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On Multiparametric Analysis in Sum-of-ratios
Programming
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Abstract—In this paper, we study multiparamet-
ric sensitivity analysis in sum-of-ratios programming
problem. We consider two linear ratios for computa-
tional ease. We construct critical regions for simulta-
neous and independent perturbations in the objective
function coefficients(both in numerator and denomi-
nator) and in the right-hand-side vector. Theoretical
results are illustrated with the help of a numerical
example.
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1 Introduction

In various applications of nonlinear programming a ra-
tio of two functions is to be maximized or minimized.
In other applications the objective function involve more
than one ratio of functions. Ratio optimization problems
are commonly called fractional programs. One of the
earliest fractional programs (though not called so) is an
equilibrium model for an expanding economy introduced
by Von Neumann [6] in 1937. The model determines the
growth rate of an economy as the maximum of the small-
est of several output-input ratios. The analysis of frac-
tional programs with only one ratio has largely dominated
the literature until about 1980. The first monograph [11]
in fractional programming published by Schaible in 1980
extensively covers applications, theoretical results and al-
gorithms for single ratio fractional programs; see also [9,
10]. A series of international conferences was held which
demonstrates a shift of interest from the single-ratio to
the multi-ratio case [1, 2, 4, 13].

Sum-of-ratios programming problems arise naturally in
decision making when several rates are to be optimized
simultaneously and a compromise is sought which opti-
mizes a weighted sum of these rates. In light of the appli-
cations of single-ratio fractional programming [7, 9, 10]
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numerators and denominators may be representing out-
put, input, profit, cost, capital, risk or time, for example.
A multitude of applications of the sum-of-ratios problem
can be envisioned in this way. Included is the case where
some of the ratios are not proper quotients. This de-
scribes situations where a compromise is sought between
absolute and relative terms like profit and return on in-
vestment (profit/capital) or return and return/risk, for
example [8]. In this paper, we will consider the following
sum-of-ratios linear fractional programming:

T T

P(1) Maximize f(z) = % + %
subject to Az =0,
x>0,

where each p, ¢, ¢, d is n x 1 column vector, A
is m x n coefficient matrix, b is m x 1 column

vector, and x is n x 1 column vector.

In practical applications the data collected may not be
precise, we would like to know the effect of data per-
turbation on the optimal solution. Hence, the study of
sensitivity analysis is of great importance. In general,
the main focus of sensitivity analysis is on simultane-
ous and independent perturbations of the parameters.
Besides this all the parameters are required to be ana-
lyzed at their independent levels of sensitivity. If one
parameter is more sensitive than the others, the toler-
ance region characterized by treating all the parameters
at equal levels of sensitivity would be too small for less
sensitive parameters. If the decision maker has the prior
knowledge that some parameters can be given unlimited
variations without affecting the original solution then we
consider those parameters as ‘nonfocal’ and these ‘nonfo-
cal’” parameters can be deleted from the analysis. Wang
and Huang [16, 17] proposed the concept of maximum
volume in the tolerance region for the multiparametric
sensitivity analysis of a single objective linear program-
ming problem. Their theory allows the more sensitive
parameters called as ‘focal’ to be investigated at their
independent levels of sensitivity, simultaneously and in-
dependently. This approach is a significant improvement
over the earlier approaches primarily because besides re-
ducing the number of parameters in the final analysis,
it also handles the perturbation parameters with greater
flexibility by allowing them to be investigated at their
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independent levels of sensitivity. Singh et. al. [14, 15]
extended the results of Wang and Huang [17] to discuss
multiparametric sensitivity analysis for different cases of
parameter perturbations in linear-plus-linear fractional
programming. Also Gupta and Singh [3] studied the mul-
tiparametric sensitivity analysis of the constraint matrix
in linear-plus-linear fractional programming under gen-
eral perturbation. More recently, Singh [12] discussed
the multiparametric sensitivity analysis of the additive
model in data envelopment analysis.

Our objective in this paper is to study multiparametric
sensitivity analysis for the linear sum-of-ratios fractional
programming. For computational ease, we consider ob-
jective function with only two ratios. Simultaneous and
independent perturbations of the objective function coef-
ficients (both in numerator and denominators) have been
considered to find the critical region where the current
optimal basis remains optimal.

2 Notations and optimality Condition

Following notations will be used throughout this study:

B c {1,2,...,n}: denotes the index set of basic variables.
Without loss of generality, we suppose B = {1,2,...,m}.

N ={1,2,...,n} \ B: denotes the index set of nonbasic
variables.
Ap: The basis matrix with inverse 8 = Agl = [Bi;]-
BL: ith row of the inverse basis matrix.

F’;: 4t column of the inverse basis matrix.
Ap: The submatrix of A corresponding to nonbasic
variables.

b= Aglb > 0: The vector of the values corresponding to

rB.

AZ AN [yij)

yh: j*™ column in A Ay,

cp = [e1, 2, .y cm)T: the row vector of the cost coefficie

nts corresponding to zg.

CN = [Cm+1,Cmi2, - cn]T: the row vector of the cost co

efficient corresponding to nonbasic variables.
A.j: j™ column of the matrix A.

Aj: The vector of the reduced cost corres-ponding to
nonbasic variables.

Under the assumptions ¢?z > 0 and d”’z > 0 over the
feasible region, the optimality criteria for the problem
P(1) using the simplex type algorithm can be derived as
follows:

Let Ap be the some basis and z* be the corresponding
supporting plane
z* = (zp,0), rp = AZ'.

Then the directions to the neighborhood vertices are de-
termined by the formula [18]

s;=(—Az'Ale)),
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where e; is the jth basis vector.
f/($)8]7 j = 1727"'7n7

do*(—cgAG' A +¢;) — ca*(—dpAZ' A + d;)

We compute §; =

% = (do)?
_‘_qx*(—PBAElAvj +p;) — pr*(—qpAgz A + q;)
(qz*)?
_da(ej — 25) —ca*(d; — )
a (dz*)?
q*(p; — 27) — pr*(q; — j)
(gz*)?
. z
_ Aj N A?q
(dz*)* ~ (qz*)?
where

If
) A
(dz*)? ~ (qz*)?

<0,

x* is the optimal solution.

Remark 1. In general a local optimal solution for the
problem P(1) obtained using optimality criteria (1) may
not be a global optimal. However, we discuss sensitivity
analysis for the local/global optimal solution obtained
using optimality criteria (1).

3 Sensitivity results

To address perturbations of the objective function coef-
ficients (both in numerator and denominator) and right-
hand-side vector in problem P (1), we consider the follow-
ing perturbed model:

- _ (p+Ap)Tz | (c+ Aoz
P(2) Maximize f(x)= (12T (AT AdTs
subject to Az =b+ Ab,
x>0
where
H H
Ap = [Z pjh'Vh:| ,Ag = [Z th’Yh:| ;
h=1 nx1 h=1 nx1
H
Ac = {Z th%} )
h=1 nx1
H H
Ad = |:Z djh'Yh:| ,Ab = |:Z bjh’)/h:|
h=1 nx1 h=1 nx1

are the multiparametric perturbations defined by the per-
turbation parameter v = (y1,72,...,vg)’. Here, H is
the total number of parameters.
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Let, _ H H H T
up = [bin,ban, - bmn]T: The vector of the coefficients = b+ }Z_jl(ﬁfuh)’yh’hz_:l(ﬁguh)%’ T hz_jl(ﬂg;'uh)
of parameter 7, in Ab. - B B

Vh = [P1h, P2hs - - - s Pmn) T The vector of the partial coef- , o

ficient of parameter ~, in Ap. Now ith component of Zp is given by

Wy = [q1hs @2hs - - - s Gmn) L : The vector of the partial coef-

ficient parameter v, in Agq. R _ v

Th = [c1n,C2ns - -+ cmn)T: The vector of the partial coef- Tp; = bi + hz_:l(ﬁi- Un)Vh

ficient parameter v in Ac. B

sp = [din,dan, - - -, dmn]T: The vector of the partial coef-

ficient parameter 7, in Ad. This new basic solution Zp will be feasible if

In the following propositions we construct critical regions
for simultaneous and independent perturbations of the

T C_
objective function coefficients and right-hand-side vector. (Biun)yn 20, i=1,2,...,m.

?\
M:c

h

1
Proposition 1. When p,q,c,d and b are perturbed si-
multaneously and independently the critical region S of Now we Calculate

the problem P(1) is given by A p X

Apq = (gBTB + Z (zBwn)vn)(pj — z; + hZ (pjn —
H 1
- = 1o T >
S {’Y (1,725 -+ -5 vH) " |bi + hgl(ﬁl.wm)% >0, y?;'vh)'Yh) (pprs + hz (z5on)vn) (g5 — 2+ hz (gjn
1
1=1,2,...,m

H H — yGwn)mm) = Bpg + Z ((pj — ) (@Bwn) — (g —
<QB:EB + > (;vgrh)vh> (dBa:B + > (:cgsh)wh> £ 0; R
h=1 h=1

Z0) (@ Gon)) v + Z (gBxB(pjn — y&on) — ppas(gin —

H
=1
a7+ 32 (= lehun) ~ (0~ Dk W
o h=1 yhwn))m + Z( wy, Y (Pin — y5vn) v — xHvn X
h=1 —
+ > (aBrB(Pmtjh — y?}vh) — (pBTB)(@m+4,n — H T
h=1 >~ (@jn — Y5wn)Vn) -
T h=1
Yo Wh))Vh
Ho H . . Similarly,
+ 22 @pWh 25 (Pmtjh = Yj0h)Vh — TEUA . H
h=1 P 7 P Aca=Aca+ Y ((cj — Z]C)(fgsh) —(d; — Z?)(ffgrh))"/h
I h=1
. H
h;(qmﬂ,h y.]wh)'Yh’Yh] + S (dpzs(cn — yETh) — cprp(dy — y?jfsh)),yh +
h=1
’ & ‘A 7. T T, & T
[deB + 2 IBSh)Vh] + {QBIB + > (xBrh)'Yh} o (xpsn 3o (cin —yhrn)yn —apra 22 (djn — yhsn)vm)
h= h=1 h=1 h=1 h=1
H R m H H R
A% 4 Z = 29)(@Gsn) — (dj — 2D (@Gr)) de = 2t (@t Z:j qinYn)Ti = qpTp+ X:: (zBun)yndx =
L d; + d; x; =dpxp + xLs
+ Y (dprp(cmijn — y5ra) — cprp(dmijn — 2= < z_:l h%) pee Z( BT
h=1 For the new solution Zp to satisfy the optlmahty condi-
H H . ;
t thi lue §,’s of §; ted as follows:
s+ 3 <x£5h S (e — ¥ mm — ion, the new value 4,’s of §; are computed as follows
h=1 h=1
o T APt Acd
rprh Y (dmyjn — Y5ma)%m || <0, S.o= 94 T
i ' G ey

j= 1,2,...,n—m}
Thus, Sj takes the form

Proof. Let us assume that g be the new basic solution,

then R H
o5 = |07+ X ((py — 25)(aBwn) — (g5 — 28)(xFon))vn
ip = AZ'(b+AB)=Ag'b+ Az Ab .
_ H r + > (aBzB(pjn — y5on) — pBB)(Gin — Y5 Wh)) TR
= b+ A {Z b1nYh, Z bon Yy -y bmh'}’h:| h=1 ! ’
h=1 h=1
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H H H
+ X ahwn Y (pjn — yhvn)ve — 2Hvn 2 (5n
h=1 h=1 h=1

" 2
—yﬂwh)%%}/[fmxB + > (xgwh)'}’h]
h=1

Z)@psn) = (dj = 2)(@prn))

Flast St (e -
a5 2 (g

h=1

+
M=

(dpzs(cjn — yhrn) — cer(din — yhsn))n

>
Il
i

+
M=

T T
— y,jrh)wI — TpTp X

T H
('rBsh > (cin
h=1

I
-

(djn — yESh)7h>’7h} / [dBCCB + hi(xgshm] : .

M= .

>
Il

1
Now solution Z g will be optimal if
H 2 H
[deB s (xgsmh] n {qu 3 (0= ) ¢
h=1

(xgwh) - (QJ zq)(xgvh))’yh + Z (quB(pm—&-] h —

yhon) — pe B (Gmgn — y,jwh))vﬁ
A T a T T Ll
> Tpw Z(pm+jh y.jvh)% — ZRUn Z(Qerj,h -
h=1 h=1 h=1
yhw )'Vh’Yh:|

2 H
+ [quB + Z (:L'Brh)'yh} [A;d + hgl((cj — z;)(z£5h) —
(dj — 25 )(IBTh))'Yh
H

+ > (dpxB(Cmijn —
hfl

+ E sth Z (Cm-i-J,

5 )'Yh')/h] /

([( ij_B ‘: 22 (xBTh)7h> (deB + hf:l(%gsh)ﬂ’h)r <

ygrh) — T (dm+jn — y?Sh))%

H
—yhra) v = 2hrn Y (dmtjn —
h=1

A

,m —m. Thus, the critical region S, is

_ H
Y= (71772a"'7/7H)T b1+ Z(ﬁ?uh)Vh 2
h=1

0, 2—1,2,..., m;

(QBZ'B + Z wfﬂ"h)%) (deB +h§1($£5h)’}/h> # 0;
A+ B

given by S =

) (@hwn) = (a5 — 2)(@hvn))vm

H
+ > (gBxB(Pm+jn —y5on) — (PBLB) (Gmjn —Y5wh))h
h=

a T
+ 3 o

[

H
h Z (Pmsih — Y500 — 250 Y2 (g —
h=1 h=1

Yy wn) v

H 2 H
[deB > (xﬁsmh] + [qB:cB S @hm)m
h=1 h=1
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H
a5+ S (e~ o) - (& = G
=
h; dprg(Cmyjn — y5rn) — cBTB(dmijn — Y55n))n
H H
+ X (IESh > (Cmtjh — Y5TR) M — THTR
h=1 =
q T
> (dimtjn — y.ﬂh)%)%] <0,
h=1
j= 1,2,...,n—m}.
Hence the proof. |

To perform multiparametric sensitivity analysis, we de-
compose the critical region S as follows:

H
St ={v=0m72- ,’YH)T' <deB + hzl(f'fgsh)%)

(QBxB + f: (xgwh)7h> > 0}

h=1

S;; = {’Y: (717’727"'77H)T

(CIB$B + é(xgwh)%> < 0}

Sa = {7:(71,72,~.
1,2,....m

[deB+ i(zaﬁsmhr [qu + 3 (0 - e un) -

H
(deB + > (9025;1)%)
h=1

~ H
)t b+ Y (BEup)yn > 050 =
h=1

(25 = 2])(@5vn))

H
+ X (asrB(Pm+in — y5on) = Pe2B(@mrin — y5wn))m
h=1
A T H T T q
+ 22 wpwn Y Pmtih — Y5VR)Y — TRVA Y. (Gmjh —
h=1 h=1 h=1
yﬂwh)%%]
H 2 H
" [quB + S hrm] A+ X (e - ko) -
h=1 h=1
(d — % ))%
Z T sh Z (emyn — Y5y — hErh 2 (dmyjn —
h=1 h=1 h=1

y?;Sh)’Yh’Yh] <0,

7=12...,n—m Then,

= {v = (yy2--m)" |y € {8, N SaYor v €
{83, Sa}} can be decomposed into two disjoint regions:
S = {SL NSat and Sy ={S;, NSa}.

Recently, Wang and Huang [16,17] have proposed the
concept of maximal volume region (MVR) within a tol-
erance region to investigate the different parameters at
their independent levels of sensitivity. The MVR is sym-
metrically rectangular parallelepiped with the largest vol-
ume in a critical region and is characterized by a maxi-
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mization problem.

Since the critical region is a polyhedral set, there exists
L=1[;]e RP*H g={g;} € R',I,H € N, where I and
H are the number of constraints and variables of S, re-
spectively, such that S = {v = (1,72, ..., va)* | Ly < g}.
Also, in practice all the parameters need not be of the
same sensitivity level, therefore we classify them as ’fo-
cal’ and ’'non-focal’ parameters. Non-focal parameters
are less sensitive and hence can be deleted from the anal-
ysis. Only the more sensitive parameters called as focal
are considered in the final analysis. For focal parameters,
it is assumed that ¢ ; # 0 for j =1,2,..., H.

Remark 2. It follows from Proposition 1 that v = 0
belongs to S, and thus we have g > 0.

The (MVR) Bg of a polyhedral set S =

v = vy < g = {y =
H

(717’727"%7H)T|Zlijfyj S gzaz = 1727"'71}3
j=1

I

where g; > 0 for ¢ = 1,2,...,I and Z|lij| > 0 for
i=1

j = 1a2,"'aH7 is BS = {’Y = (717727"'77H)T||fyj| S

k¥,j = 1,2,...,H}. Here k* = (ki k3,... k)" is

uniquely determined with the following two cases :

(i) If g; > 0 for ¢ = 1,2,...,1, then k* is the unique
optimal solution of the problem P(3), where |L| is
obtained by changing the negative elements of ma-
trix L to be positive

Max [ &
subject to |Llk < g
k>0.

P(3)

The volume of By is Vol(Bg) = 27 ]k} .

(ii) If g; = 0 for some 4, let I° = {i|g; = 0,5 =
L,2,..., I} #¢and IT = {ilg; > 0,i=1,2,...,I}
then we have

(a) If It = ¢ then k* = 0 is the unique optimal
solution

(b) If I* # ¢ then let @ = [ J{jll; # 0,5 =

iel°

1,2,...,H} be the index set of focal parame-
ters that appear in some constraints with right-
hand-side g; = 0. Then £} = 0 for all j belong-
ing to (2. The others, k7, j ¢ €, can be uniquely
determined as follows: After deleting all vari-
ables 7, j € {2 and constraints with right-hand-
side g; = 0 from the system of constraints S, let
the remaining subsystem be in the form of (2)
with g} > 0 for all index i as below:

S'={y=)"i¢ LY <g'} (2)
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then k' (i.e., k7,7 ¢ Q) can be uniquely deter-
mined by solving the following problem P(4)

Max [] k;
J¢Q
subject to |L'|k' < ¢
kK'>0.

P4)

The volume of Bg is Vol(Bg) = 24 H k3.
JEQ

Multiparametric sensitivity analysis of the problem P(1)
can now be performed as follows :

Obtain the critical region as given in Proposition 1 by
considering simultaneous and independent perturbations
with respect to the objective function coefficients and
right-hand-side vector. Delete all the non-focal param-
eters from the analysis. The MVR of the critical regions
is obtained by solving the problem P(3)/P(4). The prob-
lem P(3)/P(4) can be solved by existing techniques such
as Dynamic Programming. The detailed algorithm can
be found in Wang and Huang [17]. Software GINO [5] can
also be used to solve the nonlinear programming problem

P(3)/P(4).

4. Numerical Example

.o Xr, — 2552 1 — T2
P(5) M —
(8) Meaximize f(z) = o+ o a1 2
subject to 2x1 —x9 <10
T+ o <8
z; >0, j=1,2.
The optimal solution is
et = [}, 23] =6,2)7.

Multiparametric Perturbations:
Ap = [n 472,271 — 2], Ac = [371 — 272,0],
[2, 71 + 272],
Ab = [471 + 272,71 + 373]
up = [4,1)T ug = [2,3]7, 01 = [1,2]F, 02 = [1, -1]T,w; =
[0,1]7,we = [1,2]7, 7y = [3,0]7, 7o = [-2,0]T
qu+ - {7 - (’YlafYQ)T‘16 + 271 + 1072 > O}
Sa={v=(1n.72)"16+0.6y1 +1.672 > 0,2 —0.677
1.33y2 > 0,26.92 + 5.6371 + 3.437v2 + 2.177 + 7.0873
0,19.07 — 0.89v; + 4.51y2 + 677 + 2.8193 < 0}.
Therefore critical region S is given by
S={y=(71,72)"|y € Sag+ N Sa}

={y = (71,72)7[16 + 271 + 1072 > 0,6 + 0.6, +
1.67v9 > 0,2 — 0.67y1 + 1.33y2 > 0,26.92 + 5.63v; +
3.43v9 + 2.192 + 7.087v3 < 0,19.07 — 0.89y; + 4.51y, +
67 +2.81v5 < 0}. Because of the involvement of nonlin-
ear inequalities in .S, the critical region S is not a rectan-
gular parallelepiped. Moreover, S may not be bounded.

Ag =

IN +
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Therefore, in this case Wang and Huang’s approach of
finding the Maximal volume region is not applicable. In
this situation we can only say that optimal basis will re-
main unchanged for all those perturbations in parameters
for which inequalities in S are satisfied.

4 Conclusions and Future Work

In this paper, we have studied multiparametric sensitiv-
ity analysis for the sum-of-ratios programming problem.
We have considered objective function with only two ra-
tios in the objective function but our approach can be
extended to any number of linear ratios in the objective
function. We have derived critical regions for the simul-
taneous and independent perturbations of the objective
function coefficients (both in numerator and denomina-
tor) and right-hand-side vector. However, because of the
presence of nonlinear inequalities in the critical region,
critical region is not rectangular parallelepiped. As a di-
rection for future research further research can be carried
out to explore the methods to approximate nonlinear in-
equalities in the critical region with linear inequalities so
that critical region can be approximated as rectangular
parallelepiped.

References

[1] Cambini, A., Castagnoli, E., Martein, L., Maz-
zoleni, P., Schaible,S., (eds.) Generalized convexity
and fractional programming with economic applica-
tions, Lecture Notes in Economics and Mathematical
Systems 345, Springer, Berlin, 1990.

[2] Crouzeix, J.P, Marinez-Legaz, J.E., Volle, M., (eds.)
Generalized convexity, generalized monotonicity: re-
cent results, Kluwer Academic Publishers, Dor-
drecht, 1998.

[3] Gupta, P.; Singh, S., Approximate multiparamet-
ric sensitivity analysis of the constraint matrix in
linear-plus-linear fractional programming problem,
Applied Mathematics and Computation, vol. 171(2),
2006, pp. 662-671.

[4] Komlosi, S., Rapcsak, T., Schaible, S., (eds.) Gen-
eralized convexity, Lecture Notes in Economics and
Mathematical Systems 405, Springer, Berlin, 1994.

[5] Liebman, J., Ladson, L., Scharge, L., Waren, A.,
Modeling and optimization with GINO, The Scien-
tific Press, San Francisco, CA, 1986.

[6] Neumann, V., Uber ein okonomisches Gleichungssys-
tem, J., eine Verallgemeinerung des Brouwerschen
Fixpuntsatzes, In K. Menger, editor, Ergebnisse
eines mathematischen Kolloquiums (8), Leipzig und
Wien, pp. 73-83, 1937.

ISBN: 978-988-18210-5-8
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

Proceedings of the International MultiConference of Engineers and Computer Scientists 2010 Vol III,
IMECS 2010, March 17 - 19, 2010, Hong Kong

[7] Schaible, S., Fractional Programming, in R. Horst
and P.M. Pardalos (eds.), Handbook of Global Opti-
mization, Kluwer Academic Publishers, Dordrecht,
1995, pp. 495-608.

[8] chaible, S., Simultaneous optimization of absolute
and relative terms, Zeitschrift fir Angewandte Math-
ematik und Mechanik, Vol. 64(1984), pp. 363-364.

[9] Schaible, S., Ibarki, T., Fractional programming, in-
vited review, Furopean Journal of Operational Re-
search Vol. 12(1983), pp. 325-338.

Schaible, S., Fractional programming: applications
and algorithms, Furopean Journal of Operational
Research, Vol.7 (1981), pp. 111-120.

Schaible, S., Analyse und Anwendungen von Quo-
tientenprogrammen, Ein Beeitrag zur Planung mit
Hilfe der nichtlinearen Programmierung, Mathemat-
ical Systems in Economics 42, Hain-Verlag, Meisen-
hein, 1978.

[12] Singh, S., Multiparametric sensitivity analysis of the
additive model in data envelopment analysis, to ap-
pear in International Transactions in Operational

Research.

[13] Singh, C., Dass, B.K., (eds.), Continuous-time, frac-
tional and multiobjective programming, Proceedings
of a Conference at St. Lawrence University, Canton,
NY, 1986, Journal of Information and Optimization

Sciences 10 (1989) No. 1 (January).

Singh, S., Gupta, P., Bhatia, D., Multiparamet-
ric analysis of the constraint matriz in program-
ming problems with linear-plus-linear fractional ob-
jective function,Applied Mathematics and Compu-
tation, Vol. 170(2005), pp. 1243-1260.

Singh, S., Gupta, P., Bhatia, D., Multiparamet-
ric sensitivity analysis in programming problems
with linear-plus-linear fractional objective function,

European Journal of Operational Research, Vol.
160(1)(2005), pp. 232-241.

[16) Wang, H.F., Huang, C.S., Multi-parametric analy-
sis of the maximum tolerance in a linear program-
ming problem, Furopean Journal of Operational
Research, Vol. 67(1993), pp. 75-87.

[17) Wang, H.F., Huang, C.S., The maxzimal tolerance
analysis on the constraint matrixz in linear program-
ming, Journal of the Chinese Institute of Engi-

neers,Vol. 15(5)(1992), pp. 507-517.

Zoutendjik, G., Methods of feasible direction, Else-
vier Publishing Company, Amsterdam, 1960.

IMECS 2010





