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An Integer Programming Formulation for the Lot
Streaming Problem in a Job Shop Environment
with Setups

Udo Buscher and Liji Shen

Abstract—This paper aims at solving the lot streaming prob- [1], [9], [10], [4], [5], [2], [7]- The job shop scheduling pb-
lem in a job shop environment, where setup times are involved |em, on the contrary, has received little attention. Daeze
The proposed integer programming formulation sufficiently  pgras and Lasserre [6] introduced an iterative heurtstic

describes the processing dynamics of individual sublots ahen- Ive the lot st . bl . ‘0b-sh . t
ables the simultaneous determination of schedules on mactes SO'V€ the Iot streaming problem in a Job-shop environment.

and sublot sizes. Small instances of job shop problems with By adopting the modified shifting bottleneck procedure, a
consistent sublots can thus be optimally solved. Computathal good solution can be obtained within a few iterations. Fer th
results confirm that, by applying the lot streaming strategy both  same problem, Buscher and Shen [3] presented an advanced
idling times of machines and completion times of operations (5, search algorithm which outperforms the previous Beuri
are significantly reduced. In view of setups, various types fo tic. This alqorithm is al ble t h the th ticald

setups are incorporated in the model. The influence of setup IC. 1his algorithm 1S also able 1o rgac e _eore Ica _DW
times on the performance of lot streaming is also intensivgl bounds for some hard benchmark instances in scheduling. In

examined. In addition, the efficiency of the formulation with [8] a model for the lot streaming problem with setups was

special constraints is evaluated. established. Aside from the makespan objective, costebase
Index Terms—Ilot streaming; job shop scheduling; integer Measurements are integrated as well. Under the assumption
programming that the sublot sizes are given, several examples weralteste
with the conclusion that equal-sized sublots provide bette
|. INTRODUCTION solutions in general.

HE purpose of this paper is to solve the lot streaming The_integer programming formulation presented_ _in this
problem in a job shop environment, where setup timdiaper is based on the study of [8]. Necessary modifications

are involved. Theob shopscheduling problem can be brieflyare conducteq in the first_place. The model .is then further
described as follows: A set of jobs and a set of machines &gveloped to increase efficiency. Moreover, instead of em-
given. Each machine can process at most one job at a tirﬂlé?y'ng fixed sublot sizes, test instances are solved wigh th

Each job consists of a sequence of operations, which need/fj€rmination of sublot sizes. According to our observatio

be processed during an uninterrupted time period of a giv@ﬂﬁmal solutions are generally obtained with unequatdiz

length on a given machine. #chedulés an allocation of the sublots, Whi(fh obviously contrad.icts the gssertion of [8].
operations to time intervals on the machines. The objective "€ remainder of the paper is organized as follows: In
is to find a schedule of minimum lengtméakespahp This the _next section, an _mteger programming formulation for
class of problems is proved to be NP-hard. solving thg lot streaming problem in a Job shop production
With respect tolot streaming a job is actually alot SYStem with setups is developed. Various types of setups
composed of identical items. In classical job shop schaguli@'® incorporated in the model. Section 3 provides a detailed
problems a lot is usually indivisible. The entire lot must b@nalysis of computational results. The computationalltesu
completed before being transferred to its successor dpeyat focusing on various aspects are then presented in detaf. Br
which leads to low machine utilization and long completioRonclusions are summarized in Section 4.
times. Lot streaming techniques, on the other hand, provide
the possibility of splitting a lot into multiple smaller Sioks,
which can be treated individually and immediately trans-
ferred to the next stage once they are C(_)mpleted. Differeqt Notations
sublots of the same job can thus be simultaneously pro-
cessed at different operation stages. As a result of operati maz  Makespan .
overlapping, the production can be considerably acceldrat " total number of jobs .
However, due to the complex interaction between sublots and " fotal number of machines

Il. M ODEL FORMULATION

machines, job shop problems with the application of the lot % ., _to:)a! r:jgmbe.r 9fflib|0ts
streaming strategy is difficult to formulate mathematigall z’lk, 10 'E. 'Ce.s’é’.l 7k l;; '_"1n
In the last years, a majority of researches focused on solv- "™ micl '”.eO:.” |ce's,.l,_ 1_ e
ing lot streaming problems in a flow shop production system 7’7 sublotindicesy, j” = 1,...,s
H sufficiently large number
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Lijk start time of operatiom®; ;. to the availability of sublots. The constraints can then be
D, unit processing time of jokh on machinek slightly modified as:
Tik setup time of jobi on machinek
Xij production quantity of thgth sublot of job: tijkr +Tik-Oijke > ik +rin-0ijk+0ie-Xij ¥V Oijr,Oijir) €A
A set of pairs of operations constrained by (11)
precedence relations Constraints (6) state that a sublot can only be scheduled
L set of the last operations of sublots on a certain machine after the sublots with smaller indi¢es o
dijk binary variable which equals 1 if setup the same job finish their processing. For instance, the secon
is required before processing operatioyyy; sublot cannot be processed prior to the first sublot of the
0 otherwise same job. Due to the simultaneous determination of sublot
Yiji 1 binary variable which equals 1 if Operation  sequences and sublot sizes, constraints (6) can be employed
O, is processed prior to Operati@n ;; without loss of generality. In the meantime, these consisai
0 otherwise. provide the basis for the concise formulation of setup times
Constraints (7) indicate that the makespan is defined by the
B. Integer programming formulation latest completion time of the last operation of the subldhwi

the maximal index £). In the model developed by [8], the

must pass through each machine exactly once. All machinrggﬂ(eSp"’ln is similarly calculated, while the sublot precede

are available at time zero. Furthermore, the total number %?nstramts (6) are neglected. This, however, is not always

i . . : c%:rect, since theth sublots are not necessarily scheduled
sublots is given and consistent sublot sizes are consideré

In addition, transport times are negligible. With the niotas at the end.

and assumptions, the model can then be summarized a;’heorethally, constra|r_1ts (6) can be removed. The
follows: makespan is thus determined by:

It is assumed that each job consistsmefoperations and

min Crpag (1) Craz > tijk + ik - Oijk + D3y - Xij Vi, 4, k. (12)

Subject to: Owing to the complex interaction between sublots and ma-

° _ chines, this formulation generally requires more iteradito
ZXU =D Vi @ solve an identical problem.
;(:1 >0 Vi 3) Constraints (8) are adopted to determine the sequences on
7= ’j_ ] machines and to prevent overlapping of operation¥; if ;.
Oijk < Xoj Vi, 5, k ) takes the value 1, only the first set of constraints is relgvan
tigi 2 tigntrin-Oik + pie Xij ¥ OijnOije) €A () which indicate that operatiof; ;,, must be processed after
tigi+nk 2 tigk + Tk - ik + it - Xiy Vi ki <s (6) the completion of operatio®; ;. If Yi;ir . equals O, the
Crmas > tisk + Tik * 0isk +pit - Xis Vi,0ise €L (7)  second set of constraints operate in a similar manner.

ik > tirjie +Tork - Oirjr + Doy - Xorjr — H - Yijo ok In the model of [8], the last set of constraints in (8) are
Ly > tije + Tik - Osji + Di - Xijg — H - Yirjrijn neglected. This, in the first place, contradicts the dedinitf
Yijirjrk + Yirgrige =1 Vi#i', 5,5 (8) the binary variable;; ;.. Moreover, ifY;;y o, and Yy

S =1 Vi k (9) both equal 1, constraints (8) and (8) are fulfilled at the same
Siganye > Yijirjrk — Yitienyirjr time, \_NhICh, however, Ieads_ to infeasible solutions. _
Vit j<sg k (10) In view of setups, constraints (9) ensure that the machines

are properly adjusted before processing the first sublot of

In our model we employ the conventional makespan okach job.
jective function (1). Constraints (2) ensure that all regdi  Note that only one setup is essential, if sublots of the
units are produced. Constraints (3) are the non-negativifime job are consecutively scheduled on a certain machine.
conditions. Since sublot sizes may equal 0, the actual numipg terms of [6], this is a scheduling problem wisequence-
of sublots is possibly smaller than the given numBer dependent setup timewnhich is difficult to solve. Instead
This adds flexibility to the formulation with the fixed totalof approximate modelling, constraints (10) formulate this
number of sublotss). Obviously, no setup is necessary, ikituation precisely. According to (6), operatiéh;; should
the corresponding sublot doesn’t exist. Constraints (4) aglways be scheduled befot® ;1) If these two operations
therefore used to avoid redundant setups. are processed directly one after the otldgr, ), takes the

Constraints (5) represent the precedence relations of #ue 0 automatically (see figure 1). As long as there is an
operations that belong to the same sublot. In the model @feration of any other job in between, the right side of the
[8] similar constraints are considered, which apply to theorresponding inequation equals 1, which forégs, ), to
operations of different sublots as well. However, it shoulde 1 (see figure 2). Therefore, constraints (10) ensure that
be pointed out that the operations of different sublots agl the consecutively scheduled sublots of the same job are
not constrained by the precedence relation, since sublets grocessed under a single setup.
treated as separate jobs.

When attached setup times are taken into consideration, )
the setup of a certain machine cannot begin until tife EXtensions
corresponding sublot has been transferred to this machinel) No-wait: An important class of machine scheduling
Constraints (5) fulfil this requirement. On the other hanghroblems is characterized by a no-wait production system,
detached setups can be performed in advance, with no regatetre a job must be processed from start to completion
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Machine Machine TABLE |
- = - = ILLUSTRATION OF CONDITION(17
Y= Y i = 0 Y= Vi = 1 an
o o o o o o Position 1  Position 2  Position 3
i’k ijk i(i+1)k ijk i(i+1)k ik Yt 1 0 0
i » time i » time iji’j'k
Yiii 'tk il 1 0

Fig. 1. lllustration of constraints (10) (1)

Machine

‘ N The following constraints describe these attributes of

¥y=0 Yijirjok:
)ik
O'Jk c)"l'k O'(l‘l)k e

Yijiryk < Yigogrynre Visg, g <si' #i. (17)

Fig. 2. lllustration of constraints (10) (2)
According to figure 4 and table Il, the other constraints

nnnnnnn

without intermediate buffer between machines. In compari- % %l \
son to constraints (5), the no-wait requirement can be simpl w| Do, [0 ] o, i[ 0, |0,
expressed as: ‘

tijw = tijk'i‘Tik'(Sijk +p?k'Xij V(Oz‘jk, Oijk’) c A (13) Fig. 4. lllustration of condition (18)

2) Non-idling: On the other hand, if a non-idling envi-
ronment occurs, where all sublots of the same job must be TABLE Ii
continuously processed on a particular machine, consgtrain ILLUSTRATION OF CONDITION(18)

(6) can be modified as follows:
Position 1 Position 2 Position 3
tiGi+1)k = tijk + Tik - Oij + 3% - Xij Vi k,j<s. (14) Yijirjtk 0 1 1
Yi(i+1)i5'k 0 0 1

Obviously, only the setup before the first sublot of each job

is required. The other binary variables related to setups ar _
then equal to O: concerningY;;y ;- can be expressed as:

Sij =0 Vi k,j# 1. (15) Yijiyrk 2 Yigevije Vi,5,5 <s,i' #i  (18)

Moreover, only the sequence of jobs is relevant. Binafy¥] contains similar constraints to solve lot streaming flow
variables Y;;; j, can thus be simplified a7, which shop problems. The function of these constraints in a com-
significantly reduces the complexity of the formulationeThplex job shop environment will be discussed in the next
modified constraints concernin;;;, are summarized as section.

follows:
titk 2> tirsk + Tark - Oirske + Dity - Xis — H - Yigry, 1. COMPUTATIONAL RESULTS
tirtk = tisk + Tik - Oisk + Dy - Xis — H - Yirgy, . )
Yirw + Yigs = 1 Vi, ki #i. A. Benefit of lot streaming

(16) The integer programming formulation addressed in the

In order to prevent overlapping on machines, we can tak@evious section was implemented in the optimization soft-
advantage of the attribute of the non-idling case and needy{@ire Lingo 9.0 on a personal computer (Athlon 64X2
compare only the start time of the first sublot of a certain jobgoo+, 2450MHZ). However, only small instances of job
with the completion time of the last sublot of another job. shop problems can be solved optimally. While solving2 2

3) Non-intermingle: Another situation especially associproblem with 4 sublots requires less than 2 seconds, the
ated with the lot Streaming prOblem is the non-intermir@”noptimaj solution for a B prob|em with 4 sublots cannot
setting. This case requires that no interruption from aigot pe gptained within 6 hours.
job is allowed while processing a particular job. Therefore | our study 96 instances of job shop problems, which
constraints (14) are the sufficient but not necessary conglpnsist of 2 to 3 jobs and 2 to 6 machines, are tested. Each of
tions, whereas (15) and (16) must be satisfied. the instances with 2 jobs is solved by adopting 1 to 4 sublots.

4) Special constraints:According to the sublot prece- The instances containing 3 jobs are solved employing 1 to 3
dence constraints (6), operatioh. ;- should be scheduled g piots. The mean improvement of makespan is summarised
prior to operatiorOi,(j/H)k. Figure 3 illustrates all possible j taple 111
position; of a thir_d operatiofd; . The co_rresponding values The average improvement of makespan amounts to
of the binary variabled’;, ;. are listed in table I. 23.44% by applying 2 sublots. With regard to 3 sublots, the
benefit of lot streaming is abruptly reduced to 7.32%. In
general, 74.83% of potential makespan reduction is already

/ | \ . N
| 1o o, [0, [ 0pm |0, achieved by the application of 2 sublots, whereas the pro-
o — — portion of 4 sublots is marginal. This observation suggests
Fig. 3. lllustration of condition (17) employing merely 2 sublots, so that the most advantage of
lot streaming can be obtained while saving computing time.
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TABLE Il
MEAN IMPROVEMENT OF MAKESPAN
job- machine 2 sublots 3 sublots 4 sublots
Improvement*  Percentage* Improvement Percentage Impnem¢ Percentage

2.2 6.04% 100.00% 0.00% 0.00% 0.00% 0.00%
2.3 20.61% 71.03% 5.98% 20.84% 2.39% 8.13%
2.4 25.02% 63.54% 9.82% 25.00% 4.53% 11.46%
2.5 32.89% 69.45% 10.08% 21.28% 4.40% 9.26%
2.6 32.04% 67.06% 11.12% 23.26% 4.65% 9.69%
33 23.08% 77.88% 6.92% 22.12% - -

Mean 23.44% 74.83% 7.32% 18.75% 3,19% 7,71%

* Improvement and percentage are calculated (0¥az,s—1 — Cmaz,s) /Cmaz,1 aNd (Cmaz,s—1 — Cmaz,s) / (Cmaz,1 — Cmaz,4), respectively.
Cmaz,s represents the makespan obtained by applyirsgiblots.

TABLE IV
PERFORMANCE OF LOT STREAMING WITH VARIOUS SETUP TIMES
Setup time 2 sublots 3 sublots 4 sublots
Improvement*  Percentage* Improvement Percentage Impnem Percentage
1% 24.49% 74.38% 7.61% 18.69% 3.56% 8.33%
10% 24.28% 74.17% 7.61% 18.74% 3.61% 8.51%
50% 23.61% 74.61% 7.38% 18.65% 3.38% 8.09%
100% 23.28% 74.79% 7.37% 18.99% 3.06% 7.47%
200% 22.75% 74.90% 7.03% 18.49% 3.20% 7.93%
400% 22.21% 76.10% 6.92% 18.95% 2.36% 5.93%

* Improvement and percentage are calculated (Wﬁnaw,s—l - Cmaz,s) /Cmaac,l and (Cmaw,s—l - Cmaz,s) / (Cmaac,l - CmawA): feSpeCtiVGW-
Cmaz,s represents the makespan obtained by applyirsgiblots.

Makespan Improvement

R In comparison to solving the problem optimally, the sublot
sizes are predetermined, which significantly reduces the
complexity of the problem. As a result, Lingo program can
be remarkably accelerated. In our study, the test instaarees

25% - -~ 4 - - -4~ -F - 43" - ="

|

|

: also solved by adopting equal-sized sublots. As presented i
|

|

|

o

|

table V, the deviation of makespan is surprisingly only 8405
on average, while the necessary iterations to solve idantic

[ [ [
[ [ [
[ [ [
\ \ [ [
[ i \ [
[ [ \ !
—H -k -d - - -
\ \ I

S
|

20% - ‘ ‘ R problems fall sharply. This valuable information suggéisét
1% 10%  50% 100% 200% 400% " Setup time (%) we can take advantage of the trade off between the reduction
of computing time and the increment of makespan to solve
Fig. 5. Makespan improvement with different setup times larger instances of job shop problems. In consequence, sat-
isfying solutions can be obtained within reasonable amount
of time.

B. Impact of setup times

In order to analyze the relationship between setup timgs Evaluation of the formulation
and makespan reduction, we adopt the settings from [6]. The ne main difference of our formulation compared to the
setup times are set to be 1%, 10%, 50%, 100%, 200% anc(fdel roposed by [8] is the successful removal of the
400% of the unit processing times. The computational rssuLP eratign iﬁdex In>(/)rder to compare the efficiency of these
of 96 test instances are listed in table IV. P T . P . -ney
As plotted in figure 5. while the proportion between Setutwo formulations, we implemented their model in Lingo 9.0
. P gure s, . brop Rs well (after necessary corrections, so that feasiblgieohi
times and processing times rises, the advantage of Iom{re%re generated). 45 instances were tested under identical
ing declines in accordance. Nevertheless, the improvemencircumstances '
X o .
make_span with 2 SL.jbIOtS exceeds 20%. . As shown in table VI, our formulation requires signif-
Evidently, there is a trade off between the time saved . : : .
2 . . icantly fewer iterations for most of the instances. This
by splitting into sublots and the extra time required due 10 : . i
- ) k . advantage becomes especially obvious when the problem size
additional setups. Although the size of setup times imposes : : S
L . Increases. The experiment confirms that our formulation is
a negative influence on the reduction of makespan, Io . e .
streamin is still unnealiaibly efficient not only straightforward but also more efficient in general.
9 gigioly ' In our model constraints (17) and (18) are incorporated to
describe attributes of the binary varialdg; ;... Constraints
C. Solutions with equal-sized sublots similar to (17) are also considered in [7]. In terms of [7g th
As mentioned in the first section, many researches jAUMber of iterations required to solve a flow shop problem
volved examining the performance of equal-sized sublofPuld be reduced to 60% compared to the model without

In this respect, constraints (2) are modified as: these res_trictions. I_—|owever, the schedul_ing reality inla jo
shop environment is much more complicated. In order to
Xij=D;/s ¥i,j (19) investigate the function of these constraints, 60 instance
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TABLE V
PERFORMANCE OF EQUALSIZED SUBLOTS

job- machine 2 sublots 3 sublots 4 sublots Percentage *

2.3 4.11% 4.75% 4.40% 16,68%
2-4 3.40% 4.37% 4.44% 18,11%
2-5 5.78% 7.41% 7.48% 3,65%
2-6 3.09% 4.11% 4.76% 2,50%
3.3 1.91% 2.41% — 4,94%
Mean 3.05% 3.84% 4.21% 8,19%

iteration required applying equal sublots

*  Percentage= - - - - -
9 iteration required applying consistent sublots

TABLE VI
COMPARISON OF THE PERFORMANCE OF TWO FORMULATIONS

Problem size (a) Iter. (our model) (b) Iter. (model of Low 8t a Percentage (a/b)
332 1 339311 1661149 20,43%
2 10587 10821 97,84%
3 14750 28919 51,00%
4 27910 56208 49,65%
5 18304 31785 57,59%
6 15267 49228 31,01%
7 18750 42579 44,04%
8 11069 11349 97,53%
9 11169 11494 97,17%
10 5494 4707 116,72%
11 17313 24313 71,21%
12 12117 15198 79,73%
13 14312 20909 68,45%
14 18616 20183 92,24%
15 37712 24313 155,11%
16 21315 27663 77,05%
17 21678 14775 146,72%
18 21778 43153 50,47%
19 19988 33179 60,24%

77,06%
2.2.4 20 16485 45645 36,12%
21 9829 13330 73,74%
22 36019 52291 68,88%
23 18457 34088 54,15%
24 31726 72561 43,72%
25 33657 37683 89,32%
26 17932 18015 99,54%
27 19652 24281 80,94%
28 16574 30150 54,97%
29 5412 9431 57,39%
30 4680 10576 44,25%
31 14248 22067 64,57%
32 16422 17778 92,37%
33 2512 5477 45,86%
34 3361 17367 19,35%

61,68%
333 35 763827 950003 80,40%
36 2301475 5993093 38,40%
37 5255761 12591491 41,74%
38 3162333 8806108 35,91%
39 2229550 9719360 22,94%
40 769311 4785587 16,08%
41 1033909 1615861 63,99%
42 739141 2404653 30,74%
43 656268 1410262 46,54%
a4 173255 2248802 7,70%
45 80564 131995 61,04%

40,50%
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.. lterations required without (17) and (18)
coefficient = Iterations required employing (17) and (18)
Fig. 6. Performance of (17) and (18)
were tested. The results are depicted in figure 6 where the REFERENCES
coefficient calculation is given as well. [1] K.R. Baker. Lot Streaming in the Two-Machine Fflow Shogwbetup

By employing these constraints, the necessary iterations Times,Annals of Operations Researcol. 57, pp.1-11, 1995.
for some instances, on the one hand, can be reduced?@gP- Biskup and M. Feldmann. Lot Streaming with Variable b&us:
| h 0 h her hand Vi . An Integer Programming Formulatiodournal of Operational Research
ess than 50%. On the other hand, solving some instancesgociety vol. 57, pp. 296-303, 2006.
with these constraints demands exceedingly more iterstiofs] U. Buscher and L. Shen. An Integrated Tabu Search Algarifor the

Unlike in a flow ShOp environment, no conclusive behaviour Lot Streaming Problem in Job Shof&ropean Journal of Operational
Researchvol. 19, pp. 385-399, 2009.

pattern of these constraints was recognlzable. [4] J. Chen and G. Steiner. Lot Streaming with Attached SefapThree-
Machine Flow Shopsl|E Transactions 30pp. 1075-1084, 1998.

[5] J. Chen and G. Steiner. On Discrete Lot Streaming in Nat:\Row

IV. CONCLUSION Shops,lIE Transactions vol. 35, pp. 91-101, 2003.

This paper addresses solving the lot streaming probldfh S. Dauzeére-Péres and J.B. Lasserre. Lot StreamidghbirShop Schedul-
i  job shop environmen, where Setup times are includgg). % beraons Besearchol. .00 S6 585 100
The proposed integer programming formulation sufficiently” piscussion paper, No. 542, Department of Business Admitish and
describes the processing dynamics of individual sublots an Economics, Bielefeld University, Germany 2005. o
enables the simultaneous determination of schedules 85, L% C1f Kt a0 1 Huang, Benets of Lot Sping otr
machines and sublot sizes. In view of setup times, various Technologyvol. 24, pp. 773780, 2004.
types of setups are incorporated. The model is then furthélr C.N. Potts and K.R. Baker. Flow Shop Scheduling with Loe@8ming,
developed to fulfil the requirements of special productio[go]Og%ét{%lfssﬁsaeﬁécg.Lg“iﬁ?édi'sgﬁ_' i\?vz'_e’gﬁal?fr%'e_,\ﬂmﬂow
systems. Shop Scheduling Problems with Equal Sized Transfer Batdht=na-

Computational results confirm that the makespan can be tional Journal of Production Researchol. 30, pp. 1551-1574, 1992.
considerably improved, when lot streaming techniques are
applied to the standard job shop problem. Furthermore,
detailed analysis is conducted to reveal the relation be-
tween setup times and makespan reduction. Although the
improvement of makespan declines as setup times increase,
lot streaming is still advantageous.

In comparison to the model established by [8], our formu-
lation is not only straightforward but also more efficient in
general. However, by the implementation of the optimizatio
based software Lingo 9.0, only small instances of the job
shop problem can be optimally solved within a realistic
time span. Thus, the development of effective heuristics to
solve large instances of the problem is desirable for future
study. For instance, the implementation of metaheuristic i

advisable.
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