y
10 22/6/34 Y
100 29/8/45 Y
2 4 1 18/5/38 Y
10 25/7/53 Y
100 32/8/64 Y
3 4 1 19/5/39 Y
10 21/7/49 Y
100 36/6/54 Y
4 2 1 14/4/22 Y
10 21/6/33 Y
100 29/8/45 Y

V. CONCLUSIONS

In this paper, we propose a new adaptive multi-step LM
method with the parameter A\, = px||GF Fy||°, 6 € (0,1] and
improve the convergence results. This algorithm combines

the advantage of saving Jacobian evaluations with good con-
vergence properties. The convergence rate of our algorithm
is proven to be superlinear under mild assumptions. Numer-
ical experiments demonstrate the validity of our proposed
algorithm.
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