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Abstract—This paper comprehensively analyzes the
approximation of wavelet expansions constructed from a Riesz
basis and addresses the unique challenges posed by the lack of
orthonormality. By analyzing the remainders of the wavelet
expansions, we prove that the integral of the remainders from
—o0 to +o0 converges to zero for infinitely differentiable
functions based on the Riesz basis,when the scale function
satisfies the partition of unity condition and the vanishing
moment conditions. This result applies to both the Shannon
and Meyer wavelets, because their scale functions satisfy the
conditions. For 7 -order differentiable functions with
monotonically decreasing » -th order derivatives, we derive the
approximation of the wavelet expansions and an explicit

estimation of convergence rate in the L'(R) -norm through

careful analysis and refined bounding techniques, assuming
that the scale function has compact support and satisfies the
partition of unity condition. Furthermore, for infinitely
differentiable functions, we establish the exact convergence

rate in the L (R) -norm. We demonstrate that both the Haar

wavelet (orthogonal) and the linear B-spline wavelet
(non-orthogonal) achieve this convergence rate, as their scale
functions meet the required conditions. Our results generalize
the approximation of wavelet expansions to broader scenarios
and enhance their practical utility in computational
applications.

Index Terms — wavelet expansions, Riesz
approximation, convergence rate, non-orthogonal systems

basis,

1. INTRODUCTION

AVELET analysis, since the establishment of its

theoretical foundation, has been widely applied by
mathematicians and engineers in diverse fields including
numerical computation, signal detection, image processing,
noise filtering, and financial analysis [1]-[4]. In practical
applications, constructing wavelet expansions that achieve
precise approximation or quantified convergence rates is
often essential. Researchers have extensively studied the
approximation of wavelet expansions, particularly in the
context of orthonormal wavelet systems. A well-developed
theoretical framework has been established, yielding
numerous significant results. For instance, reference [5]
investigated the approximation of orthogonal wavelet

expansions for functions f € L’(R) under the assumption
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that the scale function ¢ satisfies the decay condition

lp(x) < (xeR),

¢
(I+[x ™
where C and f are both positive constants. Under this

condition, the authors established pointwise and uniform
convergence of such expansions. Building on this work,
reference [6] derived the convergence rate of orthogonal
wavelet expansions, demonstrating that their approximation
error decays exponentially. Further refinements were
provided in [7]-[9], where a precise estimation for the
convergence rate was obtained.

In contrast, wavelet expansions constructed from a Riesz
basis which is generated by a scale function without

orthonormality present unique analytical challenges in
approximation theory. Currently, research on the
approximation of such non-orthogonal wavelet expansions
remains insufficient. Reference [9] investigated the
convergence of a class of non-orthogonal wavelet
expansions, proving their convergence in L’ (R) -norm and
providing the order of convergence rate.

This paper extends these investigations by analyzing the
approximation and the rate of convergence of wavelet
expansions constructed from Riesz basis in the L'(R) -norm.
Specifically, we focus on functions that are r -order
differentiable with monotonically decreasing r -order
derivatives. Our results contribute to bridging the gap in the
theoretical understanding of non-orthogonal wavelet
systems and their practical applicability.

II. WAVELET EXPANSIONS BASED ON RIESZ BASIS
In what follows, we establish the necessary mathematical
framework and notation.
Let L’(R) be the Hilbert space of all Lebesgue

measurable and square-integrable functions, equipped with
the inner product-induced norm

1
A= (o ey
Let L(R) be the Banach space of all Lebesgue

measurable and absolutely integrable functions, with the
corresponding norm defined as

=11 G

Definition 1™ Assume that the sequence of closed
subspaces {V,} of I’(R) satisfies the following

conditions:
G V.cr

k k+1

(keZ);

(i) Z(R)=F, and AV, ={0};
k=—x
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@ii) f eV, ifandonlyif f(2)eV,
(v) if feV, f(-

(v) there exists

k+1 2

eV, (nez),

@€V, such that {p(-—n)},,

composes a Riesz basis of 7,

then we call ¢ a scale function of L*(R), {V,},,, the

multiresolution analysis generated by the scale function ¢ .
Let {V,},, be a multiresolution analysis in L’(R)

generated by a scale function ¢ . Then the system

{p(2"x—n)},,, forms a Riesz basis for L'(R). Below we

present four canonical examples of such Riesz bases.
Example 1(Shannon wavelet basis) The Shannon wavelet
is generated by the sinc-type scale function

sin rx
p(x)=—.

The corresponding family {go(Z‘x—n)}kynEz constitutes a
Riesz basis for L*(R).

Example 2(Meyer wavelet basis) The scale function ¢
of Meyer wavelet is explicitly defined through its Fourier

transform ¢ , which has compact support in the frequency

domain:
3
ﬂ@:cm(wﬂwLD%—ﬂwEgm
0, | o|> iﬂ'
3

where v is a smooth transition function satisfying

{0 x<0
v(x) =

>1
and
v(x)+v(l-x)=1,x€[0,1].
The corresponding family {p(2" x —n)}
basis for L’(R).

Example 3 (Haar wavelet basis) The Haar wavelet
employs the characteristic function

,0<x<1
o(x)=

b
0, elsewhere

forms a Riesz

kineZ

which generates a Riesz basis {p(2‘x—n)}, , for L'(R).

Example 4 (Linear B-spline Wavelet basis) The linear
B-spline scale function ¢ is given by

x, 0<x<2
p(x)=41-x1<x<2
0, elsewhere
This piecewise linear function yields a Riesz basis
{p(2'x—n)},,, for L'(R).
For f e L'(R), define the operators as

(A, f)(x) = Zf(—)(o(Zx n) (keZ). (1

Here {4}, 1is a family of operators defined on

L(R) and equation (1) represents wavelet expansions

constructed from the Riesz basis {@(2" x —n)}

k.neZ *

In what follows, we will first analyze the approximation
of wavelet expansions (1) and then investigate the
convergence rates.

III.  APPROXIMATION OF THE INFINITE INTEGRALS OF
WAVELET EXPANSIONS

In this section, we analyze the approximation of the
wavelet expansions (1) by evaluating the integrals of
(4.f)—-f from —oo to +o0.

Theorem 1 Let f € L'(R) be an infinitely differentiable
function. If the scale function ¢ satisfies the partition of
unity condition

Y p(x—n)=1 (xeR) )
and the vanishing moment conditions
[Txpdr=0 (j =12, 3)

then the infinite integrals of the remainders of wavelet
expansions (1)

[ 1A = f(0)]dx
converge to zero as k — +o.

Proof Starting from the partition of unity condition (2),
we express the difference as

(A4.f)x) = f(x) = Zf( D)2 x—m) - f(X)Z<0(2x n)

=Z[f(2—k)—f(X)]<0(2kx—n)~ “
Applying the Taylor’s expansion of f at 24 :
f(/)(zA )
S ()= Z (x— —)/
we obtain
YL

ANX) - () ==X 2 — 22 x—n) .

noj=l

Consequently, the infinite 1ntegrals from —oo to -+

become
[ AN ) = f(0))dx
. . f(/)(Zk)
= _L ZZ (x— ?)f 02" x— n)dx.
From the vanishing moment conditions (3), we have
fu) n
'[:Z x —n)dx
f(/)( I’l
= —) o(2" x— n)dx
f(/)( n )
=XYoo - [ xplanx= 0,
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where the vanishing moment conditions (3) ensure the
equality. Therefore,

|14 )x) = £ (x0)1dx
converge to zero as k — 400 .

Remark 1 Theorem 1 establishes that under certain
conditions, the integrals of the remainders f -4, f of

wavelet expansions (1) from —oo to 400 converge to zero
as k— +o.

Remark 2 (Approximation of the Shannon and Meyer
wavelets) Consider f e L'(R) to be an infinitely

differentiable function. The scale functions of both the
Shannon wavelet (example 1) and the Meyer wavelet
(example 2) satisfy the partition of unity condition (2) and
the vanishing moment conditions (3). As a direct
consequence,

[ AN = f(0)]dx
converge to zero as k — +oo . This implies that the integrals
of the remainders [ —4, f of wavelet expansions (1) from

—0 to +oo converge to zero as k — +o©.

IV. APPROXIMATION OF THE WAVELET EXPANSIONS IN
L' (R) -NORM

In this section, we investigate the approximation and
convergence rate of the wavelet expansions (1) by analyzing

the L'(R) -normof 4, f—f.

Theorem 2 Let feL'(R)nL'(R) be an r-order
differentiable function (» >1) with | f”| monotonically
decreasing. Suppose the scale function ¢ has compact
support supp ¢ < [a,b] and satisfies the partition of unity
condition (2). Then the following error bound holds:

C R C.,R
l4.s =71, <

Sk~ i k70

'zk(/+l) 2k

in which
N n .
=Z|f<”(2—k)| (G =1,2,-,7),
R =[xp(x)dx (j=0,L-r-1).

Proof Starting from equation (4) in the proof of Theorem
1, we express and estimate the approximation error in the

L'(R) -norm:
l4.f =71 =714 f)e) - f () Hx

<ZJ“‘°| f(?) F(0)1p(2 x—n) | dx

ZLI[f(—) f(— —)]cD(X)Idx

ZI f(—) f(27 ZHlpx) | dx .

Using Taylor ] formula with integral remainder of f at

?.
fm(”
P30 = S G 09 s+ s,

we bound the L'(R) -norm of the approximation error as

follows:
|47 =11,
LG
s 2t Xy
S 2A ;Li[; ]| (2k)

+ -9y f(")(%s + %)ds](p(x) | dx

) ,2@ 2 () d

ZJ |],a-
=1 +12. 5)
We bound the term , :

L=5— 21

(—s+ —)ds o(x)| dx

b .
'2/\</+1) A-)|Lixl(p(x)|dx

-5

Jlj

s (©)

2k(/+1) >

where
YL .
:Z|f()(?)| (J=12,--,1),

b . .
R =["1Xp)kx (j=01-wr-1).
Since the scale function ¢ has compact support

supp ¢ < [a,b], the following equations hold:
[ o)y =] p(dv=2[ " p(x)dx
= Zj.ol(p(x— n)dx = .fOIZqo(x— n)dx .

From the partition of unity condition (2) , we have
J;Z(p(x—n)dx =1. Thus,

Lh o(x)dx =1.
This confirms both the scale function ¢ and |x'@(x)|

(j = 07 1’ tte b
We bound the term 7, :

L 2, A= gl s+ 20| o) | dsd
oy xs] n+[ xs]
I J, =5yl 7 =

Further simplification using the monotonicity of | /|

r—1) are integral on [a,b].

) |- | @(x)| dsdx.

yields:
1 op
sy lla-
[y .f<”><27) | p(x) | dsd

n+ xs]

)"Zlf( i) |1 olx) [ dsdx

' o(x)| dsdx

Cr k RO
- 2A > (7)
where

=216, R=[low k.

Combining the bounds (5)-(7) , we arrive at the total
approximation error:
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C R

C/ AR/ rk= "0

'zk(m) 2k »

l4.s =11, <

in which
YL .
:Z|f()(2_k)| (j=1,2,"',l"),
Rf :J‘:|x/¢)(x) ux (j=0,1,---,r—l) .
fel(R)NL(R) be an r -order

differentiable function (» >1) with

Conclusion Let
| 77| monotonically
decreasing. Assume the scale function ¢ has the compact

support supp ¢ < [a,b] and satisfies the partition of unity

condition (2). Then the approximation error of the wavelet

expansions (1) is bounded by
cﬁE C .R

rk= 0

'2/\(/4-1) + zkr

l4.s =7 <

in which
hras .
€, =X "G (G=12m0),

R=(["|p(x)[ dv)*, c=max{|al|bl}.
Proof From Cauchy-Schwarz inequality, we derive
1 1
[/ | dx < ([ x7dx)* ([ | @(x) |* dx)?

< R( J.lx”dx)i =2R([ x"dx)’
—2R————<R"?, (8)
\2j+1
where R = (Lb\ o(x)|” dx)?,c=max{|al,|b|}.

From Theorem 2, we derive

i
.7 C.R
”A f f" _RZ 'Jzk(m) 221”0 ’

in which
YL .
:Z|f()(27)| (j=12,-,1),

1
R=(['lp(x)[ dv)’,c =max{lal|b]} .
Theorem 3 Let feL(R)NL(R) be an r-order

differentiable function (r>1) satisfying the following
conditions:

(D) f7e LR (j=12,, r=1;
(2) | f| is monotonically decreasing;
3) C = supZ|f

If the scale function ¢ has compact support supp ¢

—ﬁ|<+w

c[a,b] and satisfies the partition of unity condition (2),
then we bound the approximation error as

LCR,
"Af f" <Z '2/1 zkr 4
where
- A Ak .=1723'“: -1 s
= sup 2,(Zlf 2,()| (J r=1)

R/ :_L|x'(/7(x) |dx (j=0,1,---,r=1).
Proof Under the conditions of f” e L'(R) (j = 1,2,

-,r—1), the following limit can be expressed as:

hrn—Zlf —)I

k—>+o0 2"

Slimes 3D S 3D 5

n=-2k" n=-2*

+;|f‘”(2—A)\— Zzlf( )I—F )

=t L@ e [0 o )]0 e
+1 SV (x) 4+

=TI/ @l <0 (j=1,2,0r=1).
Consequently, the supremum is finite:

)= SUP—Z\ Al —) | <40 (j=12,---,r=1).
Applying Theorem 2, we obtain the error bound
C IR] CrR
||Af f" - '2A/ Ay T zkro ?
in which
_Sup_2|f _)| (j:Lz’”':r_l):

R =[|xpx)dx (j=01-r-1).
Remark 1 The conclusion of Theorem 3 can be
expressed in the following simplified form:

4.7~ 1], <060

depends on

—Sup—Z\f

where “0”

_)| (j:l’ 2,"',}"—1) )

and
R =[xp(x)dx (j=0,1-r-1).

Remark 2 Theorem 3 establishes that the wavelet
expansions (1) based on Riesz basis converge to f

L(R) -norm as k — +oo under the specified conditions.
Furthermore, Remark 1 demonstrates that the approximation

. . 1
error decays exponentially with rate order O(Z—k) .

Remark 3 (Approximation of the Haar and linear
B-spline wavelets ) Let f e L'(R)NL(R) bean r-order

differentiable function (r>1) satisfying the following

conditions:
@ f7eL® (j=L2, r=1;
(5) | f“| is monotonically decreasing;
6 C, —SUPZ\f —)|<+<>o

Both the Haar wavelet (example 3) and the linear B-spline
wavelet (example 4) possess scale functions ¢ with

compact support that satisfy the partition of unity condition
(2). This property ensures that the wavelet expansions (1)

converge to f with respect to the L' (R) -norm as k —> +oo
and the approximation error decays exponentially with rate

1 . .. . .
0(27) under the specified conditions irrespective of the

orthogonality of the Riesz basis.
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Conclusion Let feL'(R)NnL(R)
differentiable function (r>1)

conditions:
(1) f(” € LI(R) (j=152,“" I"_l);
(2) | f |is monotonically decreasing;
3) C= SUPZ| S

If the scale function ¢ has compact support supp ¢

be an r -order

satisfying the following

—)|<+oo

c[a,b] and satisfies the partition of unity condition (2),
then

LCR
”Af f" _RZ Zk/ 2Ar 2
in which
_Sup_2|f _)| (j=l,2,--~,r—l) B

R=([lpx) dx)?, c=maxilal,|b|}.

Proof The result is obtained by substituting
equation (8) into the conclusion of Theorem 3.

Theorem 4 Let feL'(R)NnL’*(R) be an infinitely
differentiable function. If the scale function ¢ has
compact support supp @ < [a,b] and satisfies the partition
of unity condition (2) , then

4.7~ f||—

>

l 2‘/

in which
—sup—Z\f —)I,

RJ :L‘X (p(x)|dx (] :152"") .
Proof Since f e L(R)NL(R)
differentiable function, we apply the Taylor's expansion

of f at 2.

zk

is an infinitely

fwl>

j!

f(—+

From the partition of unity condition (2), we have

14,7 7], < =S [0 ot 2y £ (ot |
285 2 2 2
Orais
o)
|
1 mu(—n
;2 zwjuwmm
0 C
j=1 ]' 2" ’
in which

ww—nf(%u

R =[|x'p(x)|dx (j=12,).

Conclusion Let feL(R)NnL(R) be an infinitely
differentiable function. If the scale function ¢ has
compact support supp ¢ < [a,b] and satisfies the partition
of unity condition (2) , then

1
/+f

l4.s - fH—RZ

>

jr2v

in which

—SHP—Z\f —)I (j=L2--),

R=(L\(ﬂ(X)IdX)E, c=max{lal|bl}.

Proof The result is derived through substitution of
equation (8) into the conclusion of Theorem 4.
Remark 1 (Approximation of Haar wavelet) Consider

feLl(R)n L’'(R) to be an infinitely differentiable
function. The scale function ¢ of Haar wavelet has
compact support [0,1) and satisfies the partition of unity
condition (2) . Observing
b 3 < ([ ez
R=([|p(x)|dx)* <([ dx)* =1,

we obtain the approximation error bound:

1
J**

l4.s =11 <

>

b 2”

where
—SuP_Z‘f _)| (j:1329"')9

c—max{|a L,I&]} .

Remark 2 (Approximation of Linear B-spline wavelet)
For f e L'(R) n*(R) that is an infinitely differentiable
function. The scale function ¢ of linear B-spline wavelet
has compact [0,2) and satisfies the partition of unity
condition (2) . Noting

R= (j |go(x)|dx)2 <(j xdx+j (x— l)dx)% =
then

n
./ B

E)

"A f f" ' 2A]

in which
—SUP—Z\f —)I (=12,

c —max{|a R

Both the orthogonal Haar wavelet and non-orthogonal
linear B-spline wavelet satisfy the conditions of Theorem 4,
confirming that the wavelet expansions (1) achieve the
specified convergence rate regardless of orthogonality. This
equivalence demonstrates that the convergence behavior
established in Theorem 4 is fundamentally independent of
the wavelet system's orthogonality, with both types of
wavelets exhibiting identical convergence characteristics
when their scale functions meet the required conditions.

V. CONCLUSIONS

This study has systematically investigated the
approximation of the wavelet expansions (1) constructed
from a Riesz basis, establishing a unified framework for
both orthogonal and non-orthogonal systems. We proved
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that the integrals of the remainders of wavelet expansions (1)
from —oo to 400 converge to zero as k — +co under the
conditions of Theorem 1. This result holds for both the
Shannon and Meyer wavelets as their scale functions satisfy
the conditions of Theorem 1. The wavelet expansions (1)

convergeto f in L(R)-normas k —+oo and explicit
decay rates are provided under the conditions of Theorem 3.
Additionally, the exact convergence rate in L'(R) -norm is

obtained in Theorem 4. Notably, we derive a pioneering
rigorous estimation for the convergence rate of
non-orthogonal wavelet expansions. Moreover, our results
demonstrate that the orthogonal wavelets (e.g., Haar) and
non-orthogonal wavelets (e.g., B-spline) achieve the same
convergence rates. This helps to bridge the long-standing
theoretical gap between orthogonal and non-orthogonal
wavelet systems.

This research significantly extends classical wavelet
approximation theory by establishing generalized error
bounds through derivative-dependent constants C, and

R, . The theoretical framework demonstrates particular

value in computational applications, where it validates the
effectiveness of non-orthogonal wavelets for signal

processing tasks requiring L (R) -convergence and adaptive

algorithms utilizing exponential decay properties for optimal
resolution selection. These contributions provide both
theoretical foundations and practical implementation
guidelines for wavelet-based computational methods.

Future research will focus on optimizing Riesz basis for
minimal support properties, extending the framework to
high-dimensional data compression, and integrating these
results with deep learning architectures. These proposed
developments promise to further bridge theoretical wavelet
analysis with emerging computational paradigms,
potentially yielding new tools for scientific computing
applications.
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