
 
 

 

 
Abstract�One of the main parameters to Control of a flexible 

system is vibration frequency. This parameter often is unknown 
in the flexible system, for this reason estimating of vibration 
frequency affects considerable influences on control system 
performance. In this paper a new model reference adaptive 
method based on MIT rule is proposed and simulated on a 
flexible system and compared with recursive least square 
method. Results of simulation show satisfied responses 
especially in speed of convergence. 
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1  INTRODUCTION 

Flexible behavior of large space structures often influences 
on their control systems. One of these flexible structures is 
launch vehicle (LV) which with current developments its 
design has led to bigger values of thrust-to-weight and 
length-to-diameter ratios required for long range flights. 
Moreover, for reduced cost of handling and launching 
operation, it is desired to reduce the launch vehicle structures 
weight. Obviously, these different requirements lead to a high 
flexibility (LV), for which, dynamic response and vibrational 
characteristics are of vital importance [1].The complete 
assessment of elastic vibrational effects on the dynamic 
behavior of LV requires the coupled rigid-elastic equations of 
motion [2-4]. 

In flexible launch vehicles (FLV), inertial navigation 
system (INS) measures the attitude and angular velocities of 
the deflected body as well as the rigid body motion, and feeds 
these signals back to the control loop. This degrades the 
control system stability and in the worst case makes it 
unstable. Moreover, because the interaction of control forces 
on elastic deformations could cause undesired excitations 
leading to resonance, control these flexible behaviors has 
been considered and extended recently [5]. 

One of the better approaches to protecting the vibrational 
bias from feeding back to the control system is to adopt a 
notch filter. This approach uses the notch filtered signals of 
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the INS as feedback element for the control system and thus 
takes the rigid-body motion of the rocket only inside the 
control loop. Englehart and Krause [6] have proposed an 
analog notch filter with least square algorithm to reduce the 
bending vibrational effects on a FLV. Choi and Bang have 
also designed an adaptive control approach to the attitude 
control of a flexible system. They used root mean square 
method to estimate the bending frequency considering the 
first bending vibration mode. This approach has extended for 
second bending vibration frequency for FLV [7,8]. For going 
up the robustness of estimation Ra [9] has proposed a robust 
adaptive notch filter for a flexible system. 

In this paper, MIT rule which is one of the model reference 
approaches is used to estimate the bending frequency of FLV. 
There are many methods to design control system for the rigid 
body dynamic of a LV. However, MIT rule method designed 
for model reference control has no noticeable affect on the 
rigid body controller. Therefore, the rigid body model with 
control system can be a model reference for control system of 
FLV. On the other hand, using the rigid body model as a 
model reference for flexible model is the main contribution of 
this paper. In addition, the stability margin of MIT rule 
method is measurable. For illustrating the performance of this 
new method rather than the recursive least square (RLS), this 
two approach are compared in a part of paper. Proposed 
control system is implemented on linear model of a FLV and 
satisfied responses are obtained. 

The paper is organized as follows: Section 2 presents 
details of dynamic of flexible system. In section 3 designing a 
model reference for FLV is investigated. The new model 
reference adaptive method for estimating the bending 
vibration frequency and its results are given in sections 4 and 
5. Conclusion of this work is presented in section 6. 

 
2  Basic equation 
2.1  Rigid body dynamic 

The equations of motion for rigid body dynamic of LV are 
given in Eq.(1). From this equation transfer function between 
pitch, and pitch canard deflections can be extracted. This 
transfer function is represented in Eq.(2). As the LV is 
symmetric, only the bending vibration in the pitch canard will 
be considered. 

 
2.2  Bending vibration dynamics 

The gyroscope in the LV attitude control loop measures not 
only the rigid body motion but also the bending vibration 
mode due to the flexible body effect which can be expressed 
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mathematically as Eq. (3). 
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          (1) 

 
Where   represents angle of attack, q  is angular velocity of 

LV, TSUIm ys ,,,,, 0  are mass, moment of inertia, 

density, magnitude of velocity, reference surface, and thrust, 
respectively. In this equation iiij dC ,, are aerodynamic 

momentum and force coefficients and canard deflections in 
the pitch direction and thrust coefficient, respectively. 
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Where hgfedcba ,,,,,,,  are derived from parameters of Eq. 

(1). 
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(3) 

 
Where   relates the mass of LV, w  the LV deflection due 

to bending moment, E the Young's modulus, I the area 
moment of inertia about neutral axis, F the external force of 
bending vibration. The equation of Euler-Bernoulli beam by 
using assumed mode method leads to equation as follows [7]: 
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Where g  is angular velocity of elastic deflection, jM  and 

jQ  are the generalized mass and force of jth bending mode, 

respectively, j  is the natural frequency of jth bending 

mode, j  the damping ratio of jth bending mode, jK  and 

jf  are the proportional constant and the external force per 

unit canard deflection, respectively. From the rigid body 
dynamic in Eq. (2) and the bending vibration dynamic in Eq. 
(4), pitch canard deflection and pitch angle measured by 
gyroscope, can be expressed as the follow transfer function: 
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(5) 
 

3  Designing a model reference for flexible system 
Designing a control system for rigid body dynamic in this 

approach leads to design a controller by using gain scheduling 
method. In the gain scheduling design approach, a non linear 
controller is constructed by continually interpolating, in some 
manner, between the members of family of linear controllers. 
Each linear controller is typically, associated with specific 
equilibrium operating point of the system. To design the 
parameter of family of linear controllers, which in this 
approach PID controller is utilized, extraction the operating 
points of rigid body LV in some steps of flight time and adjust 
the parameters of PID controller is essential: 
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(6) 

 
Where   is the pitch angle and 2e  is the error of control 

system, respectively. 
For designing a model reference for estimating the bending 

vibration frequency it can use from this close loop control 
system which is the rigid model of flexible system. On the 
other hand, by this choosing the behaviour of flexible system 
convect to its rigid behaviour. This method leads to obtain the 
error between rigid and flexible model which is applied to 
estimate the vibrational characteristics. 

 
4  Model reference Adaptive method 

Because the bending vibration frequency in FLVs varies as 
the propellant burns, bending vibration frequency is an 
unknown parameter in a FLV. To estimate the bending 
frequency, MIT rule is utilized. 

Rao and Kung [10] have used a notch filter to recover the 
sine wave from noisy sine wave and [8] has simplified this 
filter for a flexible system. Transfer function of this filter is: 
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Where 0K  and   are center frequency of filter and a 

constant parameter, respectively. In Fig .1, the block 
diagram of proposed adaptive algorithm is given. The basic 
equations of MR are as follows [11]: 
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Where my  and y  are the outputs of reference model and real 

model, e  and   the error and adjustable parameter, 

respectively. 
If input of the notch filter is )(nu  at the nth step and output of 

the pole section is )(nx : 

 

Proceedings of the International MultiConference of Engineers and Computer Scientists 2008 Vol II
IMECS 2008, 19-21 March, 2008, Hong Kong

ISBN: 978-988-17012-1-3 IMECS 2008



 
 

 

)(
)(

1
)( nu

zD
nx                                                                 (9) 

 
Then, output of the filter )(ny  is expressed as: 

 
)2()1(2)()( 0  nxnxKnxny                                (10) 

 
 If Eq. (4) is substituted to Eq. (2) for all steps in discrete 
form: 
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Fig. 1. Block diagram of model reference adaptive estimator. 
 

For comparing this new method with other estimation 
approaches in this section performance of model reference 
method is investigated considering RLS method which is one 
of the best methods of estimation. 
The basic equations of RLS has become in [11] as follows: 
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(12) 
 

 
Where )(� nz  is estimated parameters matrix, )(nK  is 

correcting gain and ),(),( nnp   are recursive parameters and 

regression model of out put, respectively. Transfer function 
of flexible dynamic in Eq. (4) can be expressed in discrete 
form as: 
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Where b  is the additional angle measured by INS, owing 

to the bending vibration. This parameter can be expressed as 
a regression model. Substitution Eq. (10) in Eq. (9) leads to 
estimate the parameters of pitch channel transfer function 
and from the value of this parameters the bending vibration 
frequency is estimated [12]. Block diagram of this method is 
given in Fig. 2. 
 
5  Results 

The proposed adaptive system is implemented on the linear 
model of FLV in pitch channel. Vibrationnal affects only 

 
 
Fig. 2. Block diagram of filtered RLS estimator. 
 
appear in stage one, because of high length to diameter ratio in 
this phase. Note that the first bending vibration mode is only 
considered in adaptive filter design. Because the other 
bending vibration modes include high frequency and low 
magnitude in this FLV and their frequency range are out of the 
other natural frequency of system application, their effects are 
very negligible. 

In simulation the initial value of 0K  (in Eq. (7)) is set as 

the notch frequency is equaled to the approximate value of 
first bending vibration one. Moreover, in two intervals of 
flight time, the bending frequency estimation is considered. 
Fig. 3,4 show the bending frequency estimation. Error of 
estimation is illustrated in Fig. 5. Convergence and accuracy 
of estimation are shown in these figures. 

Result of comparing model reference method and RLS 
method is shown in Fig. 6. It is inferred from regarding to Fig. 
6 that the speed of estimation in model reference method is 
very better than the RLS method. In general, the speed of 
estimating is very vital in aerospace control systems design. 

In Addition, the algorithm of RLS method almost needs a 
high volume for processing, but the new adaptive method 
adjusts only one single parameter and is designed base on 
MIT rule, therefore, it is simpler and faster than the other 
approaches. 
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Fig. 3. Test of adaptive algorithm for first interval of flight 
time. 
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Fig. 4. Test of adaptive algorithm for second interval of flight 
time. 
 

0 5 10 15 20 25 30
-0.5

0

0.5

1

1.5

2

2.5

3
x 10

-3

time [sec]

E
rr

or
 o

f 
es

tim
at

io
n 

[r
ad

/s
]

 
 
Fig. 5. Error of estimation in model reference adaptive 
method. 
 

 
 
Fig. 6. Comparison two model reference and RLS methods for 
estimating the vibration frequency. 
 

The stability of model reference method is limited [13] but 
in RLS method convergence of system is often ensured. 
Consequently, only in stable margin the model reference 
method is preferred. For this reason, it is essential to protect 
the parameters of system in stable margin. 

The error of estimation by using RLS method is shown in 
Fig. 7. 

Another advantage of the new method refers to input 
signals of algorithm. Note to the block diagram of two model 
reference and RLS methods in Fig. 1,2. The new method 
executes the estimation only with output of system, but, in 
RLS method input of system is also required. 
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Fig. 7. Error of estimation by using RLS method. 
 

6  Conclusion 
A new model reference method for estimating the bending 

frequency of a flexible system is proposed and simulated in 
this paper. For examining this approach it is implemented on a 
flexible launch vehicle in pitch channel and after simulation 
the equation, satisfied responses rather than another practical 
method are obtained. 

This new method only makes use of output signal of 
flexible system instead of other approaches such as RLS 
method and also designed base on MIT rule which is one of 
the gradient simple approaches. The simplicity of MIT rule 
method causes to decrease the volume of processing leading 
to increase the speed of estimation. Moreover, because this 
method adjusts only one single parameter it is simpler and 
faster than the other approaches. 

Comparison two model reference and RLS approaches 
leads to several results as follows: considering the speed of 
convergence and estimation, the model reference performs 
very better than the RLS method. Note that in flexible system 
such as FLV the speed of convergence is more important 
rather than the accuracy of estimation. With regard to 
accuracy of estimation, model reference also executes betters 
than the RLS method. 

Model reference is designed base on MIT rule so, its 
stability margin is limited, but, the range of its parameters for 
protecting the system in stable margin is obtainable. 
However, this method should be used only in stable condition 
to perform conveniently. 
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