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On a Subclass of Meromorphic Multivalent
Function Associated With Salagean Operator

Abdolreza Tehranchi

Abstract—In this paper, we have discussed the meromorphic
p-valent functions that satisfy the differential subordinations

2(Zp(r, \) f(2)) VY A-B Bz
TN Ot TR

where (3 is complex number and I,,(r, \) is salagean Operator.
Also we study coefficient inequalities and hadamard product
(convolution) and found radius of starlikeness and convexity. We
investigate some interesting properties on A, (\, 7,7, 3,a, A, B);
too.

)p+4),2 €AY,

Index Terms—Meromorphic multivalent function, Differen-
tial subordinations, multiplier transformation, differential op-
erator, complex order.

I. INTRODUCTION

ET A be the class of function analytic in
A ={z€C:|z| <1} and A, the subclass of A such
that included of functions f(z) of the form
2p—1
fRy=ex = 3 tapn2" P 4 2Fi(a,bic2),

n=p—1

(m=ppeN={1,23,-},e>0) (1.1)

which are analytic and meromorphic p-valent in the annulus
A*={z:0<|z| <1,z € C} =A—{0}. Also

oy = N (@n)(bm)
2F1(a‘7b7c7z)_nz::o (C,n)n!
I
(a,n)sza(a—i—l,n—l), c>b>0,c>a+b
and

. _(an—p+1D)(bn—p+1)

T em—p+ Dn—p+ 1)
These functions are analytic in the unit disk A. For more
details on hypergeometric functions oF}(a,b;c.z) see [1],

[4].

Definition 1 : A function f € A, is said to be in the class
S, () of meromorphic p-valently starlike functions of order

_Zf{;()z)} >a, (0<a<p, z€A%).
We write S;(0) = S;;, the class of meromorphic p-valently
starlike functions in A*.

A function f € A, is said to be in the class C,(a) of

meromorphic p-valently convex of order «, if it satisfies

Re{— (1 + z}c,/;g))} >a, (0<a<p,zeA*).

«, if it satisfies Re{
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Definition 2 : For two functions f and g, analytic in A* we
say f is subordinate to g denoted by f < g if there exists a
Schwarz function w(z), analytic yuin A with w(0) =1 and
|w(z)| < 1, such that f(z) = g(w(2)), z € A. Also, we say
that g is superordinate to f [5].

Definition 3 : Motivated by the multiplier transformation on
A,, we define the operator Z,(r, A) by the following infinite

&)
series when f(2) =z2"P7+4+ Y. apz" then
n=p+1
%) n+)\ r
L, (r,\)f(z) =277 + anz", (A>0
0@ =7 3 (55) e 020

(1.2)
Salagean derivative operators [6] is closely related to the
operators Z,(r, \). Also Uralegaddi and Somanatha [7] stud-
ied Z;(r,1) = Z,. The operator Z;(r, \) = ) was studied
recently by Cho and Srivastava [3] and Cho and Kim [2].
Definition 4 : Differential operator, for each f(z) = 27P +

o0
> anz™ we have
n=p+1

n—j

Wy = V@I gy, 5> b
(=) b=1) + > o
(1.3)
=0

n=1+p

where n,p € N,p > j, and j € Ny = {0} UN. For j
we have f(0)(z) = f(2).

Definition 5 : A function f € A, is said to be in the class
A, (r,j; h) if it satisfies the following subordination

AZy(r, N f(2) VY

. h 1.4
et O 0
where in this paper we choose
A—-B [z
h(z) =1+  1+Bs z € A,

where -1 < B < A < 1,0 < B < 1l,a > 0 and
B(# 0) is a complex number, so we denote Ay (A, 7, j; h) =
As(\, 1,4, 8,a, A, B).

We say that f(z) is superordinate to h(z) if f(z) satisfies

the following
2(Zy(r, M) f(2)0HY
h -
B = o @D
where h(z) is analytic in A and h(0) = 1.

II. MAIN RESULTS

In the following theorem we obtain coefficient bound for
this class.

Theorem 2.1 : Let the function f(z) of the form (1.1),
be in A,. Then the function f(z) belongs to the class
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Ay (A, 7,4, 8,a, A, B) if and only if

Sk (m.p)(ad(m, j + 1)(1 — B) - é(m. j)

(0 + N(a(l = B) — (A~ B)8))kn < e(B — A)on(p,J)
(2.1) where j is any odd number we show j € 2Ny + 1, and

peN,-1<B<A<1,0<B<1,0<a,0<e, and 3
is a nonzero complex number. The result is sharp for the
function f(z) given by complex number
f(z) = ex v+
eB(B—A)n(p.j) 24
S ,p) a6 m,j+1)(1=B)—8(m,j)(p+j)(a(1-B)—(A-B)B) ~
q =

Proof : The function f(z) in the theorem can be expressed
in the form

oo
f(z) =ezP + Z kp_pr12" P,

n=2p
or
oo
f(z)y=ez"P + Z kmz™ (2.2)
m=p-+1
where m = n—p+1 and k,, = %, km > 0 and
also we have for all r,j € Ny
, | A
(T, (r, )\)(f(z)p(]) = % —(+i) 4
o] m-+A m! —3
Srn (38) (@) e |
= @n(ph] — 1)2—(p+]) +

D omep1 Vo, p)3(m, ) ke 2™ (2.3)
Now,assume that the condition (2.1) is true. We must show
that f € Aj(A 7,7, 8,a,A, B), or equivalently we prove
that

az(Zy(r, \) f(2) V) — a(p + 5)(Zp(r, 1) £ ()P

- - < 1.
(p+ ) R(IZy(r, \) f(2))D) — Baz(Zy(r, A) f(2)) 0+ 2.0
where R = aB + gA B)j. But we have
az(Zp(r N f ()9 —a(p+i) (Zp (A F(2) D
(p+5)R(I,p (T ) f(2))9) —Baz(Zp(r,\) f(2))0+D)
;+ av} (m,p)(8(m,j+1)—a(p—5)8(m,5)) km 2™ P
en(p.j)(R-Ba)+ % Y5 (m,p)km ((p+3)RS(m.j)—Bad(m,j+1))
m=p+
<
> avi(m,p)km (8(m,j+1)—a(p—35)d(m.j))
m=p+1
en(p,j)(B—A)B— :ZH7§(m,p)km((p+j)R5(m7j)—Ba5(m,j+1))
<1.

The last inequality by (2.1) is true.
Conversely, assume that f(2) € A (A, 7, j,a, 8, A, B). We
must show that the condition (2.1) holds true. We have

p(r N f(2))IFY — alp + ) (Zp(r, M) f(2))V

az(Z,
(p+ J)R(Zp(r, N) f(2))0) — Baz(Z,(r, A) f(2)) 0+
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ilvﬁ(m,p)kmzm”((pﬂ)Ré(mJ)—B“(m’j“)m
< 1.

We choose the values of z on the real axis and letting
z — 17 then we have

[( Z ay;(mvp)((s(m’ ]+1) -

m=p+1
A)Bn(p,j)— =Z+17§(m,p)((p+j)R5(mJ)—

1)km)] <1,
and that Y% . 4%(m,p)(ad(m,j + 1)(1 — B)
6(m, j)(p+7)(a(l—=B)—(A=B)B))kn < e(B—A)Bn(p, ]

and the proof is complete.

(p+4)0(m, 3))km)/ (e(B—

Bad(m, j+

|:| \/ |

Corollary 2.1 ; Let f(2) € A%(r, J, B, a, A, B) then we have
ko< e(B—A)n(p.j)8
m = 3 (m,p)(ad(m,j+1)(1-B)—06(m,j)(p+3j)(a(1-B)—(A—-B)p))’

m>p+1.

Corollary 2.2 : Let 0 < ry < ry then
A;(A,TQ,j,,B,CLA,B) g A;()\arlaj7ﬁva7AvB)‘

Proof : Suppose that f € A5 (X, 72,7, 3,a, A, B) then
S (3 m + p)(ad(m, j + 1)(1 — B) — d(m, j)(p +
Da(l = B) - (A= B)B)))/(e(B = A)Bn(p,5))km
<1
We must prove
S (R m.p)(ad(m, j + 1)(1 — B) — 8(m.j)(p +
(ol = B) = (A= DY)V e(E = A)0(o.))b
<
But last inequality holds true if 73 (m,p) < 7}' (m, p).
In view of hypothesis the preceding inequality definitely
holds true.
Corollary 2.3 : Let 0 < as < ap then

AN 14,8, a2, A, B) C Aj(A, 1, 4,b,a1, A, B).
Theorem 2.2 : Let the function f(z) defined by (2.2) being
the class Aj(A, 7, 4,8, a, A, B). Then

@) (Zp(r,A)f(2)) is meromorphically p-valent starlike of
order 1(0 < p < p) in the disk |z| < ry, where
T1 :Tl()\,r,j,ﬁ,a,A,B,M) :infmZPJrl .
{ (ad(m,j+1)(1=B)—d(m,j)(p+j)(a(1=B)—(A=B)B)) }W

(B—A)Bn(p.j)

1
p—p m+p
ST

(2.5)

(i) (Zp(r, A) f(2)) is meromorphically p-valent convex of
order p(0 < p < p) in the disk |z| < r2, where
T2 = r?()\vrvjaﬁvavAval‘L)
{ (ad(m,j+1)(1=B)=8(m

= infm2p+1 1
1) (p+35)(a(1—B)—(A—B)B)) ep(p—p) }Tﬂv

where R = aB + (A — B)S. So by 2.3 we have 2.6) e(B—A)Bn(p.j) m(m-+p)

> ay(m,p)knz™ 7 (6(m, 5 + 1) — (p+j)5(m7j))‘

m=p+1 Proof: For showing (Z,(r,A)f(z)) is meromorphically

, . p-valent  starlike of order px we must show

en(p, ) (R — Ba) + r k2™ 3 ((p + )R TN () .

(en(p, 7)( ) mZpr( p) ((p+7) Re { (Zp(r )/ 2) } > 1 or equivalently

6(m,d(m,j)) — Bad(m,j + < 1.

(m, om, )  Bab(m, 7 & 1)) ALy () +plTy(r ) (=)
Since Re(z) < |z|, so we have <1
Rl B attnmbGms  + 1) - AT AT )+ @i )T V)

S AT P)om »J or we can write
4+ im4)/(e(B - A)bnlpj) +
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2(Zp (r,N) £ (2) +p(Zp (r,\) £ (2))
2(Ip (r,A(F(2)+Cu—p)Up(r, M) f(2) | =

> AX(mp)(p+m)km|z™FP

m=p+1

= <1
> A (mp)(mA2p—p)km |2|mFP
1

2e(p—p)—
2.7)
(Jz| <7r1,0 < p <p).

The last inequality (2.7) holds true if
S 1 YA (m, p) S [P < 1.
In view of (2.1), the last inequality holds true if

(v3.m,p) it ) 2+

< n(m.p)(ad(m,j+1)(1=B)=6(m.j)(p+j)(a(1=B)—(A=B)B))
= e(B—A)Bn(p,j)
(m>p+1l,peN)

which when solved for |z|, yields (2.5). (ii) For convexity,
we will show that

Re{—l -

LA CIaN

equivalently

2(Zp (rN) F(2) "+ 4+1) (T, (1 A) £ (2))]
2(Zp(r, A(f(Z))” 2p—p)(Zp(r2) f(2))
or we can w

2(ZTp(r, ) f (Z))” P+D(Zp (r ) f(2)

2(Zp(r, /\(f(Z))” (2u—p)(Zp(r,A) f(2))’
> w(myp)m(erp)kml (i

m=p+

2ep(p—p)—
<1
(2.8) (|z| <72, 0 < p <p).

The last inequality (2.8) holds true if

> 5 (m,p)m(m—p+2p)km [2|™+P

m=p

> m(m + )
> ’Yf\(m&)ﬁkm\ﬂmﬂ <1
i ep(p — 1

(2.9)

According to Theorem 2.1 the inequality (2.9) is true if

5 (m, p) Tt ||t

< n(m.p)(ad(m,j+1)(1=B)=6(m.j)(p+j)(a(1=B)—(A=B)B))
— e(B—A)pn(p,j)
(m>p+1lpelN)

or if
2| <
1
{ (ad(m,j+1)(1—B)—6(m,j)(p+j)(a(1—-B)—(A-B)p)) }W
) e(B—A)pn(p,j)
{ ep(p—p) }m
m(mTh)

(m>p+1,p € N). The proof is completed.

III. IMPORTANT PROPERTIES

Theorem 3.1 : Suppose f(z)
A5 (A, 1, 4,8, a, A, B) such that
fR)=e?P+3°0 k:mzm
g(z)=ez P+ 3 °_ p+1S ™. (3.1)

Then T'(z) = ez ™ + > _ p+1(l€2 +52)2™ is the class
A;(/\,T,j 570, A17Bl> such that A; > (1 — Bl),uz + B
and B; <1 where
M =

and g¢(z) belong to

VaeBn(1,5)5(p+1,j+1)(B—A)
VAL (p+1,1)(ad(p+1,5+1) (1= B)—8(p+1,5) (p+35) (a(1—B)—(B—A) )

Proof : Since f,g € Aj(A,7,7,8,a,A,B) so Theorem
2.1 yields
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ZTO::erl

( )aé(m,j+1)(1—B)

3
=

—3(m.5) () (a(1=B)—(A=B)B) . r
e(B—A)Bn(p,j) m

)
3 Q>3
g
t

- " MIN

a3(mj+1) (1= B) = 3(m.j) (i) (a(1=B)~(A=B)B) g r

(m,p) e(B—A)Bn(p,j)

= >3

find from two last inequalities
1

1 £ 1A

38
'zls‘
A
N

[,y )aé(md*l)(1*3)*5(m’j)(z>+j)(a(1*3)*

e(B—A)Bn(p.j)
(k2 +52) <1 (3.2)
But T'(2) € A; (A7, 4, 3, A, B) if and only if
Z::;H»l 7;(m7p)
ad(m,j+1)(1—B1)—=6(m.j)(p+j)(a(l—B1)—(A1

e(B1—A1)pn(p.J)
(k2,+ S82) < 1 (3.3) where
—1< By < A1 €£1,0 < B; <1, however, (3.2) implies

(3.3) if
ad(m,j+1)(1=B1)=6(m,j)(p+j)(a(l=B1)— (A1
1—A1)

(Ame)} 2

>3
3
S

)

—B1)p)

—B1)B)

Y5 (m,p) 2
< 29?377(;7 J)E
where
¢ = ad(m,j+1)(1—B)—4(

m.j)(p+j)(a(1—B)—(A—B)B)
(B-A) :

In other words
ad(m,j+1)(1 — By)
(B1— A1)

which is equivalent to
A S aefn(1,j)d(m,j+1)
1 B, 'Y)\(m 1)¢? ’
Since A — B > B — A, so we can write
A1—DBy >
1-B;

7§(m7 1) 2
= eﬂn(l,j)g

aefn(1,§)8(p+1,5+1)(B—A)*
75 (p+1,1)[(ad(p+1,j+1)(1-B)=d(p+1,5) (p+j) (a(1-B)—(A-B)3)]?
= 1*(3.4)
Now keeping B fixed in (3.4) we get A; > (1—By)u?+B;
and since A; < 1 then B; < 1.

O
Theorem 3.2 : Suppose f(z) and g(z) of the form
(3.1) belong to A7 (A, 7,4,8,a, A, B). Then convolution or
Hadamard product, two functions f and g belong to the
class that is (f * g)(2) € Ay(\,r,4,08,a, A1, B1) where
A1 Z (1 731)’02 +B1,B1 S 1 and

_ ¢fad(p+ 1,5+ 1)n(1,5)
Yi(p+1,1)72

and

— ad(m,j+1)(1—B)—6(m,j) (p+4)(a(1—-B1)—(A1—B1)B)
B—A .

Proof: Since f,g € A} (\, 7,7, 3,a, A, B) so by applying
Cauchy-Schwarz inequality and Theorem 2.1, we obtain

D &VERS < (D Gha)P( Y] €SP <

m=p+1 m=p-+1 m=p+1
(3.5)
where
5 =
r ad(m,j+1)(1—B)—d(m, +j5)(a(1—B A—B)g
%(m,p) (m,j+1)( )— (1(3 i))(/gn(;)’()( )—( )B)
We must find the values of Ay, By so that
> pkn S <1 (3.6)
m=p+1
IMECS 2011
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where

ad(m,j+1)(1=B1)—=6(m,j) (p+j)(a(1=B1)—(A1—B1)B)

p="5(m,p) e(BrA)B(p.)

Therefore by (3.5), (3.6) holds true if

VEmSm < Sm > p+1,ky #0,S, #0,

;7

since by (3.5) we have /k,, S, < %, therefore (3.7) holds
true if ;1 < £2, which is equivalent by

ad(m,j+1)(1=B1)=38(m,j)(p+4)(a(l=B1)+(A1 = B1)B)
73(m.) (A= BB (p.]) <
Or(ﬁ@ng+¢x17Bn460anijxaufBlr4A1anﬂ)
1—A1

Ya(m.p) 2
< )"
where
7 — a8(mg+1)(1=B)—d(m.j)(p+j)(a(1=B1) = (A1 = B1)B)

B—

or we can write

ad(m,j+1)(1—By) Ya(m,1) o

B1—A; eﬁn(l,j)T ’

In other words

1-5B; < Y (m, 1) 72
By — Ay efn(l,j)ad(m,j +1)

then we have

Bl *Al 6/3@5(p+17]+1)77(1a]) _
1-B; Yi(p+1,1)72

Since A; — B; > By — A; and keeping B; fixed, we get
A > U(l — Bl) + Bi.

(1]
(2]

(3]
(4]

(5]

(6]

(71
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