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Robust Mean-Variance Portfolio Selection
Problem Including Fuzzy Factors

Takashi Hasuike and Hiroaki Ishii

Abstract—This paper considers robust mean-variance
portfolio selection problems including uncertainty sets and
fuzzy factors. Since these problems are not well-defined
problems due to fuzzy factors, it is hard to solve them directly.
Therefore, introducing chance constraints, fuzzy goals and
possibility measures, the proposed models are transformed into
the deterministic equivalent problems. Furthermore, since it is
difficult to solve them analytically and efficiently due to
nonlinear programming problems, the solution method is
constructed introducing a parameter and doing the equivalent
transformations.

Index Terms—Portfolio selection problem, Robust
optimization, Fuzzy optimization, Nonlinear programming

I. INTRODUCTION

In recent investment markets, not only big companies and
institutional investors but also individual investors called
Day-Traders invest in stock, currency, property, etc..
Therefore, the role of investment theory becomes more and
more important. Of course, it is easy to decide the most
suitable financial assets allocation if decision makers can
receive reliable information with respect to future returns a
priori. However, there exist many cases that uncertainty from
social conditions has a great influence on the future returns.
In the real market, there are random factors derived from
statistical analysis of historical data and ambiguous factors
such as the psychological aspect of investors and lack of
received efficient information. Under such uncertainty
situations, they need to consider how to reduce a risk, and it
becomes important whether they receive the greatest future
profit.

Such a finance assets selection problem is generally called
a portfolio selection problem, and various studies have been
done till now. As for the research history on mathematical
approach, Markowitz [24] has proposed mean-variance
model and it has been central to research activity in the real
financial field and numerous researchers have contributed to
the development of modern portfolio theory (for instance,
Luenberger [23], Steinbach [28]). On the other hand, many
researchers have proposed models of portfolio selection
problems which extended Markowitz model; Capital Asset
Pricing Model (CAPM) (Sharpe [27], Lintner [21], Mossin
[25]), mean-absolute-deviation model (Konno [19], Konno,
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et al. [20]), semi-variance model (Bawa [1]), safety-first
model (Elton [6]), Value at Risk and conditional Value at
Risk model (Rockfellar [26]), etc..

In such previous researches, expected future return and
variance of each asset are assumed to be known, and in this
case, the mean-variance model is equivalent to a quadratic
convex programming problem. Therefore, its optimal
portfolio is analytically obtained. However, decision makers
may receive a lot of information and data in current market.
However, it is almost impossible to estimate strict market
parameters such as expected future return and variance, and
to determine their random distribution. These distributions
may be statistically determined as a confidence interval
involving some error. Therefore, using these statistical
distributions, it is more important to considering that decision
makers optimize the problem in the worst case; i.e. robust
optimization problem.

Recently, the robust optimization problem becomes a more
active area of research, and there exists various studies (For
example, [2, 3, 7, 10, 13]). Particularly, with respect to
portfolio selection problems, there are some studies of robust
portfolio selection problems determining optimal investment
strategy using the robust approach (For example, [8, 22]).
The expected return and variance of each asset are mainly
estimated from historical data and occur according to random
distributions derived from the statistical analysis. However,
considering efficient or inefficient received information, the
institution of expert decision maker and the existence of other
random distribution, we need to consider that statistical
distribution considering these conditions includes some
ambiguity and is involved some flexibility. In this paper, we
propose extensional models of robust portfolio selection
problems including fuzzy factors.

Until now, there are some basic researches under various
uncertainty conditions with respect to portfolio selection
problems (Bilbao-Terol [4], Carlsson [5], Guo [9], Huang [11,
12], Inuiguchi [14, 15], Katagiri [17, 18], Tanaka [29, 30],
Watada [31]). However, there are few models considering
both uncertainty sets and ambiguity, simultaneously.
Furthermore, there are no researches which are analytically
extended and solved these types of portfolio selection
problems. Since our proposal models are not well-defined
problems, in this paper, we transform main problems into the
deterministic equivalent problems and construct the
analytical solution method of fuzzy robust portfolio selection
problem as well as propose formulation of this model.

This paper is organized as follows. In Section 2, we
introduce basic mean-variance portfolio selection problems
minimizing the total variance and the total future return,
respectively, and we formulate their robust models
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introducing the uncertainty sets. In Section 3, introducing
fuzzy numbers to uncertainty sets of expected return and
variance, we propose fuzzy extension models of robust
mean-variance portfolio selection problems and construct the
analytical solution method. Finally, in Section 4, we
conclude this paper and discuss future research problems.

Il. FORMULATION OF ROBUST MEAN VARIANCE
OPTIMIZATION PROBLEMS

In this section, we consider basic portfolio selection
problems and their robust models. First of all, we set the
parameters in portfolio selection problems. We set the

expected return of total future profit E(r) and the total

variance Var(r) as follows:

E(r)=T'¢, Var(r)=¢'V¢ (1)
where each notation means as follows:
I : Future return vector assumed to be a random variable
T : Mean value vector of random variable r

V : Variance-covariance matrix of random variable r
¢ : Portfolio with respect to each asset |, (] =12,.., n)

From these notations, a mean-variance model Markowitz has
proposed is formulated as the following problem:

Minimize ¢'Vo
subjectto T'¢p > f, )
1op=1
where f is a target value of total future return. In this
problem, introducing a parameter v , problem (2) is
equivalently transformed into the following problem
introducing the target value of total variance v :
Minimize v
subjectto  ¢'Vo¢ <v,
r'g>f,
1'¢p=1

®)

In the case that we obtain the strict value of parameters T
and V , problem (3) is equivalent to a quadratic
programming problem and we find an optimal portfolio using
standard convex programming approaches. Furthermore,
while problem (3) considers minimizing the total variance,
the case maximizing the total future return is formulated as
the following form:
Maximize f

subjectto T'¢p> f,
PV <v,
1op=1

(4)

This problem is also a quadratic programming problem and
S0 we obtain an optimal portfolio.

However, in real world, it is hard to receive all information
and data with respect to future returns and determine the
distributions of their random variables. Therefore, in this
paper, we consider that parameters T and V have
uncertainty and each parameter is included in an uncertainty
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set. In the case that we consider these uncertainty sets,
problems (3) and (4) are not quadratic programming
problems. Therefore, we need to construct the solution
procedure to solve them. In this paper, we formulate the
robust portfolio selection problem Men-tal and Nemirovski
[2] have proposed. We formulate the robust portfolio
selection problem minimizing the total variance as follows:

Minimize v

subjectto  max g, 'V <v,

s, ©)

TeM

1'¢p=1
where M c R" and S C R™" are uncertainty sets. In a way
similar to problem (5), we formulate the robust portfolio
selection problem maximizing the total future return as
follows:

mln{

Maximize f
subjectto min,_, \T'¢ > f, 5
maX{VES} ¢1V¢) <v, ( )

1¢p=1

In these problems, they are not well-defined problems
without defining uncertainty sets. Therefore, we first assume
the uncertainty set of mean value T to be the following
ellipsoidal set:

M ={F|F-%)o(r-F)< ()

where G € R™" is a symmetric positive definite matrix. In
this case, the left part of constraint ming_,, r'g>f is
transformed into the following form:
inf rig = inf (%, +F) ¢ =F'¢+inf 2'G ¢
pem 1

il Jolst ®)

=+F'GF and ||Z||:\/E Therefore,

we obtain the following optimal solution with respectto Z:

. Gig
|

Z == 1

oo
Using this optimal solution z* , the expression (8) is
transformed into the following form:
infr'e=r¢o—|G

reM

_1a
where HG r

©)

| (10)

In a way similar to mean value T , we consider the
uncertainty set of variance V as follows:

s={v[v-0 v <v<v'}
where V& and VY are symmetric positive definite
matrixes. Note that, since V is restricted to be symmetric,
the inequalities V- <V < V" can be represented with

(11)

n(n +1) componentwise inequalities, say for the upper
triangle portions of these symmetric matrices. In other words,

V"<V is a short-hand notation for aingaij ,
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1<i<j<n, Therefore, the
constraint max {ves) @'V <v istransformed into
max,,. Vo <v & ¢V'¢p<v,
and main problem is equivalently transformed into the
following problem:
Minimize v
subjectto  ¢'VV¢ <v,
no—|c e
1'op=1

and similar for v <VV .

(12)

‘zf,

Then, the problem (12) is also equivalently transformed into
the following problem:
Maximize f

colo e
¢tvU¢ S v,
lp=1

subject to

>,
(13)

These problems are convex programming problems, and so
we obtain each optimal solution using the convex
programming approach.

Il. Fuzzy EXTENSION OF ROBUST MEAN VARIANCE
OPTIMIZATION PROBLEMS

In Section 2, we consider that each parameter in the
ellipsoidal set is fixed value. However, in real world, there
exist various types of efficient and inefficient information,
and each investor have an institution with respect to the
current market. These factors include ambiguity and so we
need to consider a robust portfolio selection problem

including ambiguity. In this paper, we assume the T, to
include ambiguity and to be a fuzzy number. Therefore,
uncertainty set (7) is redefined into the following form:

M={r:(r-r)6(r-f)<1} (14)

Then, in this paper, the fuzzy number [, is assumed to be a

following L-shape fuzzy number:

_rOJJ (Foj’_o‘j Swgfoi'i_ai)

w
|
s (w): @;j

0 <w§

(15)
a;, 0] +o <w)

In this paper, we assume the following inequality with
respect to each asset:

Tip; — L' (h)ey; >0 (16)

The uncertainty set U = (T — T, )t G (T —f,) includes fuzzy

numbers [, and so U is a fuzzy numbers. Therefore, the
membership function of U is as follows:

ﬂu( )—Sup{mmﬂroj (70j>w:(r_7o)te(r_'70)} a7

1<j<n

Then, the uncertainty set (14) is transformed into the
following form in the case introducing the h -cut:
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M, = {F|u; (w) >}

Furthermore, taking account of the vagueness of human
judgment and flexibility for the execution of a plan, we give a
fuzzy goal to the target probability as the fuzzy set
characterized by a membership function. In this subsection,
we consider the fuzzy goal of probability ué(f) which is

(18)

represented by,

0 f<f,
Nép<f): gF(f) fo<f<f (19)
1 f<f

where gF(f) is a strictly increasing continuous function.

Then, using a concept of possibility measure, we introduce
the degree of possibility as follows:

Hﬁ(é)zsl:pmin{y,u(f), He, (f)}

(20)

In this possibility measure, in the case that we consider
115 (f)>h, we obtain the following transformation:

fg (w) > h

& sup{mln ey, (Yo
(%

) r_'70 G(r_'Yo)Sl}zOé

s - L (h)a)

+(H—L(h) @‘(r—u
Jex

o ({0 Of (5 - () <1

where L (x) is a pseudo inverse function of L(w). Using

1<j<n
& T'GFr—2r'G(F, (21)

o)<t

this inequality, the expression (8) is transformed into the
following expression:

inf F'¢p = inf (( —L*(h)a)JrF)tqb

TeM
Gzr‘<1

(22)
=(—L(h)a )¢+|nfz G ¢

ldi<t

Then, from the optimal value of (9), this expression is equal
to the following form:

infr'o = (5 - (njaf 06 s

| @3)

Therefore, in the case that we consider the possibility
measure  constraint Hﬁ(é)zh . this constraint is

transformed into the following inequality:
[1:(6)=n
& SLprmin{uﬁ(f), e, (f)}zh
& pe(f)=h g (f)=h
(24)
& sup{min r'g > f}z h, f>g:'(h)
peM
& (-L(ha)o—|c g|> 1. >0 ()

s (F-L(h)e) ¢_“Gf%¢u > g.'(h)
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In a way similar to mean value T , we consider the
uncertainty set of variance V as follows:
s={v[vi-o, V' <v<w} (25)

In this paper, we assume this uncertainty set as the following
form introducing a L-shape fuzzy number with respect to the

each component of V.

—w

V%O”:Lr” ],®n1%3w§%+ﬁg

_ _
oy =05 By =0

S= V:<5ij ij

(26)

Then, we consider the fuzzy goal of total variance [ (V)
which is represented by,

1 v<v,
M, (V) =19y (v) n <wv<wy 27
0 <

where g, <V> is a strictly decreasing continuous function.

Then, using a concept of possibility measure, we introduce
the degree of possibility as follows:
)}

[1,(6)= sup m'n{ﬂv (v), e,
With respect to this possibility measure, in a way similar to
the transformation (24), H\Z(G)Z h istransformed into the

(28)

following inequality:
I1,(6)=h
& sup min{p\i (v), e, (1/)}2 h
ty ()=, i (v)=h
Pos{max{\,es} o'V > y} >h, v<g,"(h)
PV <v, v<g,'(h)
& o'Vys<g,(h)

where V(l;) is assumed to be a symmetric positive definite

(29)

T ¢ ¢

matrix whose each component becomes gij+L*(h)ﬁi. .

Then, we propose the fuzzy robust portfolio selection
problem as the following possibility maximization model:
Maximize h

subjectto [, (G)>h, [].(G)=h,
1'p—1

(30)

This problem is equivalently transformed into the following
problem using the transformations of possibility constraints
(24) and (29):

Maximize h

subject to (T, — L (h)oz)t @ —”G’%d)
¢'Vid <9, (h),
Tp—1

= 9:(n), a
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It should be noted here that problem (31) is a honconvex
programming problem and it is not solved by the linear
programming techniques or convex programming techniques.

However, since a decision variable h is fixed, this problem
is equivalent to the problem to find the feasible solution ¢,
involving the following set:

(r-L(h)a) o—|c o
@ €S = ¢ ¢tv(ﬁ)¢g ng(h),
1'p=1

= 9. (h),
(32)

Furthermore, to find feasible solution ¢ and optimal

solution ¢" more efficiently and analytically, we transform
problem (31) into the equivalent deterministic problem.

Minimize —@—Uwyﬁ¢+k%ﬂ+www
+0v*(h)—g¢'(h)
subjectto 1'¢p=1

(33)

With respect to the relation between problems (31) and (33),
we obtain the following theorem.

Theorem 1
Let the optimal value of problem (31) be h*. Furthermore let
the optimal solution of problem (33) be (ﬁﬁ and its optimal

value be Zﬁ . Then the following relationship holds.
h">h <« Z.<0
h"=h & Z.=0
h"<h & Z.>0

(34)

Then, the optimal solution of this problem is equivalent to
that of the following problem:

Minimize —(F, ~ L' (N)a) & + |66+ 6V )
subjectto 1'¢p=1

i.e.

Minimize — (T, - L*(h)a)tqﬁ—h/qb‘ng +o'Vy o (36)

subjectto 1'¢p=1

This problem is also a convex programming problem.
Therefore, to solve it more efficiently and analytically, we
introduce the following auxiliary problem including a

parameter R :
Minimize R{—(FO—L*(h)a)‘¢+¢1V<l;>¢}+%(¢IG¢>>
subjectto 1'¢p=1

@37)

Since this problem is a parametric quadratic programming
problem, we obtain an optimal portfolio more efficiently and
analytically than problem (37). Furthermore, with respect to
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the relation between problem (36) and (37), the following
theorem hold.

Theorem 2
Let ¢" be an optimal solution of problem (37). If

R=./¢p"'G¢" is satisfied, ¢ is also an optimal solution
of problem (36).

Proof
Comparing KKT condition of problem (36) with that of
problem (37), this theorem holds obviously. []

From this theorem, we consider solving the auxiliary
problem (37). Lagrange function and KKT condition of
problem (37) is asa follows:

(Lagrange function)

L= R{f(fo - (h)a)‘ d)+¢‘V(‘;)¢}+%(¢t6¢)+/\(1‘¢—1) (38)

(KKT condition)

oL
T _R{-(r-U(n 2VvY Gop+A-1=0
AL'¢p-1)=0

Therefore, we obtain an optimal portfolio involving the

parameter R to solve the following simultaneous linear
equations:

(2RVj) +G)é+A-1-R(F~ L (h)ar) =0
1'¢=1

(40)

In the simultaneous linear equations, since the number of
linear equations is N1 and that of decision variables is
N+1, the optimal portfolio is obtained uniquely in the case

that the parameter R is assumed to be a fixed value.
However, we cannot obtain the strict optimal solution

without deciding parameter R . Therefore, we consider the

decision method with respectto R .
First, with respect to the objective function of problem (37),
the following lemmas holds:

Lemma 1l

(— % t ty sU . . . .
—(r,—L (h)a) b+ V(h)gb is an increasing function
of R.

Lemma 2

%(qﬁ‘Gqﬁ) is an increasing function of R

Proof
In a way similar to the proof in the previous studies such as

[16, 17], these lemmas holds. []

Let g(R)=R—+/¢"Gg" . From these lemmas, the

following theorem holds.
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Theorem 3

Let the optimal solution to auxiliary problem be ¢*. Then
the following relationship holds.
R*>R < g¢g(R)>0

R=R & g(R)=0
R"<R & g(R)<0

(41)

From this theorem, ¢* satisfying R® = ¢"'G¢" is an
optimal solution of problem (37). Consequently, using a
bisection algorithm with respect to R and Theorem 2, we
obtain the strict optimal solution of main problem. Thus, we
construct the following solution procedure.

Solution procedure

STEP1: Elicit the membership function of a fuzzy goal with
respect to the total expected return and variance.

STEP2: Set h <1 and solve problem (33). If the optimal
objective value Z, of problem (33) satisfies z, <0,

then terminate. In this case, the obtained current

solution is an optimal solution of main problem.
STEP3: Set h < 0 and solve problem (33). If the optimal

objective value Z, of problem (33) satisfies z, >0,

then terminate. In this case, there is no feasible

solution and it is necessary to reset a fuzzy goal with

respect to the total expected return and variance.
STEP4: SetU, «—1land L, 0.

STEP5: Set h Uh_;rl-h

STEP6: Solve problem (33) and calculate the optimal
objective value Z, of problem (33). If Z, >0, then

set Uh < h and return to Step 5. If Z, <0, then set
L, «<—h and return to Step 5. If z, =0, then

terminate the algorithm. In this case, ¢" (h) is equal
to a global optimal solution of main problem.

IV. CONCLUSION

In this paper, we have proposed extension models of
robust portfolio selection problems considering uncertainty
conditions. Since these problems are not well-defined
problems due to fuzzy numbers, we have introduced the
chance constraints and transformed them into the
deterministic equivalent problems. Furthermore, to solve
them analytically, we have constructed the solution method.
Our proposed models include the basic robust portfolio
selection problems and so we may apply our models to the
more flexible and complex portfolio selection problems in
real investment markets than the previous models.

As the future studies, we need to consider not only
mean-variance portfolio selection problem but also other
portfolio selection models. Then, we are now attacking the
cases that optimal solutions are restricted to be integers and
multi-period portfolio selection problem.
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