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Abstract—In this study, we derive several notable topological graphs naturally incorporate fundamental aspects of vector
indices for linear functional graphs over finite dimensional spaces, such as their dimensional structure, basis elements,
vector spaces. In particular, we obtain certain novel topological and subspace relationships. Further studies, including

indices, such as the multiplicative degree-based topological - .
indices for Zagreb and Hyper Zagreb. In addition to these, we [12], have delved into the symmetries of these graphs

investigated certain noteworthy geometric arithmetic indices in By analyzing their automorphisms, highlighting structural
their generalized forms. Reverse multiplicative indices utilize regularities and invariants.

this idea to analyze the inverse of these products, providing |n parallel, topological indices-numerical measures derived
an alternate method for measuring connectedness or other from graphs-have gained attention for their ability to

structural features of a graph. Refined indices extend classic ¢ kev feat f | truct Originati .
topological measurements by taking into an account deeper capture key teatures ol compiex structures. Originating In

interactions between degrees or higher-order connections, the field of mathematical chemistry, these indices quantify
resulting in a more comprehensive representation of network characteristics such as molecular branching, cyclic structures,
and graph structure. Revan indices are proposed as an extension and vertex connectivity. Early foundational work by Gutman
of traditional degrge-based metrics, offering higher sensitivity to [9] and Kulli [10] demonstrated how topological indices
subtle structural differences in network topology and effectively like the 7 b and Randic indi Id di | |
distinguishing non-isomorphic graphs with identical global ke t e_ agreb an an. _'C In 'F_es Cou. predict mo ec_u ar
features. Furthermore, we explore elliptic Sombor indices as Properties such as stability, boiling points, and biological
a novel variant that captures degree-based structural nuances activity.

through elliptic functional transformations, enhancing the The utility of topological indices now spans multiple
analytical resolution of graph invariants. disciplines. In nanotechnology, they are used to describe
Index Terms—topological indices, Wiener index, Randic nanoscale architectures, including fullerenes and carbon
index, finite dimensional, linear functional graph. nanotubes. In biomedical science, these indices contribute to
the modeling of molecular networks, such as protein-protein
interactions and RNA configurations. For instance, during
the COVID-19 outbreak, structural analysis of antiviral
THE concept of connecting graphs with algebraiggents such as chloroquine, remdesivir, and theaflavin-
frameworks was first explored by Beck [3], whoytilized topological descriptors to support drug research and
applied this perspective to address graph coloring challenggg|ecular modeling [20].
using commutative ring theory. This initial work laid theAdditionaIIy, [26] topological indices have found
foundation for a broader field that merges graph theogppjications in various computational and theoretical
with algebra. Significant progress has since been maggids. Like in machine learning and pattern recognition,
particularly through the contributions of Anderson an raph-based features, often encoded using topological
Tamizh Chelvam [1], as well as Badawi [2], who introduceghgices, enhance model performance in tasks like image
and developed the theory of zero-divisor graphs. Thegfssification and community detection. In cryptography,
graphs serve as tools to investigate algebraic structui@gebraic graphs are instrumental in constructing secure
by translating ring-theoretic properties into graph-theoretjgotocols, including public-key systems grounded in vector
language. spaces and graph transformations. In quantum computing,
Beyond ring theory, the application of gfaph'basegr)aph-theoretic tools are used to design quantum codes
models has been extended to the study of vector spacgsg analyze quantum network states. And in network
particularly those over finite fields. Das [5]-[6] proposed thgheory, topological indices are employed to evaluate
notion of linear functional graphs, where vertices represegfstem robustness, node influence, and structural balance
vectors and edges reflect linear transformations. Thgge networks such as transportation systems and digital

, : . communication infrastructures.
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introduced in [11], which captures the structural imbalance

betweenconnected vertices. These indices provide deeperl. First Multiplicative Zagreb Index :

insight into the internal arrangement of vector spaces B 9

when viewed through a graph-theoretic lens. Through the IL(E(V) = [Lev(d)

integration of linear algebra and graph theory, this research2. General Multiplicative Index :

presents a new mathematical perspective that supports o B o

both theoretical exploration and practical application. The Wi @E(V) = ILev(d)

outcomes of this study may be of interest to fields ranging 3. First Multiplicative Generalized Zagreb Index :
from chemistry and molecular biology to cryptography, . X
guantum computing, and network analysis. MZg($(V)) = HZJGE(dl +dy)°

4. Second Multiplicative Generalized Zagreb Index :
Il. PRELIMINARIES

Throughout the graph, leF, be a finite field withgq MZ5(3(V) = IL,ep(d.-d))*
elements anch > 3 be a positive integerV, be ann- 5. Multiplicative version of First Zagreb Index :
dimensional vector space ovEp, andU, be the set of all .
linear functionals fromV, to F,. Let V = V, \ {0} and 117 (3(V)) = HzJEE(dl +d,)

U = Uo \ {0}. The linear functional graph o¥,, denoted 6. Second Multiplicative Zagreb Index :
by §(V), is an undirected bipartite graph whose vertexiset

is partitioned into two sets a§ = V U U, and two vertices I (§(V) =11,,ep(dd))
v e Vandf cU are adjacent if and only iff sends the 7 multiplicative First Hyper Zagreb Index :
vertexv to 0 in F,.
In this section, we will review some of the definitions and HILEV)) =[],,ep(d +d,)?
terminologies that are required to progress with this article. g Multiplicative Second Hyper Zagreb Index :
Let x be a vertex on the graph. The degree)déthe number
of edges that intersect with. For any two verticesz,y HILEFV)) =11,,cp(did;)?
connected by a path in the graph, the distance d(isghe g muyltiplicative Augmented Zagreb Index :
length of the shortest — y path. The eccentricity of vertex 5
x is the maximum distance betweenand all other vertices AZITI(F(V)) = HzgeE (%)
in the graph. The diameter of the graph is the maximum of Y
the eccentricities of all its vertices. The order represents thelO- Multiplicative Exponential Wiener Index :
number of vertices, whereas the size represents the number EW(F(V)) = : [L,cy ™
of edges in the graph.
Lemma 2.1:([12, Lemma 2.4]) The degree of every vertex Theoem 3.1: The First Multiplicative Zagreb Index of
of (V) is¢"1—1, and hencg (V) isa(q"*—1) - regular (V) is .
graph. IL(F(V) = (¢" "t = 1)t
Theorem 2.2:([12, Theorem 2.6]) The domination Proof:
number of§(V) is 2q + 2.

2

Lemma 2.3:(23, Lemma 2.1]) Let®&(V) be the dual IL(§(V) =[] (@)
graph of amn-dimensional vector spacgé over F,. Then eV ’
(1) The order and the size dD&(V) are, respectively, =J@ " -17
20" =1 gng (& =" -1) =%

1 ANy L ("1 — 1)22a" )
(2) ®&(V) is a regular graph of degre‘éq_—ll. o tgma
(3) A pair of distinct vertices inX* has q":1_1 common =@ -1

neighbors. n

(4) A pair of distinct vertices inX has q"qfl—l common Theorem 3.2:The General Multiplicative Index of§(V)
neighbors. is

Theoem 2.4:([23, Theorem 3.4]) Letn > 2. Then WEF(V)) = (¢t — 1)24" 2
diam(D&(V)) = oo if n = 2 and diam(D6(V)) = 3 if Proof:
n > 3.

Remark 2.5:Let §(V) be the linear functional graphs WEEW) = [[(@)°
of an n - dimensional vector spac¥ over IF,. Then the eV
order and the size of(V) are, respectively?(‘é_%’ll) and = l_I(q”*1 -1)*
(@"=1)(¢""'=1) eV

—1 : n— 2(q" —

Remark2.6: By theorem 2.4 and remarks 2.3 and 2.7 in =(¢" " - 1)@ =h
[12], we get the eccentricity of every vertex V) is 3 for = (g"t —1)%d" 2
n > 3.

|
I1l. M ULTIPLICATIVE ZAGREB INDEX Theorem 3.3:TheFirst Multiplicative Generalized Zagreb

This segment gives us some of the multiplicative ZagrdBdex of §(V) is ) o

indices forg(V), which are degree-based indices. MZ(F(V)) = [2¢" " —2]0 —oa —aa e
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Proof:

MZEEW) = [] (d+d))°

ek
— H [qn—l 1+ qn—l _ 1]04
ek
= [[ " -1
1yer
=[2(¢" " - 1)]a(q”‘—1)(¢“1—1)
= [2(g" 7t |l
=[2¢"' - Q]Q(qz”’*lfq"fq”’“rl)
_ [Qqnfl _ Q]qu"_lfaq" aq" o

Theorem 3.4:The Second Multiplicative Generalized
Zagreb Index of§(V) is

MZg(F(V)) = ("' l)zaq%_l*?aq"fzaq”‘#za
Proof:

Mz5FV) = [] (d.d)°

1)ER

— H (qn—l —1x qn—l _ 1)a
1)€EE

— H (qnfl 1)2a
ek

— (qn—l _ 1)2(1((]"—1)((1”*1_1)
= (g" ! = 1)20(@" T =" —a" D

n—1 _ 1)20¢q2"71 —2aq" —2aq" " 4+2a

= (q

Theorem 3.5:The Multiplicative version of First Zagreb

Index of F(V) is
I (F(V)) = [2¢" 71 —2J¢
Proof:

2n71_qn_qn—l+1

I V) = [ (@ +4d,))

ek

= [l =D+ (" -1)]
eE

= [[ 2" -]
ek

n n—1
= [2(¢" ' —1))l@" D@D

[2qn_1 . 2]q2n—1_qn_qn71+1

= (q”—l — 1)2(!1"—1)(11"71—1)

_ (qn_l o 1)2((12"71—(]"—(]"71-"-1)

=(¢" "= 1)2‘12“1—24"—24”’42
|
Theorem 3.7:The Multiplicative First Hyper Zagreb
Index of (V) is
HIL(F(V)) = [2¢" ! — 220" " 24" 24" " +2
Proof:
HILEW) = [ @ +d,)*
1)EE
- i@ -0+ @ - P
yeE
= [T@ " -vp
eE
= [2(¢" — 1A D@ D)
= [2(¢" " = 1)]H@T ma"ma D
=[2¢"" - 2]2q2n71_2‘1"—2q"’1+2
|

Theorem 3.8:The Multiplicative Second Hyper Zagreb
Index of F(V) is

HIIQ(S"(V)) — ((]nfl o 1)4q2n—174qn74qn_1+4
Proof:

HILE(V)) = [] (d.d))?

1€
= [Tl " =y x@ " -1
ek
= [Tl " =12
1)€E
= [[@ "=
ek
— ("t — 1) -DET =Y

_n—1 IO i R |

= (¢t = H )

_ n—1 4q2n71_4qn_4qn71+4
(¢ =1

|
Theorem 3.9:The Multiplicative Augmented Zagreb

Theorem 3.6:The Second Multiplicative Zagreb Index of |, qex of (V) is

F(V) is
I (V) = (¢" ' - 1)2‘12"71—261"—2q”’1+2

AZLIFV) = (£ 2y )3‘12"71‘3‘1"‘3‘1’“1“

2qn—1-4
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>3q2n1_3qn_3qn1+3

[ ]
Theorem 3.10:Multiplicative Exponential Wiener Index
of F(V) is
EW(S(V)) _ %e2q2nfl_2qn_2qn71+2
Proof:

EW(F(V)) =

e

1€V
_ % I] <@
eV
[ ( n— 1_1)]2(q7L_1)

”'_171)

1
)
_ L@ ey
DN

162[1271 1 2qn 2qn 1+2
2

IV. MULTIPLICATIVE BASED OTHER INDEX AND
GEOMETRICARITHMETIC INDEX:

This area shows the other multiplicative-based indices,
the harmonic index and the geometric arithmetic index,

which are based on the edgesF{{V)

1. Narumi - Katayama Index :
NK(S(V)) = HzGV(dl)

2. Multiplicative Sum Connectivity Index :
— 1
SCII(F(V)) =IL,er Vi

3. Multiplicative Product Connectivity Index :

PCIIEV)) = Myes i

. Multiplicative Sum Connectivity F - Index :
— 1
SEIEW)) = yer Jmra
. Multiplicative Product Connectivity F - Index :
PRIIEY) = yer hm
. Multiplicative First F - Index :
FIIE(V)) = I1,epl(d)? + (d;)?]
. Multiplicative Second F -

RIIE(V)) = I1,)epl(d)?(d))?]
. Multiplicative ABC Index :

Index :

d+d—2

H'L]EE 0-dy

. Multiplicative Harmonic Index :

HIIE(V) =1l ep 50
10. Multiplicative Geometric Arithmetic Index :

ABCII(F(V)) =

GAII(F(V)) = szeE %

11. General Multiplicative Geometric Arithmetic Index :
2,/d,.d, “
GATIED) = T (52

d,+d,
Theoem 4.1: The Narumi - Katayama Index @ (V) is

NE(§(V)) = (¢" " —1)*" 2
Proof:
NEGWV)) =[] (d)
eV
=1
1€V
— (qn—l _ 1)2(q"—1)
— (qn—l _ 1)2q"—2
[ |
Theorem 4.2:The Multiplicative Sum Connectivity Index
of §(V) is
R A LS
SCIIF(V)) = [}
qrTt=2
Proof:
SCHFEWV) = [[ ———
ekl
vty \/(qn—l _ 1) i (qn—l _ 1)
1)e€E [ V 1)
- 1 (¢"-D(¢" *=1)
V20T
) q2n,—liqniqn71+1
- l \/26]71_—1_2]
[ |
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Theorem 4.3:The Multiplicative Product Connectivity
Index of F(V) is

(7q271,—1+qn+qn—171)
2

PCII(F(V)) = [¢"" — 1]
Proof:
PCII(F(V)) =
1 i

1
JI;[E Vit =1 x (¢ - 1)]

i 1

)

R TG [Ty
“[==)

{( _q }(q —1)(¢""t-1)

)
( (4" =1)(g"~ 1—1))
(

q2n 1+qn+qn 1 1)

w\»—A

[ -1

Theorem 4.4:The Multiplicative Sum Connectivity F -
Index of (V) is

) P2 gt —gm 1
SFIEW) = | 7]

Proof:

1

1EE 4/ d12 + d?

SEII(E(V))

[ 1
- ZJI;[E I 2(q" T —1)2
[ 1
= zg _\/g(qnfl — 1)]
1 (¢"-1)(¢"'-1)
{\@(qn ! 1)]

Theorem 4.5:The Multiplicative Product Connectivity F
- Index of F(V) is

2n—1 n n—1
PFII(F(V)) = [¢" ' = 1]—2q +2¢"+2¢" "1 -2

Proof
1
=l 1
e V@ =D (g 1)21
- 11 _ 1 ]
= A (qn,1 _ 1)4
1

_ [(qnfl 1)72](‘1 —1)(g" ' -1)
[qn 1 1} —-2(¢"-1)(¢" "' -1)
= [¢* 1 1] —2(¢*" =" —q" T 41)
[qn 1 1} 2q2n 1+2qn+2qn 1 —92
|
Theorem 4.6:The Multiplicative First F - Index ofF (V)
is
FUI(F(V)) = [2q771 — 22 -2 272
Proof:
FIIEV) = [T 1)+ (d)?
ek
= [l =1+ ("' = 1)
ek
= [T 2" =12
ek
=[2(¢"t — 1)@ D@D
= [2(g" — DR DE@ T D)
= [2g" " — 22T 0 =T
[2qn 1 2]2(12"*1—2(1"—2(1"*1-5-2
|
Theorem 4.7:The Multiplicative Second F - Index of
F(V)is
Ry I(§(V)) = [gn " — 1107 " —da"
Proof:
BIIEFEWV) = []((d)(d,)?]
ek
= [l =12 x (¢" ' = 1)?
19€E
= [Tl o7
ek
= [[@ -
1eR
= [(g"! — 1)} D" D)
=g - 1}4(q"*1)(q"_1*1)
_ [qnq _ 1}4q2”_174q"74q"—1+4
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Theorem 4.8:The Multiplicative ABC Index of §(V) is Proof:
@ =g —q" T 1
_ | V2¢m 14 2¢/d,.d,
ABCII(F(V)) = |:qll:| cAnw) = I 777
Proof: weE v
1] 2¢/(g"1 = 1)( —-1)
ABoTIEV) = [ /4552 o @ 1)+(q” )
ek ! B H 2 (qn—l _ 1)2
n—1_1 + n—1_1)_92 - W
= H \/(q (g1 l 1)((qqn1 _ 1>) 1 ueE . )
ek L o H 2(qn71 — 1)
B H [ 2gn—t —1) — 2] o 2(¢" 1 — 1)
- n—1 _ 2
vty (q 1) - TT )
o |2t -1- ey :
- H ("1 —1)2 = (1)(«1 —1)( -1
ek -1
[ 2(gn—1 -2
- H (;n—l _1)2)1 o u
yeE L Theorem 4.11.The General Multiplicative Geometric
B H [/2(¢" T —2) Arithmetic Index of (V) is oty
- L1 (1= GA*ITI(F(V)) = (1) ¢
B Proof:
- (¢"=1)(¢""'-1)
_ 2(qn 1 2) N 2 dl.d]
1) GATIEV) = [] 2
L 2 T J
— (@@ 1gn—q"141) JEE N
_ (2@ : 12> (qul Ui 1))
n—1 _ - n—1 _ n—1 _
q ) | ep \ (@ 1) +(q 1)
q n—1 qn qn 1+1 o
V2"t -4 2/ (T —1)2
I - H 20T —1)
ek
[ | B H 2" =1\
Theorem 4.9:TheMultiplicative Harmonic Index of§(V) B vty 2(gnt—1)
is
HII(S(V)) _ [qnfl o 1] g+ -1 = H (1)
Proof: 1EER
=[1 C“](q"—l)(q" -1)
2
HII(FV)) = _ ()" 1" -1)
(3(V)) ngdﬁda = (1)1
- H - 9 } — (1)a(q —q"—q" 7 +1)
= ] —1 - ann— —aq"—aq7 1+O/
gep L 1)+ (q 1) =(1)
- 11 2 } m
- n—1
e L2 1)
- V. REVERSE INDICES:
= ("1 — 1)] This subdivision gives us some of the well-known named
wek = . . topological indices fof(V), which are degree-based indices.
B { 1 Tq —D@* =D Here the reduced reverse degrge= §(3(V)) —dgv)(v) +1
(qn—l _ 1) . .
_ [qnq 1} q"=1)(¢" "' =1) 1. First Reverse Zagreb Index :
R IR A CM(B(V)) = 2ep(c(t) + (7))
1 g ne1 2. Second Reverse Zagreb Index :
_ [qn—l o 1}*(1 +q g —
CM(3(V)) = 2, p(c(t).c2))
o ) ) ' 3. First Reverse Hyper Zagreb Index :
Theorem 4.10:The Multiplicative Geometric Arithmetic X
Index of F(V) is HCM(3(V)) = 3_,,ep(c() + ()
GAII(F(V)) =1 4. Second Reverse Hyper Zagreb Index :
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is

HCM(F(V)) = X2, c p(c(1).¢(3))?

5. Reverse Randic Index :

RR.(§(V)) = 32, ep(c() +c(9)”
6. Reverse ABC Index :
_ c()+ec(r)—2
RABC(E(V) =X er\/ "<ty

7. Reverse Geometric Arithmetic Index :
24/¢c(2)-c(9)
RGAB(YV) = Xijer <m0
8. Reverse Forgotten Index :
RE(F(V) = 3, ,ep(c@)? + (c()?
9. Reverse Harmonic Index :

RH(F(V) =X, e wayrenn

Theorem 5.1:The First Reverse Zagreb Index $fV) is
CMy(F(V)) = 2¢*1 —2¢™ —2¢" 1 + 2
Proof:

CML(F(V) = > (c(r) +c(9)
el
=Y [ =)= (" =1 +1)
1)eEE

+ (@ =) = (@ =) +1)]

=> [1+1]

ek
=> 2
1yeE
=2(¢" - 1)(¢" ' - 1)
=2(¢" = q" ="+ 1)
— 2q2’n71 - 2qn o 2qn71 + 2
|
Theorem 5.2:The Second Reverse Zagreb Index3fV)
CMQ(S(V)) — q2n—1 _ qn _ qn—l +1
Proof:
CM,(F(V)) = Y (c(1)-c(p)
ek
=) (@ =)@ -1)+1)
ekl

1)EE
=20

el
=1(¢" - 1)(¢" ' - 1)
_q2n71_qn qn 1_|_1

Proof:
HCM(F(V)) = D (e(2) + e(9))?
ek
=3 [ =)= (" =1 +1)

+ (" =)= (" =1+ 1))

=> [1+1)°

ekl

= 2

ek
=4(¢" - 1)(¢" " = 1)
— 4<q2n—1 _ qn _ qn—l + 1)
=47 — 4" —4¢" " +4

Theorem 5.4:The Second Reverse Hyper Zagreb Index of

F(V)is
HCMy(F(V) = ¢ = q" = " +1
Proof:
HOMy(F(V)) = D (e(2).())?
19€EE
=2 (@ =D-@"-D+1)
1)€EE

ek
= [

1yeE
=1(¢" - (" - 1)
_ q2n71 o qn o qnfl 41

Theorem 5.5:The Reverse Randic Index (V) is

RRa(g(V)) = [2]“(q2”—1 —q" — qn—l + 1)
Proof:
RRA(3(V) = 3 (c(t) +c(2))"
eE
=2 @' =)= =1 +1)
1yeE

=[2%¢" - 1)(¢" " —1)
=2 =" ="+ 1)

Theorem 5.3:The First Reverse Hyper Zagreb Index of
F(V)is

HCOM;(F(V)) = 4¢*" 1 —4¢" —4¢" 1 +4

Theorem 5.6:The Reverse ABC Index off(V) is
RABC(F(V)) =0
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Proof:
RABC(3(V)) = Z c(r) +¢(g) — 2
=\ )
B ) ECET EICREBED T
= D@ )1
-y 1/2 -
z]eE
- lJGE‘
=[0](¢" = 1)(¢" ' = 1)
=0
| ]
Theorem 5.7:TheReverse Geometric Arithmetic Index of
F(V)is
RGAGFV) =¢" ' —q"—q" " +1
Proof:
2 .
ReAG() = 3 2
EeE
2\/ @t =1) = (¢nt = 1) +1)°
2 2@ -~ D)
-y 2
o 2
EE
=[1)(¢" = 1)(¢" " = 1)
—_ q2n71 o qn o qnfl 41
| ]

Theorem 5.8:The Reverse Forgotten Index gf(V) is
RF(F(V)) =2¢*" 1 —2¢" —2¢" "1 +2
Proof:

=3 (@ =)= (" =) +1)
ek

+(@ =)= (@ =) +1)°

= [(1)* + (1)?]
ek

=) [
el

=2(¢" - 1)(¢""' - 1)

_ 2(q2n—1 _ qn _ qn—l + 1)

— 2q2n71 o 2qn o 2qn71 + )

Theorem 5.9:The Reverse Harmonic Index @ (V) is
RH((V) =¢" " —q"—¢"" +1

-1("-1)
— _q71_qn—1+1

VI. REVERSE MULTIPLICATIVE AND REFINED

INDICES:

This division shows that reverse multiplicative and refined
indices are based on degree.
1. Reverse First Multiple Zagreb Index :

RPM;(3(V)) = I1yep ct) + cy)
2. Reverse Second Multiple Zagreb Index :

RPM(F(V)) = [1,)ep c(2)-c()
3. Reverse First Refined Zagreb Index :

RReZGi(F(V)) = X2,ep S50

4. Reverse Second Refined Zagreb Index :
_ c(2).c(9)
RReZG2(3(V)) = X1 er ctniety

5. Reverse Third Refined Zagreb Index :

RReZG3(3(V)) = 22, em(c(t) +¢(2)(c(2)-c(7))

Theorem 6.1:The Reverse First Multiple Zagreb Index of
3(V) is
RPM,(§(V)) = 200" =0 ="+
Proof:

RPM:(3(V))

|
Theorem 6.2:The Reverse Second Multiple Zagreb Index
of §(V) is
RPM(3(V)) =1
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Proof: ]
Theorem 6.5:The Reverse Third Refined Zagreb Index of
RPM(F(V)) = ] (c() x () 5V) is verse Tie Reined £ag §
ek
- - RReZG3(F(V)) = 2¢°" 1 —2¢™ — 2¢" ' +2
= H (" =1 = ("' =1 +1) Proof:
1yeEE
x ("' =1 = (" = 1) +1)] RReZG5(3(V)) = Y (c(t)-c(9)) (c(u) + ¢(2))
= I 1 x1] ueE
weE =) (@ '=1D)—-(@" ' -1+1)
=l wer
" x (" "=1)=(¢"'=1)+1)
— 1(a"=1)(q" 1) (@' =1 = (" =1)+1)
=1 (@ =) (@ =D+ 1)
n =3 (Ix11+1)
Theorem 6.3:The Reverse First Refined Zagreb Index of pIS2)
3(V) is =5 (1)(2)
RReZG1(F(V)) = 2¢*1 — 2¢™ —2¢" 1 + 2 ”26;3
Proof = @)((¢" - (g 1))
RR@ZGl(g(V)) _ Z C(Z) + C(j) = (2)(q2n71 _ qn _ qnfl + 1)
1)EE C(Z)'C(j) — 2q2n—1 _ 2qn _ Qqn—l +2
(@ =)= (" =) +0) .
- n—1 _ _ n—1 __
ot 1) —(q D+1)
(@' =) ("' -1 +1) _
x((@"T—1)—(g" ' —1)+1 VIl. REDUCED REVERSE INDICES:
= 1+1] This section gives us some of the results for calculating
EE Ix1 reduced reverse degree-based topological indice o0,
which are degree-based indices.
- 2 Here the reduced reverse de i
oy gree is
— 9% (qnil)(qnfl 71) RRL:d(g(V))_d@(V)(U)_FQ
=2(*" =" =" +1) 1. Reduced Reverse First Zagreb Index :
2q2n—1 _ 2(]" _ 2qn—1 T )

[ ]
Theorem 6.4:The Reverse Second Refined Zagreb Index 2.
of §(V) is

RReZGy(§(V)) = Tyttt
Proof: i
) _ c(1).c(y)
RReZGs(3(V)) 2 ) 1 <) 4
e N VA Y VAl VR )
- Jze;; ("' =D = ("' =1 +1)
(-1 -1+ i
e =)= =D+ 1)
1x1
- JZE;E 1+1 i
1
— Z;E 5 7
= (@ =)@ 1)
1 2n—1 n n—1
§(q q q +1)
I e A A
2

RRM\(3(V)) =32, cp(RR(2) + RR(y))

Reduced Reverse Second Zagreb Index :

. Reduced Reverse Hyper First Zagreb Index :

RRHM,(F(V)) = 3, cp(RR(2) + RR(j))?

. Reduced Reverse Hyper Second Zagreb Index :

RRHMy(§(V)) =3, cs(RR(2).RR(3))?

. Reduced Reverse Forgotten Index :

RRF(§(V)) = 3, cp(RR()*.RR(3)?)

. Reduced Reverse ABC Index :

RR(2).RR())

RRABC(F(V)) =Y, cp [w}

. Reduced Reverse Geometric Arithmetic Index :

RR(x)+RR(y)

RRGAB(V) = ¥, cn [%/W }

Theorem 7.1:The Reduced Reverse First Zagreb Index of
F(V)is

RRM;(F(V)) = 4¢*>"~ 1t —4q" — 4" 1 + 4
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Proof: Proof:
RRMy(3(V)) = Y (RR(:) + RR(y)) RRHM;(F(V)) = > (RR(1).RR(j))*

ek yEE

=3 ("' =)= -1 +2) => (@' =)= ("' =1)+2)
ek 19€EE
+ (@ =) = (" 1) +2)] x (@' =1) = ("t = 1)+2)]”

=Y [2+72] =3 2 x2?
19€EE el

=> [ =3 [16]
ek ek

=4(¢" - 1)(¢"" - 1) =16(¢" — 1)(¢"* — 1)

— 4(q2n—1 _ qn _ qn—l + 1) _ 16q2n—1 o 16(]” _ 16qn—1 +16

:42n—1_4n_4n—1 4
q q q + -

[ ] Theorem 7.5:The Reduced Reverse Forgotten Index of
Theorem 7.2:The Reduced Reverse Second Zagreb Indei(V) is

of F(V) is RRF(F(V)) = 8¢°" 1 — 8¢ — 8¢" 1 +8
RRM5(F(V)) = 4¢°>" 1 —4q" — 4¢" 1 +4 Proof:
Proof:
RRF(§(V)) = )  (RR(1)*.RR(5)?)
RRMy(3(V)) = Y (RR(:).RR(3)) ek
1EE n—1 n—1 2
J S (@ - @ - +)
=Y @' =1 —(""-1)+2) ;E [
ek

n—1 _ _ (=1 _ 2
< (g -1 (g 1)+ 2)] @D - -]

=3 2x2 =2 [+

e B 19eR
-S> => B
ekl wek
=g - D" - 1) — 8@~ @™ - 1)
— 4(q2n—1 _ qn _ qn—l + 1) = 8(q2"71 - q" - q”71 + 1)
— 4q2n—1 _ 4qn _ 4qn—1 +4 = 8q2n71 - 86]” - 8qn71 + 8
- n
Theorem 7.3:The Reduced Reverse Hyper First Zagreb 11€orem 7.6:The Reduced Reverse ABC Index §(V)
Index of §(V) is s 1 _gn_gn1
RRHM; (3(V)) = 16¢2"! — 16¢" — 164" + 16 RRABC(3(V)) = {f}
Proof: Proof:
_ RR(:) + RR(y) — 2
RRHM;(3(V)) = 3 (RR(2) + RR())? RRABO(3(V)) = [
]Ee;z JZE:E RR().RR()
=3 ("' =)= =1 +2) _ [2 ("' =1 —(¢" ' =1)+2)
ek ) ek ((qnfl _ 1) _ (q’ﬂ*l _ 1) + 2)2

+ (" =1) = (" =1)+2)]

=> [2+2?

ek

= [16] =

el
=16(¢" - 1)(¢"~"' = 1)
— 16(q2n—1 _ qn _ qn—l + 1)

2
=D = () )

|
L —

—~
—

Il
<
RN
=
rm
S
~ |
[N}
| I

N \)
.

ek
— 16(]2”71 o 16(]” o 16qn71 +16 ] : .
= M ("= 1)(" " 1)
[
Theorem 7.4:The Reduced Reverse Hyper Second _ {qz”‘l A L 1}
Zagreb Index of§(V) is 5
RRHM;(F(V)) = 16¢>" — 16¢™ — 16¢" ! + 16 .
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Theorem 7.7:The Reduced Reverse Geometric Arith- Theorem 8.1:The First Revan Index of(V) is

metic Index of3(V) is R(3(V))
RRGAB(V)) =¢*""' —¢"—q" " +1 =2¢>"72 —4g>" 71 = 2¢7" 7+ 4g" T+ 2¢" -2
Proof: Proof:
[2\/RR(1).RR REV) =S (rsen () + r3(2)
RRGA(3(V)) = z;; M ;E 50 () + T5w)
< __ — n—1 _ 1) + n—1 _ 1
B 2\/((q”*1 —1) = (g1 —1)+2)° ; (@ )+l )
= uze:E 2 ((qn—l — 1) _ (qn—l _ 1) + 2) _(qn—l o 1)) + ((qn—l . 1) n (q"_l . 1)
o2 ~(¢"" = 1)]
= Z 2\/91 — Z [(qn—l . 1) + (qn—l . 1)}
1eR 19eE
2 % 2 =2(¢"" = 1" - 1)(¢" " = 1)
= 2| 1 } _ 2q3n—2 . 4q2n—1 o 2q2n—2 + 4qn—1
+2¢" -2
= 1
w;ﬂ[ ] .

=[] ((¢" = D" = 1))

_ q2n—1 _ qn _ qn—l 41

VIIl. REVAN INDICES:

The following section explores various results pertaining
to the Revan degree-based topological indices associated
with (V). The Revan degree, in this case, is characterized

asrgw)(v) = AS(V)) + (V) — dgw)(v)
1. First Revan Index :
Ri(§(V)) = X 0,e(rzen (@) + 300 (7))
2. Second Revan Index :

Rao(B(V)) = >0, p(rzen () (r3ev) (7))
3. Third Revan Index :

R3(8(V) =2, Ir3on (@) — 3w ()]
4. Multiplicative Revan Zero Index :

RIIH(F(V)) = [Lev(rze ()
5. Multiplicative Revan Vertex Index :

RIo1(§(V)) = [Lev (rzew ()?
6. First Multiplicative Revan Index :

RIL(F(V)) = [L,er(rzeo (@) + 300 (7))
7. Second Multiplicative Revan Index :

RIL(Z(V)) = [1,,ep(rzen () (rzen (7))
8. First Multiplicative Hyper Revan Index :

HRINL(E(V)) = 1,ep(rsm (@) +r5m ()
9. Second Multiplicative Hyper Revan Index :

HRIL (V) = [1,epl(rseon () (rsen ()]

10. F-Revan Index :
FR(FWV)) = 3, cplrson @)z (0)°]

Theorem 8.2:The Second Revan Index @ (V) is

Ry(S(V)) =
q4n73 _ 3q3n72 7q3n73 +3q2n72 +3q2n71 *3(]”71 7qn +1
Proof:
Ro(B(V)) = Y (rgey () (r3en ()

ek

=> (" =1+ =)
ekl
(" =) x (" =D+ (" =)
—(¢""" = 1))]

=Y [ =) x (" - 1)
ekl

=" = D*¢" - (" - 1)
— (q2n72 41— 2qn71)(q2n71 _ qn

_ qn—l + 1)
_ q4n—3 _ 3q3n—2 _ q3n—3 + 3q2n—2
+ 3q2’nfl o 3qn71 _ q’rL 4 1
|
Theorem 8.3:The Third Revan Index of§(V) is
R3(F(V)) =0
Proof:
Rs(F(V)) = Y Irzen(@) = rzen ()]
1yeFE
=> @ =D+ =1
ek
(" =D) = (" =D+ (" =)
—(¢"'=1)]|
=> @ =)= (" =]
ek
=10l
1ye B
= [0](¢" = (""" = 1)
=0
|

Theorem 8.4:The Multiplicative Revan Zero Index of

F(V)is
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Proof:
RIL(F(V)) = [[ (50 (@)
eV
=[] (@ =D+ -1~ (@ -1)
eV
=1l -1
eV

("t — 1)[2(q"—1)]
— (qn—l _ 1)2q"—2

Theorem 8.5:The Multiplicative Revan Vertex Index of
F(V)is

— n—1

_ 1)4q"*4

RIIp(3(V)) = (¢

Proof:

RIIy (F(V))

(qn—l _ 1)2[2(q"—1)]
_ (qn—l _ 1)4q"—4

|
Theorem 8.6:The First Multiplicative Revan
Index of F(V) is
RIL(F(V)) = (2q" 1 —2)a"" —a"=a"'+1
Proof:
RIL(Z(V) = ] (rzen (@) + 7500 (2)
1)eE
=[] (" " =D+ (@' =1
el
(@ =1D)+ ((¢" 1)
" =)~ (" - 1)
= [ [ =)+ ("' =1)]
el
= [ 26" -1)]
1)eE
= [2(¢" — 1))@ D@ =D
_ (2(]”71 _ 2)q2n—1iqniqn—l+1
[ |

Theorem 8.7:The Second Multiplicative Revan
Index of (V) is

RIL(F(V)) = (¢"~1 —1)20" " —20" 20" 142

Proof:
RILEFW)) = [ (500 ) (r5e0) ()
1)ER
=TI (@ -+ @' -1
19€E

(@ =) x ((¢"' - 1)
+<q7l—1 _ 1) _ (qn—l _ 1))]

= I [ =) x @ -1

ek

= ("' - 1)2(11"*1)(11”’1—1)
= (gt — 1)@ =D
= ("' - 1)2q2"’1—2q"—2q”*1+2
[ ]
Theorem 8.8:The First Multiplicative Hyper Revan
Index of F(V) is o 1
HRILL (F(V)) = (2q"~1 —2)%4 nl_ggn—2¢" 142
Proof:
HRILEV) = [] (r500(@) + 7500 ()
1yeER
Tl -0+ -
1yer
—(@" ' =)+ ((¢" -1
— n— 2
aCAER Ve U )
n— n— 2
=@ =D+ " 1)
19€E
= [2(11”71 o 1)]2
ek
= [2(q" " — PPl IE@ D
= (2¢" 7t —2)2" 222
|

Theorem 8.9:The Second Multiplicative Hyper Revan
Index of (V) is
HRII2(.S'(V)) _ (qn—l _ 1)4(12"71—4(]71—4(]”71-"-4

Proof:
HRILEW)) = [] 500 ) (r5en )
19€E
=II [(@" ' =)+ @ =1
ek

—("' =) x ((¢" " = 1)
("' =) = (" = 1)]

ek

_ H [(qn—l _ 1)2]2
ek

=11 @ -
19€E

= (" - 1)4(91”*1)('1”71*1)
_ (qnfl B 1)4(q211,—17qn7qn—1+1)

2n—1 n n—1
1)4q —4q™ —4q +4
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Theorem 8.10:The F-Revan Index of§(V) is

2 1 1 FR(S(V)) :2' 1 1
2(1 n— _qn_qn— +1(qn_1 - 1)2(1 n— _Qqn_Qqn— )

Proof:

FRF(V) = > Irgen(@) 500 (0)°]

1yer

=II [(@" " =D+ @ =1

ek

_(qn—l _ 1))2 + ((qn—l _ 1)
" =) = (" = )]
_ H [(qn—l _ 1)2 + (qn—l o 1)2]

el

= 11 2" = 1)?]

ek
— (g = 1)@ D@
_ [2<q”_1 B 1)2](q2n—1_qn_qn71+1)
_ [2(qn_1 _ 1)]2q2n—1_2q71_2q71—1+2

_ 2q2n71_qn_qn71+1

Proof:
ESOF(V)) = Y (d. + d])\/m
ekl
= Dl U R RRTaY)
1yelr

VT -1

Theorem 9.2:The Modified Elliptic Sombor Index of
F(V)is

(qn71 o 1)2q2"’7172q”72qn71+2 -
mESOF(V)) = 54t
Proof:
1
IX. ELLIPTIC SOMBOR INDEX: mESO(F(V)) =
Jze;s (di + dy)\/d} + &3
The following discussion highlights various properties .
and outcomes related to the Elliptic Sombor Index and = Z ((dl+d]),/d$+d§)
associated degree-based indicesF¢V). yEE
n—1 n—1
= q -1+ (q -1
1. Elliptic Sombor Index: ”26;5 (I )+ )

ESOR(V)) = 3 ep(d +dy)y/d} + d7
2. Modified Elliptic Sombar Index:
m _ 1
ESOGWY)) = Yower Gy Jore
3. Multiplicative Elliptic Sombar Index:

ESOII(F(\V)) =11,,ep(d +d))\/di +d3
4. Multiplicative Modified Elliptic Sombar Index:

"ESONE(V)) = er Grayrmrs
5. Multiplicative Sombor Index:
SOB(W)) =Ilyep /& + 3
6. Reduced Sombor Index:
SO (F(V) = X jep V/(de +(dy = 1)

7.Increased Sombor Index:

SO*(F(V) =X, jep V(d +1)? + (d; + 1)

Theorem 9.1:The Elliptic Sombor Index off(V) is

ESO(F(V)) = 2v2(¢" = 1)(¢" ' = 1)°

-1

VT =12+ (=172
=3 (R - o) [V 7))

ek

=3 (2t - v [V - v))

ek

=3 (vt -n2)

ek

1
2 2V2(q" 1 - 1)2
~ [ - D =)
Qﬁ(qn—l _ 1)2
(" 1" -1)
2\@((17171 —1)2
(" —1)
2v/2(q"—1 — 1)

[ |
Theorem 9.3:The Multiplicative Elliptic Sombor Index of
F(V) is
ESOII(E(V)) = [2v2(— —12) "~
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Proof:

ESOIIF(V)) = [[ (i +d,)\/d2 + d2

ek

=[] " =D+ (" = 1)

ek

[\/(q"*1 —1)2+ (¢! - 1)2}

=TT B2 = 0] [vae - )]
yekE
= 11 [2v2(e - 17
EeE
= [Qﬂ(qn—l B 1)2} (¢"=1)(¢" "' -1)
[2\[2@ ) }q% f—g" g T
|
Theorem 9.4:The Multiplicative Modified Elliptic
Sombor Index of§(V) is
mESOII(F(V)) = [m]q —q" =" 1
Proof:
m B 1
ESOII(F(V)) = jl;[E o dj)\/m
11 (@ +apfera)”
el
- H ([ =1+ ("' =1
VT @ 17])
= 1T (2@ =1)]
eE
{ 2(q" ! 1)2})_1
=11 (2\@((1”‘1 - 1)2)_1
eL
1
i EE {2\/5(61”1 - 1)2]
1 (@"—1)(¢""*-1)
B [2\/5(11"1 - 1)2}
1 P =g =g T L
) [Qﬂ(q"—l - 1)2}
[ |

Theorem 9.5:The Multiplicative Sombor Index of§(V)
is

SO(F(V)) = [V2(¢" ' - 1)]q2n,71,qn7qn,1+1

Proof:

) =[] \/d?+d?

1yeER
- H \/(qn—l —1)2 4 (¢n 1 —1)2
el
= [T ve@@—"-1)
1yel
= I va@ ' -
ek
(¢"-1)(q"~'=1)
=[Va@t -]

n—1_gn_gn—1yq

Theorem 9.6:The Reduced Sombor Index §(V) is
SO (§(V)) = V2(¢" ' = 2)(¢" = )(¢" "' — 1)

Proof:
=Y 12+ (-1

1yelR

= > V@ =) -1+ (¢ T -1 - 1)?

ek

= Y VAT P

1)eE

=3 V2" -

ek

= (V2" -2) (@ - D(¢" " - 1)
=V2(¢" ' = 2)(¢" - (" - 1)

Theorem 9.7:The Increased Sombor Index ¢f(V) is
SO*(F(V)) = v2(¢" )(¢" - )(¢" " = 1)
Proof:

SOHEW) = 3 /(i +1)2 + (d, +1)2

ek

= > V@ =D (@D P

1elR

= Y VAP

ek

=Y V2"

ek

= (V2(a"™) (" = D@ = 1)
=V2(¢" (" - 1)(¢" - 1)

X. CONCLUSION

In the present research, we explored the
topological features of linear functional graphs built
on finite-dimensional vector spaces. We established a
fresh approach for understanding algebraic structures
using graph-theoretical techniques by associating graphs
with vector space elements transformed linearly. To capture
fundamental structural aspects of these graphs, we computed
and examined a variety of degree-based topological indices,
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including the Zagreb, Randic, Arithmetic-Geometric, anfd3] K. Mageshwaran,
Revan indices, as well as their hyper and redefined variants.

These indices, which were historically utilized inj4
mathematical chemistry to represent molecular structures,
have shown promise for broader applications when extended
to abstract algebraic contexts. Their application in describifg;
connectedness, symmetry, and interaction patterns in vector
spaces opens new possibilities in both theoretical and applied
mathematics, including coding theory, network analysis, and
cryptography.

We also examined
recently
structural
transformations.

the Elliptic Sombor Index, a
introduced topological
information  through elliptic

Its mathematically rich formulation

[16]

invariant that encodes
functional [17]

N. Alessa, S. Gopinath, K. Loganathan,
“Topological Indices of Graphs from \ector Spaces,” vol. 11,
no.2, 295, 2023.

K. P. Narayankar, P. K. Pandith Giri Mohan Das, and B. M. Geetha,
“Relation Between the RSD and Other Topological Indicé8ENG
International Journal of Applied Mathematicsol. 54, no.7, pp1468-
1475, 2024.

Prasanna Poojary, Gautham B Shenoy, Narahari Narasimha Swamy,
Raghavendra Ananthapadmanabha, Badekara Sooryanarayana,
Nandini Poojary, “Reverse Topological Indices of Some Molecules
in Drugs Used in the Treatment of HINIBiointerface Research in
Applied Chemistry, vol. 13, no.1, 71, 2023.

S. Rajeswari and N. Parvathi, “Computation of M-Polynomial
and Topological Indices of Some Cycle Related Graph8ENG
International Journal of Applied Mathematicgol. 54, no.8, pp1528-
1539, 2024.

Shashwath S Shetty and K Arathi Bhat, “Some Properties and
Topological Indices of k-nested GraphS8RENG International Journal

of Applied Mathematigsvol. 50, no.3, pp921-929, 2023.

enhances sensitivity to degree-based variations and provif@$ s shenbaga Devi and S Dhanalakshmi, “Analysis of Degree-Based
a compact numerical representation of graph structure. Topological Indices for Stroke Treatment Drugs: A Study on the

Originally used in chemistry, this index is now gaining

relevance in areas such as graph-based learning, anomgly srinivasan Melaiyur Sankarraman, “A Computational Approach on
detection, and structural analysis within complex networks.

The technique proposed here contributes to the expanding
confluence of graph theory and linear algebra by providingn)
insights into how vector space features might be captured and
investigated using graphical indices. This work extends thg
importance of topological indices beyond chemistry, pointing

to potential applications in complex network modeling, high

dimensional data analysis, and machine learning optimization

challenges.

Future research might explore extensions to infinité22]
non-linear
angs)

dimensional
mappings,

eigenvalue-based metrics. Additionally, further analysis
of automorphism groups and dynamic features of linegy,
functional graphs may offer deeper insights into the interplay

vector
and

spaces,
incorporate

investigate
spectral  indices

between algebraic and topological structures.
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