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A Study on the Contact Stress of Modified
Curvilinear Gears
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Abstract—The contact characteristics of a modified
curvilinear gear set were investigated based on finite element
analysis in this study. Firstly, the mathematical model of the
modified curvilinear gears was developed based on the theory
of gearing. Then a solid model of a modified curvilinear gear
set was built by utilizing computer-aided design software.
Finite element analysis enabled us to investigate the contact
stress of a contact teeth pair. The variation and distribution of
the contact stresses and bending stresses are also studied under
different gear design parameters. Finally, illustrative examples
were presented to demonstrate the contact characteristics of
the modified curvilinear gears.

Index Terms— Contact Stress, Finite Element Analysis,
Modified Curvilinear Gear

I. INTRODUCTION

Cylindrical gears are widely used for power transmissions
between parallel shafts with a constant gear ratio because of
their high efficiencies. In high speed applications, helical
gears are preferred than spur gears due to its higher load
capacity. However, helical gears generally exert axial thrusts
on the transmission system. Curvilinear gears with
curvilinear tooth trace in the axial direction do not introduce
problems of axial thrusts like helical gears. Besides,
curvilinear gears have the following advantages: higher
bending strength, lower noise and better lubrication effect
[1].

The manufacturing method of curvilinear gears was
investigated by Liu [1] using a face mill-cutter, as illustrated
in Fig.1. In Fig.1, axis A-A is the rotational axis of gear
blank; axis B-B represents the spindle of the face mill cutter
disk; Ep denotes the nominal radius of the face mill cutter
disk; and 7 is the pitch radius of the generated gear blank.
During generation process, the gear blank rotates with
angular velocity @,, while the face mill cutter disk rotates
with angular velocity @, and translates with linear velocity
r@,. Dai et al. [2] manufactured curvilinear gears by a CNC
hobbing machine with male and female fly cutters. The male
and female fly cutters are complementary in shape and are
applied to manufacture the mating pinion and gear
respectively. They reported that the curvilinear gear pair is
in line contact and sensitive to axial misalignments.
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Later, Tseng and Tsay [3] simulated the generation
process of curvilinear gears cut by straight-edged fly cutters
by using imaginary three-dimensional rack cutters. They
developed the mathematical model of curvilinear gears by
using an imaginary straight-edged male cutter based on the
theory of gearing [4]. Tseng and Tsay [3, 5] also
investigated the undercutting phenomenon and the contact
characteristics of a curvilinear gear set where both the
pinion and the gear are generated by the same straight-edged
male fly cutters. According to their results, their curvilinear
gear set exhibits point contact since the pinion and gear are
both generated by the same male cutter, not by a pair of
complementary male and female cutters [5]. However, their
curvilinear gear pair is still sensitive to axial misalignments
and the resulting transmission errors are discontinuous with
jumps under axial misalignments. This will limit the
applications of curvilinear gears.

Tooth profile modifications (crownings) in profile and/or
lead directions have been widely adopted by researchers on
various types of gears to achieve localized bearing contact
and/or to avoid discontinuous transmission errors when
assembly misalignments are present [4, 6, 7; 8,9, 10, 11, 12].
Chen and Tsay [13, 14] proposed a tooth modification on
helical gears by using circular-arc rack cutter and a
curved-template guide during the gear generation process.
The modified circular-arc helical gear possesses
modifications in both profile and lead directions. Their
modified helical gear pair has built-in TE and localized
bearing contact even under axial misalignments.

Finite element analysis (FEA) is a popular tool to study
the stress distribution on contacting gear tooth surfaces. To
date, several researchers studied the contact stress of various
types of gears using the finite element method [15, 16, 17].
Chen and Tsay [18] also performed stress analysis to study
the contact stress and root stress of the modified helical gear
pair composed of an involute pinion and a modified
circular-arc gear.

The proposed modified curvilinear gears have tooth
profile modification made by an imaginary male rack cutter
with a circular-arc normal section, instead of a straight-edge
normal section. The gear set is expected to exhibit point
contact, and therefore the contract stress needed to be
investigated. In this study, the contact stress and gear tooth
bending stress of a modified curvilinear gear set have been
explored based on FEA. The finite model of a modified
curvilinear gear set has been built based on the mathematical
models of the pinion and the gear. Finite element contact
analysis showed that this modified curvilinear gear set
exhibits point contact instead of line contact. Moreover, the
bearing contact is localized in the middle of the tooth flanks
during the meshing process. We also explored the effects of
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the gear design parameters on the contact stress and bending
stress at tooth root.

Il. GEOMETRY OF THE MODIFIED CURVILINEAR GEAR

The modified curvilinear gear was generated by a male
fly cutter with a circular-arc normal section, and the
generation process can be simulated by an imaginary rack
cutter with circular-arc normal section. Figure 2 shows the
normal section and the radius of the circular-arc is Rp. The
application of fly cutters having a circular-arc curve rather
than a straight edge in their normal sections will introduce a
pre-designed transmission error when the modified
curvilinear gear set is in the ideal meshing condition. In
addition, the proposed curvilinear gear set are expected to
have localized point contact in the central region of the tooth
flank instead of line contact across the entire tooth flank.

Figure 2 depicts the circular-arc normal section with
radius Rp of the imaginary rack cutter used to generate the
gear. Figure 3 shows the formation of the three dimensional
imaginary rack cutter 35 to generate the gear by moving its
normal section along a curve of radius E,. The radius E,
equals the nominal radius of the face mill cutter disk on
which the fly cutters are assembled to generate the
curvilinear gears, as indicated in Fig.1. Note that Ep should
be the same for the mating pinion and gear to have proper
meshing tooth traces. Figure 4 illustrates the relationships
among the rack cutter axode and the corresponding
generated gear axode. In Fig.4, cylinder of pitch radius ry is
the gear axode. Plane 7, which is tangent to the cylinder,
represents the axode of the rack cutter 3. The line of
tangency of these axodes, I-l, represents the instantaneous
axis of gear rotation. In the generating process, the rack
cutter translates with distance r; ¢ while the generated gear
rotates with an angle ¢.

Based on the theory of gearing and the generation
mechanism, the tooth surfaces of the modified curvilinear
gear are represented by the following equations.

X = Xép) cos ¢, — yép) sing, +r,(Cos ¢, + ¢, singy) »

1)

y, = xPsing, + y cos g, +r,(sin g, — 4, cos @) »
and Zl = Z((:P) 1

f,(¢,05,6,) =[Rp(cOs S, —cosa,) — S, /2]cos b, sin &, + E, (L - cosb,)sin 5, (2)
- R, (sin S, —sina,)coss, cosb, F ¢ sind, =0,
where

xP) =R, (sins, —sine, )1

y" = +[R,(cOs 5, — oS, ) F S /2]cos 6, + E, (1 -cos6;) 3)
and ;® — _[+R, (cosd, — cosa,) F S, /2]sin 6, + E, sin6,
and

where 9, <0,<6,,

0y, =sin“(W /2E,).

O, =sin " (-W /2E;)
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The upper sign and lower sign represent the gear tooth
surfaces generated by the left side and right side of the rack
cutter 35, respectively.

In addition, the unit normal vector of the modified
curvilinear pinion tooth surface can be expressed as follows:

P P) oi
nxl = n>((c) COS¢1 - n;c) Smd)l'

—n® i (P)
Ny =Ny’ Sind, + Ny’ COSP,, 4)
—nP
and n, =n,’,
where
P _—
n® =Fsing, »
n{) = —cos 5, c0sG, ()

and n® =cosd, sing, -

The upper sign and lower sign represent the pinion tooth
surfaces generated by the left side and right side of the rack
cutter 25, respectively.

1. FINITE ELEMENT CONTACT ANALYSIS

The developed mathematical models enable us to build
the solid model of the proposed modified curvilinear gear
set, as shown in Fig.5. Table 1 lists the major design
parameters for this curvilinear gear set. Then a finite
element model of the modified curvilinear gear set has been
built and contact stress analysis has been performed based
on the design parameters.

A. Finite Element Models

This study adopts the general-purpose FEA software,
ABAQUS/Standard to evaluate the stress distribution of the
proposed curvilinear gear set. A linear brick element, C3D8I,
having eight nodes and six faces, is employed to discretize
the geometric models of the pinion and the gear tooth
surfaces. In general, a finite element (FE) model with a
larger number of elements for FE stress analysis may lead to
more accurate results. However, an FEA model of the whole
gear drive is not preferred, especially considering the limit
of computer memories and the need for saving
computational time. This study establishes an FE model of
one pair of contact teeth for the curvilinear gear set. Figure 6
displays the mesh system of the mating pinion and the gear.
The regions where stress concentration may occur, such as
the fillets and possible contact areas, are processed by a
finer mesh. Hence, the mesh density of the middle sections
of the gear tooth flanks is increased, as illustrated in Fig.6.
In sum, 30658 elements and 35131 nodes are used for the
pinion and the gear FE model.

B. Material Properties and Boundary Conditions

Medium carbon steel AISI 1045 has been chosen for the
FE model. Its basic mechanical properties are Young’s
Modulus E = 205GPa and Poisson’s Ratio v=0.29. Figure 6
illustrates the FE model of one pair of contact teeth and the
applied boundary conditions. According to the FEA
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software, a linear brick C3D8I element is chosen, and each
node has three translational degrees of freedom (DOF) along
the nodal x-, y- and z- directions. In this study, all the three
DOF of the nodes located on the two lateral sides of the
gear’s base are fixed, as depicted in Fig.6. On the other hand,
rigid beam elements are applied to connect the nodes on the
pinion’s bottom surface with those on the pinion’s rotational
axis. Furthermore, the nodes on the pinion’s rotational axis
are constrained such that the pinion can rotate only about its
rotational axis. Consequently, the gear is statically fixed and
a torque is applied at the pinion’s rotational axis to make the
gear and pinion tooth surfaces contact with each other.

C. Preliminary Considerations and Assumptions

In the FEA, a single pair of contact teeth is constructed to
perform the stress analysis, as shown in Fig.6. The
following assumptions have been made for the contact
analysis: (1) The stress is in the elastic range of the material,
(2) The material is isotropic; and (3) Heat generation due to
friction and thermal stress are ignored.

Additionally, the master and slave surfaces are identified
as the gear and the pinion tooth surfaces, respectively.
During the contact process, the slave nodes cannot penetrate
the master surface segments, but the nodes on the master
surface may penetrate the slave surface segments. “Small
sliding” is specified between the contact surfaces to save
computational efforts. It is also assumed that the gear set are
mesh under good lubrication, and thus the contact surface is
frictionless. Table 1 summarized the design parameters of
the proposed modified curvilinear gear set. In the following
examples, a torque of 25 N-m was applied to the pinion’s
axis.

IV. ILLUSTRATIVE EXAMPLES

Example 1: Contact Stress

According to the FE stress analysis simulation, Fig.7
illustrates the distribution of von-Mises stress on the pinion
and gear tooth surfaces when the pinion’s rotational angle is
0°. The maximum stress occurs at the contact point located
in the middle of the tooth flanks. Based on the FEA results,
the maximum value of von-Mises stress is 404.6MPa on the
pinion and 339.7MPa on the gear, respectively.

Example 2: Contact Stress under
Parameters

According to the FEA results, Fig.8 and Fig.9 displays the
maximum values of von-Mises stress on the pinion and gear
under different design parameters of Er and Rp, respectively.
According to Fig.8, when Rp is fixed at 500mm, the
maximum von-Mises stress decreases as Ep increases from
30mm to 90mm. On the other hand, Fig.9 reveals that when
Ep is fixed at 30mm, the maximum value of von-Mises
stress is almost the same under different values of Rp.
Therefore, the influence of Rp on the contact stress is
insignificant when compared with that of Ep.

Recall that for the generation of the modified curvilinear
gear, parameter Rp indicates the radius of the rack cutter’s
normal section, while parameter Ep denotes the nominal
radius of the face mill cutter disk, as shown in Fig.2 and
Fig.3, respectively. Therefore, Rp is related to the deviation
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of the generated tooth profile from a standard involute curve.
The deviation results in a pre-designed parabolic
transmission error of this curvilinear gear set. On the other
hand, Ep affects the curvature along the curvilinear gear
tooth trace along the axial direction. The curvilinear tooth
trace will approach to a straight line as spur gears as Ep
increases to infinity. Recall that for a spur gear set, the
contact pattern is line contact along the axial direction.
Consequently, increasing the design parameter Ep will
increase the contact area, and therefore will reduce the
contact stress.

Example 3: Bending Stress

The bending stresses at the gear tooth fillet are
determined at different pinion’s rotational angles according
to the FEA results. The bending stress is calculated from the
tooth fillet at the middle of the tooth flank, below the
theoretical contact point which can be calculated from the
tooth contact analysis. Accordingly, Figs. 10(a)-(c)
demonstrate the stress distributions at the central
cross-sections of the contacting pinion and the gear under
three contact positions (¢;’= -10°, 0° 10°), respectively. The
contact point moves from the tooth root to the tooth
addendum in the middle of the tooth flank as the pinion
rotates. Moreover, the variation of the bending stress is
small because the bending stress in the fillet is much smaller
than the contact stress.

Generally, the bending stresses in the fillets of the two
contacting tooth sides are considered tensile stresses, and
those in the fillets of the opposite, unloaded tooth side, are
considered compressive stresses. Figures 11 depict the
tensile bending stresses on the gear and pinion fillets under
different contact positions. The bending stress is designated
as the von-Muises stress calculated at the fillet on the center
of the tooth flank, as indicated in Fig.7. When ¢;’= -10°, as
shown in Fig.10, the contact point is close to the pinion
tooth root and the tensile bending stress is high due to stress
concentration. On the other hand, at ¢;’= 10° the contact
position is near the addendum of the pinion, exerting a large
bending moment and a high bending stress on the pinion’s
tooth root. Therefore, the maximum tensile bending stresses
under the two contact positions (¢;’= -10° and ¢,’= 10°) are
higher than other positions. However, the average bending
stress during the tooth meshing is 25MPa, and is low
regarding the tooth strength.

V. CONCLUSIONS

In this study, finite element stress analysis was performed
to explore the contact stress and the bending stress of one
contacting tooth pair of modified curvilinear gears. The FE
model of the modified curvilinear gear set was developed
based on the developed geometrical models. The
commercial FEA package, ABAQUS, was applied to
evaluate the stress distribution on the tooth surfaces. The
analysis results leads to the following conclusions:

1) The modified curvilinear gears exhibits point contact
instead of line contact. The contact point moves from
the tooth root to the tooth addendum in the central
region of the tooth flank as the pinion rotates.
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Increasing Ep results in an increase in the contact area
and a reduction in contact stress. Moreover, the effect of
Rp on the contact stress is less significant than the
influence of Ep.

The maximum fillet stress occurs near the middle
section of the tooth flank (below the contact points).
And the tensile bending stresses at the central
cross-sections of the pinion and gear under different
contact positions were investigated.

The preliminary FEA including only one contact tooth
pair enables us to calculate the contact and bending
stresses of the modified curvilinear gears. This model
can be extended further to investigate the load sharing
and transmission errors under load of multiple contact
tooth pairs in the future.
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Table 1 Design parameters of the modified curvilinear gear

set

Gear Pinion

Number of teeth 36 30

Module, normal(mm) 4

Pressure angle, normal (degrees) 20

Face width(mm) 30

Nominal radius of face mill cutter

disk (mm)

Radius of rack cutter normal

Rp =500

section (mm)

Face Mill Cutter Disk

A
> .
il
L
A
a—FE—= (i=P,G)
Gear Blank \ \
7
——
10,

Fly Cutting Tool

Fig.1 Schematic illustration of curvilinear gear generation

by fly cutters

Fig.2 Circular-arc normal section of X for generating

modified curvilinear gear
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Fig.4 Relationships among gear blank axode, and rack cutter
axode during generation process
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(b)Gear
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S Fig.7 Stress distribution on the pinion and gear tooth surface
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Fig.5 The solid model of the modified curvilinear gear set
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Fig.10 The stress distribution at the central cross-sections of

the pinion and gear under different contact positions.
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Fig.11 The tensile bending stress at the fillet on the central

tooth flank under different contact positions.
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