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Alternative Analytical Method Used in Plotting the
Shear Force and Bending Moment Diagrams,
Translations and Rotations Distributions for Beams
Subjected to Bending

Cornel Marin, Viviana Filip, Alexandru Marin

Abstract - The actual graphical methods used by engineers
when plotting the stress distributions are based on integrating
the differential equations of stresses for each beam segment.
The resulting integration constants are obtained by imposing
boundary conditions for each beam segment.

Using MATHCAD, this alternative proposed analytical
method uses the step function ®(x-a) which introduces a
compact form of the stresses and displacements expressions.
The constructive optimization is thus easier to be performed.

Index Terms — bending moment diagrams, foundations

l. INTRODUCTION
This article presents an alternate way of expressing the
variation of the shear force T,(X), bending moment M;y(x),
transversal cross-section rotations ¢,(x) and translations
w(X), using the MathCAD step function &(x-a), [1], [2], [3],
[4] having the well-known form:

q)(x—a):{o if x<a )

1 if x>a

The practical application is the design of a continuous
footing foundation placed under 4 columns. The axial
compressive force in the columns is P. The layout of the
foundation is represented in fig.1 [5].

The properties of the soil under the footings leads to a
loading model having as reactions the distributed loads (o
(5], [6].

For this loading model, the equilibrium condition
between the exterior loads P and the reaction o will
become.
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Fig 1.Continous footing loading scheme

1. ANALYTICAL EXPRESSIONS
One considers a beam subjected to bending. The beam is
characterized by length L and constant bending stiffness El,.

There are 4 different load types, presented in fig. 2 [1], [2],

(31, [4]:

- Bending moment N, at distance a from the left end of
the beam;

- Concentrated force P, at distance b from the left end of
the beam;

- Uniform distributed load o which acts on a beam
segment delimitated by the distances e and f from the
left end of the beam,;

X209 ye[g,h]

h-g

which acts on a beam segment delimitated by the
distances g and h from the left end of the beam.

- Linear distributed load g(X)=q,

The differential equation of translations w(x) and
rotations ¢(X) corresponding to a cross-section is:

dw M,
—=- Y (3)
dx El,
Integrating twice the differential equation (2), one
obtains after the first step, the rotations function ¢y(X).
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After the second integration the translations function w(x):
» For the cross-sectional displacements functions

_dw XM, (s) 2
<"v(x)‘a‘<"°‘£Tyds Elw(x)=EI,W, +El g - X+ N -(X_Ta)-@(x—fﬂ)Jr

“)
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q >
h g > I11. APPLICATION OF COMPUTING FOUNDATION DIAGRAMS
Zy The application’s task is to obtain the required diagrams
for the continuous footing foundation represented by the
Fig 2. Beam model loaded with 4 different loading model in fig. 1 using the step function. The required
diagrams will be:
The analytical expressions of the shear force T,(X), - shear force diagrams T,(X);
bending moment M;,(x), transversal cross-section rotations - bending moment diagrams Miy(X);
@y(x) and translations W(x), for the loading types from fig. 2, - cross-sectional rotations distribution ¢(X)
using the step function @ are (Ely stiffness is constant): - cross-sectional displacements distribution W(X)
» For shear force: (settlements of the soil under the foundation),
T,(x)=-P .Q)(X — b)— Q- (x—e)- (p(x _ e)+ Considering the symmetry of the system from fig. 1, the

) following analytical expressions will be written using the
+qo-(x=f)-@(x-f)-q, .M@;(X_ g)+ (5 step function:

#h-9) x(0; b+1.5a)
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> cross-sectional displacement:

(x-b)’
El,w(x)=El,w +El g -x+P-T~cD(x—b)+

+P.@.@(X_a_b)_

(x—b)* x>
. .d(x=b)-q, - —— - D
24 (x-b)-y 120b ()

~b)* -b)’
+0p -%-@(x—bﬁqo-();mb) -&(x—b)

(12)

The initial parameters will be determined using the
following conditions:
- the settlement under the columns depends on the pressure
distribution (o and the corresponding tributary area [4]:

w(b)=c-(P—qo~a;bj

wb+a)=c-(P-q,-a)

(13)

- the rotation of the middle section of the beam is null:

¢,(b+15a)=0

Denoting in (11) relation:

(14

F(x)zp.ﬁ-qb(x—bﬁ

2
+P.@.@(X_a_b)_
(x-b)® x* >
~Go- S (b)) 2 @)+

(x=b)® (x=b)*

. o(x-b A=) p(x—b);
<20 O o) g0 DY (i)
and in (12) relation:

W(x)=P~(X_6b)3-@(x—b)+
+P.M.Qj(x_a_b)_
. (16)

P ) MR S
a2 0 b)-ay 5o+

x—b)* x—b)®
rap L2 a(x-b)ap LBl a(x-b)

Introducing the conditions (13) and (14), the constant C
and the initial parameters ¢y and Wy are obtained:

b-a

C.qo .
El, ¢ =—F(b+15a)
El,wy =—Elyp-(b+a)-W(b+a)+c-(P-qgy-a)

=Elyp-a+W(b+a)-W(b)
17
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IV. NUMERICAL APPLICATION

The above mentioned relations will be used, for three
numerical values hypotheses of the current application.

Hypothesis 1
Replacing in MathCAD the parameters values: P=10kN;

b=1m; a=3 m; EI=10° N-m? the variation diagrams for half
of the foundation are obtained (fig. 3 , fig.4 and fig.5.)
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Fig 3. Shear force and bending moment diagrams
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Fig 4. Cross-sectional rotations distribution
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Fig 5. Cross-sectional displacements distribution
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Hypothesis 2

Replacing in MathCAD the parameters values: P=10kN;
b=1.5m; a=3 m; E1=10° N-m? the variation diagrams for
half of the foundation are obtained (fig. 6 , fig.7 and fig.8)
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Fig 6. Shear force and bending moment diagrams
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Fig 7. Cross-sectional rotations distribution
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Fig 8. Cross-sectional displacements distribution

Hypothesis 3

Replacing in MathCAD the parameters values: P=10kN;
b=2m; a=3 m; EI=10° N-m? the variation diagrams for half
of the foundation are obtained (fig. 9, fig. 19 and fig. 11).
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Fig 9. Shear force and bending moment diagrams
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Fig 10. Cross-sectional rotations distribution
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Fig 11. Cross-sectional displacements distribution

V. CONCLUSIONS

- This is an method of expressing the variation of the
shear force T,(X), bending moment My(X), transversal
cross-section rotations ¢(X) and translations Ww(x),
using the MathCAD step function @(x-a) in a more
compact way than the traditional methods.

- This method is well suited for the constructive
optimization of the structure, using the obtained
numerical values and varying different parameters: in
the current application, the length of the cantilever b
was changed for optimization purposes.

- Analyzing the 3 sets of diagrams, it’s obvious that the
best bending moment distribution and the best
displacements case will correspond to the largest value
of the cantilever length b. (3 Hypothesis).

- Considering the fact that the step function method uses
simple operation expressions, the numerical
applications are being solved fast with a minimum
number of computational cycles. The traditional
methods use integral expressions which are solved by
means of numerical methods. These methods imply a
large number of computational cycles, which will
cause slower obtained results.
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